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—— Abstract

It is shown that the problem of computing the Strahler number of a binary tree given as a term is

complete for the circuit complexity class uniform NC'. For several variants, where the binary tree is
given by a pointer structure or in a succinct form by a directed acyclic graph or a tree straight-line
program, the complexity of computing the Strahler number is determined as well. The problem,
whether a given context-free grammar in Chomsky normal form produces a derivation tree (resp.,
an acyclic derivation tree), whose Strahler number is at least a given number k is shown to be
P-complete (resp., PSPACE-complete).
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1 Introduction

Strahler numbers. The main topic of this paper is the complexity of computing Strahler
numbers of binary trees. The Strahler number of a binary tree t is a parameter st(¢) that can
be defined recursively as follows:
If ¢ consists of a single node then st(¢) = 0.
If the root of ¢ has the left (resp., right) subtree ¢; (resp., t3) then
ct(t) = {st(tl) +1 if st(t1) = st(ta), O
max{st(t1),st(ta)} if st(t1) # st(ta).

The Strahler number is sometimes also called the Horton-Strahler number and first appeared
in the area of hydrology, where Horton used it in a paper from 1945 [37] to define the order
of a river. The correspondence to binary trees comes from the fact that a system of joining
rivers can be viewed as a binary tree (unless there are bifurcations, where a river splits into
two streams). In 1952, Strahler [53] (also a hydrologist) further developed Horton’s ideas.
There are numerous applications of Strahler numbers in computer science, where they
appeared also under different names (e.g., register function, tree dimension). Ershov [23]
showed that the minimal number of registers needed to evaluate an arithmetic expression is
exactly the Strahler number of the syntax tree of the arithmetic expression. Another area,
where Strahler numbers found many applications, is formal language theory [12, 20, 33, 51].
For context-free grammars, the relation comes from the following fact: Let G be a context-free
grammar in Chomsky normal form and let ¢ be a derivation tree of G. Then st(t)+1 is exactly
the minimal index among all derivations corresponding to ¢, where the index of a derivation
S = wy =g w1 =g wy =g - =g Wy, is the maximal number of nonterminals in one of
the w; [33]. Finite-index context-free grammars [3], i.e., grammars where every produced
word has a derivation of bounded index, play an important role in the recent decidability
proof of the reachability problem in one-dimensional pushdown VASS [7]. Strahler numbers
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have been also investigated in the context of Newton iteration [24, 46], parity games [16],
and social networks [1]. The distribution of the Strahler number of a random tree has been
studied by several authors [17, 18, 26, 39, 42]. For more information on Strahler numbers
and their applications in computer science, the reader may consult the surveys [25, 56].

The above mentioned applications naturally lead to the question for the precise complexity
of computing the Strahler number of a given tree. This problem has a straightforward
linear time algorithm: simply compute the Strahler number for all subtrees bottom-up
using the definition of the Strahler number. A straightforward recursive algorithm can be
implemented on a deterministic Turing machine, running in logspace and polynomial time
and equipped with an auxiliary stack, which puts the problem in the class LogDCFL C NC? C
DSPACE(log2 n) [54]. In particular, Strahler numbers can be computed in polylogarithmic
time with polynomially many processors. Alternatively, one can implement a recursive
evaluation in O(lognloglogn) space. To do so, one uses the fact that the Strahler number
of a binary tree with n leaves is bounded by log,(n), and hence its bit length is O(loglogn).
To the best of our knowledge, the precise complexity of computing Strahler numbers has not
been pinpointed yet.

Contributions. Our first goal is to pinpoint the precise parallel complexity of computing
the Strahler number. As explained above, the problem belongs to NC, but the existence of a
logspace algorithm for instance is by no means obvious. Formally, we consider the decision
problem, asking whether st(¢) > k for a given tree t and a given number k. We show that
this problem is NC'-complete if ¢ is given in term representation.® Recall that NC' is the
class of all problems that can be solved by a uniform? family of bounded fan-in circuits of
polynomial-size and logarithmic depth, which is a subclass of deterministic logarithmic space
(L for short). If the term ¢ is given as a pointer structure, i.e., by an adjacency list or matrix,
then checking st(¢) > k is complete for deterministic logspace (L for short).

As a corollary, one can compute in NC' from a given arithmetic expression e (given in
term representation) an optimal straight-line code, i.e., a sequence of statements x := y o z
for registers x,y, z and an elementary arithmetic operation o. Here, optimal means that the
number of used registers is minimal. For this, one has to compute the Strahler number of
every subexpression of e; see also [25, Section 2.

Let us give a high level idea of the NC'-membership proof. The first step is to “balance”
the input tree t by computing a so-called tree straight-line program (TSLP) for ¢, whose
depth is logarithmic in the size of ¢. This can be done in TC? by a result from [28]. Roughly
speaking, a TSLP is a recursive decomposition of a tree into subtrees and so-called contexts
(subtrees, where a smaller subtree is removed). Originally, TSLPs were introduced as a
formalism for grammar-based tree compression; see [44] for more details. The next step
is to convert the TSLP for ¢ into a bounded fan-in Boolean circuit, that decides whether
st(t) > k. Furthermore, the polynomial size and logarithmic depth of the TSLP should be
preserved to obtain an NC! upper bound. A straightforward construction only leads to such
a Boolean circuit with unbounded fan-in OR-gates. We obtain a bounded fan-in circuit by
carefully analyzing the unary linear term functions computed by contexts when binary nodes
are interpreted according to (1).

L For instance, bbaabaa (or b(b(a, a),b(a, a)) with brackets) is the term representation of a complete binary
tree of height 2, where b denotes an inner node and a denotes a leaf.

2 All circuit complexity classes refer to their uniform variants in this paper. In Section 2.2 we will say
more about uniformity.
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For the NC!-hardness, we show that the Boolean formula problem, which is one of the best
known NC'-complete problems [9], can be reduced to the problem of computing the Strahler
number of a tree given in term representation. A similar reduction from the monotone circuit
value problem shows that the computation of the Strahler number is P-complete when the
input tree is given succinctly by a directed acyclic graph (DAG) or a TSLP.

We also consider the problem of checking st(t) > k for a fixed value k that is not part of
the input (the input only consists of the tree t). If ¢ is given in term representation (resp.,
pointer representation) then this problem is TC -complete for all k > 4 (resp., L-complete
for all k > 3). Moreover, if ¢ is given by a DAG, then this problem belongs to UL N coUL
for all k£ (UL is unambiguous logspace), whereas for TSLP-represented trees the problem is
NL-complete for all & > 2.

In Section 4 we briefly report on some results concerning the maximal Strahler number
of derivation trees of a given context-free grammar in Chomsky normal form (CNF). It is
known to be undecidable, whether every word produced by a given context-free grammar
has a derivation tree of Strahler number at most a given bound k [34, Theorem 5]. Here,
we are interested in the question, whether a given CNF-grammar G produces at least one
derivation tree ¢ with st(¢) > k for a given number k. In the long version [29] we show that
this problem is P-complete. Finally, we also consider the restriction to acyclic derivation
trees. A derivation tree is called acyclic if there is no nonterminal that appears more than
once on a path in the derivation tree. The motivation for this restriction comes from the
recent paper [45], where it was shown that the intersection non-emptiness problem for a given
list of group DFA? plus a single context-free grammar is PSPACE-complete. For general
DFA, this problem is EXPTIME-complete [55]. Moreover, if the context-free grammar G
is such that for some constant k, all acyclic derivation trees of G have Strahler number at
most k, then the intersection problem (with the finite automata restricted to group DFA) is
NP-complete. In [45], it was shown that the problem whether a given CNF-grammar has an
acyclic derivation tree of Strahler number at least k is in NP, when k is a fixed constant. In
the long version [29] we show that the problem is NP-complete already for & = 2. Finally,
when k is part of the input, we show that the problem becomes PSPACE-complete.

Broader context: tree evaluation and tree balancing. The problem of computing the
Strahler number of a given tree is a special instance of a tree evaluation problem: The input
is a rooted tree where each leaf is labelled with a value from a domain A, and each inner

node carries a (suitably specified) function f: A™ — A where r is the number of its children.

The goal is to compute the value of the root, obtained by evaluating the functions at each
node from bottom to top. For the case of Strahler numbers we have A = N, every leaf is
labelled with 0 and there is only one binary operation implicitly defined by (1) (or explicitly
by (2) on page 6). The corresponding algebra will be called the Strahler algebra.

Other prominent examples are the evaluation problems for Boolean formulas such as
(1Vv0)A1 and arithmetic expressions over the natural numbers (or other rings) such as
(1+2) x (34 4). Boolean formula evaluation is NC'-complete [9]. In fact, the acceptance
problem of a fixed tree automaton or, equivalently, evaluating an expression over a fixed
finite algebra is known to be in NC' for every finite algebra [28, 43]. By an algebra, we
simply mean a set equipped with a set of finitary operations. More surprisingly, arithmetic
expressions can be evaluated in deterministic logspace [6, 10, 11] despite the fact that the

value of an expression may have polynomially many bits in terms of the size of the expression.

3 A group DFA is a deterministic finite automaton, where for every input letter a the a-labelled transitions
induce a permutation of the set of states.
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Any algorithm that performs a bottom-up computation over a tree can be seen as an
instance of tree evaluation, assuming that the local computation at each node is sufficiently
simple. A classical example is Courcelle’s theorem, stating that any monadic second-order
(MSO) definable graph property ® can be checked in linear time over graphs of bounded
tree-width [15]. The standard proof of Courcelle’s theorem compiles the MSO formula ®
into a tree automaton Ag that, given a tree decomposition of a graph G, verifies whether ®
holds in G. As remarked above, tree automata can be simulated in NC! C L, and therefore
Courcelle’s theorem also holds when linear time is replaced by logspace [21] (assuming the
logspace version of Bodlaender’s theorem for computing small-width tree decompositions;
see [21]). In fact, [21] proves a more powerful solution histogram version of Courcelle’s
theorem, which, in the end, reduces to evaluating arithmetic expressions.

Very recently, the tree evaluation problem attracted new attention due to a surprising
result by Cook and Mertz [13]. They presented an algorithm that evaluates a complete
binary tree of height h, whose inner nodes are labelled with binary operations over {1, ..., k}
and whose leaves are labelled with elements from {1,...,k}, in space O(hloglogk + log k).
A straightforward evaluation takes O(hlog k) space. Since the height A is logarithmic in the
total input size n, the Cook-Mertz algorithm uses O(log n loglogn) space, which comes very
close to O(logn) space. It is also a key ingredient in Ryan Williams’ recent proof that any
t-time bounded Turing machine can be simulated in O(y/tlogt) space [58]. Notice that the
Cook-Mertz algorithm does not give any nontrivial space bounds for the computation of the
Strahler number of a tree ¢, since the height of ¢ can be linearly large in its size.

A standard strategy to evaluate a tree t of size n using small space or in parallel
polylogarithmic time is to first balance t, i.e., to transform it into an equivalent tree of depth
O(logn) and size poly(n). In a second step, the reduced depth can often be exploited to
evaluate the tree in parallel or in small space. For example, to evaluate a balanced arithmetic
expression in logspace, one can use a result by Ben-Or and Cleve [6] that transforms an
arithmetic expression of depth d into a product of 4% many (3 x 3)-matrices such that the
value of the arithmetic expression appears as a particular entry in the matrix product. The
matrix product can in turn be evaluated in logspace using results from [11].

Balancing algorithms were first presented by Spira [52] for Boolean formulas and by
Brent [8] for arithmetic expressions. Later work showed that arithmetic expressions can be
balanced in NC' (observed implicitly in [10]) and in fact in TC" [28]. A generic framework for
evaluating trees was presented in [41], which implicitly balances the input tree in NC!. The
above mentioned logspace version of Courcelle’s theorem was improved to NC' [22] (under
an appropriate input form) in subsequent work. The first step of that algorithm is to balance
a given tree decomposition in TCY.

In general, not every algebra admits such a depth-reduction result, if one requires that
the balanced tree is over the same algebra [40, Theorem 1]. The core of most tree balancing
approaches is a purely syntactic recursive decomposition of the input tree into subtrees and
contexts (subtrees where a subtree was removed) and the depth of this decomposition is
bounded logarithmically in the size of the input tree. Formally, this decomposition is a tree
straight-line program of logarithmic depth. While subtrees evaluate to elements, contexts
describe unary linear term functions over the algebra. For example, over a commutative
semiring a context computes an affine function = — ax + b, and can be represented by the
parameters a,b. Furthermore, the composition of two affine functions can be implemented
using semiring operations on these parameters. The main challenge towards efficient tree
balancing and tree evaluation over a particular algebra is understanding the structure of its
unary linear term functions (called the functional algebra in [41]). In general this can be
difficult, as can be seen from the example of a finite algebra: Given a tree automaton with
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k states, the contexts can induce up to k* many state transformations. In particular, the
space bound of O(hloglogk + log k) achieved by the Cook-Mertz algorithm for an algebra
of size k cannot be immediately extended to unbalanced trees by applying the Cook-Mertz
algorithm to a balanced tree straight-line program for the original tree, since k would blow
up to k¥. For the special case of the Strahler algebra we provide a characterization of the
unary linear term functions computed by contexts in Section 3.

2 Preliminaries

We assume some familiarity with formal language theory, in particular with context-free
grammars; see e.g. [36] for details. The set of all finite words over an alphabet I" is denoted
with T'*; it includes the empty word . The length of a word w € T'* is |w| and the number
of occurrences of a € I" in the word w is denoted with |w|q.

2.1 Directed acyclic graphs, trees, contexts

Directed acyclic graph. We have to deal with node-labelled directed acyclic graphs (DAGs).
Let us fix a ranked alphabet ¥ (possibly infinite), where every a € ¥ has a rank in N. Let
3; C X be the set of symbols of rank i € N. A X-labelled DAG is a tuple D = (V,vg, A, 7)
with the following properties:

V' is the finite set of nodes.

vy € V is a distinguished root.

A: V — ¥ is a mapping that assigns to every node v € V its label A\(v).

v: V= V* is a function such that A(v) € ¥j,(,)|. It assigns to every node v the list y(v)

of v’s children (a node may occur more than once in this list).

We require that the directed graph (V, {(u,v) : v appears in y(u)}) is acyclic.
Sometimes we do not need the labelling function A, in which case we omit A from the
description of the DAG.

We also write d(v) = |y(v)| for the degree of the node v € V. Nodes of degree zero are
also called leaves. For every v € V and 1 <14 < d(v) we define v -i as the it" node in the word
~(v). This notation can be extended to words o € N* (so-called address strings) inductively:
v-e=wvandif a = i, v- 3 is defined and 1 < i < d(v-f) then v-a = (v- B) - i. We define
the size |D| of D as [D| =) .y (d(v) +1).

A path in D can be specified by its start node v and an address string o = i1is - - - 7,, € N*.

The corresponding path consists of the nodes v, v - iy, v - i1i2,...,v - . For anode v € V we
define heightp(v) = max{|a|: @ € N*v - « is defined}. Moreover, the height (or depth) of D
is max{heighty(v) : v € V}}.

In the following, we will mainly consider binary DAGs where d(v) < 2 for every v € V.

Trees. A X-labelled tree can be defined as a Y-labelled DAG t = (V,vg, \,y) as above such
that in addition for every v € V there is a unique address string « such that v = vg - a. The
node vg is the root of the tree. For a tree ¢t and a node v we write t(v) for the subtree of ¢
rooted in v. It is the tree (V' , v, Aly/,ylv/) where V! = {v-a:a € N*, v -« is defined}.

From a DAG D = (V,vp,\,y) one can define a tree unfold(D) = (V',e,N,v') (the
unfolding of D) as follows: The set of nodes of V' contains all address strings « such that
vp - a is defined and the empty string € is the root. If @ € V' is such that v = vg -
then X (a) = A(v) and v'(a) = (al)(a2) - - - (ad(v)). Figure 1(right) shows a DAG, whose
unfolding is the tree on the left. The edge from a node to its " child in the DAG is labelled
with i. Clearly, the size of unfold(D) can be exponential in the size of D. This shows the
potential of DAGs as a compact tree representation; see also [19, 27].
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Figure 1 A binary tree.

Most trees in this paper are (unlabelled) binary trees, in which case we have d(v) € {0, 2}
for all nodes v, ¥ = {a}, and 32 = {b}. So, internal nodes are labelled with b and leaves
are labelled with a. Thus, the node labels do not carry any information and can be omitted.

Input representation of trees and DAGs. When it comes to circuit complexity (see the
next section), the input representation of DAGs has a big influence on complexity. The
representation as a tuple (V,vg, A,7y) is also called pointer representation. In the pointer
representation the edges of the DAG are given by adjacency list (namely the lists y(v)). In
the case of trees, another well-known representation of a tree t is the term representation,
where t is represented by a term formed from the symbols in 3. For instance, the string
bbbaabbaaabbaabbaaa (which is written as b(b(b(a, a), b(b(a, a),a)),b(b(a,a),b(b(a,a),a))) for
better readability) is the term representation of the binary tree shown in Figure 1. It is
obtained by listing the node labels of the binary tree in preorder. With Bin we denote the
set of all z € {a,b}* that are the term representation of a binary tree. It can be produced by
the context-free grammar with the productions S — a | bSS.

For binary DAGs, we also use the so-called extended connection representation, which
extends the pointer representation by a further relation; see also [28, 48] and [57, Defini-
tion 2.43]. Consider a binary DAG D = (V, v, A,7y) as above. The extended connection
representation, briefly ec-representation, of D, denoted by ec(D), is the tuple (V,vg, A, v, ecp),
where the set ecp consists of all so-called ec-triples (v, a, v - o), where v € V, o € {1,2}* is
an address string such that v - « is defined and |«| < log, |D|. Note that since D is binary,
the number of address strings with |a| < log, |D| is bounded by O(|D]).

Contexts. Fix a so-called placeholder symbol = ¢ {a,b}. A binary context is a binary tree ¢,
where exactly one leaf v € Vj is labelled with x. All other leaves are labelled with a and
internal nodes are labelled with b. Given a binary context ¢ and a binary tree (resp., context)
t' we define the binary tree (resp., context) t[x/t'] by replacing the unique occurrence of x in
t by t'. For instance, we have b(b(a,a),b(z,a))[z/b(a,a)] = b(b(a,a),b(b(a,a),a)).

Strahler numbers. Let s be the binary operation on N with
x+1 ifx =y,
s(z,y) = ] (2)
max(z,y) if x #y.

The algebraic structure S = (N, s,0) is also called the Strahler algebra in the following. The
Strahler number st(¢) of a binary tree ¢ € Bin is defined as follows:

st(@) =0,  st(b(ti,t2)) = s(st(t1), st(t2)).
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In other words: st(t) is obtained by evaluating ¢ in the Strahler algebra, where the binary
symbol b is interpreted by s and the leaf symbol a is interpreted by 0. The tree from Figure 1
has Strahler number 3.

It is well-known that if ¢ has n leaves then st(t) < log, n: Let m = st(t). The case m =0
is clear. If m > 0 then the root of ¢t must have at least two descendants with Strahler number
m — 1. By induction it follows that ¢ has at least 2 many nodes with Strahler number
m — i. Thus, t has at least 2" many leaves (= nodes with Strahler number 0). Moreover,
the Strahler number of a tree ¢ is the largest k such that a complete binary tree t; of depth
k can be embedded into ¢ (thereby, edges of t; can be mapped to non-empty paths in t).

2.2 Computational complexity

We assume that the reader is familiar with the complexity classes L (deterministic logspace),
NL (nondeterministic logspace), P, NP and PSPACE; see e.g. [2] for details. The class UL (un-
ambiguous logspace) is the class of all languages that can be recognized by a nondeterministic
logspace Turing machine that has on each input word at most one accepting computation. It
is conjectured that UL = NL. In the nonuniform setting this has been shown in [47].

In the rest of this section we briefly introduce some well-known concepts from circuit
complexity, more details can be found in the monograph [57].

A (Boolean) circuit with n inputs can be defined as a X-labelled DAG B = (V, v, A,7),
where the set of node labels ¥ consists of the symbols 1, . . ., x,, of arity 0 (the input variables)
and additional Boolean functions of arbitrary arity (we identify here a k-ary Boolean function
with a k-ary node label). The set of these Boolean functions is also called the Boolean base
of B. Nodes of B are usually called gates and the degree d(v) of a gate v is called its fan-in.

A Boolean circuit B = (V,vg, A,7) as above defines a mapping 1z : {0,1}" — {0,1} in the
natural way: Let w = ajag - - a, € {0,1}™. First define n,(w) for every gate v inductively:
() = a; if A(v) = z; and ny(w) = f (0o, (W), o,y (W), -, M0, (w)) if ¥(v) = v1v2 -+ - va and
A(v) = f (a Boolean function of arity d). Finally, we set ng(w) = 1, (w).

The complexity class NC! contains all languages L C {0,1}* such that there exists a
circuit family (B,)nen where

B,, is a Boolean circuit with n inputs over the Boolean base consisting of the unary

function — (negation) and the binary functions A (conjunction) and V (disjunction),

B, has size n®1) and depth O(logn) and

for every w € {0,1}", np, (w) =1 if and only if w € L.

Important subclasses of NC' are AC? and TC®. The class AC? is defined similarly to NC*
with the following modifications:

The Boolean base of B,, consists of = and disjunctions and conjunctions of any arity.

The depth of the circuit B, is bounded by a fixed constant.

If one includes in the first point also majority functions of any arity in the Boolean base,
then one obtains the class TC®. The m-ary majority function returns 1 if and only if more
than m/2 many input bits are 1.

We only use the DLOGTIME-uniform variants of AC®, TC® and NC'. For AC® and TC?,
DLOGTIME-uniformity means that for a given tuple (1™, u,v), where 1" is the unary encoding
of n € N and u and v are binary encoded gates of the n-th circuit B,,, one can

(i) compute the label of gate u in time O(logn) and

(ii) check in time O(logn) whether v is an input gate for v.
Note that since the number of gates of B,, is polynomially bounded in n, the gates of B,, can
be encoded by bit strings of length O(logn).
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The definition of DLOGTIME-uniform NC" is similar, but instead of (ii) one requires that
for given 1", u, v as above and an address string o € {1,2}* with |«| < log, |B,,| one can
check in time O(logn) whether v = v - « [4, 48, 57]. In other words, the relations from the
ec-representation of B, can be verified in time O(logn). We denote the DLOGTIME-uniform
variants of AC?, TC® and NC! with uAC®, uTC® and uNC!, respectively. It is known that
uNC! coincides with ALOGTIME (logarithmic time on an alternating random access Turing
machine). The following inclusions hold between the complexity classes introduced above:

uAC® C uTC? C uNC' = ALOGTIME C L C UL € NL C P C NP C PSPACE.

The definitions of the above circuit complexity classes can be easily extended to functions
f:{0,1}* — {0,1}*. This can be done by encoding f by the language Ly = {1°0w : w €
{0,1}*, the i-th bit of f(w) is 1}.

Hardness for uNC! (resp., uTCO) is always understood with respect to uTC - computable
(resp., uACO-computable) many-one reductions.

Typical problems in uTC® are the computation of the integer quotient of binary encoded
integers, and the sum and product of an arbitrary number of binary encoded integers [35].
The canonical uTC’-complete language is Majority = {x € {0,1}* : |z|; > |z|/2}. Also the
language Bin from Section 2.1 is uTC’-complete. Membership in uTC® was shown in [43],
and uTC’hardness can be easily shown by a reduction from the uTC’-complete language
{w € {0,1}* : |w|o = |w|1}

A famous uNC'-complete problem is the Boolean formula problem: the input is a binary
tree t in term representation using the binary symbols A and V and the constant symbols
0 (for false) and 1 (for true), and the question is whether ¢ evaluates to 1 in the Boolean
algebra. Buss has shown the following theorem (note that the negation operator — is not
needed for uNC'-hardness in [9]):

» Theorem 2.1 ([9]). The Boolean formula problem is complete for uNC'.

The following results are well-known and easy to show. Let ¢ be an arbitrary binary tree.
From the term representation of ¢ one can compute in uTC its pointer representation.

From the pointer representation of ¢ one can compute in logspace its term representation.
This transformation cannot be done in uNC' unless L = uNC" holds [5].
The following lemma has been shown in [28].

» Lemma 2.2 ([28, Lemma 3.4]). For any ¢ > 0 there exists a uTC’-computable function,
which maps the ec-representation of a DAG D of size n and depth at most ¢ -logyn to the
term representation of the tree unfold(D).

2.3 Tree straight-line programs

In this section, we introduce tree straight-line programs (TSLPs), which have been studied
mainly as a compressed representation of trees; see [44] for a survey. Here, we define tree
straight-line programs only for unlabelled binary trees. A tree straight-line program (TSLP)
is a tuple G = (Ng, N1, S, p) with the following properties:
Ny is a finite set of tree variables. Tree variables are considered as symbols of rank 0.
N is a finite set of context variables. Context variables are considered as symbols of
rank 1. Let N = Ny U N;. We assume that No N Ny = 0.
S € Ny is the start variable.
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p maps every A € Ny to an expression p(A) that has one of the following three forms,
where B,C € Ny and D € Ni: a, b(B,C), D(C) (recall from Section 2.1 that a labels
the leaves of a binary tree and b labels internal nodes).

p maps every A € Nj to an expression p(A) that has one of the following three forms,
where B € Ny and C,D € Ny: b(x,B), b(B,x), D(C(x)) (here, x is the placeholder
symbol from contexts; see Section 2.1).

The binary relation {(A, B) € N x N : B occurs in p(A)} must be acyclic.

For a TSLP G = (Ny, N1, S, p) one should see the function p as a set of term rewrite rules
A — p(A) for A € N. With these rewrite rules, we can derive from every A € Ny (resp.,
A € Nj) a binary tree (resp., a binary context; see Section 2.1) valg(A) (the value of A). We
omit the index G if it is clear from the context. Formally, we define valg(A) as follows:

if A e Ny and p(A) = a then valg(A) = a,

if A€ Ny and p(A) =b(B,C) then valg(A) = b(valg(B), valg(C)),

if A€ Ny and p(A) = D(C) then valg(A) = valg(D)[x/valg(C)],

if A€ Ny and p(A) = b(z, B) then valg(A4) = b(z,valg(B)),

if A€ Ny and p(A) = b(B,x) then valg(A) = b(valg(B), z),

if A€ Ny and p(A) = D(C(z)) then valg(A) = valg(D)[z/valg(C)].
Finally, we define the binary tree val(G) = valg(S) (recall that S € Np).

» Example 2.3. Consider the TSLP G with Ny = {S,A,B,C,D}, N; = {E} and the
following rules: S — b(4, A), A = b(B,C), C — E(B), B— E(D), E(z) = b(z,D), D —
a. Then val(G) is the tree from Figure 1.

A TSLP G = (Ny, N1, S, p) can be encoded by a X-labelled DAG (Ny U Ny, S, A,v) with
Yo ={a}, 1 = {b1,b2} and Xy = {b, 09,01} in the following way:

if A€ Ny and p(A) = a then A\(A) = a and v(A) = ¢,

if A€ Ny and p(A) =b(B,C) then A(A) = b and v(A) = BC,

if A€ Ny and p(A) = D(C) then A(A) = o and y(A) = DC,

if A€ Ny and p(A) = b(x, B) then A(A) = by and v(A) = B,

if A€ Ny and p(A) = b(B,x) then AM(A) = by and v(A) = B,

if A€ Ny and p(A) = D(C(x)) then A(A) = o and y(A4) = DC.
In particular, we can speak about the ec-representation of a TSLP or the height of a variable
in a TSLP. We define the size |G| of the TSLP G as the size of the corresponding DAG, which
is bounded by 3|N|. Tt is easy to see that the tree val(G) has at most 2°U9) many nodes.

Note that for a TSLP G, where Ny = () (hence, every p(A4) is either a or b(B,C) for
B,C € Nyp), the unfolding of the above DAG is val(G). In general, TSLPs can be more
succinct than DAGs: take for instance a caterpillar tree ¢t = b(b(...b(a,a),a),...,a) of size
n. It can be represented by a TSLP of size O(logn), whereas every DAG that unfolds into ¢
has size 2(n). The following result from [28] will be important in the next section.

» Theorem 2.4 ([28, Theorem 5.6]). From a binary tree t of size n given in term represent-
ation one can compute in uTC? the ec-representation of a TSLP G of depth O(logn) and
size O(n) such that val(G) =

The size bound O(n) for the TSLP G in Theorem 2.4 can be even replaced by O(n/logn)
[28, Theorem 5.6], but this is not important for our purpose.
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3 Complexity of computing the Strahler number

In this section we consider the problem of checking whether the Strahler number of a given
binary tree is at least a given threshold. The problem St= is defined as follows:

Input: a binary tree ¢t and a number k.

Question: Is st(t) > k?
If we fix the value k > 1, then we obtain the following problem St=*:

Input: a binary tree t.

Question: Is st(t) > k?
These problem descriptions are actually incomplete, since we did not fix the input encoding
of t, which influences the complexity of the problems. We obtain the following variations: In
SttZerm (resp., Stpzointer) the tree ¢ is given by its term (resp., pointer) representation. In StdZag
>

(resp., Sttslp) the tree t is given succinctly by a binary DAG D (resp., a TSLP G) such that
t = unfold(D) (resp., t = val(G)). The problems St=F  St=F  St=F and St=F are defined

term> pointer? dag’ tslp
analogously. Our main result is:

» Theorem 3.1. StZ

= o is uNC'-complete.

As a gentle introduction into the problem, we first present a weaker result, namely that one
can calculate the Strahler number of a tree with n leaves in O(lognloglogn) space, and
then show how to reduce the space complexity to O(logn). We only sketch the proof, since
these space bounds are subsumed by the uNC' upper bound, proven later in this section.

The idea is to compute the Strahler number recursively by traversing the tree, in a
depth-first order. We perform a depth-first traversal through the tree, maintaining a
single pointer to the current node using O(logn) space, and a constant-sized information,
indicating the direction of the next traversal step. Additionally, we store a list of the
Strahler numbers s1, ..., s, of the inclusion-wise maximal subtrees ¢, ..., t; that have been
completely traversed in that order (i.e., s; has been traversed before s; for ¢ < j). Whenever
both subtrees of a node have been traversed, we can combine their Strahler numbers to
obtain the Strahler number of the parent node. Since each Strahler number s; is bounded by
logn where n is the number of leaves in the input tree, it can be stored in O(loglogn) bits.
However, if the tree is traversed in an arbitrary order, the number & of subtrees could be up
to linear in n. The solution is to visit heavy subtrees first, i.e. if a node is visited for the
first time, the next step moves to the larger subtree of the current node (if both subtrees
have the same size, one moves to the left subtree). Note that the size of a subtree can be
computed in logspace. This ensures that |t;| > |t;iy1| + - - - + |tx| and therefore |t;| > 2|t; 12|
for i < k — 2. In particular, k is bounded by O(logn) and the total space complexity is
O(kloglogn) = O(lognloglogn).

To shave off the loglogn factor, we store the sequence of Strahler numbers s1,..., sk
using a delta encoding. Let us say that a number s; is dominated if there exists j > i such
that s; > s;. Such a dominated number s; can be replaced by 0, which does not change the
Strahler number of the tree. The subsequence of undominated numbers s;,, S;,,. .., Si, iS
monotonically decreasing and can be encoded by its delta encoding s;, —Si,, - .-, Si,_; —Si,s Si, -
Each number s in this sequence will be represented in unary encoding by 1°#. As an example,
the sequence s1,...,s; = 3,2,5,3,4,4,2,1 is encoded by 001#0#11#1#1#. The resulting
word over the alphabet {0, 1, #} has length & + s;, < O(logn).

Now we turn to proving the uNC! bound from Theorem 3.1. To this end, we will first
compute from the input tree t a TSLP using Theorem 2.4. To make use of the TSLP-
representation of ¢, we need a simple description of unary linear term functions in the
Strahler algebra. For this, we start with some preparations.
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Consider a TSLP G = (Ny, N1, S, p) as defined in Section 2.3. For a tree variable A € Ny
we write sty for the Strahler number st(val(A4)). For a context variable B € N; we define a
function stp : N — N as follows: Consider the binary context ¢t = val(B). Take an integer

n € N and take a binary tree ¢’ with st(¢') = n. The concrete choice of ¢’ is not important.

Then we define stg(n) = st(¢[z/t']). Intuitively speaking, the evaluation of the binary context
t in the Strahler algebra yields the unary linear term function stp. If we substitute the
placeholder x by a number n then we can evaluate the resulting expression in the Strahler
algebra and the result is stg(n). The functions stz can be described by two integers in the
following way: For ¢,h € N with 0 < £ < h we define the function [¢,h] : N — N as follows:

h ifx </
[ hl(x) =<h+1 ife<ax<h (3)
x ifx>h

» Lemma 3.2. The functions [£,h] are closed under composition. More precisely, for all
£ <h, m<iandx €N we have the following:

m,il(z) ifh+2<m

[
) B [¢,3](x) ifh+1=m

[m, d]([¢, h](z)) = 0.d(x) ifm<h<i (4)

[¢,h)(x) ifi<h
Proof. For all x € N we have:

[m, 3] (h) ifx</?

(m,d]([¢,h](x)) = < [m,i](h+1) ifl<z<h (5)
[m,i](z) ifx>h

We now distinguish the four cases from (4):

Case 1: h+ 2 < m. We have to show that [m,i]([¢, h](z)) = [m,i](x) for all x. Since
h+1 < m we obtain from (5):

[m, i](x) ife>h

m (6. ](2) = { o) ek

Case 2: h+ 1 = m. We have to show [m,i|([¢, h](x)) = [¢,](x) for all xz. With (5) we get

[h+1,i(h) =1 ife <t
, Lt ) =i+l ife<e<h{ _ o
e A S S
[h+1,i(x) =2 if x >4

Case 3: m < h < 4. We have to show [m,i]([¢(, h](z)) = [0,](x) for all . Equation (5)
yields

i+1=100,d(x) ifz<i,
x = [0,](x) it x >1.

[m, 4 ([, h](x)) = {

41:11
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Case 4: i < h. We have to show that [m,]([¢, h](z)) = [¢, h](z) for all z. Equation (5)
simplifies for i < h to

h ifx<?
[m,d]([¢,h](x)) = h+1 if€<x<hp=[h().
x ifzx>h
This concludes the proof of the lemma. |

» Lemma 3.3. Let G = (No, N1, S,p) be a TSLP and let A € Ny. Then there exist numbers
£y and hy such that sty = [€a, hal.

Proof. Every context val(A) for A € N; can be obtained from composing contexts of the
form b(z,t) and b(t, x) where t = val(B) for some B € Ny. By Lemma 3.2 it therefore suffices
to show that for every m € N the mapping x — s(x,m) (where s is from (2)) is of the form
[¢,h] (then, since s is commutative, the same holds for the mapping = — s(m,x)). It is
straightforward to check that s(z, m) = [m,m|(z) for all z € N. <

We are now in the position to prove Theorem 3.1.

Proof of Theorem 3.1. We start with the uNC! upper bound. Let ¢ € Bin be a binary tree
given in term representation. Let n be the number of leaves of t. Hence, we must have
st(t) < log,n. Our goal is to compute in uTC® from ¢ and an integer 0 < k < log,n a
Boolean circuit By of depth O(logn) such that B, j evaluates to true if and only if st(t) > k.
The Boolean circuit By j is represented in ec-representation, which ensures that it can be
unfolded in uTCY into an equivalent Boolean formula (Lemma 2.2) and then evaluated in
uNC! by Theorem 2.1.

In a first step, we use Theorem 2.4 to compute in uTC® the ec-representation of a TSLP
G = (No, N1, S, p) of depth O(logn) and size O(n) such that val(G) =t. Let N = Ny U Ny.
Since the ec-representation of G is available and the depth of G is bounded by O(logn), one
can ensure in uTC? that all variables in N can be reached from the start variable S (this
property is actually satisfied when G is constructed according to [28]). In particular, every
variable A € Ny produces a subtree of ¢ and every variable A € Ny produces a subcontext of
t. Hence, every number st4 is bounded by log, n and we will see in a moment that the same
holds for the numbers ¢4 and h 4 from Lemma 3.3.

In the following we consider the following set of formal integer variables:

A(g) = {Ast A€ No}U{ Ap, Ap i A€ Nl}

For X € A(G) we define the integer v(X) by v(As) = sta, v(Ar) = L4 and v(Ay) = ha.

We will define a Boolean circuit B j that contains for all ¢ € Z with |i| < log, n and all
X,Y € A(G) a gate [X <Y + ] with the obvious meaning: the gate evaluates to true if and
only if v(X) < wv(Y)+i. Let V be the set of all such gates [X <Y 4+ i]. It is convenient to
allow also gates [X < i] and [X > i]. Formally, they can be replaced by [X < Ag + 4] and
[As < X —i], where A € Ny is a variable with p(A) = a (so that st4 = 0). The output gate
of By is [Set > KJ.

The number i is called the offset of the gate g = [X <Y +1i] and we define N(g) = {4, B}
it X € {Ag, A, A} and Y € {Bg, By, Br}. For gates g1,g2 € V, we write g1 > g2 if every
variable B € N(g2) appears in p(A) for some A € N(g1). Then the length of every chain
g1 > g2 = g3 = -+ > gm is bounded by the depth of G, which is O(logn).

To define the wires of By j, first note that the numbers v(X) (X € A(G)) are computed
according to the following rules:
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(i) if A€ Ny and p(A) = a then sty =0,
(ii) if A € Ny and p(A) = b(B,C) then

stp if stg > stg,
stqa = ¢ sto if stp < stg,
st +1 if stg = ste,

(iii) if A € Ny and p(A) = B(C) then, since stg = [{g, hg],

hB if ste <€B,
sta=<dhg+1 iflg <ste <hp,
sto if stc > hp,

(iv) if A € Ny and p(A) = b(x, B) or p(A) = b(B,x) then {4 = hgq = stp, and
(v) if A € Ny and p(A) = B(C(x)) then by Lemma 3.2 we have:

b ifhe+2</{pg, hg ifhc+2</{p,
be ifhe+1={p, hg ifhc+1=1/Ip,
ba= . ha = . (6)
0 iflp <he <hp, hg iflp <hc < hp,
le  ifhg < he, he if hg < he.

Points (iv) and (v) imply that all numbers £4 and hy for A € Ny are equal to some stp
(B € Ny) and therefore bounded by log, n.

From the equalities in (i)—(v), it is now straightforward to construct for every gate g € V'
a Boolean circuit By of constant size with output gate g. All input gates g’ of B, satisfy
g > ¢'. Let us consider for instance the gate [4, < Dy + 1] for A, D € N; and assume that
p(A) = B(C(x)) and p(D) = b(z, E). Then, p = stg and the equation for h4 in (6) implies

ha</tlp+i — (hBSStE—l-’L'/\hCShB)\/(hcgstE—‘ri/\hB<hc).

This equivalence directly yields the Boolean circuit for [A < Dy + i]. Its input gates are:
[Byh < Eg +1i], [Ch, < By), [C, < Eq +i], and [By, < Cj — 1].

When constructing a Boolean circuit B, one may obtain gates, where the absolute value
of the offset ¢ is larger than log, n. Such gates can be replaced by true or false: [X <Y + 4]
with i > log, n can be replaced by true (since v(X) <logyn and v(Y) > 0) and [X <Y —]
with ¢ > logy n can be replaced by false.

The circuit B, results from the union of the above constant-size circuits. Since the
depth of G is bounded by O(logn), it follows that the depth of B is also bounded by
O(logn). Moreover, the ec-representation of B can be easily computed in uTC® from the
ec-representation of the TSLP G. This shows the upper bound from Theorem 3.1.

For the lower bound we give a reduction from the uNC*-complete Boolean formula value
problem; see Theorem 2.1. Binary conjunction A is simulated by the operation

falz,y) =s(z+ 1L,y +1) = s(s(z,2),s(y,v)), (7)

where s from (2), and binary disjunction V is simulated by the operation

Fo(@y) = s(s(z+1,y),s(x,y + 1)) = s(s(s(z, 2), 9), s(z, s(y, y)))- (8)

41:13
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We obtain for every a > 0:

Iala,a) = fala,a+1) = fala+1,a) =a+2and fa(a+1,a+1)=a+3, (9)
fvla,a) =a+2and fa(a,a+1) = fala+1,a) = fala+1,a+1) =a+3. (10)

A given Boolean formula (built from binary operators A and V; negation is not needed in [9])
can be transformed in uTC® into an equivalent Boolean formula ® of depth d < O(log|®|);
see [28]. We can also assume that every path from the root to a leaf has the same length d.
By replacing in ® every A (resp., V) by fa (resp., fv) and replacing every occurrence of the
truth value true (resp., false) by 1 = s(0,0) (resp., 0), we obtain an expression that evaluates
in the Strahler algebra to 2d 4+ 1 (resp., 2d) if the Boolean formula ® evaluates to true (resp.,
false). Note that replacing fa(z,y) and fy(z,y) by their left-hand sides from (7) and (8)
yields a DAG (since = and y appear more than once in (7) and (8)) whose ec-representation
can be computed in uTC’ from ®. Since the depth of this DAG is O(log|®|) it can be
unfolded into the term representation of a tree in uTCY by Lemma 2.2. |

For St2F with k > 4 we can show uTC’completeness via a reduction from Majority:

» Theorem 3.4. The problem Sttzefm is uTC-complete for every k > 4. In particular, there

is a uAC°-computable function t : {0,1}* — Bin such that the following holds for every
w € {0,1}*: if w € Majority then st(t(w)) = 4, otherwise st(t(w)) = 3.
Proof of Theorem 3.4. We first show that every problem StZF (for a fixed k) is in uTC".
Let t € Bin. We have to check whether the complete binary tree t; of depth k embeds into t.
For this, we have to check whether there exist 25*1 — 1 different positions in ¢ such that the
corresponding nodes are in the correct descendant relations in order to yield an embedding
of t,. Hence, it suffices to show that in uTC® one can check whether for two positions i < j
in ¢ (that are identified with the corresponding tree nodes), j is a proper descendant of i.
This holds if and only if there exists a position k& > j in t such that t[i, k] (the substring
of ¢ starting in position ¢ and ending in position k) belongs to Bin. Since Bin belongs to
uTC® [43], this can be checked in uTC? as well.

For the hardness part it suffices to consider the case k = 4. We start with the morphism
d : {0,1}* — {0,1}* that doubles each symbol: d(0) = 00 and d(1) = 11. Clearly,
w € Majority if and only if d(w) € Majority and d(w) can be computed in uAC’. Hence
it suffices to consider strings in the image of d (im(d) for short) in the following. Every
w € im(d) can be uniquely factorized as w = 02*010%110%%2 ... 10%*=  where m = |w|; > 0
(which is even) and kq,...,k, > 0 (actually, every second k; is zero due to the factors 11
but we do not need this fact in the following). Then we define

f(w) — bk}oako b1+k1 ak‘l b1+k2 akz . lerkJm ak‘m .

In other words: every 1 in w is replaced by b and every maximal block 0% of zeros in w is
replaced by b¥a*.

> Claim 3.5. The function f can be computed in uAC".

Proof. To see this, note that f(w) is obtained from w by replacing every 1 by b and every 0
by either b or a according to the following rule: Assume that an occurrence of 0 is the "
0 in a maximal block of 2k zeros. Then this occurrence of 0 is replaced by b if ¢ < k and
otherwise by a. This case distinction can be easily implemented by a bounded depth Boolean
circuit of unbounded fan-in. <
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b/ \ b/ \
o \g/bb a’ \g/b\,
b/ \<> b/ \(l
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b/bb b/b\a
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Figure 2 The tree fragment f(w)bT5 f(w)T> for w = 000011001111 on the left and ¢(w) on the
right.

Finally, for a bit string w € im(d) of length 2n we define

tw) = flw)bTy f(w)Tra™ ' Tya™,

where w € im(d) is obtained by flipping every bit in w, T = bbaabaa (the term representation
of a tree of Strahler number 2) and T3 = bT5>T5 (the term representation of a tree of Strahler
number 3). Since f can be computed in uACY, the same holds for ¢.

The string ¢(w) is the term representation of a binary tree and satisfies the following:

> Claim 3.6. If |w|o > n then st(t(w)) = 3, otherwise st(t(w)) = 4.

Proof. Let us look at the example where w = d(001011) = 000011001111 has length 2n = 12,
which satisfies |w|p > n = 6. On the right of Figure 2, the tree

t(w) = f(w)bTy f(w) Ty a™ ' Ty a™ = bbaa bb ba bbbb b Ty bbbb ba bb bbaa Ty a” Tz a°

is shown. Note that a string b¥a* produces a caterpillar tree of depth k branching off from
the root to the left and leaving a “hole” at the position right below the root. These are the
red patterns in Figure 2. The b’s (replacing the 1’s when applying f) yield the blue nodes
and edges in Figure 2.

Figure 2 (left) shows the fragment of ¢(w) that is produced by the prefix f(w)bTs f(w) To.

The green circles represent holes. The first |w|; holes are produced by f(w) followed by |w|o
holes produced by bTs f(w) Ty (note that |w|p + |w|1 = 2n). These 2n holes are then filled
bottom-up by the 2n trees from the suffix a”~! T3 a™, which finally yields #(w). All 2n holes
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are filled with a except the n*™ hole from bottom, which is filled by T3. Note that the tree
t(w) has a main spine that is highlighted by the thick edges in Figure 2. The nodes on this
spine are called the spine nodes below. All subtrees that are attached to the spine have
Strahler number at most 2 except for the unique occurrence of T5. The crucial observation
now is the following:
If |lw|gp > n then T3 is attached to a spine node that is below the spine node to which the
upper occurrence of Ty is attached (this is the case in Figure 2). This implies st(¢t(w)) = 3.
If |lw|gp < n then T3 is attached to a spine node that is above the spine node to which the
upper occurrence of 75 is attached. This implies that st(¢t(w)) = 4.
This proves Claim 3.6. <

Claim 3.6 implies the second statement of the theorem: if w € Majority then |w|; > n, i.e.,
|w|op = 2n — |w|; < n, and Claim 3.6 gives st(¢t(w)) = 4. Similarly, if |w|; < n then |w|y > n
and Claim 3.6 gives st(t(w)) = 3. <

It is easy to see that the problem StZ2 belongs to uAC: if ¢ € Bin then st(¢) > 2 if and only
if the string ¢ contains at least two occurrences of baa, which can be tested in uAC’. We do
not know whether St=3  still belongs to uAC®.

term
For input trees given in pointer representation, we show the following results in [29]:

» Theorem 3.7. St= and St=F

Sointer pointer JOT every k > 3 are L-complete.

Finally, we also considered the cases where the input tree is given in a compressed form by
either a binary DAG or a TSLP. In the long version [29] we show the following:

» Theorem 3.8. The following hold:
(i) Stdzag and SttZSlp are P-complete.
(ii) For every fixred k > 1, Stdza’; is in UL N coUL.

(iii) For every fized k > 2, Sttzsllf) is NL-complete.

The best lower bound for the problem in Theorem 3.8(ii) that we are aware of is L-hardness
(for k > 3), coming from Theorem 3.7.

4  Strahler number of derivation trees

In this section, we briefly report on our results for the Strahler numbers of derivation trees
of context-free grammars. Since we want to obtain binary trees and since the derived words
have no relevance for us, we consider context-free grammars G = (N, S, P), where N is the
set of nonterminals, S € N is the start nonterminal and P is the set of productions such that
each of them has the form A — ¢ or A — BC for A, B,C € N. Slightly abusing standard
terminology, we call such a grammar a Chomsky normal form grammar or CNF-grammar
for short. The notion of a derivation tree is defined as usual: a derivation tree for A € N is
an N-labelled binary tree such that (i) the root is labelled with A, (ii) if an internal node v
is labelled with B € N then there is a production B — C'D such that the left (resp., right)
child of v is labelled with C' (resp., D) and (iii) if v is a B-labelled leaf then (B — ) € P. A
derivation tree of G is a derivation for the start nonterminal S. A derivation tree t is called
acyclic if there is no nonterminal that appears twice along a path from the root to a leaf.
The motivation for considering acyclic derivations trees and their Strahler numbers comes
from [45]; see the discussion in the introduction. In this section we consider the following
problem CNFZ (resp., acCNFZ):

Input: a CNF-grammar G and a number k (given in unary encoding).

Question: Is there a derivation tree (resp., acyclic derivation tree) ¢ of G with st(¢) > k?
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If the number k is fixed and not part of the input, we obtain the problems CNF=* and
acCNF=F. The following results pinpoint the complexity of these problems:

» Theorem 4.1. The following holds:
(i) CNFZ and CNF=* for every k > 1 are P-complete.
(i) acCNF=F is NP-complete for every k > 2.

(iii) acCNF= is PSPACE-complete.

The full proof of Theorem 4.1 can be found in [29]. Here, we only prove statement (ii).

Proof of Theorem 4.1(ii). Membership in NP was shown in [45]. It suffices to show NP-
hardness for k = 2. For this, we present a reduction from ezact 3-hitting set (X3HS):
Input: a finite set M and a non-empty set B C 2M of subsets of M, all of size 3.
Question: Is there a subset S C M such that |[SNC| =1 for all C € B?
X3HS is the same problem as positive 1-in-3-SAT, which is NP-complete [31, Problem LO4].
Fix the set M and a subset B C 2™ with all C' € B of size 3. W.l.o.g. assume that
M =1{1,2,...,n} and fix an arbitrary ordering C1,Cs, ..., Cy, of the subsets in 5. We will
construct a CNF-grammar G such that there is a derivation tree of G with Strahler number
at least two if and only if there is a subset S C {1,...,n} such that [SNC|=1for all C' € B.
In order to make the grammar more readable we use the following notation below. If we
write in a right-hand side [AB] for nonterminals A and B, then [AB] is another nonterminal
with the unique production [AB] — AB and this production is not explicitly listed. Moreover,
this notation will be nested, i.e., A and B can be also of the form [C'D]. In Figure 3 such
nonterminals are depicted as filled circles. With this notation, the productions of our
CNF-grammar G are as follows:

E — ¢
A — I E | OyxE whenever 1 <k <n

Iy — Api1E|ewhenever 1<k<n-—1

I, —» BiE]|e
Orp — Apy1E|ewhenever 1 <k<n-1
0, — BE]|¢

B; — B;11[[Oq[Ip1.]) whenever 1 < j <m and C; = {a,b,c}

Bny1 — EE

The start nonterminal is A;. Note that there are six productions of the form B; —
B;11[[Og[I1.]] corresponding to the six permutations of the set C; = {a,b,c} (we could
restrict to three productions since the order between I, and I. is not important for the
following arguments).

Consider first an acyclic derivation tree ¢ rooted in A; with Strahler number at least two.
The top part of every derivation tree rooted in A; must have one of the two shapes shown
in Figure 3 (left and middle tree), where X € {Ix,Or}. A left tree is a complete (acyclic)
derivation tree with Strahler number 1. Hence, the top part of ¢ must have the middle shape
from Figure 3. It defines the subset S = {k: 1 < k < n, X}, = I}. From the leaf B; we have
to expand the derivation tree ¢ further and this results in a bottom part tree as shown in
Figure 3 (right tree), where for every 1 < j <m we have C; = {z,,y;,2;}. Since the tree ¢
(obtained by merging the top part from Figure 3 (middle tree) with the bottom part from
Figure 3 (right tree), where the merging is done by identifying the Bj-labelled nodes) is an
acyclic derivation tree we must have z,, € S, y,, ¢ S, and z,,, ¢ S for every j € {1,...,m}.
Therefore, our X3HS-instance is positive.
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Figure 3 An acyclic derivation tree for the grammar G (proof of Theorem 4.1(ii)) has either the
form shown on the left, or it results from merging the tree shown in the middle with the tree shown
on the right in the Bi-labelled node. Every X}, is either I, or O.

Vice versa, if there is a subset S C {1,...,n} such that [SNC| =1 for every C € B, then
we obtain an acyclic derivation tree ¢ with Strahler number two by merging the middle and
right tree from Figure 3, where we set X = I}, if k € S and X}, = O, if k ¢ S in the middle
tree. Moreover, if C; = {a,b, c} with {a} = SN C then we set z; = a, y; =b and z; = ¢ (or
y; = c and z; = b) in the right tree. <

The P-hardness of CNF=* in Theorem 4.1 comes solely from the fact that emptiness for
CNF-grammars is P-hard. One can avoid this difficulty by adding to the input grammar a
certificate, ensuring that all nonterminals are productive. Formally, this certificate is defined
in [29], where it is shown that the problem CNF=* for k > 2 becomes NL-complete when
such a certificate is part of the input, whereas CNFZ stays P-complete.

5 Open problems

We conclude the paper with some open problems.

Computing Strahler numbers for unranked trees. Strahler numbers have been also defined
for unranked trees (trees, where nodes can have any number of children): Consider an
unranked tree ¢, where t1,...,¢; (k > 0) are the subtrees rooted in the children of the root of
t. We define the Strahler number st(¢) of ¢ inductively as follows: if k = 0 then st(¢) = 0. If
k > 1 then let n; = st(¢;) and n = max{ny,...,ng}. If n has a unique occurrence in the list
ni,...,Ny, then st(t) = n, otherwise st(t) = n+ 1. We conjecture that our NC!-algorithm for
computing the Strahler number of a binary tree can be adapted to unranked trees, but this
seems to be not obvious. Tree straight-line programs could be replaced by forest straight-line
programs [32] that work for unranked trees. For this one has to prove a variant of Theorem 2.4
for forest straight-line programs. In addition, one needs a variant of Lemma 3.2 for unranked
trees, which is not obvious.
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Expression evaluation for the max-plus semiring. Closely related but slightly different
to the computation of Strahler numbers is the problem of evaluating expressions over the
max-plus semiring (N, max,+). If the input numbers are given in unary encoding, then
the problem is logspace reducible to the evaluation of arithmetic expressions over (N, 4+, X)
and hence belongs to L [38]. The complexity is open if the input numbers are encoded in
binary. Let us also mention that the longest (or shortest [38, Lemma 3.3]) path problem
in a directed graph with binary encoded weights is in AC', using matrix powering over
the max-plus semiring, but it is a longstanding open problem whether it lies in a smaller
complexity class [14, p. 13], see also [30, 50] for recent applications.

Computing path width of trees. A problem that is related to the computation of the
Strahler number of a tree ¢ is the computation of the path width of an undirected tree. Let
us define st(¢) for an undirected tree ¢ as the minimal Strahler number of a rooted tree that
can be obtained by choosing a root in ¢. Then the following relationship is stated in [25]:
pathwidth(¢) — 1 < st(¢t) < 2 - pathwidth(¢). It is shown in [49] that the path width of an
undirected tree ¢t can be computed in linear time. It would be interesting to know whether it
can be computed in logspace.
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