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Abstract
We revisit the algorithmic problem of reconstructing a graph from homomorphism counts that has
first been studied in (Böker et al., STACS 2024): given graphs F1, . . . , Fk and counts m1, . . . , mk,
decide if there is a graph G such that the number of homomorphisms from Fi to G is mi, for all i.
We prove that the problem is NEXP-hard if the counts mi are specified in binary and Σp

2-complete
if they are in unary.

Furthermore, as a positive result, we show that the unary version can be solved in polynomial
time if the constraint graphs are stars of bounded size.
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1 Introduction

Homomorphism counts reveal valuable information about graphs. A well-known theorem,
due to Lovász [26], states that a graph G can be characterised up to isomorphism by
the homomorphism counts hom(F, G) from all graphs F into G. In recent years, it has
become increasingly clear that many natural properties of graphs are characterised by
homomorphism counts from restricted graph classes [10, 11, 14, 16, 21, 27, 33, 34]. For
example, the homomorphism counts from all cycles characterise the spectrum of a graph.
Homomorphism counts from trees characterise a graph up to fractional isomorphism [11,
36], and homomorphism counts from planar graphs characterise a graph up to quantum
isomorphism [27]. It has been suggested in [15] that homomorphism counts can be used to
define vector embeddings of graphs in a systematic and principled way: for every class F of
graphs we define a mapping G 7→

(
hom(F, G)

)
F ∈F ∈ RF mapping each graph G into the

(potentially infinite dimensional) vector space RF , the latent space of the embedding. We
call such embeddings homomorphism embeddings. Vector embeddings of graphs are mainly
of interest in a machine-learning context, because typical ML algorithms operate on vector
representations of the data. Homomorphism embeddings have been shown to be useful in
practice [20, 38], and they are related to other vector embeddings of graphs, such as those
obtained from graph kernels or computed by graph neural networks (see [15]).

© Timo Gervens, Martin Grohe, Louis Härtel, and Philipp da Silva Fonseca;
licensed under Creative Commons License CC-BY 4.0

43rd International Symposium on Theoretical Aspects of Computer Science (STACS 2026).
Editors: Meena Mahajan, Florin Manea, Annabelle McIver, and Nguyễn Kim Thắng
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45:2 The Complexity of Homomorphism Reconstruction Revisited

Now suppose we have a vector embedding and carry out computations in the latent space.
For example, we may run an optimisation algorithm and find a point in the latent space that
is optimal in some sense. How do we get back a graph from this point? For homomorphism
embeddings, this is the question of how we reconstruct a graph from homomorphism counts.
This is the central problem we study in this paper; let us state it formally.

HomRec
Input: Pairs (F1, m1), . . . , (Fk, mk), where F1, . . . , Fk are graphs and m1, . . . , mk ∈ N

(in binary encoding).
Question: Is there a graph G such that hom(Fi, G) = mi for every i ∈ [k]?

Note that here we are looking at an embedding into a finite-dimensional latent space; the
class F from the discussion above is {F1, . . . , Fk} here.We call the pairs (Fi, mi) constraints,
the graphs Fi constraint graphs, and the numbers mi the counts. This problem was first
studied systematically by Böker, Härtel, Runde, Seppelt, and Standke [4]. The main results
of that paper were various hardness and a few tractability results for restricted versions of
the problem. For example, the problem is NP-hard even for constraint graphs of bounded
tree width. The general problem was shown to be in NEXP and hard for the complexity class
NP#P. The exact complexity of the problem was left open. Our first theorem settles this
question.

▶ Theorem 1. HomRec is NEXP-complete.

The proof of this result is a reduction from the SuccinctClique problem, known to be
NEXP-complete from [31].

So far, following [4], we have always assumed the counts mi in the constraints to be
encoded in binary. However, it may be more natural to encode the numbers in unary. Let
us call the resulting version of the problem UnHomRec. The reason that UnHomRec
may be the more natural problem is the observation [4, Lemma 6] that if an instance
(F1, m1), . . . , (Fk, mk) has a solution satisfying all constraints, then it has a solution of order
at most

∑k
i=1 mi|Fi|, simply because we can delete all vertices not in the image of the

homomorphisms required to satisfy the constraints. If the mi are encoded in unary, this is
polynomial in the input size. This puts UnHomRec directly into the complexity class NP#P:
we guess a solution and then verify that all constraints are satisfied using a #P-oracle. The
exact complexity of UnHomRec is lower, though.

▶ Theorem 2. UnHomRec is Σp
2-complete.

So interestingly, by switching to a succinct encoding, we move the problem from Σp
2

(rather than NP) to NEXP, which is a bit unusual: typically, succinct encodings of problems
cause an exponential jump in complexity, from NP to NEXP [31], but here we only jump
from Σp

2 to NEXP.
Having now settled the exact complexity of the homomorphism reconstruction problem,

both in its unary and binary versions, we set out to look for tractable special cases. For
the binary version, Böker et al. [4] proved that reconstruction can be NP-hard even for a
fixed set of constraint graphs that are all labelled trees. For the unary version, it is not
clear if this can happen as well. But even for very simple special cases, it is not at all
obvious how we can solve the reconstruction problem efficiently. Consider the case with two
constraints ( , n), ( , m), where the constraint graphs are a single vertex graph and the
path of length 2. Intuitively, this is the problem of deciding if there is a graph G with n

vertices and m homomorphic images of a path of length 2 in time polynomial in n and m.
Arguably, the subgraph version of this problem is more natural: given n and m, decide if
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there is a graph with n vertices and m paths of length 2 as subgraphs. It is not obvious how
to construct such a graph in time polynomial in n and m. (This is the simplest case that was
left open in [4].) The following theorem implies that there is a polynomial-time algorithm.

Recall that a star is a tree of height 1, that is, a connected graph that has at most
one vertex of degree greater than 1. Both the 1-vertex graph and the path of length 2 are
examples of stars.

▶ Theorem 3. The following problem is solvable in time mO(ℓ2), where ℓ := max{|Fi| | i ∈ [k]}
and m = max{mi | i ∈ [k]}.

StarHomRec
Input: (F1, m1), . . . , (Fk, mk), where F1, . . . , Fk are stars and m1, . . . , mk ∈ N (in

unary encoding)
Question: Is there a graph G such that hom(Fi, G) = mi for all i ∈ [k]?

To prove Theorem 3, we observe that the homomorphism counts hom(S, G) from stars
S into a graph G only depend on the degree sequence of G. Based on this observation, we
devise a dynamic-programming algorithm that computes a feasible degree sequence and then
reconstructs a graph from this degree sequence using a known algorithm due to Havel [19]
and Hakimi [17].

Noting that the homomorphism counts from all stars of order at most ℓ determine the
subgraph counts for all stars of order at most ℓ (see [9, 25]), as a corollary, we obtain the
corresponding result for subgraph counts. In fact, it will be easier to prove the version for
subgraph counts first and then derive the result for homomorphism counts.

▶ Corollary 4. The following problem is solvable in time mO(ℓ2), where ℓ := maxi∈[k] |Fi|
and m = maxi∈[k] mi.

StarSubRec
Input: (F1, m1), . . . , (Fk, mk), where F1, . . . , Fk are stars and m1, . . . , mk ∈ N (in

unary encoding)
Question: Is there a graph G that has mi subgraphs isomorphic to Fi, for every

i ∈ [k]?

We note that for both Theorem 3 and Corollary 4, we can not only solve the decision
problem, but actually construct a graph satisfying the constraints if there exists one.

Related Work
Homomorphisms and also homomorphism counts play an important role in many areas
of mathematics and computer science and have also been studied in complexity theory.
Leading to this paper is the recent work on homomorphism indistinguishability already
discussed at the beginning of the introduction. Let us also mention work on the complexity
of homomorphism reconstruction, from which we borrow some ideas [3, 6, 33].

The question of whether we can reconstruct a structure from substructures or substructure
counts has a long tradition. Famously, the Ulam-Kelly Reconstruction Conjecture says that
a graph of order n is uniquely determined by the multiset of its subgraphs of order n − 1
[22, 37] (also see [2, 30]). While the reconstruction conjecture is not algorithmic, there has
been some work on the complexity of reconstructing graphs from small patterns [23].

Closely related to homomorphism reconstruction is the question of whether a graph can
realise certain homomorphism densities, which is studied in extremal graph theory (e.g. [32]).
An interesting undecidability result for reconstruction from homomorphism densities has
been proved in [18].

STACS 2026



45:4 The Complexity of Homomorphism Reconstruction Revisited

In database theory, homomorphisms have played an important role since Chandra and
Merlin’s [7] characterisation of the containment problem for conjunctive queries in terms of
homomorphisms. In a similar way, homomorphism counts are related to the containment
problem for conjunctive queries under bag semantics [8]. Indeed, this problem is equivalent
to the problem of deciding if, for two relational structures A, B, there is a structure X such
that hom(A, X) > hom(B, X). It is a long-standing open problem whether this is decidable
(see [24, 28, 29] for partial results).

Organisation of the Paper

We prove Theorem 1 in Section 3, Theorem 2 in Section 4, and Theorem 3 in Section 5. Due
to space limitations, many details will be deferred to the full version of the paper.

2 Preliminaries

We write N = {0, 1, 2, . . . } for the set of natural numbers, and we let [k, ℓ] := {k, . . . , ℓ} ⊆ N
and [k] := [1, k]. A ≤p B denotes that a decision problem A is polynomial-time many-one
reducible to the decision problem B. We denote the vertex set of a graph or directed acyclic
graph (dag) G by V (G) and the edge set by E(G). For ease of notation, we denote an edge by
uv or vu. A homomorphism from a graph F to a graph G is a mapping h : V (F )→ V (G) such
that h(uv) ∈ E(G) for every uv ∈ E(F ). A (C-vertex-)coloured graph is a triple G = (V, E, c)
where (V, E) is a graph, the underlying graph, and c : V (G)→ C a function assigning a colour
from a set C to every vertex of G. For C ∈ C, we let CG := c−1(C) be the colour class of C in
G. An (L-)labelled graph is defined analogously with a function ℓ : L → V (G) assigning a
vertex of G to every label from a set of labels L instead. Homomorphisms between coloured
graphs and between labelled graphs are then defined as homomorphisms of the underlying
graphs that respect colours and labels, respectively.

A graph G′ is a subgraph of a graph G, written G′ ⊆ G, if V (G′) ⊆ V (G) and E(G′) ⊆
E(G). The subgraph induced by a set U ⊆ V (G), written G[U ], is the subgraph of G with
vertices U and edges E(G) ∩ U2. We write hom(F, G) for the number of homomorphisms
from F to G and sub(F, G) for the number of subgraphs G′ ⊆ G such that G′ ∼= F . This
notation generalises to coloured and labelled graphs in the straightforward way. For a
vertex v in an undirected graph G, we let N(v) := {w ∈ V (G) | vw ∈ E(G)} be the
neighbourhood of v, and we let deg(v) := |N(v)| be the degree of v. For a vertex v in a
dag G, we let N+(v) := {w ∈ V (G) | vw ∈ E(G)} be the out-neighbourhood of v and
N−(v) := {w ∈ V (G) | wv ∈ E(G)} the in-neighbourhood of v; we let deg+(v) := |N+(v)| be
the out-degree and deg−(v) := |N−(v)| the in-degree. We call nodes of in-degree 0 sources
and nodes of out-degree 0 sinks.

The degree sequence of a graph is the sequence of its vertex degrees, ordered decreasingly.
A sequence d⃗ = (d1, . . . , dn) of nonnegative integers I graphic if there is a graph G with
degree sequence d⃗. For example, the sequence (3, 3, 2, 2, 0) is graphic and the sequence (3, 3, 1)
is not. Note that if there is a graph G with degree sequence (d1, . . . , dn) then |V (G)| = n

and |E(G)| = 1
2

∑n
i=1 di.

A boolean circuit C is a dag where nodes are coloured with {In,∨,∧,¬}. Nodes coloured
∨ or ∧ have in-degree 2, the ¬ nodes in-degree 1, and we call them gates. In nodes x1, . . . , xn

are sources that we call inputs, and sinks y1, . . . , ym outputs. A circuit C computes a function
C : {0, 1}n → {0, 1}m. The size of C, denoted by |C|, is the number of nodes in it.
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3 NEXP-Completeness of Binary Homomorphism Reconstruction

In this section we prove Theorem 1. Whenever we use coloured graphs, denoted F or G, we
will not explicitly state their colouring function c : V (F )→ C. The set of colours C contains
symbols such as P, α, or ⊥, and abbreviations that begin with a capital letter such as Ci or
Bi, whenever we need to parametrise colour classes with an index i.

Recall that the constraints of a HomRec instance are pairs (F, n) where F is a graph
and n a nonnegative integer in binary representation. We denote the concatenation of lists
of constraints as union, and we make no distinction between individual constraints and lists
of length one. Note that the order in which the constraints appear in a HomRec-instance
does not matter.

The missing proofs of Claim 7, Claim 10, and Claim 13 can be found in the full version.

3.1 Transforming Boolean Circuits into Homomorphism Constraints
As a warm-up result for proving that HomRec is NEXP-complete, we will show that
ColHomRec, where the constraint graphs Fi (and the target graph G) may be coloured
graphs, is NP-hard. While this is known [4], our new proof provides us with a good opportunity
to introduce the main technique of Section 3.2 – representing boolean circuits in the graph
we are aiming to reconstruct.

CircuitSat
Input: Circuit C : {0, 1}n → {0, 1} where n ∈ N.
Question: Is there an input x ∈ {0, 1}n such that C(x) = 1?

The coloured graph G = (V (G), E(G), c : V (G)→ C) we will reconstruct, if an input x

with C(x) = 1 exists, should contain an explicit representation of the computation of C on x.
Gates will correspond to nodes, truth values will be represented as unique vertices of colours
⊥ and ⊤, and edges from nodes encode a truth value depending on whether they connect
them with ⊥ or ⊤.

▶ Theorem 5. CircuitSat ≤p ColHomRec.

The n : m constraint. In the construction of homomorphism constraints for representing
the evaluation of boolean circuits, we will make use of constraints that enforce regularity
between certain colour classes. By calculating appropriate multiplicities of their occurrences,
we can let homomorphism counts from stars – rather, sums of powers of degrees – do the
rest. For any two colours A, B ∈ C and positive integers n, m ∈ N, we define the following list
of constraints:

F≡(A, B, n, m) :=
(
( A, n), (A B, nm), ( B A B , nm2)

)
.

▶ Lemma 6. Any graph G that satisfies F≡(A, B, n, m) contains a colour class AG of size n.
Each vertex coloured A has exactly m neighbours coloured B.

Proof. Let G be some graph satisfying the constraints. Then its colour class AG has
size

∣∣AG
∣∣ = n. Denote degB(v) :=

∣∣N(v) ∩ BG
∣∣. Observe that for the number of homo-

morphisms to G holds hom(A B, G) =
∑

v∈AG degB(v) = nm. Furthermore, we have

hom( B A B , G) =
∑

v∈AG degB(v)2 = nm2. By applying Cauchy–Schwarz it follows:

nm2 =
∑

v∈AG

degB(v)2 ≥ 1
n

( ∑
v∈AG

degB(v)
)2

= 1
n

(nm)2 = nm2.

STACS 2026



45:6 The Complexity of Homomorphism Reconstruction Revisited

Equality in the Cauchy–Schwarz inequality holds if and only if for v ∈ AG all degB(v) are
equal, therefore every vertex of colour A has exactly m neighbours in B. ◀

In order to create graphs that mirror the combinatorial structure of boolean circuits,
we have to come up with a technique to represent different types of gates and logical truth
values. We can greatly simplify this problem by imposing an order on the nodes in V (C)
and colouring them individually. This way, we can introduce homomorphism constraints
that ensure that, in all occurrences of a reconstructed copy of the circuit C, locally the
computation at each gate is correct. Truth values are represented as nodes being adjacent to
either one of two vertices in the value gadget. For this gadget, which is unique and globally
controls the evaluation at each gate, we reserve the colours {α,⊥,⊤}.

Let the value gadget Gα be the coloured graph ⊥ α α ⊤ , and let

Fα :=
(
( α, 2), ( ⊥, 1), ( ⊤, 1), ( ⊥ α α ⊤ , 1), (α ⊥, 1), (α ⊤, 1)

)
.

Furthermore, for every colour A, let

FJ·K(A, n) := F≡(A, α, n, 1).

If G satisfies the constraints Fα ∪ FJ·K(A, k) for some k ∈ N and A ∈ C, we can define the
value function JvKA : AG → {0, 1} by letting JvKA = 1, if v is adjacent to the α vertex next
to ⊤, and JvKA = 0, otherwise. We will simply write JvK, if G is clear from context and the
colour of v irrelevant.

Proof of Theorem 5. Let C = (V (C), E(C), InC ,∨C ,∧C ,¬C) be a circuit with n input
gates v1, . . . , vn and 1 output gate o.
The Graph GC(x). For input x ∈ {0, 1}n, we define an undirected coloured graph GC(x) as
follows: We start with a value gadget. Then for every vertex v ∈ V (C), we introduce a vertex
with colour Cv. Depending on the value of v in C(x), the vertex v of GC(x) is connected to
the α-vertex next to ⊥ if the value is 0 or to the α-vertex next to ⊤ if the value is 1.
The Homomorphism Constraints. For gate v ∈ ∨C we write v = ∨(u, w), if v has incoming
edges uv, wv ∈ E(C). Similarly, we write v = ∧(u, w) if v ∈ ∧C , or ¬(w) if v ∈ ¬C , for the
other two types of gates. We define the constraints FC(v) as follows:

FC(v) :=



(
( ⊥ α α ⊤

Cu Cw Cv

, 0), ( ⊥ α α ⊤

Cu Cw Cv

, 0), ( ⊥ α α ⊤

Cu Cw Cv

, 0), ( ⊥ α α ⊤

Cu Cw Cv

, 0)
)
, v = ∧(u, w),

(
( ⊥ α α ⊤

Cu Cw Cv

, 0), ( ⊥ α α ⊤

Cu Cw Cv

, 0), ( ⊥ α α ⊤

Cu Cw Cv

, 0), ( ⊥ α α ⊤

Cu Cw Cv

, 0)
)
, v = ∨(u, w),

(
( ⊥ α α ⊤

Cw Cv

, 0), ( ⊥ α α ⊤

Cw Cv

, 0)
)
, v = ¬(w).

We construct the following list of constraints F such that ∃x ∈ {0, 1}n : C(x) = 1⇔ F ∈
HomRec:

F := Fα ∪
(
( Co α ⊤ , 1)

)
∪

⋃
v∈V (C)

FJ·K(Cv, 1) ∪
⋃

v∈V (C)\InC

FC(v).

If some x ∈ {0, 1}n with C(x) = 1 exists, we observe that GC(x) as defined before satisfies
all constraints in F .
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▷ Claim 7. If there is a graph G satisfying all constraints in F , there exists an x ∈ {0, 1}n

such that C(x) = 1. Furthermore, F can be computed in polynomial time.

This completes the proof of Theorem 5. ◀

3.2 NEXP-Completeness of Coloured Homomorphism Reconstruction

NP-complete problems with exponentially succinct representations are often complete for
nondeterministic exponential time NEXP [31]. The notion of succinct input representations
was first investigated by Galperin and Wigderson in [13]. For example, a graph can be
succinctly encoded by a boolean circuit as follows. We denote the binary encoding of a
nonnegative integer i ∈ N by i.

▶ Definition 8 ([13]). Let G be a graph with m ≤ 2n vertices v0, . . . , vm−1. A succinct
representation (SCR) of a graph G is a boolean circuit CG with 2n inputs and 1 output such
that CG(i, j) = 1 if i, j < m and (vi, vj) ∈ E(G) and CG(i, j) = 0 otherwise.

We reduce from the following SuccinctClique-problem, which is NEXP-complete [13].

SuccinctClique
Input: SCR CG, positive integer k ∈ N (in binary).
Question: Does G contain a k-clique?

As the first and most difficult step in the proof of Theorem 1, the following lemma shows
that ColHomRec is NEXP-hard.

▶ Lemma 9. SuccinctClique ≤p ColHomRec.

A Technical Change to the Encoding of Boolean Circuits from Section 3.1. We consider
an instance (CG, k) of SuccinctClique, where CG is the SCR of a graph G. We let o be
the output of CG. Note that the circuit CG has 2n inputs v0, . . . , v2n−1 (rather than n as
the circuits we considered before); we have to adapt our construction accordingly. Moreover,
we will be creating N := k(k − 1)/2 copies of the representation of the circuit CG. For
consistency, we keep only one value gadget. This means that our constraints need to change
slightly.

We add constraints FP that will produce N vertices coloured P, one for each copy, which
are connected to every vertex in their respective copies. The idea is that the P nodes together
with their representation of CG will form disjoint stars that can be evaluated independently
from each other. We would prefer to individualize each CG with its completely own set of
colours C(1)

v , . . . , C(k)
v instead, but have to avoid introducing Ω(k) constraints. Let

FP :=
⋃

v∈V (CG)

F≡(P, Cv, N, 1) ∪
⋃

v∈V (CG)

F≡(Cv, P, N, 1).

FP forces the colour classes P and Cv to have N vertices. Moreover, it forces each vertex in
P to have 1 neighbour in Cv and each vertex in Cv to have 1 neighbour in P. The constraints
FCG

(v) enforcing correct behaviour of Boolean connectives are made less restrictive, by
limiting them to Cu, Cw, and Cv nodes adjacent to the same P vertex:

STACS 2026
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FCG
(v) :=



(
( ⊥ α α ⊤

Cu Cw Cv

P

, 0), ( ⊥ α α ⊤

Cu Cw Cv

P

, 0), ( ⊥ α α ⊤

Cu Cw Cv

P

, 0), ( ⊥ α α ⊤

Cu Cw Cv

P

, 0)
)
, v = ∧(u, w),

(
( ⊥ α α ⊤

Cu Cw Cv

P

, 0), ( ⊥ α α ⊤

Cu Cw Cv

P

, 0), ( ⊥ α α ⊤

Cu Cw Cv

P

, 0), ( ⊥ α α ⊤

Cu Cw Cv

P

, 0)
)
, v = ∨(u, w),

(
( ⊥ α α ⊤

Cw Cv

P

, 0), ( ⊥ α α ⊤

Cw Cv

P

, 0)
)
, v = ¬(w).

So far, we only guarantee the existence of
(

k
2
)

copies of the SCR CG in the graph we
are trying to reconstruct. We need additional constraints FQ,Fin, and Fstr to ensure that
not only are there

(
k
2
)

edges in G, but that k mutually adjacent vertices S ⊆ V (G) forming
a k-clique exist. The vertices in S will be represented as k node gadgets encoding their
respective indices in G. The index of each node gadget (in binary representation) is fed into
k − 1 copies of CG, which will have to be correctly evaluated by any graph satisfying our
list of constraints. For node gadgets, we introduce the colours Bi, for i ∈ [0, n− 1], and Q.
We denote the first and second set of n inputs to CG as In1 := {v0, . . . , vn−1} ⊆ V (CG) and
In2 := {vn, . . . , v2n−1} ⊆ V (CG), respectively, and as index idx(vi) := i. Let

FQ :=
⋃

i∈[0,n−1]

FJ·K(Bi, k) ∪
⋃

i∈[0,n−1]

F≡(Q, Bi, k, 1) ∪
⋃

i∈[0,n−1]

F≡(Bi, Q, k, 1),

Fin :=
⋃

v∈In1

F≡(Cv, Bidx(v), N, 1) ∪
⋃

v∈In2

F≡(Cv, Bidx(v)−n, N, 1)

∪
⋃

v∈In1

( Cv Bidx(v)

αα
, 0) ∪

⋃
v∈In2

( Cv Bidx(v)−n

αα
, 0).

Combining n : m Constraints Guarantees Consistent Circuit Inputs. The constraints in
FQ enforce colours classes Q and Bi of size k. Again, vertices coloured Q are required to have
1 neighbour coloured Bi, and vice versa. Furthermore, Bi has to define the value function J·K.

For inputs v ∈ InCG , Fin enforces that each vertex coloured Cv has exactly one neighbour
coloured Bidx(v) or Bidx(v)−n, depending on whether v ∈ In1 or v ∈ In2 holds. Here, we do not
require the converse, since we would like every vertex coloured Bi to have k − 1 neighbours
total in Cvi

and Cvi+n
. The third row of constraints enforces the values J·K of vertices in Cv

and their neighbours in Bidx(v) or Bidx(v)−n to be equal.
To make the indices of node gadgets behave as input strings of length n, we introduce

the two constraints shown in Figure 1, and let

Fstr :=
(
(FIn1 , N), (FIn2 , N)

)
.

Proof of Lemma 9. We combine the previous constraints into F+ := FP ∪ FQ ∪ Fin ∪ Fstr.

We will show that for any SCR CG and k ∈ N holds that G contains mutually adjacent
S = {s1, . . . , sk} ⇔ F ∈ HomRec, for the following list of constraints where N := k(k−1)/2:

F := Fα ∪
(
( Co α ⊤ , N)

)
∪

⋃
v∈V (CG)

FJ·K(Cv, N) ∪
⋃

v∈V (CG)\In

FCG
(v) ∪ F+.
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Q

P

B0

Cv0

B1

Cv1

. . .

. . .

Bn−1

Cvn−1

(a) The graph FIn1 .

Q

P

B0

Cvn

B1

Cvn+1

. . .

. . .

Bn−1

Cv2n−1

(b) The graph FIn2 .

Figure 1 These constraint graphs are the only configurations between inputs and vertices encoding
indices we want to allow. Recall that the set of 2n inputs to CG is v0, . . . , vn−1, vn, . . . , v2n−1.

The Graph GS. How does a graph satisfying the constraints F look like? We have a good
idea about the first part; it needs to contain k(k − 1)/2 copies of the SCR CG, which all
evaluate to 1. But the second half of our constraints, F+, interacts with the inputs to our
circuits CG.

For input SCR CG, we define an undirected coloured graph GS for any size k subset of
vertices S ⊆ V (G) as follows:

Let S = {s1, . . . , sk}, and denote their binary encodings with si ∈ {0, 1}n.

Recall that Gα denotes the value gadget ⊥ α α ⊤ . Denote its vertices, left to right, as
{v⊥, vα⊥, vα⊤, v⊤}.
Let Vbit := {b0, . . . , bn−1}.
We will be using

(
S
2
)

= {s1s2, . . . , sk−1sk} to index the set [1, N ] = [1, k(k − 1)/2].
The colours of GS are C := {α,⊤,⊥, P, Q} ∪ {Cv | v ∈ V (CG)} ∪ {Bi | i ∈ [0, n− 1]}.
Let V (GS) := V (Gα) ∪

(
{vP} ×

(
S
2
))
∪

(
V (CG)×

(
S
2
))
∪

(
{vQ} × S

)
∪

(
Vbit × S

)
.

We let its colour classes (omitting GS) α := {vα⊥, vα⊤}, ⊥ := {v⊥}, and ⊤ := {v⊤};
P := {vP} ×

(
S
2
)
, Q := {vQ} × S;

for v ∈ V (CG), Cv := {v} ×
(

S
2
)
; and, for i ∈ [0, n− 1], Bi := {vi} × S.

We define its edges E(GS) as follows: any edges from E(Gα).
For each sisj ∈

(
S
2
)
, the vertex (vP, sisj) coloured P has one neighbour (v, sisj) with

colour Cv for each v ∈ V (CG).
For each s ∈ S, the vertex (vQ, s) coloured Q has one neighbour (bi, s) with colour Bi for
each i ∈ [0, n− 1].
For each i ∈ [0, n− 1] and s ∈ S, the vertex (bi, s) is adjacent to (v, sisj) if v is the i-th
input of CG and s = si OR if v is the n + i-th input of CG and s = sj , and
the vertex (bi, s) is adjacent to vα⊥, if si = 0, and adjacent to vα⊤, if si = 1.
Observing that this defines J·K on the inputs of all copies of CG, we can define the
remaining values of CG copies inductively, by adding edges from gates to either vα⊥ or
vα⊤, as in the proof of Theorem 5.

If the graph G represented by SCR CG contains some k-clique S = {s1, . . . , sk}, then we
argue that the graph GS satisfies our constraints.

▷ Claim 10. If there is a graph G satisfying all constraints in F , there exist k strings
i1, . . . , ik ∈ {0, 1}n such that pairwise CG(i, j) = 1, and thus, there are k mutually adjacent
vertices in the graph encoded by SCR CG. Furthermore, F can be computed in polynomial
time in |CG|.

Claim 10 completes the proof of Lemma 9. ◀
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3.3 Hardness for Uncoloured Graphs
To prove Theorem 1, we will show that for any instance of ColHomRec we can compute an
equivalent instance of HomRec where all constraint graphs are simple uncoloured graphs in
polynomial time.

▶ Lemma 11. There exists a polynomial time reduction from ColHomRec (with an
unbounded number of colour classes) to ColHomRec with at most 4 colour classes.

Let the m-colour gadget Gm be the 3-colour graph S X
· · ·

X Tm
, and let

FX :=
(
( X, m), ( S, 1), ( T, 1), (X S, 1), (X X, 2m−2), (X T, 1), (Gm, 1),

⋃
k<m

(Gk, 0)
)
.

Observe that the m-colour gadget Gm satisfies FX. Any other graph G that satisfies FX
contains a single copy of Gm as subgraph. Furthermore, G cannot contain other vertices
coloured S, T, or X.

Proof of Lemma 11. From an m-colour constraint graph F = (V (F ), E(F ), AF
1 , . . . , AF

m)
we compute a 4-colour graph F ∗ = (V (F ∗), E(F ∗), SF ∗

, TF ∗
, XF ∗

, AF ∗) as follows:
V (F ∗) := V (F ) ∪ {sS , s1, . . . , sm, sT },
E(F ∗) := E(F ) ∪

⋃
i∈[m]{vsi | v ∈ AF

i } ∪ {sisi+1 | i ∈ [m− 1]} ∪ {sSs1, smsT },
SF ∗ := {sS}, TF ∗ := {sT }, XF ∗ := {si | i ∈ [m− 1]}, and AF ∗ := V (F ).

The graph F ∗ is the union of F and Gm, replacing any colour from F with colour A
and an edge to Gm. Observe that the example shown in Figure 2 preserves the number of
homomorphisms for each pair of graphs. In the following proof of Claim 12, we will make
this fact explicit.

A2

A1 A2

A1

(a) F

A2

A1 A2

(b) G

A

A A

A

S X X T

(c) F ∗

A

A A

S X X T

(d) G∗

Figure 2 F is a K4 minus one edge; two vertices share colour A1 so the missing edge is between
them (this enables a homomorphism to G). G is the triangle A1, A2, A2. F ∗ (resp. G∗) augments
the base graph by a 2-colour gadget S−X−X−T and, in correspondence to their previous colour,
connects the base vertices to the gadget.

▷ Claim 12. For all m-colour graphs F, G and n ∈ N holds that G satisfies (F, n) if and
only if G∗ satisfies (F ∗, n).

Proof of Claim 12. In any homomorphism h : F ∗ → G∗, the m-colour gadget of F ∗ has to be
mapped identically to the m-colour gadget of G∗. If F ∗ contains any A-coloured vertices,
because they have exactly one X-neighbour, vsi ∈ E(F ∗) holds if and only if h(v)si ∈ E(G∗)
does. By construction this is equivalent to v ∈ AF

i ⇔ h(v) ∈ AG
i , and thus, it holds that

hom(F, G) = |{h|VF
| h ∈ Hom(F ∗, G∗)}| = hom(F ∗, G∗). ◁
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For all i < j ∈ [m] we define the modified m-colour gadget Cm,i,j := S X
· · ·

X T

A

m
,

where the A vertex is connected with the ith and jth X vertex.
Let F := (Fi, mi)i∈[k], where Fi are coloured with A1, . . . , Am. The reduction produces

the following constraints F∗ with 4 colour classes:

F∗ :=
(
(F ∗

i , mi)i∈[k] ∪ FX ∪ (Cm,i,j , 0)i<j∈[m]
)
.

To show that F ∈ ColHomRec ⇔ F∗ ∈ ColHomRec, first, assume that the m-colour
graph G = (V (G), E(G), AG

1 , . . . , AG
m) satisfies F .

Then G∗ = (V (G∗), E(G∗), SG∗
, TG∗

, XG∗
, AG∗), the graph we obtain from G with the

same construction that produced the list of constraints, satisfies (F ∗
i , mi)i∈[k] because of

Claim 12. Since G∗ contains Gm as subgraph, and all other vertices are coloured A, G∗

satisfies FX. Furthermore, each vertex v ∈ V (G∗) has at most one X-coloured neighbour,
and thus, G∗ satisfies (Cm,i,j , 0) for each i < j ∈ [m].

▷ Claim 13. If a 4-colour graph G satisfies F∗, then there exists an m-colour graph G′ that
satisfies F . Furthermore, F∗ can be computed in polynomial time from F .

Claim 13 completes the proof of Lemma 11. ◀

▶ Lemma 14. There exists a polynomial time reduction from ColHomRec with at most 4
colour classes to HomRec (with uncoloured simple graphs).

This part of the reduction requires a finite number of homomorphically incomparable
graphs, called Kneser graphs, that behave similarly to colours when they are attached to
vertices. We modify the constraints (F, m) by attaching indicator gadgets to all vertices of
F . Because we do not disallow adjacency between vertices of the same colour, we cannot
avoid replacing edges with the bidirectional gadget from [4]. For further details, we refer to
the full version.

4 Σp
2-Completeness of Unary Homomorphism Reconstruction

In contrast to HomRec, the number of homomorphisms in constraints of UnHomRec is
polynomially bound by the input size. As we will see, UnHomRec is contained in the second
level of the polynomial hierarchy. In this section we will be talking about labelled graphs
F or G, with a set of labels L := {ℓ1, . . . , ℓm} for some m ∈ N, and some labelling function
ℓ : L → V (F ) that we do not explicitly refer to.

▶ Lemma 15. UnHomRec ∈ Σp
2.

Proof. We can assume that the graph G has at most
∑m

i=1 hi |V (Fi)| vertices by the ob-
servation from [4]. An NPNP machine first non-deterministically guesses G and hi different
homomorphisms h : Fi → G. We verify that there are no other homomorphisms by calling
the NP oracle. ◀

▶ Remark 16. We remark that for constraint graphs from a class of bounded treewidth, the
problem UnHomRec is in NP since counting homomorphisms is in polynomial time. It
remains open, whether there are classes for which this problem is NP-complete.

The 2-Round-3-Colouring problem is complete for Σp
2 (see Thm. 11.4 in [1]). Its

containment in Σp
2 is obvious, since it is of the form “x ∈ L if and only if y exists such that

f(x, y) ∈ Non-3-Colouring” and we recall that Non-3-Colouring ∈ coNP.
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2-Round-3-Colouring
Input: Graph F .
Question: Is there a 3-colouring of the degree 1 vertices of F that cannot be extended

to a 3-colouring of F?

▶ Lemma 17. 2-Round-3-Colouring ≤p UnHomRec.

Proof. We will use labelled graphs as constraints. Encoding the labels as Kneser graph
gadgets (see uncoloured hardness for NP#P in [5], Appendix C), this reduction can be adapted
to produce unlabelled graphs instead.

Let F be an instance of 2-Round-3-Colouring, and fix an order {v1, . . . , vm} on all
degree 1 vertices of F . We define the labelled graph F ′ by labelling each vi by a distinct
label ℓi. The following constraints are created by the reduction:
1. hom(F ′) = 0,
2. hom( ) = 3,
3. hom( ) = 6, and
4. hom( ℓi) = 1 for every i ∈ [m].

The graph is the unique graph that satisfies hom( ) = 3 and hom( ) = 6, and each
label from {ℓ1, . . . , ℓm} has to appear exactly once in any graph G satisfying the constraints.
If G satisfies hom(F ′) = 0, then matching the position of labels in to colours of labelled
vertices in F ′ yields a 3-colouring of the degree 1 vertices of F that cannot be extended.

Conversely, assume that hom(F ′) > 0 for all graphs G satisfying these constraints. Then
each homomorphism from F ′ to G can be translated into a 3-colouring of F extending a 3-
colouring of its degree 1 vertices, and since each 3-colouring of degree 1 vertices is represented
by some position of labels in , it follows that F ̸∈ 2-Round-3-Colouring. ◀

5 Tractability of Homomorphism Reconstruction for Star Counts

In this section we will derive an algorithm for StarHomRec to prove Theorem 3 and thereby
answer an open question from [4].

We will observe that the homomorphism counts hom(S, G) from stars S into a graph G

only depend on the degree sequence of G. Exploiting this, our algorithm first reconstructs
a degree sequence consistent with the counts, if it exists. Then it uses the Havel-Hakimi
algorithm [17, 19] to construct a graph G with this degree sequence.

We use dynamic programming to reconstruct the degree sequence. For that we will derive
a recursion of the following form: Given an instance (F1, m1), . . . , (Fk, mk) of StarHomRec,
there exists a graph G with degree sequence (d1, . . . , dn) and hom(Fi, G) = mi for i ∈ [k] if
and only if there exists a graph G′ with degree sequence (d′

1, . . . , d′
n′) and hom(Fi, G) = m′

i

for i ∈ [k], where
the counts m′

1, . . . , m′
k only depend on m1, . . . , mk and d1,

the counts get smaller in each recursion step (m′
i ≤ mi for i ∈ [k]),

the graph gets smaller in each recursion step (n < n′),
(d2, . . . , dn) can be computed from (d′

1, . . . , d′
n′) and d1 in polynomial time.

This allows us to recursively guess d1 and compute the counts m′
1, . . . , m′

k from m1, . . . , mk

and d1. Then we get up to d1 different but smaller instances of StarHomRec that we have
to compute. Since we store all computed results for StarHomRec in a table, the number of
recursive calls is still polynomial.
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The exact recursion of our algorithm is slightly different (see Algorithm 1). This is, for
example, because we must only consider graphic degree sequences. We address this challenge
in Section 5.2, after showing a recursive formulation of hom(S, G) for stars S in Section 5.1.
In Section 5.3 we present the final algorithm and prove Theorem 3.

5.1 Recursive Formulation of Star Counts

By Sj , we denote the star with j leaves. For any star Sj , graph G, and v ∈ G we write
hom(Sj , v) for the number of homomorphisms from Sj into G for which the star center node
is mapped to v. We use sub(Sj , v) analogously for subgraphs.

▶ Observation 18. For any graph G it holds that

hom(Sj , G) =
∑
v∈G

hom(Sj , v) for j ∈ N,

sub(Sj , G) =
∑
v∈G

sub(Sj , v) for j ∈ N \ {1},

2 · sub(S1, G) =
∑
v∈G

sub(S1, v).

Note that sub(S0, G) = hom(S0, G) = |V (G)| and 2 · sub(S1, G) = hom(S1, G) = 2|E(G)|.
The star counts for one vertex only depend on the vertex’ degree.

▶ Observation 19. For any graph G and vertex v ∈ G with degree d it holds that

hom(Sj , v) = dj , sub(Sj , v) =
(

d

j

)
.

Overall, a graph’s structure beyond its degree sequence is irrelevant for its star counts. To
find the recursion for our algorithm we start with recursive formulations for the vertex based
counts. For subgraphs we use

sj(d) :=


1 if j = 0,

0 if d = 0, j > 0,

sj(d− 1) + sj−1(d− 1) otherwise.

And for homomorphisms we use

hj(d) :=


1 if j = 0,

0 if d = 0, j > 0,
j∑

i=0

(
j

i

)
hi(d− 1) otherwise.

▶ Lemma 20. For any j ∈ N, graph G, and vertex v ∈ G with degree d it holds that

hom(Sj , v) = hj(d), sub(Sj , v) = sj(d).

The proof of Lemma 20 can be found in the full version. In the next section, we will develop
a recursion on graphic degree sequences for which we use above recursive formulation.
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5.2 Recursion on Graphic Degree Sequences
Our reconstruction algorithm has to consider exactly all graphic degree sequences. In this
section we explore a way to recursively shrink graphic degree sequences and recompute the
subgraph counts for the shrunken sequence. The following theorem gives a criterion for a
sequence of integers being graphic.

▶ Theorem 21 (Erdős-Gallai [12]). A non-increasing sequence (d1, . . . , dn) of non-negative
integers is graphic if and only if

∑n
i=1 di is even and for every k:

k∑
i=1

di ≤ k(k − 1) +
n∑

i=k+1
min(di, k). (1)

Intuitively, for every selection of the k highest degree vertices, we need enough vertices
to connect them to. To achieve this, the Havel-Hakimi algorithm [17, 19] (also see [35])
recursively sorts the sequence non-increasingly and then removes the first degree (d1) while
decrementing the next d1 degrees. We use a similar (but slightly different) recursive operation.

▶ Lemma 22. A non-increasing sequence (d1, . . . , dn) of positive integers with n ≥ 2 and
d1 ≤ n − 1 is graphic if and only if the sequence (d2 − 1, . . . , dn − 1, 1, . . . , 1︸ ︷︷ ︸

n−1−d1 times

), ordered

decreasingly, is graphic.

The proof of Lemma 22 can be found in the full version. We can relate the star counts of
both sequences (before and after our operation) in Lemma 23 without knowing anything
about the sequences besides d1.

▶ Lemma 23. Let (d1, . . . , dn) be a non-increasing sequence of positive integers with n ≥ 2.
Furthermore, let G be a graph with the degree sequence (d1, . . . , dn), and let G′ be a graph
with the degree sequence (d2 − 1, . . . , dn − 1, 1, . . . , 1︸ ︷︷ ︸

x

) (ordered decreasingly) for any x ∈ N.

Then

sub(S0, G) = s0(d1) + sub (S0, G′)− x,

2 · sub(S1, G) = s1(d1) + 2 · sub (S1, G′) + sub (S0, G′)− 2x,

sub(S2, G) = s2(d1) + sub (S2, G′) + 2 · sub (S1, G′)− x,

sub(Sj , G) = sj(d1) + sub (Sj , G′) + sub (Sj−1, G′) for j ≥ 3.

The proof of Lemma 23 can be found in the full version. It is based on the recursion from
Section 5.1 and the factor 2 for sub(S1, G) comes from Observation 18. An analogous version
of Lemma 23 for homomorphisms could be made using the recursion for homomorphisms
from Section 5.1 and leaving out the factor 2. However, for simplicity, we only consider
subgraph counts in the remainder of Section 5. As observed in the introduction, for stars,
subgraph counts determine homomorphism counts and vice versa, so this is sufficient.

It seems like this operation does not help us for our algorithm because the sequence gets
longer. However, since the last x entries of the sequence all have value 1, we can separate this
part from the (still unknown) degree sequence and carry the number x from one recursion
step to another, updating it each step.

Intuitively, if we decrement more degrees than necessary to ensure that the degree d1 can
be realized, then, when another degree would not be realisable using only the rest of the
degree sequence, we can use up x.
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5.3 The Reconstruction Algorithm Using Dynamic Programming
In this section we first lift our recursion on graphic degree sequences to a recursion on the
reconstruction problem. Then we present the reconstruction algorithm which is based on
this recursion and discuss its runtime to finally prove Theorem 3.

▶ Definition 24. We define the function DP : Nℓ+3 → {0, 1} with DP(s0, . . . , sℓ, m, x) = 1
if there exist integers d1 ≥ · · · ≥ ds0 and a graph G with degree sequence

(d1, . . . , ds0 , 1, . . . , 1︸ ︷︷ ︸
x times

),

which fulfils

sub(S0, G) = s0 +x,

2· sub(S1, G) = s1 +2x,

sub(S2, G) = s2 +x,

sub(Sj , G) = sj for j ∈ [3, ℓ],
di ≤ m for i ∈ [1, s0],

and DP(s0, . . . , sℓ, m, x) = 0 otherwise.

Note that DP(s0, s1/2, s3, . . . , sℓ, s0 − 1, 0) = 1 if and only if there exists a graph G with
sub(Sj , G) = sj for all j ∈ [0, ℓ]. Intuitively, the parameter x corresponds to the x that we
discussed in Section 5.2 and m acts as a maximum allowed degree, ensuring the (degree)
sequence to be non-increasing which is a requirement for Lemma 22 and Lemma 23.

Using this definition we can solve the problem recursively up to the “base cases” with
s0 < 2 or s1 = 0.

▶ Lemma 25. For ℓ ≥ 1 and all non-negative integers s0, . . . , sℓ, m, x with s0 ≥ 2 and s1 ≥ 1
it holds that DP(s0, . . . , sℓ, m, x) is equal to

max({DP(s′
0, . . . , s′

ℓ, m′, x′) | ∃d ∈ [1, m], ∃n1 ∈ [1, s0] :
d ≤ n1 − 1 + x,

s′
0 = n1 − 1,

s′
j = sj − sj(d)− s′

j−1 for j ∈ [1, ℓ],
m′ = d− 1,

x′ = x + n1 − 1− d}).

In the proof of Lemma 25, which can be found in the full version, we first prune entries of
the degree sequence with value 0 and then apply Lemma 22 together with Lemma 23. This
pruning step is implemented implicitly by guessing the number n1 ∈ [1, s0] of vertices with
degree at least 1.

We now combine Lemma 25 and the Havel-Hakimi algorithm [17, 19] into a reconstruction
algorithm for StarSubRec where we assume the constraint graphs F1, . . . , Fk to be exactly
all stars of size up to k.

▶ Theorem 26. The problem StarSubRec can be solved in time nO(k2) if Fi = Si−1 for
all i ∈ [1, k] where n is the count from the constraint (S0, n).
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Algorithm 1 DP(s0, . . . , sℓ, m, x).

if s1 = 0 then // Base cases (part 1)
return (s2 = 0 ∧ · · · ∧ sℓ = 0) // Empty graph or isolated nodes

end
if s0 = 1 then // Base cases (part 2)

return (s1 = 0 ∧ · · · ∧ sℓ = 0) ∨ (s1 = 1 ∧ s2 = 0 ∧ · · · ∧ sℓ = 0 ∧m ≥ 1 ∧ x ≥ 1)
end
for d← 1 to m do // Guess highest degree

for n1 ← 1 to s0 do // Guess number of vertices with non-zero degree
if d ≤ (n1 − 1) + x then // Check realizability of highest degree

s′
0 ← n1 − 1

s′
1 ← s1 −

(
d
1
)
− s′

0
. . .

s′
ℓ ← sℓ −

(
d
ℓ

)
− s′

ℓ−1
m′ ← d− 1
x′ ← x + n1 − 1− d

if DP(s′
0, . . . , s′

ℓ, m′, x′) then // Recursion
return True

end
end

end
end
return False

Proof. We give an algorithm A for StarSubRec. Let (F1, m1), . . . , (Fk, mk) be the input
of StarSubRec. We denote this input as (S0, s0), . . . , (Sℓ, sℓ). Let n := s0. First, A
computes DP(s0, s1/2, s2, . . . , sℓ, n− 1, 0) using dynamic programming with the recursion
from Lemma 25 and ℓ + 3 table dimensions s0, . . . , sℓ, m, x. The dynamic program always
runs into a base case (s0 < 2 or s1 < 1) which is trivial to solve (see Algorithm 1) and
therefore terminates because the parameters s0, . . . , sℓ, m all get smaller at least by 1 in each
recursive call. This happens in runtime nO(ℓ2) because all parameters s0, . . . , sℓ, m, x are
bounded by nℓ so there are at most nO(ℓ2) entries in the dynamic programming table that A
might compute and in each recursion step A tries at most n2 combinations of the values d

and n1. Algorithm 1 shows pseudo-code for the computation of DP(s0, . . . , sℓ, m, x).
If DP(s0, . . . , sℓ, n− 1, 0) = 0 then A outputs False. Otherwise A reconstructs the degree

sequence (d1, . . . , dn) from the dynamic programming using backtracking. Specifically, the
parameter d in the first recursive call from Lemma 25 corresponds to d1. Similarly, the
parameter d from the recursive call number i is di. Finally, A runs the Havel-Hakimi algorithm
[17, 19] (also see [35]) to reconstruct a graph G with the degree sequence (d1, . . . , dn) in
O(n2) time and then outputs G. ◀

As already mentioned we get the same result for homomorphisms if we use the recursion
hj(d) from Lemma 20.

To prove Theorem 3 we have to deal with unspecified counts for stars Sj with j < ℓ.
Since they are all bounded by the largest homomorphism count, we can simply guess the
“missing” counts and call A for each guess.
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Proof of Theorem 3. We give an algorithm B for StarHomRec. Let (F1, m1), . . . , (Fk, mk)
be an instance of StarHomRec. Let ℓ := maxi∈[k] |Fi| − 1 and m := {mi | i ∈ [k]}. Each
Fi is a star Sj with j ≤ ℓ but there might be stars Sj with j < ℓ for which there is no count
specified. B guesses all “missing” star counts up to the star Sℓ so that we get constraints
(S0, s0), . . . , (Sℓ, sℓ) where sj = mi for all i ∈ [0, k], j ∈ [0, ℓ] with Sj = Fi . For each guess,
B calls the homomorphism variant of algorithm A from the proof of Theorem 26 with input
(S0, s0), . . . , (Sℓ, sℓ).
B calls A at most mℓ times because it has to guess at most ℓ counts which are all

bounded by s1 ≤ s2 ≤ · · · ≤ sℓ ≤ m and we can also bound s0 ≤ s1 because s0 > s1 would
just correspond to isolated vertices which are trivial to add. Overall, B has a runtime of
mℓmO(k2) = mO(k2). ◀

6 Conclusions

We determine the exact computational complexity of the homomorphism reconstruction
problem both in the case that the constraints are specified in binary and unary: the (binary)
HomRec problem is NEXPTIME-complete, and the (unary) UnHomRec is Σp

2-complete.
Consider the following parameterized version of the unary reconstruction problem. It

was proved in [4] that the binary version of this parameterized problem is hard.

p-UnHomRec
Input: Pairs (F1, m1), . . . , (Fk, mk), where F1, . . . , Fk are graphs and m1, . . . , mℓ ∈ N

(in unary encoding).
Parameter:

∑k
i=1 |Fi|

Question: Is there a graph G such that hom(Fi, G) = mi for every i ∈ [k]?

It is open if this problem is fixed-parameter tractable, or at least the complexity class
XP, that is, solvable in polynomial time for each fixed parameter value. We prove that the
problem is in XP if the Fi are stars.
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