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Abstract
We study truthful and non-truthful protocols for combinatorial auctions in which every item can
be allocated to one of two agents (multigraphs), or more generally to a fixed number of agents
(hypergraphs). We show some tight – both positive and impossibility – results for the communication
complexity of approximating the optimal social welfare for general monotone, subadditive, or XOS
valuations.
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1 Introduction

Combinatorial auctions, perhaps one of the most fundamental settings in mechanism design,
involve allocating a set of m items to a set of n bidders. Each bidder i has a private valuation
vi for every possible subset of items, and the auctioneer aims to allocate the items in a way
that maximizes a given objective. In this work, we focus exclusively on the standard objective
of maximizing social welfare, which is defined as the total value obtained by all bidders.

Maximizing social welfare is an “easy” mechanism design objective from a game-theoretic
perspective, as the Vickrey-Clarke-Groves (VCG) mechanism provides a general incentive-
compatible solution that achieves this goal in any setting. However, from an algorithmic
perspective, VCG is often unsatisfactory because computing its outcome and payments is
generally computationally infeasible. This infeasibility stems from an even deeper challenge:
communication complexity. Since only bidder i knows their own valuation vi, they must
communicate it to the auctioneer, which in general requires exponential communication.
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27:2 The Communication Complexity of Combinatorial Auctions in Graphs

In light of these challenges, a central research direction in algorithmic game theory focuses
on designing protocols that trade optimality for reduced computational and communication
complexity. In this work, we focus on the communication complexity of protocols. Specifically,
we focus on the following questions: Are there protocols with polynomial communication
complexity that achieve a good approximation of social welfare, even when bidders have
unbounded computational power? and How does the answer change when we require the
protocols to be incentive compatible?

There has been extensive work on these questions, and we now have an almost complete
understanding of the power – but mostly the limitations – of non-truthful protocols (see
Table 2). Specifically, for the classes of valuations considered in this work (general monotone,
subadditive, and XOS), tight lower and upper bounds have been established [7, 18, 20, 26, 34].
In contrast, our understanding of polynomial-communication incentive-compatible (i.e.,
truthful) protocols remains very limited. Notable recent successes include the separation of
truthful and non-truthful protocols for two bidders with XOS valuations [6], which is based
on the general taxation framework proposed by Dobzinski [16], and a similar result for three
bidders with (almost) subadditive valuations [37].

In this work, we consider a framework that generalizes the setting of two bidders, in
which the number of bidders can be arbitrary, but each item can only be allocated to one
of two eligible bidders among them. This setting can be modeled by a multigraph, where
nodes represent bidders and edges represent items that can be allocated to the incident
bidders. We allow the multigraphs to have arbitrary degrees, and the valuations of each
bidder can be XOS, subadditive, or simply a monotone function of the incident edges. We also
study interesting variants of this framework, such as graphs and hypergraphs. Multigraph
settings in mechanism design have been considered before and played a crucial role in settling
the Nisan-Ronen conjecture [11, 12]. They have also been studied in the context of fair
division [2, 10, 42, 43]. In general, graph and hypergraph models provide a natural and
fruitful intermediate setting to study questions that are otherwise inaccessible in the most
general case.

Our results (Table 1) span a wide spectrum, ranging from very positive to very negative.
On the negative side, we show that the questions addressed in this paper are far from
trivial in the graph/multigraph framework. For instance, with general valuations, the best
achievable approximation ratio is n. Intriguingly, we prove that even for simple graphs, this
is the best possible. On the positive extreme, we are able to show several positive results for
general classes of graphs, such as k-partite multigraphs and also graphs of bounded treewidth
k. Specifically for graphs of treewidth 1 – that is, trees – we establish that there exists a
dynamic programming framework to exactly implement VCG. However, this positive result
cannot be extended much further; in particular, even simple graphs of treewidth 2 exhibit an
approximation ratio of at least 5/4.

1.1 Contributions
In this work, we investigate the communication complexity of combinatorial auctions in the
context of graphs and hypergraphs. We focus on designing protocols and mechanisms for
general, subadditive and XOS valuations, but also on establishing impossibility results. Our
results are summarized in Table 1, organized by valuation class and graph type.

General Valuations. In Section 3, we focus on general monotone valuations. When we turn
to general graphs, the graph structure does not offer any advantage: in Theorem 8, we extend
the lower bound from [34], proving that the min{n, O(

√
m)}-approximation algorithm by [7]

is optimal for large number of items, even in the case of simple graphs.
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We then provide positive and negative results for k-partite multigraphs as well as for graphs
of treewidth k. We show that a k-approximation is achievable for k-partite graphs (Theorem 9)
and that this bound is tight (Theorem 12). Furthermore, we examine the applicability of the
VCG mechanism in graphs under polynomial communication constraints. We demonstrate
that an optimal truthful mechanism can be implemented for trees (Theorem 14). We show
that unfortunately this positive result is impossible to obtain for natural extensions of
trees; even for simple graphs with treewidth of 2 we establish a lower bound of 5/4 on
the approximation ratio (Theorem 20). In the case of k-degenerate graphs, we show a
(k + 1)-approximation (Proposition 15) by leveraging the graph’s colorability. For graphs
of treewidth k, we generalize the positive result on trees, by showing an upper bound of
(k + 1)/2 (see Theorem 16). Additionally, we prove a lower bound that converges to 2 for
k → ∞ (Theorem 20).

It is important to note that the aforementioned protocols providing the upper bounds
are truthful, deterministic, MIR mechanisms. Also our lower bounds apply to all protocols,
not just truthful ones.

Subadditive Valuations. In Section 4, we present a deterministic polynomial-communication
truthful mechanism that achieves a 2-approximation for subadditive multigraph valuations
(Corollary 22). We also establish a matching lower bound of 2 (Theorem 23), which we
derive by adapting the previously known lower bound for subadditive valuations [18]. These
results match the tight bounds already known for non-truthful protocols for subadditive
valuations. However, for truthful mechanisms, they represent an improvement over the
best existing truthful mechanisms – both deterministic [36] and randomized [15] – when
applied to the graph setting. Our multigraph mechanism extends naturally to k-uniform
hypergraphs, yielding a k-approximation (Lemma 21). The deterministic mechanism we
provide is maximal-in-range (MIR) and relies on value queries.

XOS Valuations. In Section 5, we consider XOS valuations, for which a tight approximation
ratio of e/(e − 1) is known for the non-graph setting [18, 20, 26]. Interestingly, for the
multigraph setting, the approximation ratio improves to 4/3, matching the ratio for two
bidders. To achieve this upper bound of 4/3 for multigraphs, we adapt the 2-agent protocol
of [26] (Lemma 25). We further extend this result to k-uniform hypergraphs, deriving an
upper bound of 1/(1 − (1 − 1/k)k) (Lemma 26) by applying the rounding technique of [27].
We also establish a matching lower bound (Theorem 27 and Corollary 28) by adapting the
technique from [20]. This refines the known results, and in the limit, as k tends to infinity,
we recover the tight approximation ratio of e/(e − 1). These protocols assume access to a
demand oracle.

1.2 Related Work
Table 2 presents a brief summary of the main known bounds on the communication complexity
of combinatorial auctions in the general case.

Non-Truthful Protocols. The best known approximation protocols involve solving a specific
LP relaxation, known as the configuration LP, and rounding its fractional optimum. For
general valuations, an algorithm with an approximation ratio of min{n, O(

√
m)} is provided

in [7]. Dobzinski and Schapira [20] show an e
e−1 -approximation algorithm for XOS valuations

assuming access to an XOS oracle. In [26], Feige presents the best possible approximation
algorithms for subadditive and XOS bidders, achieving a factor of 2 for subadditive, and
e/(e − 1) for XOS, respectively, while employing oblivious rounding techniques.

STACS 2026



27:4 The Communication Complexity of Combinatorial Auctions in Graphs

Table 1 Communication Complexity results on graphs. Regarding “Multigraphs” rows, Corollary
22 and Theorem 25 apply to multigraphs, while the lower bound results (Theorems 8, 23 and
Corollary 28) hold for simple graphs. Note that the upper bound results for subadditive valuations
(Theorem 21 and Corollary 22), as well as for k-partite graphs (Theorem 9), trees (Theorem 14) and
treewidth-k graphs (Thm 16), are MIR and thus truthful mechanisms. In contrast, the tight results
for XOS valuations (Theorems 27 and 26 for hypergraphs, Corollary 28 and Theorem 25 for graphs)
concern non-truthful algorithms. In the “Hypergraphs” row, k denotes the edge size of hypergraphs.

General
LB UB

Multigraphs n (Thm 8) min{n, Θ(
√

m)} [7]
k-Partite k (Thm 12) k (Thm 9)

Trees 1 1 (Thm 14)
Treewidth k 1 +

( 1
k

) 1
(k−1) −

( 1
k

) k
(k−1) (Thm 20) k+1

2 (Thm 16)

SubA XOS
LB UB LB UB

Hypergraphs 2 k (Thm 21) 1
1−(1− 1

k )k (Thm 27) 1
1−(1− 1

k )k (Thm 26)
Multigraphs 2 (Thm 23) 2 (Cor 22) 4

3 (Cor 28) 4
3 (Thm 25)

Truthful Protocols. The algorithms mentioned in the paragraph above are not truthful. In
contrast, the classical Vickrey-Clark-Groves (VCG) mechanism [40, 13, 28] ensures truthful-
ness, but requires exponential communication in order to determine the welfare-maximizing
allocation. Regarding deterministic mechanisms, enforcing truthfulness while maintaining
polynomial communication, leads to a worsening factor of

√
m compared to non-truthful

protocols (see Table 2). In all settings, the best-known approximation guarantees for determin-
istic truthful mechanisms with polynomial communication are provided by MIR mechanisms.
For general valuations, Holzman et al. [29] present an O(m/

√
log m)-approximate mech-

anism, which was later improved to an O(m/ log m)-approximation in [36]. In the case of
subadditive valuations, Dobzinski et al. [18] present an O(

√
m)-approximate mechanism,

which was subsequently improved to an approximation of O(
√

m/ log m) in [36]. Allowing
randomization improves over the best-known deterministic truthful protocols [19, 20, 15, 32].

Lower Bounds. Matching lower bounds for the approximation of social welfare in com-
binatorial auctions with polynomial communication have been established [7, 18, 20, 34].
The aforementioned truthful deterministic mechanisms perform value queries in order to
achieve their guarantees. Restricted to value queries, matching lower bounds are known [23].
Moreover, in the computational model, strong separation results between truthful and non-
truthful mechanisms exist [35, 9, 14, 23, 21, 22]. However, regarding deterministic truthful
mechanisms in the communication model, bridging the gap remains a major open question.

Tight bounds are known for the specific class of MIR mechanisms [17, 36]. For truthful
mechanisms in the communication model, the only improvements over the non-truthful lower
bounds are separation results between truthful and non-truthful algorithms for two [6] and
three players [37]. These results leverage the powerful taxation framework of Dobzinski [16].

Graph Model. Modeling agent valuations using graphs has already been considered in
several algorithmic and game-theoretic problems. In fair division, Christodoulou et al. [10]
study envy freeness up to any good (EFX) in settings where valuations can be represented
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via a graph. In this direction, extensive research on fair division settings has focused on
valuations involving graphs [43, 30, 2, 42]. Verschae and Wiese [39] study the unrelated
graph balancing problem, a special case of the scheduling problem with unrelated machines,
where each task can be assigned to at most two machines. Graph balancing, a special
case where both edge directions correspond to the same processing time, has been studied
in several works [24, 33, 4, 3]. In [11], the authors investigate truthful mechanisms for
allocation problems on graphs, addressing both the minimization scenario (scheduling) and
the maximization setting (auctions).

Table 2 Communication Complexity: Known results for the general case of n agents and m items.
Randomized algorithms and mechanisms are explicitly stated. Lower bounds apply to non-truthful
protocols including randomized and nondeterministic.

Lower Bounds Non-truthful Truthful

Gen min{n, Ω(
√

m)} [34] min{n, O(
√

m)} [7] O( m
log m ) [36]

(rand) min{n, O(
√

m)} [19, 15, 32]

SubA 2 [18] (rand) 2 [26]
O(

√
m

log m ) [36]
(rand) O((log log m)3) [5]

XOS e
e−1 [20] (rand) e

e−1 [20, 26]
O(

√
m

log m )
(rand) O((log log m)2) [5]

2 Preliminaries

Auction Setting in Graphs

In our setting, there is a set N of n agents labeled 1, . . . , n. Let E, with |E| = m, be a set
of items. For all i = 1, . . . , n let vi : 2E 7→ R+ be the valuation function vi ∈ Vi of agent i,
such that vi(X) represents the value that agent i assigns to the subset of items X ⊆ E. The
valuation functions are assumed to be normalized and monotone.

The current work considers a special case, where at most 2 players can potentially acquire
each item j ∈ E. More formally, an undirected multigraph is given, in which vertices represent
agents and edges represent items. For each edge e ∈ E, only its two incident vertices can
acquire item e, and they have in general different valuations over the item. Let also Ei

denote the set of edges incident to agent i. The goal is to assign a direction to each edge e

(allocate the item) of the graph, to one of the incident vertices.
More generally, if at most k players can acquire each item, a k-hypergraph occurs and each

item corresponds to a k-hyperedge. We will then denote by Ie the set of agents corresponding
to an edge e.

The designer interacts with the bidders to produce an allocation a ∈ A of the items E,
where a = (X1, . . . , Xn) so that Xi ∩ Xj = ∅ for any two agents i ̸= j. The objective is to
maximize the social welfare SW (a, v) =

∑
i vi(Xi). We denote by Oi the set of items that

agent i gets in an optimal allocation a∗. We will often refer to SW (a, v) as ALG and to
SW (a∗, v) as OPT.

Mechanism Design

A mechanism defines for each agent i, a set Vi of available strategies the player can choose
from. Each agent i provides a bid bi ∈ Vi, which may not necessarily match their true type
vi, if this serves their interests. A mechanism (a, p) consists of two parts:

STACS 2026



27:6 The Communication Complexity of Combinatorial Auctions in Graphs

A selection algorithm: The selection algorithm selects an alternative based on the players’
inputs (bid vector) b = (b1, . . . , bn). We denote by Xi(b) the items assigned to player i.
A payment scheme: The payment scheme p = (p1, . . . , pn) determines the payments,
which also depend on the bid vector b. The functions p1, . . . , pn represent the payments
that the mechanism hands to each agent, i.e., pi : V → R.

The utility ui of an agent i is the actual value they gain from the chosen alternative minus
the payment they will have to pay, ui(b) = vi(a(b)) − pi(b). A mechanism is truthful, if for
every agent, reporting their true type is a dominant strategy. Formally,

ui(vi, b−i) ≥ ui(v′
i, b−i), ∀i ∈ [n], vi, v′

i ∈ Vi, b−i ∈ V−i,

where V−i denotes all parts of V except its ith part.
A well-known truthful mechanism that maximizes the social welfare is the Vickrey-Clarke-

Groves (VCG) mechanism. It is a special case of maximal-in-range (MIR) mechanisms, that
are truthful mechanisms that maximize the social welfare over some fixed set of allocations.

A mechanism is ρ-approximate with ρ ≥ 1, if OPT ≤ ρ · ALG for all possible inputs v.
We now formally define the valuation classes we study in this paper.

▶ Definition 1. The class of general monotone valuations Gen contains all nonnegative
valuations with vi(S) ≤ vi(T ), whenever S ⊆ T , and vi(∅) = 0.

▶ Definition 2. A valuation function vi is called subadditive iff vi(S) + vi(T ) ≥ vi(S ∪ T )
for any bundles of items S, T ⊆ E. The class subA contains all valuations in Gen that are
subadditive.

▶ Definition 3. A valuation function vi belongs to the XOS class iff it is in Gen and for
any bundle S ⊆ E, it can be expressed as the maximum of additive valuation functions
c1, c2, . . . , cl , also called clauses, i.e. vi(S) = maxj∈[l]

∑
e∈S cj(e).

It is known that these classes form a strict hierarchy, namely XOS ⊂ SubA ⊂ Gen.

Communication Complexity

We follow the conventional number-in-hand framework within the blackboard communication
model [31], where each player’s input is assumed to be their valuation vi. Communication
takes place in rounds, where in each round, players simultaneously write messages on a shared
blackboard visible to everyone. According to Yao’s model [41], in a deterministic protocol,
the message sent by any player i in each round depends only on the player’s private input vi,
and the messages from all previous rounds – essentially, the content of the blackboard. The
auctioneer does not receive any input and is responsible for providing the output in the final
round based solely on the blackboard content. The communication cost of a protocol, is the
sum of the worst-case message lengths (in bits) communicated by all players.

In the case of randomized protocols, we assume the public coin model, in which an infinite
sequence of random bits is written on the blackboard visible to all agents. It is important
to note that for randomized protocols, the communication cost is defined as the worst-case
length of messages, accounting for both the randomness of the input and the public coin.
The communication complexity of a function is the minimum communication cost achieved
by a protocol that computes it.

In general, we assume that all numbers are limited to a certain precision, i.e., are
represented by some number of bits, which is polynomial in the number of agents and items,
and does not affect the overall communication complexity.

Also, the following Chernoff-bound will be used:
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▶ Proposition 4. Let Z1, . . . , Zm be independent random variables that take values in {0, 1},
such that for all i, Pr[Zi = 1] = p for some p. Then, the following holds for 0 ≤ δ ≤ 1:

Pr[ΣiZi > (1 + δ)pm] ≤ e− pmδ2
3 ,

P r[ΣiZi < (1 − δ)pm] ≤ e− pmδ2
2 .

3 General Valuations

In this section we assume that the bidders have general monotone valuations. We prove
approximation bounds for combinatorial auction algorithms with polynomial communication
complexity on different graph classes. The main negative result here is a lower bound of n

on the approximation ratio for simple graphs (Section 3.1). For large number of items (e.g.
m = Ω(n2)), this matches the upper bound achievable in the unstructured case, because the
best known protocols achieve approximation factor of min{n, O(

√
m)} (see Section 1.2).

Then we show a tight approximation bound of k for k-partite graphs (Section 3.2),
and a truthful mechanism of ratio (k + 1)/2, as well as a constant lower bound for graphs
of treewidth k (Section 3.3). The latter lower bound converges to 2 for k → ∞. It is a
challenging open question to find a construction with treewidth k, proving a non-constant
(in k linear?) lower bound. Both protocols providing the upper bounds (k and (k + 1)/2,

respectively) are truthful, MIR mechanisms.
For the lower bound results we need the following definition of the approximate disjointness

communication problem.

Approximate Disjointness Problem. For some large integer t ∈ N, each player i ∈ [n] holds
a t-bit string that specifies a subset Bi ⊂ [t] = {1, 2, . . . t} of indices (integers) in [t]. The
players are required to distinguish between the following two extreme cases:

at least one element s ∈ [t] appears in all agent inputs: s ∈ ∩i∈[n]Bi ̸= ∅,
no element of [t] appears in more than one agent’s input: for every i ̸= j, Bi ∩ Bj = ∅.

The communication complexity of this problem is known to be Ω(t/n4) [1].

3.1 Lower Bound n for General Graphs
We present a lower bound of n in the case of simple graphs (Theorem 8). Note that this
negative result applies to more general structures than simple graphs, such as multigraphs. In
order to prove the lower bound for simple graphs, first we introduce the notion of a balanced
graph allocation.

Balanced allocations in simple graphs

We consider a complete graph Kn = (V, E), on n vertices and m =
(

n
2
)

edges. The vertices
V = [n] correspond to the n bidders and the edges correspond to m items, so that every edge
(item) can only be allocated to one of its two incident vertices. For simplicity of presentation
we will assume n to be an odd number.

For each bidder i ∈ [n], we denote by Ei the set of n − 1 edges incident to vertex i (the
items available for him). Any possible valuation vi of any agent i will be determined by a
collection of subsets Si = {Si

1, Si
2, . . . , Si

τ , . . . , Si
ti

} of Ei, each subset of size (n − 1)/2. The
value of an arbitrary set of items X ⊆ Ei is vi(X) = 1 if Si

τ ⊆ X for at least one Si
τ ∈ Si,

and vi(X) = 0 otherwise.

STACS 2026



27:8 The Communication Complexity of Combinatorial Auctions in Graphs

Any orientation of the set of edges in E corresponds to a valid allocation of all items, i.e.
to some partition P = {P 1, P 2, . . . , P n} of E with P i ⊂ Ei for every agent i. In the rest of
Subsection 3.1 we will only consider partitions that we call balanced, as defined next:

▶ Definition 5. A (valid) partition P = {P 1, P 2, . . . , P n} of the item set E among the n

agents is called a balanced partition if every agent i receives exactly (n − 1)/2 items from
Ei; the respective edge-orientation with every vertex having the same in-degree (n − 1)/2 is
called a balanced orientation.

We use a set of balanced partitions F = {Ps}s=1...t with the following crucial property:

▶ Definition 6. A (multi-)set F = {Ps}s=1...t, where every Ps is a balanced partition
{P 1

s , P 2
s , . . . , P n

s } of the item set E, has the r-overlap property, if for every choice of r

players i1 < i2 < · · · < ir, and every choice of r indices from [t], 1 ≤ s1, s2, . . . , sr ≤ t, such
that no two are equal, there exists a pair of sets in {P i1

s1
, P i2

s2
, . . . , P ir

sr
}, such that the two sets

intersect.

Observe that the latter property of F means that for every choice of n pairwise different
indices s1, s2, . . . , sn there can only be strictly less than r agents i so that each of them
receives (at least) the complete item set P i

si
. We set r = nϵ, and show the following:

▶ Lemma 7. For every ϵ > 0, and large enough n > n(ϵ) there exists a (multi-)set of balanced
partitions F = {Ps}s=1...t of size |F | = t = 1

n ·
( 4

3
) nϵ

4 with the r-overlap property for r = nϵ.

Proof. Fix ϵ > 0. We prove the existence of an appropriate F by the probabilistic method:
we define t independent random balanced edge-orientations, and prove that the corresponding
edge-partitions (allocations to the bidders) possess the nϵ-overlap property with nonzero
probability.

The random construction goes as follows: We fix an arbitrary balanced orientation over
V = {1, 2, . . . n}, e.g., choose the edge (i, j) if 1 ≤ (j − i mod n) ≤ (n − 1)/2 and choose the
edge (j, i) if (n − 1)/2 < (j − i mod n) ≤ n − 1. The orientation (i, j) means that bidder j

receives the item {i, j}. Now, having such a directed graph fixed, we randomly permute the
labels of the vertices t times, which yields t random balanced partitions, call them {P̃s}s=1...t.

Fix arbitrary r agents i1 < i2 < . . . < ir, and an arbitrary set of pairwise different indices
1 ≤ s1, s2, . . . , sr ≤ t. We upper bound the probability that the corresponding partition sets
{P̃ i1

s1
, P̃ i2

s2
, . . . , P̃ ir

sr
} are pairwise disjoint.

Let i, j ∈ {i1, i2, . . . , ir} be two of the selected agents, and slightly abusing notation,
denote the partitions corresponding to these agents by P̃si and P̃sj . We call i and j compatible
if their own sets in the respective partitions are disjoint P̃ i

si
∩ P̃ j

sj
= ∅. Denote this event by

Yi,j . Note that since P̃ i
si

⊂ Ei, and P̃ j
sj

⊂ Ej , (edge orientations yield valid partitions), edge
{i, j} is the only possible item in P̃ i

si
∩ P̃ j

sj
. So, i and j are compatible exactly when either

{i, j} ̸∈ P̃ i
si

according to the balanced partition P̃si , or {i, j} ̸∈ P̃ j
sj

according to the balanced
partition P̃sj . These are independent events, each of probability 1/2. Hence, Pr[Yi,j ] = 3/4
for every pair of agents.

We define the undirected compatibility graph H = (V ′, E′) over the set of agents
V ′ := {i1, i2, . . . , ir} as vertices, and setting the edge {i, j} ∈ E′ exactly when i and j

are compatible. We upper bound the probability that H is a clique Kr of r vertices, that is,
the {P̃ i1

s1
, P̃ i2

s2
, . . . , P̃ ir

sr
} are pairwise disjoint. At first glance, it is a problem that Yi,j and

Yk,ℓ are not independent, if (and only if) {i, j} ∩ {k, ℓ} ̸= ∅. However, for any set of edges
{i1, j1}, {i2, j2}, . . . , {iξ, jξ}, it always holds that Pr[Yi,j | Yi1,j1 ∩ Yi2,j2 ∩ . . . ∩ Yiξ,jξ

] ≤ 3/4
(the condition that i or j is compatible with a couple of other agents – possibly because P̃ i

si
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resp. P̃ j
sj

does not include some item/edge – can only decrease the probability that P̃ i
si

or
P̃ j

sj
does not include item {i, j} either). Thus, we can estimate the probability that H is a

complete graph by

Pr[H ∼= Kr] ≤
(

3
4

)(r
2)

.

Using the union bound, we upper bound the probability of the bad event that H

is a complete graph for at least one choice of r different players and r different indices
1 ≤ s1, s2, . . . , sr ≤ t, meaning that {P̃s}s=1...t does not have the nϵ-overlap property:

P r[∃ i1 < . . . < ir and 1 ≤ s1, s2, . . . , sr ≤ t, so that H ∼= Kr] < tr · nr ·
(3

4

)(r
2)

< trnr
(3

4

) r2
4

.

The second inequality holds because r2−r
2 ≥ r2

4 for r = nϵ ≥ 2. The probability that F

does not have the r-overlap property is strictly less than 1 if t ≤ 1
n ·

( 4
3
) r

4 = 1
n ·

( 4
3
) nϵ

4 .

This concludes the proof, because the set of randomly generated partitions {P̃s}s=1...t

has the nϵ-overlap property with positive probability, so there must exist at least one set of
partitions F = {Ps}s=1...t with the desired property. ◀

Having this construction of balanced partitions, one can show the following lower bound,
using a reduction from approximate disjointness in a similar manner to the lower bound
of [34] for general valuations.

▶ Theorem 8 (General valuations, lower bound, simple graphs). Any protocol approximating
the combinatorial auction problem in simple graphs to a factor of n1−ϵ for general (arbitrary
monotone) agent valuations requires exponential communication. This lower bound also
applies for randomized and nondeterministic settings.

Proof. Assume that some protocol approximates the auction problem to a factor of n1−ϵ,

where arbitrary normalized, monotone agent valuations are allowed. We claim that such a
protocol can decide an arbitrary instance of the approximate disjointness problem for a set
of players N = [n], and a ground set T = [t] for t = 1

n ·
( 4

3
) nϵ

4 .

Let {Bi}i∈[n] be an instance of the approximate disjointness problem, where agent i holds
the set Bi ⊂ [t] for every i ∈ [n]. We use the set F = {Ps}s∈[t] of balanced partitions that
exist by Lemma 7, to define the valuation of each agent. The collection of subsets of items
Si := {P i

s | s ∈ Bi} defines the valuation vi as follows: For an arbitrary set X ⊆ Ei of items,
let vi(X) = 1 if P i

s ⊆ X for at least one s ∈ Bi, i.e., for one of the given subsets in Si, and
let vi(X) = 0 otherwise.

Now, in case s∗ ∈
⋂n

i=1 Bi ̸= ∅, a possible optimal allocation having social welfare n, is
to give each agent i his own set P i

s∗ from the partition Ps∗ that is an option for each of the
agents. Since the protocol is n1−ϵ-approximate, it will output an allocation having welfare of
at least n/n1−ϵ = nϵ.

In the other extreme case when the Bi are pairwise disjoint, in every allocation (X1,

X2, . . . , Xn) every bidder i with vi(Xi) = 1, completely receives some set, i.e., P i
si

⊆ Xi for
some si ∈ Bi (and the si are different, because the Bi are disjoint). However, there are no
nϵ pairwise disjoint sets P i

si
for any choice of nϵ different players and different associated

indices 1 ≤ s1, s2, . . . , snϵ ≤ t because F has the nϵ-overlap property. Thus, in this case
any allocation can only achieve strictly less than nϵ total welfare. Consequently the auction
protocol can distinguish between the two extreme cases of inputs for approximate disjointness.
By the result of [1] such a protocol has communication complexity Ω(t/n4), exponential in
n, which proves the theorem. ◀
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3.2 k-partite Graphs

The following statement shows that there exist good maximal-in-range (MIR) mechanisms
for bipartite, and more generally k-partite multigraphs, with small approximation ratio.

▶ Theorem 9 (General valuations, upper bound, k-partite graphs). There exists a deterministic
k-approximation polynomial-communication truthful mechanism for k-partite multigraphs
with general valuations.

Proof. Consider a k-partite multigraph G = (V, E), for which V can be partitioned into sets
{Vd}d∈[k] where each Vd is an independent set of vertices. A mechanism selects the best of k

allocations: each allocation corresponding to assigning all items incident to Vd to the players
in Vd, and not allocating the other items. Each agent needs only to announce a single value.
This is a maximal-in-range (MIR) mechanism and is truthful when using VCG payments.
Its social welfare can be bounded below as follows:

ALG = max
1≤d≤k

{∑
i∈Vd

vi(Ei)
}

≥ 1
k

∑
i

vi(Ei) ≥ 1
k

∑
i

vi(Oi) = 1
k

OPT. ◀

3.2.1 Lower Bound for k-partite Graphs

We prove a matching lower bound of k in the case of poly-communication algorithms for
combinatorial auctions in k-partite (simple) graphs. We use the techniques of the lower
bound proof for simple graphs, adapted to a complete k-partite graph.

Consider a complete k-partite graph Kn/k = (V, E), where V = ∪d∈[k]Vd and every part
Vd has n′ := n/k vertices/players. Assume for simplicity of presentation that n′ is even.
Every two vertices belonging to different parts are adjacent, whereas the Vd are independent
sets. In total, there are n(n − n′)/2 edges and every edge corresponds to an item that can be
allocated to one of its two incident vertices. Let Ei denote the set of edges incident to vertex
i. Any orientation of the edges in E defines an allocation; we call the allocation strongly
balanced, if for every d ∈ [k], and every i ̸∈ Vd, exactly half of the edges between player i and
players in Vd is allocated to i.

Let ϵ > 0, and assume for contradiction that a protocol with approximation factor k − ϵ

exists for the combinatorial auction problem. Roughly, we will show that there exists a large
set F of balanced allocations with the n

k−ϵ -overlap property of Definition 6. (Note that this
property cannot hold for n

k , since the n/k vertices inside a part Vd do not share any common
edges and therefore their sets are pairwise disjoint in every allocation.) The valuations of the
players will then be defined by subsets of F, analogously to the simple graph case.

Let δ := ϵ
k2 . Simple counting yields that an arbitrary set of n

k−ϵ players must have more
than δn′ players in both of at least two different parts (say Vd and Vd′) of the graph partition.
Otherwise it would hold that n

k−ϵ ≤ n′ + (k − 1)δn′ < n′(1 + ϵ/k) = n′ k+ϵ
k < n′ k

k−ϵ = n
k−ϵ , a

contradiction.
Thus, instead of proving the n

k−ϵ -overlap property, it is enough to show that an exponential
set of allocations F exists, where arbitrary subsets of δn′ players from both of any two
different parts Vd and Vd′ have overlapping sets in allocations of different indices from [t].
The rest of the proof is then analogous to the general (non k-partite) case. We defer to the
full version for the complete proofs. Next we define the suitable overlap property for this
case:
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▶ Definition 10. A (multi-)set F = {Ps}s=1...t, where every Ps is a strongly balanced
allocation {P 1

s , P 2
s , . . . , P n

s } of the item set E, has the (r, r)-overlap property, if for arbitrary
d ̸= d′ from [k] and every choice of 2r players so that {i1, i2, . . . , ir} ⊂ Vd and {i′

1, i′
2, . . . , i′

r} ⊂
Vd′ and of 2r pairwise different indices from [t], 1 ≤ s1, s2, . . . , sr, s′

1, s′
2, . . . , s′

r, ≤ t, there
exists a pair of sets {P iτ

sτ
, P

i′
ν

s′
ν
}, that intersect.

▶ Lemma 11. For every ϵ > 0, and large enough n > n(ϵ) there exists a set of strongly

balanced allocations F = {Ps}s=1...t of size |F | = t = 1
n ·

(
2√
3

)ϵn/k3

with the (r, r)-overlap
property for r = δn′ = ϵn

k3 .

▶ Theorem 12 (General valuations, lower bound, k-partite graphs). Any protocol approximating
the combinatorial auction problem in k-partite graphs to a factor of k − ϵ for some ϵ > 0,

for general (arbitrary monotone) agent valuations requires exponential communication. This
lower bound also applies for randomized and nondeterministic settings.

In the case of bipartite graphs, we get a matching lower bound of 2.

▶ Corollary 13. Any protocol approximating the combinatorial auction problem in bipartite
graphs to a factor of 2 − ϵ for general (arbitrary monotone) agent valuations requires expo-
nential communication. This lower bound also applies for randomized and nondeterministic
settings.

3.3 Graphs of Bounded Treewidth
We start the section with trees, the only graph class in this paper for which an exact optimal
(and truthful) solution can be computable with polynomial communication. Then we briefly
introduce graphs of treewidth k and present a (k + 1)/2-approximate truthful (Maximal-In-
Range) mechanism with polynomial communication for this generalization of trees. Finally
we prove a nontrivial constant lower bound for graphs of treewidth k. The lower bound is
5/4 for k = 2 and tends to 2 for k → ∞. It shows that we cannot extend the positive result
about trees significantly.

3.3.1 VCG
▶ Theorem 14 (General valuations, trees). For general valuations on trees, there exists a
polynomial-communication truthful mechanism for the combinatorial auction problem that
finds the optimal solution.

Proof. We describe how to implement the VCG mechanism on trees with polynomial
communication. We root the tree at an arbitrary node and process it from the leaves to
the root. Each node v computes and announces the optimal welfare and allocation for its
subtree in two cases: when the edge between v and its parent is assigned to v, and when it is
assigned to its parent. This computation can be performed by v – possibly in exponential
time – given the values received from all its children. The root node, for which there is only
one choice for the edge to its (non-existent) parent, then announces the optimal welfare and
allocation for the entire tree. ◀

3.3.2 Truthful k+1
2 -Approximation for Graphs of Treewidth k

Consider first k-degenerate graphs. A graph G(V, E) is called k-degenerate [25] (or k-
inductive) if there is an ordering v1, . . . , vn of its nodes such that for every i the number of
neighbors of vi in {vi+1, . . . , vn} is at most k. Observe now that every k-degenerate G is
(k + 1)-colorable: we can simply color the vertices of G greedily in the reversed order defined
above. Therefore the MIR mechanism for k-partite graphs is applicable, and we obtain:
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▶ Proposition 15 (General valuations, upper bound, k-degenerate graphs). There exists a
deterministic (k + 1)-approximation polynomial-communication truthful mechanism for the
combinatorial auction problem on k-degenerate multigraphs with general valuations.

A special case of k-degenerate graphs are k-trees: a k-tree is a k-degenerate graph so
that in the above vertex ordering every vertex vi (except for the last k vertices) has exactly
k neighbors in {vi+1, . . . vn} and these k neighbors form a clique. It is easy to see that if
we remove the vertices of arbitrary (k − 1) color-classes of the above greedy coloring of a
k-tree, the remaining subgraph is a tree: for every (remaining) vertex vi exactly one of its
neighbors from {vi+1, . . . , vn} has not been removed. So we can root the remaining graph at
the highest indexed vertex and obtain a tree.

It is known [38, 8] that graphs of treewidth k are exactly the subgraphs of k-trees
(also called partial k-trees). For this special case we can use the exact protocol for trees
(Theorem 14) to define a k+1

2 -approximate MIR mechanism:

▶ Theorem 16 (General valuations, upper bound, graphs of treewidth k). There exists a
deterministic k+1

2 -approximation polynomial-communication truthful mechanism for graphs
of treewidth k with general valuations.

Proof. Let G(V, E) be the graph of treewidth k of a given instance. Based on the definition
as partial k-trees, we take a (k + 1)-coloring of the complete k-tree of which G is a subgraph.
The vertices of arbitrary two color classes of this coloring define a forest F (V ′, E′) ≤ G(V, E),
as observed above.

Assuming that the players in V \ V ′ are not allocated any items, first we allocate all the
edges that connect a player in V ′ with a player in V \ V ′ to the respective players in V ′.

Subsequently we run the optimal protocol of Theorem 14 on the trees of the forest F, with
the only modification that the players in V ′ calculate with their marginal values of any edge
set from E′, i.e., with the understanding that they are assured to get all their incident edges
adjacent to nodes in V \ V ′.

Finally, in an arbitrary fixed optimal allocation there are two color classes of players who
receive welfare of at least 2

(k+1) OPT. Allocating to these players all edges adjacent to other
color classes can just increase this welfare. Therefore, running the protocol for all pairs of
color classes and choosing a solution with highest welfare yields a (k + 1)/2-approximation
mechanism.

Note that the graph is fixed and the (k + 1) color classes can be fixed as well. The
mechanism is Maximal-In-Range because it optimizes over all allocations that give items to
players of only two color classes. ◀

3.3.3 Lower Bound for Graphs of Treewidth k

We prove an approximation lower bound for poly-communication protocols for graphs of
treewidth k. The lower bound is

αk := 1 + q − qk for q = 1/
k−1

√
k,

which yields α2 = 5/4 for graphs of treewidth 2, and αk → 2 when k tends to ∞. 1 The
graph used for the lower bound instance will be a complete bipartite graph having a small
part with k vertices and a large part with all other vertices. For simplicity of presentation
we denote by n the size of the large part (i.e., instead of n − k), and the graph by Kn,k. Note
that this graph has treewidth (actually pathwidth) k.

1 Since limk→∞ 1/
k−1

√
k = 1, but limk→∞ 1/

k−1
√

kk = 0.
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Before we prove the statement for general k, we illustrate the proof idea by a sketch
for the case of Kn,2 (see Figure 1). The proof is by a reduction from the (approximate)
disjointness problem. Let player I and player II be the two players in the small part of the
bipartite graph and call them main players; the n other players are called simple players.
Each simple player i ∈ [n] is only interested in getting both incident edges, for value 8

3n . For
a single incident edge their valuation is 0. Thus the total value that can be given to the
simple players is 8/3, if I and II get nothing. The sets of items/incident edges of the main
players are EI and EII , respectively. These edges are also incident to simple players, and
in both EI and EII they are numbered by the corresponding adjacent simple player, so for
simplicity we use the notation EI = EII = [n].

I II

1

2

n

EI EII

...

Figure 1 Graph of the lower-bound instance for treewidth 2, with main players I and II, and n

simple players.

As in the previous proofs, an index set [t] exponential in n, and a collection F = {Ps}s=1..t

will be used. However, here each Ps is just a subset Ps ⊂ [n] of size n/2. The valuation of
the main players I and II will be determined by subsets of the index set BI , BII ⊆ [t] like
before: for X ⊂ [n] we have vI(X) = 1 if Ps ⊆ X for at least one s ∈ BI and analogously for
player II. Observe that here players I and II do not compete for the same items and the
more item indices they have in common, the more welfare is available for the simple players.
In particular, if some s∗ ∈ BI ∩ BII , then the allocation XI = XII = Ps∗ results in total
welfare 2 + 1

2 · 8
3 = 10

3 .

On the other hand, (F will be defined so that) if s1 ̸= s2, then | Ps1 ∩ Ps2 | ≈ n/4. So, if
BI ∩ BII = ∅, then the simple players get only about 1

4 · 8
3 welfare, and the total welfare is

2 + 2
3 = 8

3 . Thus any algorithm with approximation factor less than 5/4 could decide whether
BI ∩ BII = ∅, and consequently it needs exponential communication by [1]. (The value 8/3
of the simple players is tuned so that even if BI ∩ BII = ∅ holds, giving both I and II value
1 is no worse option than rather giving more items to simple players.)

For general k ≥ 2, we use a parameter p ∈ (0, 1) for the size of the desired subsets Ps to
be pn, and also use the notation q = 1 − p. We need the following type of covering property:2

▶ Definition 17. Let 2 ≤ k < n, p ∈ (0, 1), q = 1 − p, and ϵ > 0. Let F = {Ps}s=1...t, be a
set system over [n], i.e. Ps ⊂ [n] for every s ∈ [t]. We say that F is a uniform (p, k, ϵ)-cover,
or simply uniform cover if |Ps| = pn (∀s ∈ [t]), and for every choice of pairwise different
indices 1 ≤ s1, s2, . . . sk ≤ t it holds that

|
⋂j

i=1 Psi | < (1 + ϵ) · qj · n for every 2 ≤ j ≤ k, and
|
⋂k

i=1 Psi
| > (1 − ϵ) · qk · n.

The next lemma shows that large uniform covers exist.

▶ Lemma 18. For every k, p ∈ (0, 1), ϵ > 0 and large enough n there exists a uniform cover
of size |F | = t = e

qk·n·ϵ2
3k /k

1
k .

2 Assume for simplicity that pn ∈ N.
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Proof. We use the probabilistic method to prove the existence of an appropriate F. We pick
t independent random subsets Ps ⊂ [n], each of size np. For example, consider t random
permutations of [n] and pick the first np elements of each. It is enough to show that the
probability of F not being a uniform cover is less than 1, then at least one uniform cover of
the desired size t must exist.

Let first a choice of k pairwise different indices 1 ≤ s1, s2, . . . , sk ≤ k be fixed. For any
given j ∈ {2, . . . , k}, and given element i ∈ [n] we have

Pr[ i ∈ ∩j
i=1 Psi

] = (1 − p)j = qj .

If Y j
i denotes the random variable that takes value 1 if i ∈ ∩j

i=1 Psi
, and value 0 otherwise,

then
∑

i∈[n] Y j
i = | ∩j

i=1 Psi
|, and this sum has expectation qj · n. Using the Chernoff-bound,

it holds that

Pr[| ∩j
i=1 Psi | ≥ (1 + ϵ) · qj · n] = Pr[

∑
i∈[n]

Y j
i ≥ (1 + ϵ) · qj · n] ≤ e− qj ·n·ϵ2

3 ≤ e− qk·n·ϵ2
3 .

By the union bound, the probability of this bad event to occur for at least one j ∈
{2, . . . , k} is less than (k − 1)e− qk·n·ϵ2

3 . In addition, the probability that | ∩k
i=1 Psi

| happens
to be ’too small’ can be bounded as

Pr[
∑
i∈[n]

Y k
i ≤ (1 − ϵ) · qk · n] ≤ e− qk·n·ϵ2

2 ≤ e− qk·n·ϵ2
3 .

Finally, the probability that any of these occur for at least one choice of k different indices
from [t], is strictly bounded by tk · k · e− qk·n·ϵ2

3 . Note that if none of these bad events occur
for any s1, s2, . . . sk ∈ [t], then the random F is a uniform (p, k, ϵ)-cover, as required. This

occurs with positive probability, if t ≤ k

√
e

qk·n·ϵ2
3 /k. ◀

Now for a parameter p, and some arbitrary small ϵ > 0, fix a uniform cover set system
F = {Ps}s=1...t of exponential size t. The graph for which we obtain the approximation lower
bound is the complete bipartite graph Kn,k. Analogously to the Kn,2 case, we have k main
players, with their incident edges indexed by the n adjacent vertices from the large part of
the graph, and each of whose valuations vj for j = 1 . . . k, will be defined by some subset
Bj ⊂ [t], so that vj(X) = 1 if Ps ⊆ X for at least one s ∈ Bj and 0 otherwise. We also have
n simple players, each of whom has value vi = w/n if they get all k incident edges, and 0
otherwise. Thus w denotes the total value of simple players for all the edges. The parameters
w and q = 1 − p will be set later.

Now consider an instance {Bj ⊂ [t] | j ∈ [k]} of the approximate disjointness problem.
Assume first, that s∗ ∈ ∩k

j=1Bj . Then all main players can obtain their edge set of indices
in Ps∗ ⊂ [n]. Since |Ps∗ | = pn, there remain qn simple players, who can obtain all of their
incident edges. The total welfare in this case is SW 1

OP T = k + qn · w/n = k + qw.

In the other extreme case the sets Bj are pairwise disjoint. The next technical claim will
imply that if w ≤ k/(1 − qk) then also in this case of disjoint Bj , the welfare is maximized
iff every main player receives a desired set of value 1.

▷ Claim 19. The function γ(x) := x + w · qx is convex, and over the interval x ∈ [0, k] it has
its maximum at x = k assuming that w < k/(1 − qk).

Proof. For the derivatives of γ we obtain γ′(x) = 1 + w · ln q · qx and γ′′(x) = w · ln2 q · qx.

Since (for positive w) γ′′(x) > 0, the function γ(x) is convex and has no local maxima. On
the interval x ∈ [0, k] it takes its maximum in one of the endpoints x = 0 or x = k. We get
that γ(0) = w < k + w · qk = γ(k), where the inequality holds by the assumption on w. ◁
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Now if the Bj sets of the main players are pairwise disjoint, then main players with
welfare 1 get item sets Psj

with different indices. The uniform cover property of F implies
that if all k main players get a set of value 1, then the total welfare of the players can be
more than k + (1 − ϵ) · w · qk; on the other hand, if j < k players get value 1 then the welfare
is less than j + (1 + ϵ) · w · qj . By Claim 19

j + (1 + ϵ) · w · qj < k + (1 − ϵ) · w · qk,

if ϵ > 0 is small enough and w < k/(1 − qk). Therefore for the optimal welfare of all players
in the second extreme case holds

k + (1 − ϵ)qk · w ≤ SW 2
OP T ≤ k + (1 + ϵ)qk · w.

The goal is to obtain a high lower bound by maximizing the ratio SW 1
OP T /SW 2

OP T =
(k + wq)/(k + w(1 + ϵ) · qk). For every fixed q ∈ (0, 1), the ratio is maximized if w is as large
as possible. By setting w = (1 − ϵ)k/(1 − qk), and taking ϵ → 0, we get

SW 1
OP T

SW 2
OP T

−→
k + kq

1−qk

k + kqk

1−qk

= 1 − qk + q.

The latter ratio takes its maximum value in q = 1/ k−1
√

k. Any protocol with approximation
ratio better than this maximum value αk could distinguish the two extreme cases of an
arbitrary instance {Bj | j ∈ [k]} of approximate disjointness, and needs therefore Ω(t/k4)
communication, that is exponential in n. We summarize our result:

▶ Theorem 20 (General valuations, lower bound, treewidth k graphs). Any protocol approx-
imating the combinatorial auction problem in graphs of treewidth k to a factor better than
αk := 1 + q − qk, where q = (1/k)1/(k−1), needs exponential communication. The lower bound
is α2 = 5/4 for graphs of treewidth 2, and αk → 2 for k → ∞.

It is an intriguing open problem, whether an approximation lower bound linear in k exists,
based on some more refined graph construction.

4 Subadditive Valuations

In this section, we study the communication complexity of combinatorial auctions in graphs
and k-hypergraphs with subadditive bidders. Then, we show that it is possible to achieve k-
approximation for k-hypergraphs and 2-approximation for multigraphs, using a deterministic
MIR (and thus truthful) mechanism (Theorem 21). Finally, we prove a matching lower bound
of 2 for simple graphs, by using the construction of the lower bound for general valuations
(Theorem 23).

4.1 Upper Bound
We present here a truthful mechanism that is k-approximate for k-hypergraphs within
polynomial communication.

▶ Theorem 21 (Subadditive, upper bound, k-hypergraphs). There exists a deterministic k-
approximate polynomial-communication truthful mechanism for k-hypergraphs with subadditive
valuations.
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Proof. Let Ie be the set of agents in an edge e. The mechanism works as follows: for each
edge, arbitrarily enumerate the agents it contains from 1 to |Ie|. Then, assign all items to
the agents with label 1. Name this allocation a1. Repeat this process for j = 2, 3, . . . , k

by cyclically assigning each edge to all of the agents with label j ( or j mod |Ie|, in case
|Ie| < k ). This results in k consistent full allocations. Keep the one achieving maximum
social welfare. Name the allocations as a1, a2 . . . ak. Let Xj

i be the bundle that player i gets
in aj .

ALG = max
j

{∑
i

vi(Xj
i )

}
≥ 1

k

∑
i

∑
j

vi(Xj
i ) ≥ 1

k

∑
i

vi(Ei) ≥ 1
k

∑
i

vi(Oi) = 1
k

OPT.

The first inequality holds because maximum is larger than the average, the second one
is due to subadditivity and the last one due to monotonicity. Communication cost is
polynomial in size, because each agent reports only k values. It is also truthful, because it is
maximal-in-range. ◀

In the case of k = 2, we get the following corollary.

▶ Corollary 22 (Subadditive, upper bound, multigraphs). There exists a deterministic 2-
approximation polynomial-communication truthful mechanism for multigraphs with subadditive
valuations.

4.2 Lower Bound
In this section, we show a lower bound of 2 for the combinatorial auction problem in simple
graphs. This matches the upper bound presented in Corollary 22, closing the gap up to the
case of multigraphs. We use the construction of Theorem 8 and transform the valuations
to subadditive by adding 1 to every vi(X), similarly to the lower bound proof of [18] for
subadditive valuations.

▶ Theorem 23 (Subadditive, lower bound, simple graphs). Any protocol approximating the
combinatorial auction problem in simple graphs to a factor of 2 − ϵ for subadditive agent
valuations, requires exponential communication. This lower bound also applies for randomized
and nondeterministic settings.

5 XOS Valuations

In this section, we extend the deterministic (in terms of communication) protocol for two
XOS players of Feige [26] to multigraphs, getting a 4/3-approximation algorithm. In the
case of k-hypergraphs, we show an approximation of 1

1−(1− 1
k )k , by an adaptation of the XOS

n-player protocol [26, 27]. We complement these positive results with matching lower bounds,
using clique instances in simple graphs and k-hypergraphs. Due to space limitations, proofs
and protocol definitions are deferred to the full version of the paper.

5.1 Upper Bounds
Consider the configuration LP, where xi,S is the fractional assignment of the bundle S to
agent i:

Maximize
∑

i,S xi,Svi(S), subject to:
Item constraints:

∑
i,S|j∈S xi,S ≤ 1 for every item j;

Player constraints:
∑

S xi,S ≤ 1 for every player i;
Non-negativity constraints: xi,S ≥ 0 for every player i and every bundle S.
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This LP can be solved in polynomial time by solving its dual LP [7, 34], using the
ellipsoid method and having access to a separation oracle. In the protocols in [26, 27] for
XOS valuations, each agent i selects a single tentative set based on the distribution (xi,S)S ,
where x is a solution of the configuration LP. Each item j can be part of the tentative sets
of multiple different agents. The challenge is to handle these conflicts in order to round the
fractional solution. When the input of the combinatorial auction is a graph (or k-hypergraph),
then there exists a solution x for which every item j belongs to at most 2 (or k) tentative
sets (see Proposition 24). This observation allows us to get improved bounds by modifying
existing protocols for XOS valuations.

▶ Proposition 24. For every agent i, let Ei denote the set of (hyper-)edges incident with i.

There exists an optimal fractional solution x′ of the configuration LP so that x′
i,S > 0 only if

S ⊆ Ei.

Proof. Let x be a fractional solution having optimal welfare, without having the required
property. We show that, starting from x, we can produce a fractional solution x′ of equal
welfare, and with the desired property. Assume that xi,S > 0 and vi({j}) = 0 for some j ∈ S.
Set x′

i,S = 0, and x′
i,S\{j} = xi,S\{j} + xi,S . Solution x′ achieves a welfare that is equal to the

one of solution x: because vi is XOS and thus subadditive, vi(S) ≤ vi(S \ {j}) + vi({j}) =
vi(S \ {j}); and due to monotonicity, vi(S \ {j}) ≤ vi(S). Moreover, x′ also continues to
satisfy the constraints of the configuration LP. Applying the argument iteratively, yields the
proof of the proposition. ◀

Technically, when the tentative set Si of bidder i contains items from outside Ei, then
these items can be simply ignored, and w.l.o.g. assume that i does not compete for them.
Alternatively, the respective xi,S variables for S ⊈ Ei (and thus the corresponding dual
constraints) can be omitted from the LP to obtain a simplified configuration LP.

The algorithm that achieves 4/3 approximation in multigraphs, is a straightforward
generalization of the 2-player 2-step randomized rounding algorithm of Feige [26] for XOS
valuations. In particular, consider the following algorithm (see the full version for details),
which uses the optimal fractional solution x of the (simplified) configuration LP. For each
player i and item j ∈ Ei, we denote the total fraction of subsets containing j and allocated
to i, by

fi,j =
∑

S|j∈S

xi,S . (1)

This is the probability that j will be in the tentative set Si of bidder i. For each item j,
we have

∑
i fi,j ≤ 1 due to the item constraints. If both of the candidate players (say, e.g.,

bidders 1 and 2) have the item j in their tentative sets, then the item is assigned to them
with reversed probabilities, i.e., with f2,j

f1,j+f2,j
to bidder 1 and with f1,j

f1,j+f2,j
to bidder 2.

▶ Theorem 25 (XOS, upper bound, multigraphs). There exists a deterministic 4/3-approximate
algorithm for the combinatorial auction problem in multigraphs with XOS valuations.

Generalizing for the case when at most k dedicated players can get any particular item,
we extend the Fair Contention Resolution rounding scheme of [27] and get an upper bound

1
1−(1− 1

k )k for XOS bidders in k-hypergraphs. By Proposition 24, we can assume that the
candidate tentative sets of player i (sets for which xi,S > 0) only include items for which
he has a positive valuation. For the sake of completeness, we present the modified Fair
Contention Resolution protocol of [27] for the case of k-hypergraphs in the full version. The
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tentative sets Si of the players are determined by an optimal LP solution like for k = 2 above.
Also the fi,j probabilities for single items to get into Si are defined by equation (1). The
contention resolution procedure is a (nontrivial) generalization of the k = 2 case.

▶ Theorem 26 (XOS, upper bound, k-hypergraphs). There exists a deterministic 1
1−(1− 1

k )k -
approximate algorithm for the combinatorial auction problem in k-hypergraphs with XOS
valuations.

5.2 Lower Bound
In the following theorem we present a matching lower bound for the case of k-hypergraphs.

▶ Theorem 27 (XOS, lower bound, k-hypergraphs). Any protocol approximating the combin-
atorial auction problem in k-hypergraphs with XOS valuations to a factor of 1

1−(1− 1
k )k − ϵ

requires exponential communication. This lower bound also applies for randomized and
nondeterministic settings.

The result above implies the following corollary in the case of simple graphs.

▶ Corollary 28 (XOS, lower bound, simple graphs). Any protocol approximating the combin-
atorial auction problem in simple graphs with XOS valuations to a factor of 4

3 − ϵ requires
exponential communication. This lower bound also applies for randomized and nondetermin-
istic settings.
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