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—— Abstract
We study the reconfiguration of odd matchings of combinatorial graphs. Odd matchings are matchings
that cover all but one vertex of a graph. A reconfiguration step, or flip, is an operation that matches
the isolated vertex and, consequently, isolates another vertex. The flip graph of odd matchings is a
graph that has all odd matchings of a graph as vertices and an edge between two vertices if their
corresponding matchings can be transformed into one another via a single flip.

We show that computing the diameter of the flip graph of odd matchings is I15-hard. This
complements a recent result by Wulf [FOCS25] that it is II5-hard to compute the diameter of the
flip graph of perfect matchings where a flip swaps matching edges along a single cycle of unbounded
size.

Further, we show that computing the radius of the flip graph of odd matchings is ¥5-hard. The
respective decision problems for the diameter and the radius are also complete in the respective
level of the polynomial hierarchy. This shows that computing the radius of the flip graph of odd
matchings is provably harder than computing its diameter, unless the polynomial hierarchy collapses.

Finally, we reduce SET COVER to the problem of finding shortest flip sequences. As a consequence,
we show APX-hardness and that the problem cannot be approximated by a sublogarithmic factor.
By doing so, we answer a question asked by Aichholzer, Brenner, Dorfer, Hoang, Perz, Rieck, and
Verciani [GD25].
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1 Introduction

Reconfiguration describes the process of changing one structure into another. It is often
performed by small, reversible steps, so called flips. Reconfiguration has many applications in
the areas of optimization [15] or enumeration [6, 18]. We refer to the following surveys for the
discussion of additional applications of reconfiguration [19, 23]. Very recently, reconfiguration
has also provided substantial insight into the complexity of computing the diameter of
polytopes [20, 21], spiking in the result that computing the combinatorial diameter of a
polytope is II5-hard [25]. Remarkably, all the recent results on the diameter of polytopes
study the reconfiguration of perfect matchings.
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We study the related problem of the reconfiguration of odd matchings of graphs. An
odd matching of a graph G is a matching consisting of edges of G such that all vertices
of G are matched except for a single isolated vertex. A flip between two odd matchings is
an operation that matches the isolated vertex v of the first matching to another vertex w.
Subsequently, the vertex that previously shared an edge with w becomes the new isolated
vertex. The flip graph of odd matchings of a graph G is a graph that has as vertex set all odd
matchings of G and has edges between matchings whenever they can be transformed into
one another via a single flip. A flip sequence between an initial matching M,,, and a target
matching My, is a sequence of matchings M, = My, My, ..., Myx_1,My = My, such that
consecutive matchings only differ by a single flip. In terms of the flip graph, a flip sequence
is a path between two matchings. The index k denotes the length of a flip sequence. The
flip distance between two odd matchings M;, and M,,,., denoted by d(M;,, M), is the
minimum over all k such that there exists a flip sequence of length k between M;,, and My,
This can be interpreted as the length of a shortest path in the flip graph. The diameter of
the flip graph is defined as maxas, a, d(M7, M2) and describes the maximal flip distance
between any pair of odd matchings in the flip graph. Similarly, the radius is defined as
minys, maxpyy, d(Mi, Ms) and describes the minimum maximal distance of a matching Mo
to a center M. Clearly, the diameter of a flip graph is bounded from below by its radius
and bounded from above by twice the radius. For an illustration of many of the concepts, we
refer to Figure 1.

Figure 1 Tllustration of a flip graph of odd matchings with a flip sequence of length 3 highlighted.

1.1 Related Work

Odd Matchings. The reconfiguration of odd matchings has been introduced in [2] for the
setting of geometric odd matchings, that is, crossing-free odd matchings with straight line
segments as edges between points in general position in the plane. The authors show that
in this setting the flip graph is always connected with a diameter of O(n?) where n is the
number of points. The study of combinatorial odd matchings has been initiated in [1]. The
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authors provide a complete, polynomial time checkable characterization when the flip graph
of odd matchings on a graph G is connected and show that any connected component of
the flip graph has a diameter that is linear in the size of G. In the same paper, it is shown
that the problem of deciding whether there exists a flip sequence of a certain length between
two given odd matchings is NP-complete for both the geometric and the combinatorial
setting. The reconfiguration of odd matchings also appears in form of the sliding block game
gourds [13, 17] where the underlying graph is a triangular grid graph and the edges have
colored or labeled end points. In every flip, the added edge inherits the colors or labels of
the removed edge.

Perfect Matchings. For the reconfiguration of perfect matchings removing and adding a
single edge will not yield another perfect matching. Instead a flip in a matching M works as
follows: Pick a cycle that alternates between edges that lie in M and edges that do not. The
flip then removes all edges of M along the cycle and adds the edges of the cycle that were
not in M. We can either allow cycles of arbitrary length, or bound the length of the cycle.
When bounding the length of the cycle to only allow cycles of length four such that a flip
removes two edges from M and adds two new edges it is shown to be PSPACE-complete to
decide whether a given matching can be flipped into another matching in the combinatorial
setting [8]. In the geometric setting it is a long-standing open question whether any perfect
matching on any point set can be transformed into any other matching on the same point
set when only allowing flips along 4-cycles. Up to now, there is not even a published proof
that a perfect matching on any point set permits a valid flip of such a form. It further has
been shown that deciding whether a flip sequence of a certain length exists is NP-hard in the
geometric setting [7].

If, however, we allow flips along alternating cycles of unbounded size, the flip graph is
connected in the geometric setting [14]. In the combinatorial setting it has been shown that
deciding whether the flip distance between two perfect matchings is at most k& is NP-complete,
even for k = 2 [3, 16]. There also has been particular interest in the complexity of computing
the diameter of the flip graph of perfect matchings in the combinatorial setting [20, 21, 25]
spiking in the result that computing the diameter is 1I5-complete [25]. The research was
motivated by its implications for the complexity of computing the diameter of polytopes [9].

Computing Central Structures in Flip Graphs. This year’s CG:SHOP challenge deals
with the search of central structures in flip graphs of triangulations under parallel flip
operations [4]. The problem as it is phrased asks for a central structure in the flip graph for a
small (compared to the size of the flip graph) finite set of triangulations that are part of the
input. The problem is contained in NP and can be interpreted as an attempt to approximate
the search of the center and the radius of the whole flip graph.

1.2 Qur Contributions

In this paper, we provide three novel higher complexity results on the reconfiguration of
combinatorial odd matchings.

First, we complement the main result in [25] by showing that for a given graph G and
a parameter k € N the problem of deciding whether the diameter of the flip graph of
odd matchings of G is at most k is II5-complete. We do so by reducing directly from the
I15-complete problem V3-SAT.

33:3
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» Theorem 1. Given a graph G and a parameter k € N. Deciding whether the diameter of
the flip graph of odd matchings of G is at most k is II5-complete.

As a second result, we study the related problem of calculating the radius of the flip
graph. We show that deciding whether for a given graph G the radius of the flip graph of
odd matchings of G is at most some value k is X%-complete. We do so by reducing directly
from the Xf-complete problem 3V3-SAT.

» Theorem 2. Given a graph G and a parameter k € N. Deciding whether the radius of the
flip graph of odd matchings of G is at most k is ¥4 -complete.

By showing 3%-completeness of the problem, we provide a naturally occuring problem
that is complete in this complexity class. As discussed in [12], problems in this complexity
class are not too well studied and the list of problems that are complete for that class are
not too long.

Even though the concepts of diameter and radius seem very similar, we conclude that it is
provably harder to compute the radius than to compute the diameter, unless the polynomial
hierarchy collapses.

The authors of [1] show that it is NP-hard to compute shortest flip sequences between
odd matchings and motivate the question about the existence of approximation algorithms.
As a final result, we settle the question about approximability in the combinatorial setting
by reducing SET COVER to the problem of finding shortest flip sequences. We will describe
the global idea for the reduction and modify it to fit the definition of a PTAS-reduction.

» Theorem 3. Given a graph G and two odd matchings M;, and My, of G. Computing the
flip distance between My, and My, is APX-hard. Further, it is NP-hard to approximate the
flip distance by a factor better than ©(log(n)).

Full technical details and proofs for statements marked with (x) will appear in a full
version of the paper.

2 Preliminaries

2.1 Union of Odd Matchings

Let M7 and M be two odd matchings on the same graph G, then their union M UM’ admits
the following connected components:
one alternating path of even length (possibly zero) that connects the isolated vertices of
My and Ms and alternates between edges of My and My,
cycles of even length alternating between M; and Ms, and
edges that lie in My N Mo, called happy edges.

The above partition will be helpful when arguing lower bounds on the length of flip
sequences. We will say that we charge flips towards a component if a flip sequence needs
to perform that number of flips on this connected component. Some easy observations are:
(1) If the alternating path contains k edges of My and My each, then we charge at least
k flips towards the path; (2) If an alternating cycle contains k edges of M; and My each,
we charge at least k + 1 flips towards the cycle, k£ to flip all the edges of M5 in and one
additional flip to place the isolated vertex on the cycle, we will call these steps switching a
cycle and (3) we either charge no flips at all towards a happy edge or at least two since if we
remove the happy edge, we need to add it back in.
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Figure 2 Switching a cycle with three matching edges in four flips.

2.2 The Polynomial Hierarchy

The polynomial hierarchy was introduced by Stockmeyer [22] and provides a way to compare

the complexity of problems beyond NP-hardness. Complexity classes are defined recursively.

The lowest level is 3f = IIfj = P. Then, X} for k > 1 is defined as the class of all problems
that can be decided in non-deterministic polynomial time with the help of an oracle for the
class ¥ . Further, I} = co-3}. In particular ¥§ = NP and I} = co-NP.

We refer to [24] for a definition of the polynomial hierarchy that is easier to work with
in our setting. A language is a set L C {0,1}*. A language L is contained in IT} if there
exists some polynomial-time computable function V' such that for all w € {0,1}* for suitable
my,ma < poly(|wl):

we L& Vy €{0,1}™ 3y, € {0,1}™2 : V(w,y1,92) =1

Similarly, a language L is contained in Y% if there exists some polynomial-time function V'
such that for all w € {0,1}* for some suitable my,mz, mg < poly(|w|):

w e L& Jys €{0,1}"Vy, € {0,1}23yz € {0, 1} : V(w,y1,y2,y3) =1

In [24] problems are provided that are complete for the respective stages of the polynomial
hierarchy. The problem V3-SAT given by all Boolean formulas ¢ on variables z1, ..., z,,, and
Y1, ---» Ym, such that for all assignments of x1, ..., x,,, there exists an assignment of y1, ..., Ym,
such that ¢(z1, ..., Tmy, Y15, Ymy) = 1 is Ih-complete. Further, the problem IV3-SAT
given by all Boolean formulas 1 on variables 1, ..., Zm,, Y1, ---s Yma, Z1, ---» Zms Such that there
exists an assignment of x1, ..., z,,, such that for all assignments of yi, ..., ym, there exists an

assignment of z1, ..., Zm, such that (1, ..., Ty, Y1y ooy Ymas 215 -y Zmg) = 1 is Xh-complete.

We assume without loss of generality that all Boolean formulas are given in conjunctive
normal form (CNF).

2.3 APX-hardness

For an extensive introduction to the concepts see [10]. Let APX be the set of all problems
in NP that allow for a constant factor approximation. A problem is APX-hard if there is
a PTAS-reduction from every problem in APX to said problem. A PTAS-reduction from
problem A to B is a set of three functions f, g, «, that are polynomial-time computable for
a fixed € such that:

the function f maps an instance of A to an instance of B.

the function g takes an instance z of A and an approximate solution of f(z) in B and

computes an approximation of x

the function a maps error parameters of problems in A to corresponding parameters of

problems in B

if the solution y to f(z) is an 1 + «(e)-approximation to the optimal solution, then

g(x,y,¢e) is a 1 + € solution to x.

33:5
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In particular, if there exists no polynomial-time approximation scheme for A and B PTAS-
reduces to A, then there is also no polynomial-time approxiation scheme for B and if A cannot
be approximated within some factor 1 4 ¢ then B cannot be approximated within 1 + «a(e).

2.4 Set Cover

Consider the integers from 1 to n and a collection of sets S = {s1,...,s:} such that
5i C{1,...n} and |J'_; s; = {1,...,n}. The SET COVER problem asks for a given integer &
whether there exists a subset S” C S such that [S'| = k and |J,,cg si = {1,...,n}. SET
COVER is known to be APX-hard, since for example SET COVER problems are a superset
of the vertex cover problem [5]. Further, the size of a smallest set S* that covers all
integers in {1,...,n} can in general not be approximated by a sublogarithmic factor [11],
unless P=NP.

3 Computing the Diameter is IT5-complete

We reduce directly from V3-SAT to computing the diameter of the flip graph. We will
introduce gadgets for clauses and for each type of variable.

As a high level idea, the goal of a flip sequence will be to switch the cycles in all clause
gadgets by switching the cycles in all the variable gadgets in a way that places isolated
vertices next to clause gadgets. The alternating cycle of an 3-gadget can then be switched in
two ways depending on which of the two edges from a central vertex v to the gadget is used
to enter the gadget. Each direction for the switch will correspond to an assignment of the
variable based on what clauses the isolated vertex is placed next to. In a V-gadget, there is
only one way to enter the gadget from v, so the way to switch the cycle is fixed. If the cycle
is not crossing in the drawing, the isolated vertex will be placed next to gadgets of clauses
that contain the positive literal, and, if the cycle is crossing, next to clauses containing the
negative literal.

We now introduce all gadgets of our reduction in more detail. The reduction will be built
around one, aforementioned, central vertex v.

Sos

2 11 2 11
T VI Vag )
e T v R RS 3 10970 .y
e 4 9
5 8 8
e r; “uy 6 7 6,
(a) The clause Gadget. (b) The V-gadget. (c) The 3-gadget.

Figure 3 Gadgets of the reduction.

Clause gadget (Figure 3a): The clause gadget is a 4-cycle that has one vertex which is
incident to the later introduced variable gadgets. The idea is to force a perfect matching
of the cycle in the initial matching and the other perfect matching in the target matching
such that all alternating cycles in variable gadgets need to be switched at some point.
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V-gadget (Figure 3b): For a given variable z, the variable gadget consists of a cycle of
length twelve, with vertices labeled 1 to 12 along the cycle, as well as two additional
diagonals from vertex 2 to vertex 10 and vertex 3 to vertex 11 in the cycle that form the
crossing as seen in Figure 3b. The vertex with label 1 has an edge that is connected to
a central vertex v. Two vertices, labeled 3 and 9, have edges to all clause gadgets that
correspond to clauses that contain z. Two vertex, labeled 4 and 10, are incident to edges
to all clause gadgets that correspond to clauses that contain x. If M;,, U M., contains an
alternating cycle on a V-gadget, then this cycle can either contain the introduced crossing
or not. To see a crossed and uncrossed cycle, see Figure 4. The two options will encode
the truth value of the corresponding variable.

Figure 4 Left: a crossed alternating cycle in a V-gadget, Right: an uncrossed alternating cycle.

J-gadget (Figure 3c): The 3-gadget corresponding to a variable y consists of a cycle with
twelve edges and vertices labeled 1 to 12 along the cycle. Two adjacent vertices, labeled 1
and 12 are incident to an edge to the vertex v. Two vertices, labeled 2 and 10 are incident
to edges to all gadgets of clauses that contain y. Similarly, two vertices, labeled 3 and 11
are connected to gadgets of clauses that contain . If the union M;,, U My, contains an
alternating cycle on an 3-gadget, the cycle can be switched in two ways depending on
which of the two edges incident to v is used to switch the cycle. These two choices will
encode the two truth values of the corresponding variable.

Forcing the position of the isolated vertex: If we take s to be the number of vertices in all
clause gadgets, V-gadgets and 3-gadgets combined, we obtain by [1, Theorem 10] that
any connected component of the flip graph of odd matchings of the constructed graph
has diameter at most ¢ - (s 4+ 1) for a constant c. We attach to v a path P of length
£ =2c-(s+1) (See Figure 5). If the isolated vertex of at least one of the matchings is
placed at the vertex w of P that is farthest away from v, then flipping edges along the
path already takes % flips, which is at least as much as it takes to reconfigure two odd
matchings if both have their isolated vertex placed on some clause gadget, V-gadget, or
J-gadget.

The reduction: Now, let ¢ be a Boolean formula on variables x1,...,2m, and y1, ..., Ym,. We
construct a graph G as follows: Start from a single vertex v. For every z; introduce a
V-gadget and connect it to v as described above. For every y; introduce an 3-gadget and
connect it to v as described. Further, introduce a clause gadget for every clause C' in ¢
and connect each clause gadget to all the variable gadgets that correspond to variables in
the clause. The connection happens in one of two ways described above depending on
whether € C or £ € C (resp. y or z). Then add the path of length ¢ at v to obtain a
final graph G’.

First, we need to make sure that the diameter is well defined in this setting.

» Proposition 4 (x). The flip graph of odd matchings of G’ is connected.

STACS 2026
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f W = Vp,, = UM,
!
!
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Vi, Vo B Fyo

VTV T2V Vi

Figure 5 The instance graph for the quantified formula Va1, x2 Jy1,y2 : (1 VZ2Vy1)A(x2Vy1 VY2).

We show Proposition 4 by showing that G’ fulfills the characterization of graphs for which
the flip graph is connected from [1, Theorem 3].

From now on, we will call a pair of matchings M;, and My,, such that d(M;,, M)
equals the diameter of the flip graph a mazimizing pair. We will make structural observations
on how a maximizing pair looks like. Also, let vy, and vyy,,, denote the isolated vertices of
M;,, and M;,,.

» Lemma 5 (). Let M;, and My, be a mazimizing pair. Then:
(1) v, = v, 1S the vertex w of P that is farthest away from v.
(2) M;n U My, contains an alternating cycle on every clause gadget.
(3) Min U My, contains an alternating cycle on every 3-gadget.

(4) M;n U My, contains an alternating cycle on every V-gadget.

» Theorem 1. Given a graph G and a parameter k € N. Deciding whether the diameter of
the flip graph of odd matchings of G is at most k is II5-complete.

Proof. Containment in IT} follows from the definition of IT5 and the fact that the underlying
flip distance problem that has to be solved for every pair of matchings is contained in NP.

Let ¢ on variables 1, ..., Ty, and y1, ..., Ym, and clauses C, ..., Cx be a VI-SAT instance
and G’ be the graph as constructed above.

> Claim 6. If ¢ is a YES-instance of V3-SAT, then the diameter of the flip graph of odd
matchings of G’ is at most £ + 7(mq + ms) + 3K.

Proof. Assume ¢ is a YES-instance. In order to upper bound the diameter of the flip graph
of odd matchings of G’ it is sufficient to consider pairs of matchings that fulfill the conditions
of Lemma 5. Let M;, and M;,, be a pair with these properties. We consider M;,, U M4,
on every V-gadget for some variable x;. If they form an uncrossed cycle, then we consider
the positive assignment of z;, otherwise the negative assignment. Since ¢ is a YES-instance
of V3-SAT, for the given assignment of the x; there exists a satisfying assignment of the y;
such that ¢(z1, ..., Tmy, Y1, ---s Ym,) = 1. We can construct a flip sequence from M;,, to Myq,
based on the assignment of yi, ..., Ym.,-
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The flip sequence starts by moving the isolated vertex from w to v. Then the flip sequence
switches all cycles that belong to V-gadgets and if the isolated vertex is placed next to an
unswitched clause gadget, the flip sequence switches this cycle as well. Afterwards, the flip
sequence switches all J-gadgets. If y; is assigned a positive (resp. negative) value, then
the flip sequence traverses the gadget such that the isolated vertex is placed next to clause
gadgets containing y; (resp. ¢;). Since ¢(L1, ..., Ty, Y1, .- Ymy) = 1, every clause gadget will
eventually be switched. The flip sequence ends by moving the isolated vertex back from
v to w. There are ¢ flips for moving the isolated vertex between w and v, seven flips per
variable gadget and three flips per clause gadget, which gives us the aspired length of the
flip sequence. <

> Claim 7. ¢ is a YES-instance of Y3-SAT whenever the diameter of the flip graph of odd
matchings of G’ is at most £ + 7(my + mz) + 3K.

Proof. Assume the diameter of the flip graph of odd matchings is at most £+7(mq+ms)+3K.
For a given assignment of 1, ..., xp,, We construct a pair of matchings M;, and My,,. If x;
appears in its positive form, M;, U My, has an uncrossed cycle in the V-gadget that
corresponds to x;, otherwise M;, U My, has a crossed cycle. Additionally, M;, U M;,, has
an alternating cycle on all 3-gadgets and clause gadgets, and v, = vas,,, = W.

Since there exists a flip sequence from M;,, to My, of length at most £+ 7(my +ms) + 3K,
exactly seven flips are performed in every variable gagdet and exactly three flips are performed
in every clause gadget. Less flips would not suffice to switch the cycle in the respective
gadget. With more flips we would exceed the length of the flip sequence. This means there
is an isolated vertex placed next to every clause gadget at some point in a flip sequence that
switches every variable gadget once. We construct an assignment of y1, ..., Ym, from where
the isolated vertex was placed during the traversal of the corresponding variable gadgets.
This assignment satisfies ¢(x1, ..., Tm,, Y1, s Ym,) = 1. Repeating this procedure for all
assignments of 1, ..., Z,, shows that ¢ is a YES-instance of ¥3-SAT. <

The theorem follows from a combination of the two claims. <

4 Computing the Radius is X-complete

We reduce from dV3-SAT to computing the radius of the flip graph. We now introduce all
gadgets for our reduction that will again be built around one central vertex v.

PSP R

Figure 6 V-gadget for the reduction from 3V3-SAT to computing the radius.

Clause gadget (Figure 3a): The clause gadget is the same as in Section 3.

First 3-gadget (Figure 3b): The first 3-gadget is the same as the V-gadget of Section 3.

V-gadget (Figure 6): The V-gadget corresponding to a variable y consists of a cycle with
14 edges and vertices labeled 1 to 14 along the cycle, as well as four diagonals, from 2
to 12, 3 to 11, 4 to 12, and 3 to 13, of the cycle that form the two crossings in Figure 6.

33:9
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Two vertices, 4 and 10, have edges to clauses that contain the positive literal y and two
vertices, b and 11, with edges to clauses containing the negative literal y and vertex 1
has an edge from the vertex v.

Second 3-gadget (Figure 3c): The second exists gadget coincides with the 3-gadget of

Section 3. Notation wise, the variables corresponding to those gadgets will now be
called z instead of y.

JaVydz:axVyVz

zVyVz

Figure 7 Instance graph for the quantified formula 3z Vy 3z : 2 V y V 2.

Forcing position of the isolated vertices: We conclude the construction by attaching two

paths to v. Let s be the number of vertices in clause and variable gadgets. We set
¢ =2c-(s+ 1) where c is chosen according to [1, Theorem 10] such that ¢ is larger than
twice the diameter of the flip graph of odd matchings on v and the clause and variable
gadgets. We add a path p of length ¢ and attach one end to v and to the other end we
attach a four-cycle Z. Further, let L = 2¢- (s + £+ 1) and add a path P of length L and
attach one end of P to v. No matter what a matching M;,, in the center of the flip graph
looks like, a matching M;,, can maximize the distance to M;, by having an isolated
vertex at vyy,, ., the end vertex of P that is not attached to v and by differing from M,,
on Z. By doing so, any flip sequence is forced to traverse both p and P. Vice versa, by
having the isolated vertex of M;, placed on Z it can be guaranteed that a flip sequence
traverses p only once instead of twice.

The reduction: Now, let 1 be a Boolean formula on variables xi,....m,, Y1, ...; Ym, and

21, ...s Zmg. We construct a graph G as follows: Start from a single vertex v. For every z;
introduce a first 3-gadget and connect it to v as described above. Repeat for all y; and
V-gadgets and all z; and the second 3-gadget. Further, for every clause C in % introduce
a clause gadget and connect the gadget to all the variable gadgets that correspond to
variables in the clause. The connection happens in one of two described ways depending
whether z € C or Z € C (resp. y or z). Then add the paths p and P as described to
obtain a final graph G”. Again, we need to make sure that the radius is well defined in
this setting.

» Proposition 8 (x). The flip graph of odd matchings on G" is connected.

Again, we verify this by checking the characterization from [1, Theorem 3].
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We will again give a characterization of pairs of matchings, which can determine the
radius. We will argue that, without loss of generality, we do not have to consider all other
pairs of matchings but only a set of candidates. As a high level argument, we make sure that
in a candidate pair we cannot make a change to My, locally in a single gadget such that the
flip distance to M;, increases and we cannot immediately make a change to M;, in a single
gadget such that the flip distance decreases even if M;,,. is changed locally to respond to the
changes to Mj,.

» Lemma 9 (x). Without loss of generality, to determine the radius of the flip graph, it is
sufficient to consider pairs of matchings M;, and Myq, that have the following properties:
(1) wag,,, is the vertex on P that is farthest away from v.

(2) v, is placed on Z.

(3) Min U My, contains an alternating cycle on every clause gadget.

(4) M;n U My, contains an alternating cycle on every variable gadget.

With Lemma 9 in mind, we describe the high level strategies for M;,, M;., and a shortest
flip sequence:

Since all clause gadgets contain alternating cycles, a shortest flip sequence will have to
switch them all by entering them through a variable gadget. Adjacency relations of gadgets
correspond to containment relations of variables in clauses.

For the first 3-gadget, while switching an uncrossed cycle, the isolated vertex will be next
to clause gadgets containing the positive literal, otherwise, if the cycle is crossed, the clauses
with negative literals can be switched. Also note, that M;, can determine, whether the cycle
is crossed or uncrossed. M;, may choose not to control the existence of the crossing if the
value of a particular variable does not matter.

For the V-gadget, while switching the cycle, the isolated vertex is next to clauses with
positive literals if the cycle is crossing twice or not at all, however if it crosses once, the
isolated vertex is placed next to clauses with negative literals. While M;,, can control to
add one crossing to the cycle or not, the existence of a second crossing will then always be
controlled by Mg

For the second 3-gadget, there is only one option for an alternating cycle up to swapping
M;,, and My,,.. The direction of traversal is then chosen by the flip sequence depending on
which of the two edges incident to v is chosen to enter the gadget. The direction of traversal
then determines whether the isolated vertex will be placed next to clauses with positive or
negative literals.

» Theorem 2. Given a graph G and a parameter k € N. Deciding whether the radius of the
flip graph of odd matchings of G is at most k is X4 -complete.

Proof. Containment in ¥ follows from the definition of ¥4 and the fact that the underlying
flip distance problem that has to be solved for every matching M;,, is contained in NP.

Let 1 on variables z1,...,Zm,, Y1, ..y Ym, and 21, ..., 2y, and clauses Ci,...,Ck be a
IV3-SAT instance and G” be the graph as constructed above.

> Claim 10. If ¢ is a YES-instance of 3V3-SAT, then the radius of the flip graph of odd
matchings of G” is at most £ + 7(my +m3) + 8ma + 3K + 2.

Proof. We construct M;, based on the truth assignment of xi,...,z,,, that is part of a
solution of . If x; has a positive truth value, then we match its corresponding variable
gadget such that any completion of the matching to an alternating cycle is uncrossed. If z; has
a negative truth value, match the variable gadget such that the cycle has a crossing. Place the

isolated vertex on Z and match the remaining vertices to form an arbitrary perfect matching.

The existence of such perfect matchings is shown as a part of the proof of Proposition 8.
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Now for any Mz, that maximizes the distance to M;,, we look at the V-gadgets. By
Lemma 9 we know that M;,, U My, forms an alternating cycle on the V-gadget. If the cycle in
the gadget to some y; is crossed zero times or twice, we translate this to a positive assignment
of y;, if it is crossed once, translate to a negative assignment of ;.

Since v is a YES-instance of 3V3-SAT there exists an assignment of zi, ..., 2, such
that combined with the initial assignment of x4, ...,2,,, and the translated assignment of
Y1y -ery Ymoy it holds that ¥(z1, ..., Ty, Y1, ooy Yoy 215 oy Zms ) = 1. We build our flip sequence
between M;,, and My, around the assignment of the z;’s.

A flip sequence from M;,, to M., looks as follows: Perform flips to make the matchings
coincide on Z in up to two flips (since the isolated vertex is already placed on Z). Move the
isolated vertex along p to v in g flips. Switch all of the first 3-gadgets using seven flips per
gadget and if the isolated vertex is placed next to an unswitched clause gadget, switch it
using three flips. Switch all V-gadgets using eight flips per gadget and if the isolated vertex
is placed next to an unswitched clause gadget, switch it using three flips. For every 3-gadget
that corresponds to some z; switch the 3-gadget such that if z; has a positive truth value,
the isolated vertex is placed next to clauses that contain the positive literal z;. However,
if z; has a negative truth value, the isolated vertex should be placed next to clauses that
contain the negative literal z;. Every switch of a 3-gadget takes again seven flips. In the end,
move the isolated vertex along P using % flips.

The total length of the flip sequence adds up to % +7(m1+m3)+8me+3K+2. <«

> Claim 11. ) is a YES-instance of 3V3-SAT whenever the radius of the flip graph of odd
matchings of G” is at most £ + 7(my +m3) + 8ma + 3K + 2.

Proof. Let M, be the center of the flip graph of matchings of G”. In particular, the flip
distance from M;,, to any other odd matching of G” is at most the radius.

Consider the first set of variable gadgets corresponding to x1, ..., Z,,, and see, in which
way they are matched. If the gadget corresponding to x; is matched, such that any completion
to an alternating cycle is uncrossed, assign a positive truth value to z;, if any completion to
an alternating cycle is crossed, assign a negative value. It can happen that the matching
can be clompeted to both a crossed and uncrossed alternating cycle, in that case assign an
arbitrary truth value.

Now, let there be an arbitrary truth assignment of yi, ..., Ym,. We construct My,, based
on this assignment. In every V-gadget, we complete M;,, to an alternating cycle that has zero
or two crossings if the corresponding y; has a positive assignment, and otherwise to have
one crossing if y; has a negative assignment. On all other gadgets, complete M;, arbitrarily
to an alternating cycle. Let My,, have a perfect matching on Z such that M., and M,
differ on Z. Let My, have its isolated vertex at the very end of P and complete M;,, with
a perfect matching on the remainder of P and p.

Now take a flip sequence from M, to My, of length at most L+ £+ 7(mq +mg3) + 8ma +
3K + 2. By our observations on lower bounds it follows that the flip sequence has to spend
exactly seven flips on every 3-gadget, eight flips on every V gadget and three flips on every
clause gadget. We reconstruct an assignment of 21, ..., 2, from how their corresponding
gadgets are switched. Since, every clause gadget has been flipped in the flip sequence, every
clause contains at least one literal which has the right truth value assigned by the assignment
from our constructions. Therefore (21, ..., Tmy, Y15 s Ymas 215 ---Zmg) = 1. Since we can do
this for any assignments of y1, ..., Ym,, this shows that ¢ is a YES-instance of Iv3-SAT. <«

The theorem then follows from the combination of the two claims. <
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5 Computing the Flip Distance is APX-hard
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Figure 8 Instance for the hardness-proof. A SET COVER instance with n = 6, s1 = {1},
s2 = {1,2,3,4,5}, s3 = {2,4}, and s4 = {3,6} is reduced. Edges in M, \ Miar are colored red,
edges from Miq,r \ My, blue, and edges in M;,, N Myq, black.

The reduction from SET COVER to finding minimum flip sequences is illustrated in
Figure 8. For every set in S from the SET COVER instance we add a path with ¢ vertices to
the graph G””, for some even ¢ that will be fixed later. We construct M;, and M;,, such
that they form a perfect matching of the paths. For every integer from 1 to n (that denote
the elements within the sets), we add a 4-cycle to G"” such that M;, and My, cover the
cycle alternatingly. At last, we add one single vertex to G’ such that this vertex is the
isolated vertex in both M;,, and M,,. For each path corresponding to a set s; in .S, we add
an edge from one end of the path to the isolated vertex and edges from the other end to all
gadgets that correspond to integers that are contained in s;. The strategy for a flip sequence
is to traverse a set gadget in order to be able to flip the integer gadgets for integers that are
contained in the set. After that the flip sequence has to traverse the set gadget back to the
initial isolated vertex. Since G’ is bipartite (see green/orange partition in Figure 8), there
are no shortcuts that skip the traversal of set gadgets.

» Proposition 12. There exists a set cover of size ¢ if and only if d(M;y, Miar) < c-£+3-n.

Proof. Assume there exists a set cover of size c¢. To transform M;,, to My, all cycles that
correspond to an integer from 1 to n need to be switched. The only way to switch such
a cycle is to flip along a path that corresponds to a set s; that is incident to e to place
the isolated vertex next to the integer gadget and then switch the cycle. At last, add all
edges from the path that corresponds to s; back to the isolated vertex. If we repeat this
for all vertices s; in a set cover, all cycles in integer gadgets will be switched in the end
and we reached M;,,.. Adding and removing the happy edges along a set gadget takes ¢
flips. Switching an integer gadget takes three flips. So the total length of the flip sequence is
c-l+3-n.

For the opposite direction, we first need to see that we indeed have to take the detour
back to the isolated vertex. Observe that G is a bipartite graph. In Figure 8 we give
a 2-coloring of G"" with two colours, orange and green. The isolated vertex can then only be
placed on green vertices. This prevents flip sequences from taking any shortcuts between
gadgets, by placing the isolated vertex directly on a different path when leaving an integer
gadget.
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Now assume that we have a flip sequence from M;,, to M;, of length at most ¢- £+ 3 - n.
All cycles in integer gadgets have been switched. In particular, every cycle had the isolated
vertex placed next to it at some point of the flip sequence. We set S* to be the set of all sets
whose gadget contained the isolated vertex next to an integer gadget at some point. S* is
clearly a set cover. By our initial observation, in order to place an isolated vertex in a set
gadget next to an integer gadget, we need to charge at least ¢ flips towards the set gadget.
Therefore, we get that |S*| < &H3n=3n — ¢ <

» Theorem 3. Given a graph G and two odd matchings M;, and My, of G. Computing the
flip distance between M, and My, is APX-hard. Further, it is NP-hard to approximate the
flip distance by a factor better than ©(log(n)).

Proof. Assume, there exists an efficient algorithm A that approximates the flip distance
between any two odd matchings on the same graph up to a factor of (k — ¢) for an arbitrary
but constant k and ¢ € (0,k — 1).

For a given instance of the minimum set cover problem. Construct matchings M,
and M;,, as described and set ¢ = 6{%] Then, A computes a flip sequence between M;,,
and My, of length d < (k — €)d*, where d* = d(M;y,, Miar)

By Proposition 12 we obtain a set cover of size ¢ < d*%.

Since d < (k — €)d*, we can express ¢ in terms of the size of the minimum vertex cover ¢*:

(k—e)d*—3-n (k—e€)(c*-£+3-n)—3-n

c < =

4 4

. (k—=1—¢) €
= — - I <
(k—e)c" + 5 <

Therefore, for any approximation of the flip distance, we can compute an approximation
of the size of the minimum set cover. In particular, if we approximate the flip distance with
k = o(log(n)), we obtain the same approximation for a minimum set cover, which is not
possible, unless P=NP. |

6 Open Questions

We have shown that computing the diameter of the flip graph of combinatorial odd matchings

is ITI5-complete and computing the radius of a the flip graph is ¥%-complete. By doing so,

we provide two naturally occuring problems that fall into these complexity classes. Further,
by reducing SET COVER to the problem of finding shortest flip sequences between odd
matchings we show that the problem is APX-hard and does not admit any global constant
factor approximation.

The following open questions arise from our results:

1. Since the reconfiguration of matchings is closely tied to complexity results in polytopes we
motivate the question whether it is ¥5-hard to compute the combinatorial radius/center
of a polytope. We remark that the result for the diameter of the flip graph in [25] uses
a so called canonical structure, that is, a structure that can be reached from any other
structure in a reasonable number of flips. An upper bound on the diameter then follows
from flipping from any initial structure to the canonical structure and then to the target
structure. Therefore, by computing the radius, a center of the flip graph is implicitly also
computed. This means that so far computing the radius is only shown to be IT5-hard.
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