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—— Abstract

There has been a surge of interest in spectral hypergraph sparsification, a natural generalization

of spectral sparsification for graphs. In this paper, we present a simple fully dynamic algorithm
for maintaining spectral hypergraph sparsifiers of directed hypergraphs. Our algorithm achieves
a near-optimal size of O(n?/e?log” m) and amortized update time of O(r?log® m), where n is the
number of vertices, and m and r respectively upper bound the number of hyperedges and the rank
of the hypergraph at any time.

We also extend our approach to the parallel batch-dynamic setting, where a batch of any k
hyperedge insertions or deletions can be processed with O(kr? log® m) amortized work and O(log? m)
depth. This constitutes the first spectral-based sparsification algorithm in this setting.
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1 Introduction

Sparsification — the process of approximating a graph with another that has fewer edges while
preserving a key property — is a central paradigm in the design of efficient graph algorithms.
A fundamental property of interest is graph cuts, which are not only foundational in graph
theory and serve as duals to flows, but also have widespread applications in areas such as
graph clustering [39, 46, 17] and image segmentation [10, 34], to mention a few. In their
seminal work, Benczir and Karger [7] initiated the study of sparsifiers in the context of graph
cuts. They showed that any graph admits a sparse reweighted cut-sparsifier whilst paying a
small loss in the approximation. Spielman and Teng [52] introduced a variant of sparsification
known as spectral sparsification, which generalizes cut sparsification and measures graph
similarity via the spectrum of their Laplacian matrices. The development of such sparsification
techniques has had a profound impact across algorithm design [42, 48, 53, 45], with the
Laplacian paradigm standing out as a key example [9, 51, 14, 31, 36].

Motivated by the need to capture complex interdependencies in real-world data, beyond
the pairwise relationships modeled by traditional graphs, there has been a surge of interest
in recent years in developing spectral sparsifiers for hypergraphs. These efforts have led
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to algorithmic constructions that achieve near-optimal size guarantees [24, 25, 44, 23, 38].
However, a common limitation of these algorithms is the assumption that the input graph
is static — an assumption that does not hold in many practical settings. For example,
real-world graphs, such as those modeling social networks, are inherently dynamic and
undergo continual structural changes. For undirected hypergraphs, this limitation has been
addressed in two recent independent works [22, 32], which show that spectral hypergraph
sparsifiers can be maintained dynamically, supporting both hyperedge insertions and deletions
in polylogarithmic time with respect to input parameters. This naturally leads to the
question of whether directed hypergraphs also admit similarly efficient dynamic sparsification
algorithms.

In this paper, we study problems at the intersection of dynamic graph-based data
structures and spectral sparsification for directed hypergraphs. Specifically, we consider
the setting where a directed hypergraph undergoes hyperedge insertions and deletions, and
the goal is to efficiently process these updates while maintaining a spectral sparsifier that
approximates the input hypergraph. Our work builds upon variants of two key algorithmic
constructions: the static spectral sparsification framework for directed hypergraphs developed
by Oko et al. [44], and the dynamic sparsifier maintenance techniques for ordinary graphs by
Abraham et al. [1]. Leveraging insights from both lines of work and modifying them to our
setting, we design efficient dynamic algorithms for maintaining spectral sparsifiers of directed
hypergraphs, as formalized in the theorem below.

» Theorem 1. Given a directed hypergraph H = (V, E,w) with n vertices, rank r, and at
most m hyperedges (at any time), there is a fully dynamic data structure that, with high
probability, maintains a (1 & €)-spectral hypersparsifier H of H of size O(n?/e?log” m) in
O(r?log® m) amortized update time.

The guarantees provided by the above theorem are nearly tight, for the following reasons:
(1) even reading the hyperedges in a hypergraph of rank r requires O(r) time, which means
any update time must inherently depend on 7, and (2) in the setting of directed graphs, it
is folklore that a complete bipartite graph on n vertices, with all edges directed from one
partition to the other, gives an €2(n?) lower bound on the size of any directed sparsifier.
Moreover, Oko et al. [44] established an even stronger lower bound, showing that any spectral
sparsifier must also incur a Q(e~!) dependence. The latter implies that the size of our
dynamic sparsifier is optimal up to a factor of e~! and polylogarithmic terms.

Our algorithmic construction also extends naturally to the closely related batch-dynamic
setting. In this model — similar to the fully dynamic setting — updates consist of hyperedge
insertions and deletions, but are processed in batches, enabling the exploitation of parallelism.
This approach is particularly well-suited for handling high-throughput update streams and
may more accurately reflect how dynamic changes are managed in real-time systems. Our
result in this model is formalized in the theorem below.

» Theorem 2. Given a directed hypergraph H = (V, E,w) with n vertices, rank r, and at
most m hyperedges (at any time) undergoing batches of k hyperedge additions or deletions,
there is a parallel fully dynamic data structure that, with high probability, maintains a (1+e¢)-
spectral hypersparsifier H of H of size O(n?/e21log” m) in O(kr?log® m) amortized work and
O(log*m) depth.

The data structure of Theorem 2, along with its analysis, is explained in the full version
of the paper (Appendix A).
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1.1 Related Work

We briefly discuss the related work for spectral sparsification on both graphs and hypergraphs
below.

Static Algorithms

Starting with Spielman and Teng [52], spectral sparsification has been extensively studed on
graphs [5, 29, 6, 57, 35, 40, 41]. Recently, the concept has been extended to undirected and
directed hypergraphs [50, 4, 24, 25, 47, 44, 38, 23, 33].

Dynamic Algorithms

For undirected graphs, there have been several results for dynamic spectral sparsifiers that use
a similar approach to ours. This includes the work of Abraham, Durfee, Koutis, Krinninger,
and Peng [1], which achieves polylogarithmic update time using ¢-bundle spanners, and
its extension against an adaptive adversary by Bernstein, Brand, Gutenberg, Nanongkai,
Saranurak, Sidford, and Sun [8] and to directed graphs by Zhao [55]. More recently, Khanna,
Li, and Putterman [32] achieved a fully dynamic spectral sparsifier with near-optimal size and
update time for undirected hypergraphs. A closely related notion of sparsification, namely
vertex sparsifiers, has also been studied in the dynamic setting [21, 16, 11, 19, 3, 54, 15].

Distributed and Parallel Algorithms

Koutis and Xu [37] achieved simple algorithms for spectral graph sparsification that can be
implemented in many computational models, including both parallel and distributed settings,
with sub-optimal guarantees on the sparsifier size. Very recently, Ghaffari and Koo [20]
developed a parallel batch-dynamic algorithm for spanners. Other related works include
distributed vertex sparsifiers [56, 18].

Online and Streaming Algorithms

For graphs, Kelner and Levin [30] extended the sampling scheme based on effective resis-
tances [51] to the semi-streaming setting. Cohen, Musco, and Pachocki [13] obtained an
online spectral sparsification algorithm for graphs. Recently, Soma, Tung, and Yoshida [49]
proposed an online algorithm for spectral hypergraph sparsification. For graphs in dynamic
streams, Ahn, Guha, and McGregor [2] developed a spectral sparsifier. Also, there has
been a series of work on spectral sparsification in dynamic streams for both graphs and
hypergraphs [26, 28, 27].

1.2 Technical Overview

In this section, we present the main ideas behind our fully dynamic algorithm for maintaining
a (1 & e)-spectral hypersparsifier H of a directed hypergraph H. Our algorithm builds on
the static algorithm of [44], which we briefly review.

The algorithm of [44] constructs H by computing a sequence of hypergraphs Hy, ..., Hg,
where H; is a spectral hypersparsifier of H, Hs is a spectral hypersparsifier of H;, and so
on, until H, = H. Each H; is obtained via simple sampling scheme (discussed shortly)
that guarantees, with high probability, H; is proportionally smaller than H; ;. As a result,
the number of iterations is bounded by k = O(logm). In constructing H; from H;_;, the
algorithm obtains two sub-hypergraphs of H;_1: the coreset hypergraph C; and the sampled
hypergraph S;.
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Figure 1 Comparison of (a) the algorithm of [44] and (b) our static algorithm. In each iteration 1,
their algorithm recurses on H;_1 = C;_1 U S;_1 and computes H;, = C; U S, for the next iteration. In
contrast, our algorithm recurses solely on S;_1, adds the coreset C; to the sparsifier H, and computes
the sampled hypergraph S; for the next iteration. After k = O(logm) iterations, our algorithm
terminates and returns H = C1U...CrUSy, whereas the algorithm of [44] returns H= CrLUSk (thNe
shaded parts in the figures). The increase in the size of H in our algorithm allows us to maintain H
efficiently in the dynamic setting, as detailed in Section 3.2.

At a high level, C; consists of a sufficient number of heavy-weight hyperedges of H;_1 (to
be specified shortly). This ensures that, when hyperedges are sampled uniformly at random
from the remaining hypergraph H;_; \ C; to construct S;, the resulting union H; := C; U S;
forms a spectral hypersparsifier of H;_;. More precisely, C; is constructed as follows. For
every pair (u,v) € V x V, the algorithm selects the O(log® m/e?) heaviest hyperedges whose
tail’ contains v and whose head contains v.2 These hyperedges are then added to C;.

To construct .S;, each hyperedge in H;_; \ C;_1 is sampled independently with probability
1/2, and its weight is doubled. They prove that, with high probability, this simple sampling
scheme produces a (1 =+ ¢)-spectral hypersparsifier H; = C; U S; of H;_1. Moreover, with high
probability, |E(H;)| < 3|E(H;-1)|/4 and so k = O(logm). See Figure la for an illustration
of their approach.

Unfortunately, the static algorithm cannot be directly converted into an efficient dynamic
algorithm. This is mostly due to the way the hypergraphs in the sequence Hy, ..., Hy are
built on top of each other, as a single change in H can propagate into O(m) changes across
the sequence. As an example, we explain how the removal of a hyperedge e from H; can
cause at least two changes in H,y1, which can eventually lead to O(2%) = O(m) changes
throughout the sequence. Assume a hyperedge e is removed from H and that e also belongs
to the coreset hypergraph C; of H;_1. As H;y; is a sub-hypergraph of H; = C; U S;, e may
also belong to H;,1, necessitating its removal from H;y; as well. To maintain C; as a coreset
of H;_1, the algorithm must replace e with a next heaviest hyperedge e’ from H;_; \ C;.
If ¢’ is an unsampled hyperedge (i.e., belongs to H;_; \ S;), its addition to C; (and so H;)
may require updating H, .1 as well: as H;11 is a sub-hypergraph of H;, the (newly added)

L In a directed hypergraph, each hyperedge e is a pair (t(e),h(e)), with the tail t(e) C V and the head
h(e) C V reflecting the direction of e. See Section 2 for further details.
2 If multiple hyperedges have equal weight, the algorithm picks them arbitrarily.
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hyperedge e’ could be heavier than some hyperedge e¢” in C;.1 1, necessitating the replacement
of ¢’ in C;11. Thus, the removal of a hyperedge e from H; can trigger at least two removals

(namely, e and ) and one insertion (namely, e’) in H;;1. See Section 3.1 for further details.

To overcome this issue, our static algorithm deviates from that of [44] in the following
way. We ensure that each hyperedge is included in at most one coreset by recursing on
the sampled hypergraph S; rather than on C; U S;. At the same time, we add C; to the
sparsifier H. i.e., we set H=CU---U Cy U Sg, which can be verified to remain a spectral
sparsifier of H (as discussed in Lemma 5). See Figure 1b for an illustration. Using this
approach, after the deletion of e from H;, each hypergraph H;i1,...,Hy in the sequence
will undergo at most one change. Specifically, in the case of replacing a hyperedge ¢’ by
e as in the high-recourse example above, there are two possibilities: either (1) ¢’ does not
belong to H;11 (i.e., it is not in the sampled hypergraph S;), in which case the replacement
does not affect H;11, or (2) ¢’ belongs to H;41, in which case the update is interpreted as
the removal of ¢’ from H;y; (note that since C; is excluded from H;,1, the hyperedge e no
longer belongs to H;y1, ..., Hy). The downside of this approach is that it increases the size
of H from O(n2/e?log®(n/e)) to O(n2/e2 poly(logm)). This increase becomes noticeable
only when m is exponential in n. Even in that case, however, the size of H stays poly(n),
which is asymptotically much smaller than the exponential size of H.

To dynamize our static algorithm, we adapt an approach similar to that of [1] for graphs.

We first design a decremental data structure (Algorithm 4 in Section 3.2.1), where the
updates consist of only hyperedge deletions, and then use it to design a fully dynamic data
structure (Algorithm 5 in Section 3.2.2) via a reduction technique.

Our decremental algorithm leverages the fact that a hyperedge deletion in H causes at
most one hyperedge deletion in each hypergraph in the sequence Hy, ..., Hi. The removal

of a hyperedge e from H; = C; U .S; is handled using a straightforward replacement scheme.

If e belongs to the sampled hypergraph S;, then S; remains valid after the removal of e, in
the sense that it is still a set of hyperedges sampled uniformly at random from the updated

H; \ C;. The update procedure is more involved if e belongs to the coreset hypergraph C;.

Recall that e was added to C; through a pair (u,v) € V x V, where u belongs to the tail of e
and v belongs to the head of e. The replacement of e is handled by removing it from all sets
representing such pairs and then selecting a hyperedge with high weight that is not already
in C;. Since there are O(r2) such pairs, this results in an O(r2) update time for maintaining
H;. See Section 3.2.1 for more details.

To convert our decremental data structure to a fully dynamic one, we leverage the
decomposability property of spectral sparsifiers: the union of spectral sparsifiers of hyperedge
partitions of H forms a spectral sparsifier of H (see Lemma 3 for a formal statement). The

main idea is to maintain a hyperedge partition Iy, ..., I; of H where |E(I;)| < 2% at any time.

Deletions are handled by passing them to the respective I;, whereas insertions are more
difficult to handle: the data structure finds an integer j and moves all the hyperedges in
Ii,...,I;_1 to I; along with the inserted hyperedge. The choice of j depends on the number
of insertions so far, with smaller values of j (corresponding to hypergraphs considerably
smaller than H) being chosen more frequently. On each I;, we run our decremental data
structure to maintain a spectral sparsifier fl of I;, and upon an insertion, we reinitialize it
for I;. The algorithm sets H = I, U---U I;, and since k = O(logm) the desired size of H
follows. See Section 3.2.2 for further discussion.

Our approach in designing a decremental data structure and extending it to a fully

dynamic one is similar to recent work on dynamic sparsification for undirected hypergraphs
[22, 32]. Moreover, [22] also builds on the framework of [44]. The key difference is that we
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adapt the directed framework of [44] (specifically, A-coresets), whereas [22] employs their
undirected framework (specifically, ¢-bundle hyperspanners, a concept also used in [32]).
Both [22] and [32] rely on spanner-based techniques to bound the effective resistances in
the associated graph of the hypergraph as a crucial step in enabling their simple sampling
scheme. For the directed case, however, [44] shows that this translates to using coresets,
which are structurally simpler than hyperspanners. This structural simplicity allows us to
design relatively simpler algorithms compared to those in [22, 32].

It is noteworthy to mention the recent work of [33] that reduces directed hypergraph
sparsification to undirected hypergraph sparsification. Combining this reduction with the
fully dynamic undirected hypergraph sparsification result of [32] yields a dynamic algorithm
for directed hypergraph sparsification with guarantees similar to ours. However, the algorithm
of [32] is substantially more involved: (i) it relies on vertex-sampling steps, which our approach
does not require, and (ii) it uses dynamic graph spanner constructions in a black-box manner.
Moreover, it does not seem straightforward to extend their algorithm to the batch-parallel
setting. In comparison, our coreset-based construction is significantly simpler and potentially
more practically relevant. It readily extends to the batch-parallel setting and achieves a
better and explicit polylogarithmic overhead in both sparsifier size and update time.

Lastly, in the full version of the paper (Appendix A), we show how to parallelize our
data structures when H undergoes batches of k hyperedge deletions or additions as a single
update. This discussion also explains how to adapt our fully dynamic data structure to
support batch updates rather than single updates.

2 Preliminaries

Hypergraphs

A hypergraph H = (V, E, w) consists of a set of vertices V', a set of hyperedges E, and a
weight vector w € RLE‘. The direction of a hyperedge e € E is defined by sets t(e) and
h(e) as follows. Each hyperedge e € F is a pair (t(e),h(e)), where both t(e) and h(e) are
non-empty subsets of V. The sets t(e) and h(e) are called the tail and head of e, respectively;
they indicate the direction of e. Note that t(e) and h(e) may overlap.

We use E(H) to denote the set E of hyperedges of H whenever necessary, to avoid possible
confusion. We define n = [V| and m = |E| and call H an m-edge n-vertex hypergraph. We
say H is of rank r if, for every hyperedge e € E, |t(e) Uh(e)| < r.

Given a vector € R" defined on the set of vertices V', we define z, to be the value
of vector x at the element associated with vertex v € V. Similarly, for a vector w € R’
defined on the set of hyperedges E, we define w, to be the value of vector w at the element

associated with hyperedge e € F.

Spectral Sparsification of Directed Hypergraphs

We define the spectral property of a directed hypergraph H = (V, E, w) using the energy
function defined in the following. For a vector & € R", we define the energy of & with respect
to H as

Qu(x) = Z We  max (X, — acv)i,

) u€t(e),veh(e)

where (2, — )4 = max{z, — 2,0} and (2, — 2,)% = ((zu — 2,)4)?. Note that this
definition generalizes a similar definition for graphs, given by Qg () = Y, c p Wuo (Tu — 24)?,
which represents the total energy dissipated in G when viewed as an electrical network. In
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such electrical network, the endpoints of each edge uv have potentials x,, and x,,, respectively,
and the edge itself has resistance 1/w,,. This interpretation is closely related to the notion
of electrical flows, a concept that is deeply intertwined with spectral analysis.

The central object of this paper is the notion of a spectral hypersparsifier. A hypergraph
H = (v, E, w) is called a (1 £ ¢)-spectral hypersparsifier of H if for every vector & € R”,

(1-9)Qz(x) <Qu(x) < (1+e)Q5(x).
The following lemma will be useful later in proving the guarantees of our algorithm.

» Lemma 3 (Decomposability). Let Hy, ..., Hy partition the hyperedges of a hypergraph H.
For each 1 < i < k, let H; be a (1 & €)-spectral hypersparsifiers of H;. Then, the union
Ule H; is a (1 £ €)-spectral hypersparsifier of H.

Proof. By definition, for every vector € R™, we have

(1-2)Qz (w) < Qu,(x) < (1+6)Qy ().

Summing over all 1 < ¢ < k, results in
k k k
(1-2)Y Qp (@) <> Qu(x)<(1+e)) Qf (@),
i=1

i=1 =1

which means
(1-9)Qz(@) < Qu(z) < (1+¢)Qz(x)

as Hy,..., Hy partition H. <

Chernoff Bound [12, 43]

Let Xq,..., X} be independent random variables, where each X; equals 1 with probability

pi, and 0 otherwise. Let X = Zle X; and p =E[X] = Zle p;- Then, for all § > 0,

P[X > (14 0)pu] <exp <— 25iM5) . (1)

Parallel Batch-Dynamic Model

We use the work-depth model to analyze our parallel algorithm. Work is defined as the total
number of operations done by the algorithm, and depth is the length of the longest chain
of dependencies. Intuitively, work measures the time required for the algorithm to run on
a single processor, whereas depth measures the optimal time assuming the algorithm has
access to an unlimited number of processors.

In the batch-dynamic setting, each update consists of a batch of k insertions or deletions,
and the goal is to take advantage of performing several hyperedge insertions or deletions as a
single update to improve the work and depth of the parallel algorithm. Note that this model
is equivalent to the one with mixed updates (i.e., when the batch consists of both insertions
and deletions), as this can be transformed into two steps, each consisting of insertions and
deletions separately, without asymptotically increasing the work or depth.

38:7
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Algorithm 1 Coreset-And-Sample(H, ¢).

Input: an m-edge hypergraph H = (V,E,w) and 0 < e < 1
Output: a coreset C of H and a sampled hypergraph S

1 X cylog? m/e? /* ¢\ is a sufficiently large constant */

2 C,5« (V,0,0)

3 Order the hyperedges of H by their weights in decreasing order

4 foreach pair (u,v) € V xV do /* compute C */

5 Construct the set E(u,v) C F such that e € E(u,v) iff u € t(e) and v € h(e)

6 Add the first A hyperedges (if any) in the ordering from E(u,v)\ C to C while
retaining their weights

7 foreach hyperedge e of H \ C do /* compute S */

8 | With probability 1/2, add e to S and double its weight

9 return (C,S)

3 Dynamic Spectral Sparsification

In this section, we present our fully dynamic algorithm of Theorem 1 for maintaining a
(1 & &)-spectral hypersparsifier of a directed hypergraph H = (V, E, w). To achieve this goal,
we use a static algorithm as the cornerstone for our dynamic algorithm. The static algorithm
is explained in Section 3.1 and is followed by the dynamic data structure in Section 3.2.

3.1 The Static Algorithm

We start by briefly explaining the algorithm of [44], which serves as a foundation for our
algorithm. Their algorithm constructs a (1 + ¢)-spectral hypersparsifier H of H using an
iterative approach: starting with Hy = H, each iteration i computes a sub-hypergraph H; of
where H = H;

To compute H; from H;_1, the algorithm first obtains a A-coreset C; of H;_;. Roughly
speaking, C; is a sub-hypergraph containing “heavyweight” hyperedges of H;_; and is defined
as follows. The algorithm defines an ordering on hyperedges in H by their weights in
decreasing order. Note that this ordering naturally extends to every hypergraph H; as a
sub-hypergraph of H. To construct C;, the algorithm examines every pair (u,v) € V x V
and selects the first A hyperedges in the ordering (if any) that are not already in C;, whose
tail contains u and whose head contains v. These hyperedges are then added to C;. The
second building-block of H;_; is the sampled hypergraph S; of H;_; defined as follows. The
algorithm samples the non-heavy hyperedges (i.e., the ones in H;_; \ C;) with probability
1/2 and adds them to S; while doubling their weight. Consequently, H; = C; U S;. See
Algorithm 1 for a pseudocode.

H;_y, until the final iteration computes H;,_, , last -

Having heavyweight hyperedges in C; ensures that the simple sampling scheme used for
constructing S; results in H; = C; U S;, which, with high probability, is a (1 & €)-spectral
hypersparsifier of H;_1 [44, Lemma 4.3]. Due to the sampling scheme, H; is roughly half the
size of H;_1, which ensures the termination of the algorithm after 4,5s = O(logm) iterations.
Using this sequence Hi, ..., H;, ., of hypergraphs, they achieve a sparsifier H with an almost
optimal size of O(n?/e?log®(n/c)) [44, Theorem 1.1]. See Figure la for an illustration.

Unfortunately, employing the sequence of hypergraphs Hy, ..., H; ., can result in O(m)

ilast
recourse (and consequently, update time) in the dynamic setting. For example, consider
the removal of a hyperedge e from H that also belongs to the coreset C; of H;_;. In this

scenario, to ensure C; remains a A-coreset and so H; = C; U S; remains a (1 £ ¢;)-spectral
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Algorithm 2 Spectral-Sparsify(H, ¢).

Input: hypergraph H = (V, E,w) and 0 < e<1
Output: a (1 + ¢)-spectral hypersparsifier H of H

190

2 k « [logg,, m]

3 m* < n?/e?log® m

a H« (V,0,0)

5 SO «— H

6 while i < k and |E(H;)| > 32¢m* do /* ¢ is from Lemma 4 */
7 (Cit+1,Sit1) < CORESET-AND-SAMPLE(S;, £/(2k))

8 H — H U Cit1

9 1 1+1

10 Glast < ¢
11 H«+~ HUS

12 return H

last

hypersparsifier of H;_1, we need to replace e with another hyperedge ¢’ from H;_1 \ C;.
i.e., if e was added to C; through the pair (u,v), hyperedge €' in H;_; \ C; is the next
hyperedge in the ordering whose tail contains v and whose head contains v. Since S; is a set
of sampled hyperedges uniformly at random, it may be the case that ¢’ does not belong to
S;, and therefore to none of H; for j > 4. Since €’ is added to H; after the update (as it now
belongs to C;), it must be taken into account in the update of H;y; as a sub-hypergraph
of (newly updated) H;. But now, ¢’ may be heavier than another hyperedge ¢’ in C;.,
which necessitates the replacement of € with e’. Since e can be present in C;,1 as well, this
means that the deletion of e from H; can result in at least 2 changes in H;,1, and at least
2F=% = O(m) changes in the sequence, which is too expensive to afford.

To alleviate this issue, our static algorithm deviates from that of [44] by recursing on
S; instead of C; U S; as follows. At each iteration ¢, the algorithm recurses on S;_1, adds
the coreset C; of S;_1 to H , and samples the rest, S;_1 \ C;, to obtain a smaller hypergraph
S; for the next iteration. More precisely, the algorithm starts with Sy = H and an empty
sparsifier H. In the first iteration, it computes the coreset C; of Sy, and adds it to H.
The algorithm then samples the remaining hypergraph Sp \ C; to compute S; by sampling
every hyperedge in Sy \ Cy with probability 1/2 and doubling their weight. Similar to [44],
with high probability, C; U S; is a (1 &£ &;)-spectral hypersparsifier of S;_; (Lemma 4). The
algorithm then recurses on S7, and so on. Thus, our algorithm adds the sequence of coresets
Ci,...,Cy,,, to H while recursing on the sequence of hypergraphs Si,...,5;,... In the
last iteration 4jas, our algorithm adds Cj,,., as well as S;,, to H. See Algorithm 2 for a
pseudocode and Figure 1b for an illustration.

This technique, which is similar to the one used in [1] for graphs, ensures that each
hyperedge of H is associated with at most one coreset. This guarantees O(logm) hyperedge
deletions from Sy, ..., S;,.., after a hyperedge deletion in H (Lemma 8), but in return, results
in a poly(logm) overhead in the size of H as we include the coresets Ch,...,Cy,,, in H. ie.,
our algorithm ensures that H is a desired sparsifier of size O(n?/e? poly(logm)), which is
asymptotically much smaller than H even when m is exponential in n.

The rest of this section examines the correctness of Algorithms 1 and 2. Algorithm 1,
used as a subroutine of Algorithm 2, computes a coreset and a sampled hypergraph of the
input hypergraph. The guarantees of Algorithm 1 are stated in the following lemma.

last
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> Lemma 4. Let 0 < ¢ < 1 and let H = (V,E,w) be an m-edge n-vertex hypergraph.
For any positive constant ¢ > 1, if m > clogm, then Algorithm 1 returns a coreset C and
a sampled hypergraph S such that C'U S is a (1 £ &)-spectral hypersparsifier of H of size
O(m/2 + (2cmlogm)'/? + \n?) with probability at least 1 — 1/m°.

Proof. The lemma is derived from [44, Lemma 4.3]. The only difference is that we guarantee
a probability of success of at least 1 — 1/ poly(m), instead of 1 — 1/ poly(n). Thus, we only
prove the claim about the probability using an argument similar to that in [44, Lemma 4.4].

High probability claim. For every hyperedge e in H \ C, we define the random variable
X, to be equal 1 if e is sampled to be in S, and 0 otherwise. Let X =" _; ¢ X.. Since
each hyperedge in S is sampled independently with probability 1/2, we can use Equation (1)
and we have p = E[X] = 1/2|H \ C| < m/2. By substituting 6 = (2010gm/m)1/2 <2in
Equation (1),

8¢l 12 1 (8¢l 1
PIX>[1+ cosm m <exp|-—- cogm)m =exp (—clogm) = —,
m 2 4 m 2 me

or equivalently

1
P[Xg@+(2cmlogm)1/2} S 2)
2 me
Since each pair (u,v) € V' x V adds at most A hyperedges to S, we have |S| = O(An?).
Together with Equation (2), it follows that H = CU.S has size O(m/2+ (2cmlogm)'/? 4+ An?)
with probability at least 1 — 1/m¢°. <

The guarantees of Algorithm 2 are stated in the following lemma.

» Lemma 5. Let 0 < e <1 and let H = (V, E,w) be an m-edge n-vertex hypfrgraph. Then,
with high probability, Algorithm 2 returns a (1 & &)-spectral hypersparsifier H of H of size
O(n?/21og® m).

Proof. We prove each guarantee separately below.

Approximation guarantee. We prove that H = U;Zl CjuU S is a (1+¢/(2k))-spectral
hypersparsifier of H by induction on .

If I =1, by Lemma 4, Hy = C, U S; is a (1 £+ &/(2k))-spectral hypersparsifier of H.

Suppose that, for an integer { > 1, H/ bea (1 + 5/(2k))l—spectral hypersparsifier of H. To
compute Hj_ , the algorithm computes a (1+¢/(2k))-spectral hypersparsifier S; = Cy4.1 US4
of S;. Since Ué.:l C; U Sy partition Hj, by Lemma 3, H], | = Ué.:l C; U (Cry1USi41) is a
(1 £ e/(2k))-spectral hypersparsifier of H]. For every vector € R™, we have

Quy, () < (1+¢/(2k)Qus () < (1 +¢/(2k)) (1 +¢/(2k))' Qu(w) = (1 +¢/(2k))' " Qu(w).

141

Similarly, (1 —¢/(2k))" Qu(z) < QH[+1(IB), and so Hj,, is a (1 +¢/(2k)) " -spectral

hypersparsifier of H.
The desired bound follows from the fact that 1.5 < k, and

(1+e/2k)" <(14¢) and (1—¢)<(1—¢/(2k)".
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Size of H. Let m; be the number of hyperedges present in S;, where 1 < i < ij,;. We first
show that m; < 3m;_1/4. By Equation (2), S; has size O(m;—_1/2 + (2cm;_1 log mi,l)l/z),
so it suffices to show that (2cm;_1 log mi,1)1/2 < m;_1/4. By the assumption of the loop,
we have

mi_1 > 32cm” = 320712/52 log® m > 32¢clogm;_1,
and thus (2em;—1 log mi_l)l/Q < m;_1/4. This means that the size of S;__, is
O(max{logm, m*}) = O(n?/e?log® m).

The rest of H consists of the coresets Cf, .. ., Ci...- By Lemma 4, each C; has size
O(\in?) = n?/(e/2k)?log® m. Since k = O(logm), the total size of the coresets is

k
O(Z k*n?/e%log® m) = O(n?/e*log® m).
=1

Therefore, the total size of H is

O(n?/e*log® m + n?/e*log® m) = O(n?/e? log® m).

High probability claim. Since i,5s = O(logm) and from Lemma 4, His a (1 £ &)-spectral
hypersparsifier with probability at least 1 — O(logm/m®). The claim follows by choosing
c> 2. <

3.2 The Dynamic Algorithm

In this section, we dynamize our static algorithm (Algorithm 2). We first design a decremental
data structure in Section 3.2.1, where H undergoes only hyperedge deletions. Then, we
reduce it to a fully dynamic data structure in Section 3.2.2 using the following lemma.

» Lemma 6. Assume that there is a decremental algorithm that with probability at least
1—1/poly(m'), maintains a (1 £ €)-spectral hypersparsifier of any hypergraph with m’ initial
hyperedges in T(m’,n,e~1) amortized update time and of size S(m’,n,e~1), where S and T
are monotone non-decreasing functions. Then, the algorithm can be transferred into a fully
dynamic algorithm that, with high probability, maintains a (1 £ €)-spectral hypersparsifier of
any hypergraph with m hyperedges (at any point) in O(T(m,n,e~1)logm) amortized update
time of size O(S(m,n,e1)logm).

The fully dynamic to decremental reduction (Lemma 6) uses the batching technique
[1, 22, 32] and is explained in Section 3.2.2.

3.2.1 Decremental Spectral Sparsifier

In this section, we explain our data structure (Algorithm 4) to decrementally maintains a
(14e¢)-spectral hypersparsifier H of H. As Algorithm 1 is used as a subroutine of Algorithm 2,
we begin by explaining its decremental implementation (presented in Algorithm 3).
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Decremental Implementation of Algorithm 1

To decrementally maintain a coreset C and a sampled hypergraph S of H, we need to ensure
that after each deletion, the maintained C' U S remains a valid sparsifier for H. i.e., it
continues to be a (1 £ ¢)-spectral hypersparsifier of H (Lemma 4).

Recall that, for every pair (u,v) € V x V', Algorithm 1 defines the set E(u, v) of hyperedges
where e € E(u,v) iff u € t(e) and v € h(e). It then constructs a coreset C by adding A
(defined in Algorithm 1) heaviest hyperedges of E(u,v) \ C to C. The hypergraph S is then
obtained by sampling each hyperedge in H \ C with probability 1/2 while doubling its weight.

To construct C, the algorithm greedily chooses a pair (u,v), adds its heavyweight
hyperedges to C, and continues with another pair (u’,v"). Note that the order of choosing
the pairs might affect the choice of hyperedges included in C. Nevertheless, the guarantee
of the algorithm (Lemma 4) is independent of this order. For example, it does not matter
whether (u,v) is chosen first or (u/,v’) is. We will use this fact later to maintain a valid C'
and S after each deletion.

We use the same procedure to initialize the decremental implementation. Since we would
need to find the heaviest hyperedges in F(u,v)\ C after a deletion, we also order each F(u,v).

Suppose that hyperedge e has been removed from H. Then, e must belong to one of the
three cases below, which together cover all hyperedges of H.

If e belongs to neither C nor to S, then its removal does not affect C' U S. This is because

C still contains the heaviest hyperedges associated with each pair (u,v) € V x V, and

each hyperedge in S has been independently sampled.

If e belongs to S, similar to the previous case, the sampled hypergraph S after the removal

of e is still a valid sample. Thus, no further changes are required to maintain C U S.

If e belongs to C, then the deletion from C translates to undoing the addition of e to

C' from the specific set F(u,v) that originally added e to C. In this case, since e no

longer exists in E(u,v), we add a heaviest hyperedge €’ from E(u,v)\ C to C. Since the

order of hyperedge addition to C' does not affect its guarantees (Lemma 4), the updated

C remains valid. For bookkeeping reasons, if ¢/ was previously sampled, we remove it

from S. Based on the previous discussion, the updated S is also valid.

In addition to the changes explained above, the maintenance involves the removal of e
from every set E(u,v) containing e, which, as explained in the lemma below, adds O(log m)
overhead to the update time. Putting it all together, Algorithm 3 is our decremental data
structure for maintaining C' U S. We have the following.

» Lemma 7. Given a constant ¢ > 2 and an m-edge n-vertex hypergraph H = (V, E, w)
of rank r undergoing hyperedge deletions. If m > clogm, then Algorithm 38 maintains a
(1 = €)-spectral hypersparsifier CU S of H of size O(m/2 + (2emlogm)/? + n? /2 log® m)
in O(r?logm) amortized update time with probability at least 1 —1/m*~1.

Proof. Suppose the hyperedge e is removed from H.

Correctness. From the discussion above, it follows immediately that C'U S, after the update,
is a valid sparsifier for H; the correctness of its spectral property is addressed in the high
probability claim below.

Size of C'U S. Since after each hyperedge deletion from C'U S, the algorithm substitutes
it with at most one other hyperedge from H, the size of C'U .S is monotonically decreasing.
Thus, C'U S has the same size guarantee as of Algorithm 1 explained in Lemma 4, which is

O(m/2 + (2emlogm)*/? + An?) = O(m/2 + (2cmlogm)*/? + n?/e? log® m).
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Algorithm 3 Decremental-Coreset-And-Sample(H, €).

Input: an m-edge hypergraph H = (V,E,w) and 0 < e < 1
Maintain: a coreset C' and a sampled hypergraph S of H
1 C,S«+ (V,0,0)
2 Procedure INITIALIZE

3 (C,S) + CORESET-AND-SAMPLE(H, ¢) /* initialize C and S */
4 foreach pair (u,v) € V x V do

5 L Order hyperedges in F(u,v) from highest to lowest weight

6 Procedure DELETE(e)

7 Remove e from H

8 if C contains e then

9 Let E(u,v) be the set from which e was added to C

10 Choose a hyperedge ¢’ in E(u,v) \ C with highest weight and add it to C
11 Remove ¢’ from S

12 Remove e from C
13 foreach pair (u,v) € V x V with u € t(e) and v € h(e) do

14 L Remove e from E(u,v)
15 | Remove e from S

Update time. Since each hyperedge e contains O(r) vertices, the total number of E(-,-)’s
containing e is O(r?). Thus, constructing E(-,-)’s, takes O(mr?) time, while ordering them
adds O(mr?logm) time to the initialization time as well. As explained before, the deletion
of e from H translates to its deletion from at most r? sets of F(-,-)’s, each of which takes
O(logm) time, i.e., O(mr?logm) total time. Other changes, such as substituting another
hyperedge in S, can be done by probing E(,-)’s only once in total. We conclude that the
total update time is O(mr?logm), resulting in O(r?logm) amortized update time.

High probability claim. By choosing ¢ > 2 in Lemma 4, each update is guaranteed to
succeed with probability at least 1 — 1/m¢. Since there are at most m updates, it follows
that Algorithm 3 succeeds with probability at least 1 — 1/m*1L. |

Decremental Implementation of Algorithm 2

Our decremental data structure for maintaining a (1 4 €)-spectral hypersparsifier Hof H
(Algorithm 4) is a decremental implementation of Algorithm 2. Recall that, in Algorithm 2,
we recurse on the sampled hypergraphs S, ..., 5, and add the coresets C1,...,Cj,,
H. By Lemma 5, H = ;=] C; U S;,,.,

In Algorithm 4, we decrementally maintain the hypergraphs S, ..., .S,

to
is a (1 £ ¢)-spectral hypersparsifier of H.
and the coresets

Uast

Ci,...,Ci,... Suppose that hyperedge e has been deleted from H as the most recent update.

Below, we discuss how the data structure handles the deletion in all possible scenarios.

If e does not belong to H , then e can only exist in the sets of sampled hyperedges
S1,...Si..—1. In this case, removing e from all S;’s does not affect H since the set of
sampled hyperedges remains valid, as each hyperedge is sampled independently.

If e belongs to .S
Note that, although e belongs to H in this case, since it is only present in sampled
hypergraphs, its removal does not affect the coresets and can be handled similarly to the

previous case.

then e is present in all sets of sampled hyperedges, i.e., in Sy,..., S

llast ?

llast "
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Algorithm 4 Decremental-Spectral-Sparsify(H, ¢).

Input: an m-edge hypergraph H = (V,E,w) and 0 < e < 1
Maintain: a (1 + ¢)-spectral hypersparsifier Hof H
1140
2 k < [logg,,m]
3 m* < n?/e?log® m

4 SO —~ H
5 Procedure INITIALIZE
6 while i <k and |E(H;)| > 32c¢m™* do /* c is from Lemma 4 */
7 A;11 < initialize DECREMENTAL-CORESET-AND-SAMPLE(S;, ¢/(2k))
/* A;y1 decrementally maintains Cjy1 and S;11 */
H — H U Cit1
1 i+1
10 Llast < ¢

11 H+« HUS

llast

12 Procedure DELETE(e)

13 Remove e from H and H

14 141

15 while 7 < 4,5 do

16 Pass the deletion of e to A;

17 if ¢’ has been added to C; due to the deletion of e then
18 Add ¢ to H

19 Remove €’ from S;

20 e+ ¢€

21 11+ 1

If e belongs to a coreset C;, then it belongs to the sets of sampled hyperedges Sy, ..., S;_1,
and since it is in the coreset C; of S;_1, it cannot be present in S;, ..., 5;,.,. Similar to the
previous cases, we can simply remove e from Sy, ..., S;_1 to maintain C; USy,...,C;_1 U
S;_1. For C; U S;, we need to maintain C;, for which we use Algorithm 3 as a subroutine
to find a hypergraph e’ to be added to C; as the substitution for e. By Algorithm 3,
e’ belongs to S;_; and thus its addition to C; does not affect C; U Sy,...,C;_1 US;_1.
On the other hand, e’ might be present in C;11 U Sit1,...,Ci,., US and we need
to ensure they are still valid after adding €’ to C;. If ¢/ appears in the sets of sampled
hyperedges, then similar to the previous cases, simply removing €’ from the sparsifiers
makes them valid. Therefore, we pass the deletion of €’ to the next sparsifiers until we
reach C; U S; containing ¢’ in its coreset C;. Again, by construction, e’ cannot be present
in Cj-i-l U S]‘+1, RN Cila:;t us;
similar to the one we just explained for the removal of e from C;, except that we now use

last ?

and we need to remove €’ from C;. This procedure is

last ?

it to remove ¢’ from C;.

As explained above, to handle hyperedge deletions in each sparsifier C; U .S;, the data
structure utilizes Algorithm 3 and then transmits the changes in C; U S; to C;41 U S;+1. The
key point of our data structure is that it guarantees the transfer of at most one hyperedge
deletion from one level to the next, thereby ensuring low recourse at each level. This results in
at most i1,5¢ = O(logm) hyperedge deletions across all levels following a hyperedge deletion
in H. The guarantees of the data structure are stated below.
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» Lemma 8. Given a constant ¢ > 3 and an m-edge n-vertex hypergraph H = (V, E,w) of
rank r undergoing hyperedge deletions, Algorithm 4 maintains a (1+¢)-spectral hypersparsifier
H of H of size O(n?/e?10g® m) in O(r?log® m) amortized update time with probability at
least 1 — 1/m®2. Additionally, each deletion in H results in O(logm) recourse in H.

Proof. Suppose that a deletion has happened in H.

Correctness. From Lemma 7, each A; correctly handles the deletions. The fact that the data
structure correctly transfers hyperedge deletions between A;’s and thus correctly maintains
H follows from the discussion above.

e 111 H. By
Lemma 7, for each 1 < i < ijag, C; has a size of O(n?/e? log® m), where g; = ¢/(2k) and
k = O(logm). As shown in the proof of Lemma 5, the size of S;__, is O(n?/e?log®m). It
follows that the size of H is

Size of H. The data structure includes i1ast = O(logm) coresets Cy, ..., C;
last

k
O(Z n?/e2log® m + n?/e%log® m) = O(n?/e? log® m).

i=1

Update time. The data structure initializes and decrementally maintains i,5; = O(logm)
data structures of Algorithm 3. By Lemma 7, each data structure takes O(mr?logm) total
update time. Also, at each update, the data structure transmits at most one hyperedge from
one level to the next, which results in an O(mlogm) total transmission. Thus, the algorithm
takes O(mr?log® m) total update time, or equivalently, O(r? log® m) amortized update time.

High probability claim. From Lemma 7, for any constant ¢ > 2, each A; correctly maintains
its coreset and the set of sampled hyperedges with probability at least 1 — 1/m¢~!. Since
1 <i <logm, by choosing ¢ > 3, the claim follows.

Recourse bound. As explained before, every hyperedge deletion from H translates to at
most one hyperedge deletion or addition in A; for 1 < i < d,g. Since st = O(logm), it
follows that the total number of hyperedge changes in H is O(logm). <

3.2.2 Fully Dynamic Spectral Sparsifier

With a decremental data structure (Algorithm 4) in hand, we now obtain the fully dynamic
data structure. We begin by explaining the reduction from the fully dynamic to the
decremental data structure and by proving Lemma 6. We then prove Theorem 1.

Reduction from Fully Dynamic to Decremental

We explain how to use the decremental data structure to design a fully dynamic data
structure, as described in Algorithm 5. In a nutshell, the data structure uses the batching
technique; it maintains a batch of (1 & e)-spectral hypersparsifiers Hl, .. Hk, each of
which decrementally maintains sub- hypergraphs H 17 ..., Hy, respectively, such that these
sub-hypergrphs partition H. The union H = UZ 1 Hi, by decomposability (Lemma 3), is a
(1 & )-spectral hypersparsifier of H.

More specifically, the data structure starts with an empty H and empty Hy, ..., Hx and
ensures that each H; contains at most 2¢ hyperedges at all time (which we call the size
constraint of H;). Intuitively, a hyperedge e inserted in H is placed in H; as long as the
size constraint of H; is not violated. If there are already two hyperedges in H;, the data
structure moves all hyperedges of H; (along with e) to the empty Hs. Note that Hs can
contain at most four hyperedges, and so its size constraint is not violated. However, if there
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Algorithm 5 Fully-Dynamic-Spectral-Sparsify(H, €).

Input: an empty n-vertex hypergraph H = (V, E, w) with |E| < m at any time
Maintain: a (1 + ¢)-spectral hypersparsifier Hof H

1 Procedure INITIALIZE

2 foreach 1 <i <logm do

3 | Hi, H; + (V,0,0)

4 t+0

5 llast < 1

6 Procedure ADD(e)

7 t+t+1

8 | j < max{i|tis divisible by 271}
9 Z-Ias.t <~ maX{ja Z‘last}

10 Hj(*HjUijlLJ"'UHl

11 Add e to H;

12 foreach 1 <¢<j—1do

13 | H;, H; « (V.0,0)

14 | A; <+ (re)initialize DECREMENTAL-SPECTRAL-SPARSIFY (Hj, €)

/% .Aj decrementally maintains the newly computed flj */

15 Procedure DELETE(e)
16 j < index of the specific hypergraph among H,, ..., H, that contains e
17 Pass the deletion of e to A;

18 Procedure OUTPUTSPARSIFIER()
19 L return H = |J/*% H;

were already two hyperedges in Hs, then the addition of three more hyperedges (from H;
plus e) would violate its size constraint. In this case, the data structure would move the
hyperedges of H; and H; plus e to Hs, and so on.

To regularize the insertion process, we initialize a counter ¢ as a binary sequence of log k
zeros. After each insertion, the data structure increments ¢ (in the binary format) by one
and finds the highest index 7 whose bit flipped due to the increment. The data structure
then moves the hyperedges in Hy, ..., H;_1, along with the inserted hyperedge e, to H; and
reinitializes the decremental data structure with the new H;.

The deletion process can be done as before; since each hyperedge is associated with
exactly one sub-hypergraph H;, its deletion would be easily handled by passing it to the
decremental data structure maintaining I;TZ

Proof of Lemma 6. Suppose that the decremental data structure maintains a (1+¢)-spectral
hypersparsifier of any hypergraph with m’ initial hyperedges in T(m’,n,e~!) amortized
update time and of size S(m/,n,e~!) with probability at least 1 — 1/ poly(m’).

Correctness. From the discussion above, the sub-hypergraphs Hi, ..., Hy correctly partition
the hyperedges of H. By Lemma 8, the sparsifiers Hy, ..., Hy are correctly maintained. It
follows from Lemma 3 that H = Ule H; is a (1 & ¢)-spectral hypersparsifier of H.

Size of H. By assumption, each H; has size S(m;,m,e~1), which is upper bounded by
S(m,n,e~1) since m; < m and S is a monotone non-decreasing function. Since k = O(logm),

the size of H is bounded by Y 1°8™ S(my, n,e~1) = O(S(m,n,e~1) logm).
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Update time. After [ insertions, H; has been reinitialized for at most [/2% times. This is
because H; can contain at most m; = 2 hyperedges. By assumption, the total time for the
initialization and maintenance of A; is bounded by m;T (m;,n,e~1) = 2¢T(m;,n,e~1), which

is bounded by 2T (m,n,e~!) since m; < m and S is a monotone non-decreasing function.

Thus, the total time for the initialization and maintenance of A; throughout [ insertions is
O(£2'T(m,n,e~1)) = O(IT(m,n,e")). Therefore, the total update time for maintaining

Hl,...,Hk is

logm

O( Z IT(m,n,e" 1)) = O(IT (m,n,e ) logm),
i=1

resulting in an O(T'(m,n,e~1)logm) amortized update time.

High probability claim. After [ insertions, each H; is reinitialized O(l) times. By Lemma 8,
the probability of failure is at most [/m°~2, where ¢ > 3. Since k = logm, it follows that the
probability of failure for maintaining Hy, . .., Hy, is at most [ logm/m®2. Since | = poly(m),
the high probability claim follows by choosing ¢ to be large enough. <

Proof of Theorem 1. Given an m-edge n-vertex hypergraph H of rank r, by Lemma 8, the
decremental data structure (Algorithm 4) maintains a (1 & €)-spectral hypersparsifier of H of

size S(m’,n,e~') = O(n?/e?log® m) in T'(m,n,e~') = O(r?log® m) amortized update time.

Since S and T are monotone non-decreasing functions, it follows from Lemma 6 that,
for any hypergraph H containing at most m hyperedges at any point, the fully dynamic
data structure (Algorithm 5) maintains a (1 £ ¢)-spectral hypersparsifier of H of size
O(n?/e21og” m) in O(r? log® m) amortized update time. <
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