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Abstract
Steiner Tree Packing (STP) is a notoriously hard problem in classical complexity theory, which
is of practical relevance to VLSI circuit design. Previous research has approached this problem by
providing heuristic or approximate algorithms. In this paper, we show the first FPT algorithms for
STP parameterized by structural parameters of the input graph. In particular, we show that STP is
fixed-parameter tractable by the tree-cut width as well as the fracture number of the input graph.

To achieve our results, we generalize techniques from Edge-Disjoint Paths (EDP) to Gener-
alized Steiner Tree Packing (GSTP), which generalizes both STP and EDP. First, we derive the
notion of the augmented graph for GSTP analogous to EDP. We then show that GSTP is FPT by

the tree-cut width of the augmented graph,
the fracture number of the augmented graph,
the slim tree-cut width of the input graph.

The latter two results were previously known for EDP; our results generalize these to GSTP and
improve the running time for the parameter fracture number. On the other hand, it was open
whether EDP is FPT parameterized by the tree-cut width of the augmented graph, despite extensive
research on the structural complexity of the problem. We settle this question affirmatively.
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1 Introduction

In Steiner tree packing (STP), we are given a triple (G, T, d), where G is a graph,
T ⊆ V (G) is the terminal set, and d ∈ N+ is the demand. The goal is to decide whether there
are d edge-disjoint trees F1, F2, . . . , Fd in G which all contain the vertices T . It is easy to see
that the problem is polynomial-time solvable if |T | ≤ 2 or d = 1. However, even for |T | ≥ 3 or
d ≥ 2, STP is already NP-hard [19, 1]. Despite this obstacle, STP – and the related problems
EDP and GSTP, which we introduce shortly – has extensive applications. The problem has
been closely studied in the context of VLSI circuit design [22, 5, 7, 23, 25, 17], designing
computer networks for multicasting [24, 6, 15], and video-conferencing [28].

From a more theoretical perspective, Steiner Tree Packing has seen a long line of
research focusing on the optimal gap between the edge connectivity of the terminal set
and the size of the tree packing. On the one hand, if there are d edge-disjoint subgraphs
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51:2 Structural Parameterization of Steiner Tree Packing

connecting T , T is clearly d-edge-connected. On the other, Kriesell [21] conjectured that
if T is 2d-edge-connected, then G contains d edge-disjoint trees connecting T . While the
conjecture remains open, we know that (5d + 4)–edge-connectivity is sufficient [8]. These
results are constructive, providing algorithms that approximate the size of a maximum
Steiner tree packing within a constant factor in polynomial time. However, even by proving
the original conjecture of Kriesell one could only obtain a 2-approximate algorithm for STP.

The situation with exact polynomial-time algorithms for STP is considerably more
restrictive. As discussed above, in terms of the size |T | of the terminal set and the demand
d, we can only expect polynomial time when both are bounded. In fact, it follows from the
celebrated result of Robertson and Seymour [26], that STP is fixed-parameter tractable by
|T | + d. However, this result is non-constructive and the running time as a function of |T | + d

is enormously fast-growing; in particular, this result has very little practical relevance.
Therefore, it is natural to turn to structural properties of the input graph, in order to

identify cases where the problem can be solved efficiently. Specifically, we are interested in
FPT algorithms for STP under the respective parameter. Prior to this work, no such FPT
algorithms were known. In fact, for treewidth this is highly unlikely. STP has Integer
2-Commodity Flow as a special case [1], and this problem has recently been shown to be
W[1]-hard parameterized by treewidth [2]. Thus, STP is also W[1]-hard parameterized by
treewidth, even on instances where the terminal set T contains just three vertices.

To identify regimes where FPT algorithms for STP are feasible, we first turn our attention
to the closely related Edge-Disjoint Paths (EDP) problem. An EDP instance is a tuple
(G, T ), where G is a graph and T ⊆

(
V (G)

2
)

is a set of terminal pairs in V (G). The task is to
decide whether for each {u, v} ∈ T there is an uv-path Puv in G such that all {Puv}{u,v}∈T
are pairwise edge-disjoint. This problem is FPT when parameterized by |T | [26]. However, it
is notoriously hard with respect to common structural parameters. In fact, EDP is NP-hard
even on complete bipartite graphs where one side contains 3 vertices [10]. These graphs have
a vertex cover of size 3, which rules out FPT algorithms for EDP parameterized by any of
the following classical structural parameters unless P = NP: treewidth, fracture number1,
size of the smallest feedback vertex set, size of the smallest vertex cover.

Still, there are several FPT algorithms known for EDP. They fall in two categories. The
first category are FPT algorithms with respect to structural parameters that are based on
edge-cuts, like slim tree-cut width, rather than vertex-cuts, like treewidth [13, 12, 3, 14].
The second category of FPT algorithms are based on structural parameters, considered not
with respect to the host graph G, but rather to the augmented graph G + T , where an
edge is inserted between every terminal pair [14]. Intuitively, this captures the relations
between the terminal pairs directly in the graph structure. This allows for positive results.
For example, EDP is NP-hard for graphs of fracture number 3, but fixed-parameter tractable
by fracture number of the augmented graph [14]. However, these results for EDP carry little
direct implication for STP, as there is no simple reduction known between instances of one
problem to the other.

In order to provide a unified perspective on both STP and EDP, we consider the following
Generalized Steiner Tree Packing (GSTP) problem, which can be seen as a version of
STP with multiple terminal sets. Formally, in GSTP we are given a triple (G, T , d), where
G is the underlying graph, T ⊆ 2V (G) is the set of terminal sets, and d : T → N+ gives
the demand for each terminal set. Our task is to decide whether there is a set of pairwise
edge-disjoint, connected subgraphs F of G and an assignment function π : F → T such that

1 Fracture number is equivalent to another parameter called vertex integrity.
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Table 1 The parameterized complexity of STP, EDP, and GSTP with respect to structural
parameters of the host graph or the augmented graph. See Section 2 for parameter definitions. The
value D is the sum of demands. New results are highlighted with the symbol ⋆, results where we
improve the running time are highlighted with ⋆⋆ . We abbreviate -hard with -h.

STP EDP GSTP
Host Aug. Host Aug. Host Aug.

tw W[1]-h paraNP-h W[1]-h paraNP-h W[1]-h
[1, 2] [10] [14] [10] [14]

tw +D FPT ⋆ FPT ⋆⋆ FPT ⋆

Thm. 30 Thm. 30 Thm. 30
fn FPT ⋆ paraNP-h FPT ⋆⋆ paraNP-h FPT ⋆

Thm. 13 [10] Thm. 13 [10] Thm. 13
tcw FPT ⋆ W[1]-h FPT ⋆ W[1]-h FPT ⋆

Cor. 31 [13] Cor. 28 [13] Cor. 28
stcw FPT ⋆ FPT FPT ⋆

Cor. 21 [12, 3] Cor. 21

every solution subgraph F ∈ F is assigned to a terminal set π(F ), which is contained in F

(i.e., π(F ) ⊆ V (F )). Additionally, for every terminal set T ∈ T , the assignment function
needs to assign d(T ) many solution subgraphs to T . The GSTP problem is not only a natural
generalization of both STP and EDP, but was also studied directly, e.g., in the area of VLSI
design [17, 22, 7]. Note that in the literature both STP and GSTP are often referred to as
“Steiner tree packing”; throughout this work, we stick to the formal definitions of STP and
GSTP as above, in order to avoid ambiguity.

Our contribution. In this paper, we generalize all known FPT algorithms for EDP para-
meterized by structural parameters to GSTP, which greatly extends the applicability of the
underlying techniques. In particular, this allows us to apply them to STP. Moreover, in doing
so, we discover new FPT algorithms for EDP. We positively settle the open question, whether
EDP is FPT with respect to the tree-cut width of the augmented graph in the affirmative.
Finally, we also improve the running time of several known FPT algorithms for EDP. See an
overview of our results in comparison to previously known results in Table 1.

Overview and structure. This paper is structured as follows. We start in Section 2
by introducing relevant definitions and notation. In Section 3, we extend the notion of
augmentation from EDP to GSTP. To the best of our knowledge, such a generalization
was not studied before. We argue that among two natural approaches, one is strictly more
general, and we settle on it for the remainder of this paper.

Building on this definition, we show in Section 4 that GSTP is FPT parameterized by the
fracture number of the augmented graph. This result directly applies to STP parameterized
by the fracture number of the host graph. This is in stark contrast to the fact, that EDP, and
therefore GSTP, is paraNP-hard parameterized by the fracture number of the host graph [10].
The running time we obtain is doubly exponential in the parameter. This improves upon the
triply exponential running time obtained by Ganian et al. [14] for EDP parameterized by the
fracture number of the augmented graph.

We then focus on results using tree-cut decompositions in Section 5. First, we define
an additional property for tree-cut decompositions, which we call being simple. We use
this property to streamline our algorithms on tree-cut decompositions, which we believe
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51:4 Structural Parameterization of Steiner Tree Packing

might be of independent interest. Then, we show how to decide an instance of GSTP given
a simple tree-cut decomposition. For tree-cut decompositions, we are interested in two
measures of the decomposition, its width and slim width, where the former is bounded by a
function of the latter. We then show how the latter result can be applied to obtain an FPT
algorithm parameterized by the slim tree-cut width of the host graph and the tree-cut width
of the augmented graph. This directly implies that EDP is FPT by the tree-cut width of the
augmented graph, which was not known before.

Augmentation of a single terminal set can increase the tree-cut width arbitrarily. So, the
previous result does not directly translate to an FPT algorithm for STP. In Section 6, we
examine this further. We show that we can avoid this hurdle, and provide an FPT algorithm
for STP parameterized by tree-cut width of the host graph. This result combines most of
the other results obtained in this paper. To achieve this, we use a win-win strategy by the
size of the terminal set. If the size of the terminal set is small, then augmentation does not
increase the tree-cut width much, and we apply the result obtained in Section 5. Otherwise,
we show that we can assume the demand to be small. We then develop an FPT algorithm for
GSTP parameterized by the sum of treewidth and demand. As treewidth dominates tree-cut
width, this FPT algorithm can be used to solve the remaining case. Additionally, this FPT
algorithm directly applies to EDP parameterized by the sum of treewidth and the number of
terminal pairs improving the previously known running time [29].

Omitted proofs. Due to space constraints, proofs are omitted from this extended abstract.
They were provided to the reviewers and can be found in the full version of this paper [18].

2 Preliminaries

We denote the natural numbers by N = {0, 1, 2, . . . } and the positive natural numbers by
N+. Let k ∈ N, let [k] := {1, 2, . . . , k} and [k]0 = {0} ∪ [k]. For any set S, we denote with
2S its power-set. Let G be a graph. Unless explicitly stated otherwise, we only consider
simple graphs. Let S ⊆ V (G), we refer to the edges with exactly one endpoint in S by
δG(S). Let uv ∈ E(G), contracting uv merges u and v into a single vertex, while keeping
vertices adjacent to u or v adjacent to the combined vertex. Similarly, contracting a vertex
set S ⊆ V (G) merges all the vertices in S into a single vertex, while keeping vertices adjacent
to at least one vertex of S adjacent to the new vertex. Let v ∈ V (G), suppressing v is the
operation of inserting edges between all neighbors of v and removing v. The set of maximally
connected subgraphs of G is denoted with comp(G). Let H be a hypergraph. H is minimally
connected if we can remove no hyperedge while preserving connectivity.

Now, we give the definitions of the structural parameters that we consider. For any
parameter that is based on a decomposition, which contains a graph G′ on vertex-sets of G,
we refer to the vertices of G′ as nodes or bags and to its edges by links.

Fracture Number. Let S ⊆ V (G). We call S a fracture modulator if every component in
G − S contains at most |S| vertices. The size of the smallest fracture modulator is called the
fracture number fn(G) of G. Dvorák et al. [9] claim that for any graph H, one can find a
fracture modulator of minimal size in time O((fn(H) + 1)fn(H)|E(H)|). We note that their
proof suffers from a minor inaccuracy, and present a corrected version that runs in time
O((2fn(H) − 1)fn(H)|V (H)|), see Appendix A of the full version for details. Fracture number
is always at most a factor of two away from another parameter called vertex integrity.
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Tree-Cut Width. The parameter tree-cut width was introduced by Wollan [27].

▶ Definition 1. A tree-cut decomposition of a graph G is a tuple D := (T, X ), where T is a
rooted tree and {Xs ⊆ V (G) | s ∈ V (T )} := X a near-partition of V (G).

Here, subsets in a near-partition may be empty, as opposed to a partition. For a node
t ∈ V (T ), let T D

t be the sub-tree rooted at t and we set Y D
t :=

⋃
s∈T D

t
Xs to be the vertices

contained in the bags of T D
t . Let ∂t := G[δ(Y D

t )] be the graph induced by all edges crossing
the link between t and its parent, which we refer to as the boundary at t. The adhesion
adhD(t) of t is defined as |E(∂t)|.

The torso of a tree-cut decomposition at node t, denoted as HD
t , is the graph obtained

from G as follows. Consider the connected components of T −t and for each C ∈ comp(T − t),
define ZC :=

⋃
s∈V (C) Xs. The torso at t is obtained from G by contracting for all C ∈

comp(T − t) the sets ZC into a single vertex zC . Note that this may create parallel edges.
Consider the unique graph H̃D

t , obtained from HD
t , by repeatedly suppressing vertices not

in Xt of degree at most 2 and removing loops. H̃D
t is called the 3-center of HD

t with respect
to Xt.

▶ Definition 2. The width of the tree-cut decomposition is

max
(

{adh (s)}s∈V (T ) ∪
{∣∣V (H̃D

s )
∣∣}

s∈V (T )

)
.

The tree-cut width tcw(G) of G is the smallest width of a tree-cut decomposition. We
call t empty if Xt = ∅ and we denote with chil(t) the set of children of t in T . We call t thin
if adhD(t) ≤ 2 and bold otherwise. The set of thin children is denoted by t-chilD(t) and the
set of bold children as b-chilD(t). A tree-cut decomposition is nice, if for all thin nodes t

the sets NG(Yt) and
⋃

s is a sibling of t Y D
s are disjoint. Any tree-cut decomposition can be

transformed into a nice tree-cut decomposition in cubic time [11]. In all notation we leave off
the tree-cut decomposition, if it is clear from context. For every graph G, we can compute a
tree-cut decomposition of width at most 2tcw(G) in time 2O(tcw(G)2 log tcw(G))|V (G)|2 [20].

Slim Tree-Cut Width. The slim tree-cut width is defined similarly to tree-cut width.
Consider a tree-cut decomposition D = (T, X ) and t ∈ V (T ). Define the 2-center H̃2;D

t of
HD

t with respect to Xt analogous to the 3-center, while only suppressing vertices of degree
at most 1.

▶ Definition 3. The slim width of D is defined to be

max
(

{adh (t)}s∈V (T ) ∪
{∣∣V (H̃2,D

s )
∣∣}

s∈V (T )

)
.

The slim tree-cut width stcw(G) of G is the smallest slim width of any tree-cut decompos-
ition of G. Ganian et al. [12] provide an algorithm that, given a graph G, computes a tree-cut
decomposition of slim width at most 6(stcw(G) + 1)3 in time 2O(stcw(G)2 log stcw(G))|V (G)|4.

To give perspective on the different parameters considered in this work, we note that
treewidth dominates tree-cut width (i.e., bounded tree-cut width implies bounded treewidth)
and fracture number, and tree-cut width dominates slim tree-cut width, while (slim) tree-cut
width is incomparable with fracture number. We remark that all these parameters model
sparse graphs; formally, n-vertex graphs where the parameter is bounded have O(n) edges.

STACS 2026



51:6 Structural Parameterization of Steiner Tree Packing

3 Augmentation for GSTP

The augmented graph for an instance (G, T ) of EDP is defined to be G with all terminal pairs
connected. That is, the augmented graph GT is exactly G + T . To extend this notion to
an instance (G, T , d) of GSTP, we consider two different approaches. The clique-augmented
graph Gcliq(T ) is obtained from G by adding for all T ∈ T an edge between every pair
of vertices in T . If an edge, that added this way was already present, we obtain parallel
edges. As there is a reduction for EDP ensuring that all terminals are unique degree one
vertices [10], this definition matches the definition for EDP very closely. On the other hand,
the vertex-augmented graph Gvert(T ) is obtained from G by considering each T ∈ T and
adding a new vertex aug(T ) to the graph, which is adjacent to all vertices of T .

We compare these two definitions for the parameters treewidth, feedback vertex set
number, fracture number, vertex cover number, tree-cut width, slim tree-cut width, feedback
edge number, and the sum of treewidth and maximum degree. Let κ be any of these
parameters except vertex cover number. Then, we can bound κ(Gvert(T )) by a function of
κ(Gcliq(T )). For the sum of treewidth and maximum degree, the reverse is possible as well.
For the other parameters, the reverse is not possible. For the vertex cover number, there
is no function bounding in either direction. In other words, FPT algorithms considering
the vertex-augmented graph are almost always more general than those considering the
clique-augmented graph, with respect to the parameters considered in this paper. Therefore,
we focus on the vertex augmented graph, which, from now on, we call simply the augmented
graph, and denote this graph by GT .

4 GSTP by Augmented Fracture Number

In this section, we lay out our result that GSTP is FPT when parameterized by the fracture
number of the augmented graph. Let X be a fracture modulator of GT . We achieve this
result by showing an equivalence characterization of the components of GT − X, which
allows us to construct an equivalent ILP instance where number of variables is bounded by
a function of |X|. A similar result is known for EDP [14]. We generalize this significantly,
while improving the running time from triply exponential to doubly exponential.

Consider any U ⊆ V (GT ), we call the set of all T ∈ T with aug(T ) ∈ U by TU . Let
C ∈ comp(GT − X). To better assess, which terminal sets might need special attention, we
only consider fracture modulators with a particular structure.

▶ Definition 4. Let X ⊆ V (GT ) be a fracture modulator of GT . We call X nice, if
1. G[X] is edgeless,
2. for each terminal set T ∈ TX , there exist two distinct components C, C ′ ∈ comp(GT − X)

with V (C) ∩ T ̸= ∅ and V (C ′) ∩ T ̸= ∅.

Note that even though G[X] is edgeless, GT [X] may contain edges. We show that we
can always turn a fracture modulator into a nice fracture modulator of similar size.

▶ Lemma 5. Let P := (G, T , d) be an instance of GSTP and X be a fracture modulator of
GT . In linear time, one can construct an equivalent instance P′ = (G′, T , d) and a nice
fracture modulator S of G′T with |S| ≤ 2|X| and |V (G′)| ≤ |V (G)| +

(|X|
2

)
+ 2|X|.

From now on, we assume that S is a nice fracture modulator for (G, T , d). Each
terminal set T has its augmented vertex aug(T ) either in S, meaning T ∈ TS , or in some
component C ∈ comp(GT − S), in which case T ∈ TC . We also denote with T ⋆ the set
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of all T ∈ T satisfying T ⊆ S, note that T ⋆ ∩ TS = ∅ by Definition 4. After removing
terminal sets T with |T | < 2, we reject any instance for which there is a v ∈ V (G) such that
degG(v) <

∑
T ∈T : v∈T d(T ). This implies for each T ∈ T \ T ⋆ that d(T ) < 2|S|, since the

degree of any vertex outside of S is less than 2|S|.

Component Configurations. In order to fulfill the connectivity requirements, each com-
ponent might need to use edges from other components, or other components might need to
use edges from this component. Denote with C+ := GT [V (C) ∪ S] the subgraph induced on
the component and the fracture modulator. Based on this, we introduce the concept of a
component-configuration characterizing how a component C ∈ comp(GT − S) can interact
with the remaining instance. Let u :=

(2|S|
2

)
, so C+ has at most u edges, and define a

configuration γ of C as a tuple (demγ , suplγ , assignγ) with demγ , suplγ : 2S∩V (G) → [u]0 and
assignγ : TS × [2|S|] × [|S|] → 2S∩V (G) (if the configuration is clear from context, we omit
the index γ).

Intuitively, the first part (i.e., dem) signifies how often each subset of the fracture
modulator gets connected by other components and used for the connection requirements
of TC – what is the additional demand for each subset? The second component (i.e., supl)
signifies how often each subset of the fracture modulator gets connected inside this component,
but these connections are not used to satisfy connection requirements of terminal sets in TC –
what is the additional supply for each subset?

For the final part, consider a terminal set T ∈ TS . We have T /∈ T ⋆; so, d(T ) ≤ 2|S|. This
allows us to explicitly store the contribution of C to every tree in the solution assigned to
such a terminal set. This is necessary since T can span an arbitrary number of components
in GT − S. For each i ∈ [d(T )], the information required for the i-th tree assigned to T is
stored in assign(T, i, ·). Call this tree F i. Let σ : [|S|] → V (C) be a surjection. Then, we
can imagine for all j ∈ [|S|] that assign(T, i, j) is a set of vertices in S which σ(j) can reach
via F i[V (C+)]. Note that it might not be all such vertices.

Admitted Configurations. Not every component can be in any configuration in a valid
solution. For example, a component with k edges can not supply more than k connections to
other components. To capture this concept, we say a component admits a configuration if it
can locally satisfy all the requirements of the configuration and of the terminal sets in TC .
In order to make this rigorous, we construct an auxiliary instance of GSTP to help us define
when C admits a configuration. For this, let σ : [|S|] → V (C) be a surjection, which we use
to encode the assign mapping as explained above. The instance we construct is denoted by
confInst(C, γ, σ).

First, we define the host-graph of the instance confInst(C, γ, σ). For this, we start with
the graph C+ and for each Q ⊆ S ∩ V (G), we add dem(Q)-many vertices v to the graph
with N(v) = Q. Denote this graph with H.

Now, we define the terminal sets, that need to be connected. Denote for all T ∈ TS ,
i ∈ [d(T )] and U ⊆ S ∩ V (G) the set A(T, i, U, σ) := {σ(j) | j ∈ [|S|]; assign(T, i, j) = U}
the set of vertices in C that is assigned to U to satisfy connections for the i-th tree of T .
Now let assignSets(T, i, σ) :=

⋃
∅̸=U⊆S∩V (G) : A(T,i,U,σ) ̸=∅{U ∪ A(T, i, U, σ)} be the subsets of

S ∩ V (G) that get assigned some vertex unioned with the assigned vertices. Let

Q := {T ∈ TC | T ∩ C ̸= ∅},

S := {X ⊆ S ∩ V (G) | supl (X) > 0},

A :=
⋃

T ∈TS ,i∈[d(T )]

assignSets (T, i, σ).

STACS 2026



51:8 Structural Parameterization of Steiner Tree Packing

Note that if C consists of exactly one augmented vertex, Q is empty; otherwise Q = TC .
Further, the set A might intersect Q, but one can verify that S is disjoint from A and Q.
The complete set of terminal sets, for which we need connections, is U := Q ∪ S ∪ A.

Finally, we specify the number of required connections d′ : U → N+. For this extend d,

supl and assign to yield 0 or ∅ on arguments not in their original domain. For all U ∈ U let

d′(U) := d(U) + supl (U) +
∑

T ∈TS

|{i ∈ [d(T )] | U ∈ assignSets (T, i, σ)}|,

and define confInst(C, γ, σ) = (H, U , d′).

▶ Definition 6. We say a component C ∈ comp(GT − S) admits a configuration γ, if there
is a surjection σ : [|S|] → V (C) such that
1. for all T ∈ TS , i ∈ [d(T )], and j ∈ σ−1(T ∩ V (C)), we have assign(T, i, j) ̸= ∅,
2. there is a solution (F , π) to confInst(C, γ, σ) such that

a. for all F ∈ π−1(S), we have that V (F ) ⊆ V (C+),
b. for all v ∈ V (H) \ V (C+) where H is the host-graph of confInst(C, γ, σ), there is

exactly one F ∈ F with v ∈ V (F ) and for this F , we have degF (v) ≥ 2,
c. for all F ∈ F , we have E(C+) ∩ E(F ) ̸= ∅ and F is cycle-free.

We say that (σ, F , π) gives rise to γ on C. With Item 1 we ensure for all T ∈ TS that
every v ∈ T ∩ V (C) is connected to a vertex in S ∩ V (G). Item 2a ensures that the supply
claimed by this configuration is satisfied completely inside C+ while Item 2b ensures that
connections required from the outside are only used for a single solution tree. Item 2c forbids
redundant configurations ensuring that the number of admitted configurations stays singly
exponential in |S|.

We call the set of configurations a component admits its signature sig(C). We now
characterize, whether an instance is solvable solely based on the signatures of its components
in GT − S. For this, let Γ be a function that assigns each component of C ∈ comp(GT − S)
a configuration in sig(C). We call Γ a configuration selector.

▶ Definition 7. We call Γ valid, if there is a function ρ : 2S∩V (G) × N → 22S∩V (G) such that
1. for all U ⊆ S ∩ V (G), with rU := |{(T, i) ∈ T ⋆ × N | U ∈ ρ(T, i)}| we have

rU +
∑

C∈comp(GT −S)

demΓ(C) (U) ≤
∑

C∈comp(GT −S)

suplΓ(C) (U),

2. for all T ∈ T ⋆ and i ∈ [d(T )], the hypergraph (T ∪
⋃

ρ(T, i), ρ(T, i)) is minimally
connected,

3. for all T ∈ TS and i ∈ [d(T )], denote with

H := {assignΓ(C) (T, i, j) | C ∈ comp
(
GT − S

)
, j ∈ [|S|]}

all subsets of S that are connected for this terminal set. The hypergraph ((T ∩ S) ∪
⋃

H, H)
is connected.

In the definition above, the function ρ is used to capture how the requirements of the
terminal sets T ⋆ are fulfilled. For a T ∈ T ⋆ and i ∈ [d(T )], ρ(T, i) gives all connections that
are needed for the i-th tree assigned to T and Item 2 ensures that these connections actually
connect T . With Item 1 we ensure that there is enough supply to meet the demand. Finally,
Item 3 ensures that the stored solutions for the terminal sets TS are actually connected.
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We require minimal connectivity in Item 2 to limit the number of needed variables in
our ILP. Note that we cannot require this in Item 3 as this would prevent for any T ∈ TS ,
i ∈ d(T ), and j ∈ [|S|] that |assign(T, i, j)| = 1, which is required in some instances. We
show, that a valid configuration selector for P exists if and only if P is a positive instance.

▶ Lemma 8. Let S be a nice fracture modulator of GT . Assume that for all v ∈ V we have∑
T ∈T : v∈T d(T ) ≤ degG(v). Then, the there is a valid configuration selector with respect to

S if and only if P is positive.

Equivalent Configurations. When building our ILP, we want to treat components with the
same signature equally. We call these components equivalent. For each equivalence class,
we want to represent all its components by a common set of variables. Now, consider two
components C1, C2 ∈ comp(GT − S) such that there exists a graph isomorphism between
C+

1 and C+
2 preserving S, whether a vertex is an augmented vertex, and the demand of such

vertices. Then, C1 and C2 are equivalent. Based on this sufficient condition for equivalence,
we can calculate that there are no more than 2O(|S|2) non-empty equivalence classes.

▶ Corollary 9. On comp(GT − S) there are at most 2O(|S|2) non-empty equivalence classes.

Additionally, we want to use a variable for each configuration in our ILP. So, we need to
bound the number of component configurations that we actually need to consider.

▶ Definition 10. Let γ be a component-configuration. We call γ viable, if∑
U⊆S∩V (G)

dem (U) ≤ u|S| and
∑

U⊆S∩V (G)

supl (U) ≤ u.

The set of all viable configurations is denoted by V.

We can prove that any configuration, that is admitted by a component is indeed viable.

▶ Lemma 11. For all C ∈ comp(GT − S), we have sig(C) ⊆ V.

By counting the number of viable configurations, we get a bound on the number of
variables we will need to encode each configuration. Allowing us to compute the signature of
a component by brute-force testing whether this component admits a configuration.

▶ Lemma 12. For all C ∈ comp(GT − S), we have |sig(C)| ≤ | V | ≤ 2O(|S|4) and we can
compute sig(C) in running time 2O(|S|4 log |S|).

ILP Construction. To construct our ILP, denote with C the set of non-empty equivalence
classes. For all X ∈ C, denote the signature of any component in X with sig(X ). For
all γ ∈ sig(X ), we create a variable dX ,γ signifying how many components in X use the
configuration γ. We ensure for all X ∈ C that

∑
γ∈sig(X ) dX ,γ = |X |. According to Corollary 9

and Lemma 12, This uses 2O(|S|4) variables. Denote with Γ a configuration selector that
is encoded by these values dX ,γ . To check Items 1 and 2 of Definition 7, we create for
each U ⊆ S ∩ V (G) a variable sU representing the final value of rU , amounting to at most
2|S| many additional variables. First, we ensure that sU is at most the difference between
supply and demand for U . Second, let T ∈ T ⋆, T ⊆ W ⊆ S ∩ V (G), and MW be the set of
minimally-connected hypergraphs on the vertex set W . We use for each H ∈ MW a variable
pT,H that signifies how often the hypergraph H is used to fulfill the demand of T . Using this,
we can check that each hyper edge R ⊆ S ∩ V (G) is used at most sR times overall while the
demand of T is beeing fulfilled. We see that |MW | ≤ 2O(|W |2); meaning, we only introduce
2O(|S|2) additional variables.
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(a) A graph family where the bags and links of the
tree-cut decomposition are indicated in blue.

. . .
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(b) The torso at m. The 3-center is the graph
induced by zc1 and zc2 .

Figure 1 A family of graphs with tree-cut width at most 5. In the depicted nice tree-cut
decomposition the node m has ℓ + 2 bold children, where ℓ can be chosen freely.

To check Item 3 of Definition 7, assume that for all T ∈ TS , i ∈ [d(T )], as well as
U ⊆ S ∩ V (G), the variable aT,i,U corresponds to the binary indicator whether there is a
C ∈ comp(GT − S), and j ∈ [|S|] with U = assignΓ(C)(T, i, j). If T ∩ S ⊆ U ⊆ S ∩ V (G),
we create the binary variable bT,i,U . The variable bT,i,U is an indicator for whether U is
the vertex set of the hypergraph H in Item 3 of Definition 7. So, we ensure that there
is at most one T ∩ S ⊆ Z ⊆ S ∩ V (G) with bT,i,Z = 1 and that in any valid assignment
Z =

⋃
C∈comp(G−S),j∈[|S|] assign(T, i, j). We ensure that H is connected using a cut based

approach.
Overall, we need 2O(|S|) variables of type aT,i,U and bT,i,U . This shows, that we can

represent the instance as an ILP with 2O(|S|4) variables. As we can find a fracture modulator
of minimal size in FPT time, GSTP is FPT by the fracture number of the augmented graph.
We get thus the main result of this section, stated next.

▶ Theorem 13. Let P = (G, T , d) be an instance of GSTP. We can decide whether P is a

positive instance in running time 22
O

(
fn(GT )4)

|G| + O(|P|).

5 GSTP by Augmented/Slim Tree-Cut Width

In this section, we present an outline of our proof that GSTP is FPT by the tree-cut width
of the augmented graph as well as the slim tree-cut width of the host graph. Both boil
down to solving a dynamic program for a tree-cut decomposition that fulfills some additional
assumptions. Note that GSTP is W[1]-hard by tree-cut width of the host graph, so these
additional assumptions are necessary to achieve an FPT algorithm.

Our dynamic program relies on the fact that the number of bold children of any node in
our tree-cut decomposition is bounded by a function of its width. Ganian et al. [11] claimed
that in a nice tree-cut decomposition the number of bold children of any node is bounded by
w + 1. In Figure 1, we provide a counter example to this. This shows that in a nice tree-cut
decomposition, the number of bold children is actually not bounded by a function of its
width. Still, any tree-cut decomposition can be modified in polynomial time to achieve a
similar result. The main insight behind this result is that the bold nodes that are not present
in the 3-center form a path like the one seen in Figure 1b.

▶ Corollary 14. Any tree-cut decomposition (S, X ) can be altered in polynomial time to
ensure that it becomes nice and for all s ∈ S, we have |b-chil(s)| + |Xs| ≤ w + 2. We call
such a tree-cut decomposition friendly.
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Based on this, we give the definition of a simple tree-cut decomposition.

▶ Definition 15. Consider a tree-cut decomposition D := (S, X ) of G and let s ∈ V (S).
Denote with cross(s) := {T ∈ T | T ∩ Ys ̸= ∅ ∧ T \ Ys ̸= ∅} the set of terminal sets crossing
the link between s and its parent. We call s simple if it is thin, |Ys| = 1, adh(s) = 2, and
cross(s) = ∅. We call D simple, if it is friendly and all thin nodes are simple.

5.1 GSTP by a Simple Tree-Cut Decomposition
Assume we are given a simple tree-cut decomposition D := (S, X ) for G of width w. For all
s ∈ V (S), the thin children of s mostly act like subdivided edges inside G[Xs]. To limit the
number of trees that we need to consider crossing ∂s, define d-cross(s) :=

∑
T ∈cross(s) d(T ).

▶ Reduction Rule 16. If there is a node s ∈ V (S) with d-cross(s) > adh(s), output a trivial
negative instance.

If we apply Reduction Rule 16, we can now choose for each s ∈ V (S) a function
ηs : [d-cross(s)] → cross(s) such that for all T ∈ cross(s) we have |η−1

s (T )| = d(T ). This
function gives us the ability to identify the different trees crossing the link between this node
and its parent by a number in the set [d-cross(s)] ⊆ [w]. Based on this, we obtain a dynamic
program for deciding the instance in FPT time with respect to w.

The Data-Table. The data-table D(s) at s, is a set of tuples τ , each consisting of three
parts: pastPartτ , pastAssignτ , and futPartτ with pastAssignτ : pastPartτ → [w]. Each of
pastPartτ and futPartτ are partitions of a (not necessarily proper) subset of E(∂s). If⋃

pastPartτ and
⋃

futPartτ are disjoint, we call τ syntactically valid. Note that we do not
assign the partitions in futPartτ to indices, since at this point we do not care, whether they
are eventually used for the same terminal set.

Intuitively, a tuple τ gives almost complete information about the part of the final solution
that crosses ∂s. Consider a solution (F , π) to the whole instance and denote with F ′ ⊆ F the
trees containing an edge of E(∂s). Set F↓ := {F ∈ F ′ | π(F ) ∩ Ys ̸= ∅} and F↑ := F ′ \ F↓ as
the subgraphs crossing the link between s and its parent, which are assigned to terminal set
starting below this link and starting above this link, respectively. Let Gs := G[Ys] ∪ ∂s be the
graph edge-induced by all edges with at least one endpoint in Ys. This solution corresponds
to a tuple τ ∈ D(s) with pastPartτ := {{E(K) ∩ E(∂s) | K ∈ comp(F [E(Gs)])}}F ∈F↓ and
futPartτ := {{E(K) ∩ E(∂s) | K ∈ comp(F [E(Gs))])}}F ∈F↑ where we consider the edges
in E(∂s) per connected component of the trees in F ′ restricted to the edges incident to
Ys. For each F ∈ F↓, we choose a distinct λF ∈ [w] such that if π(F ) ∈ cross(s), we have
λF ∈ [d-cross(s)] and ηs(λF ) = π(F ) and if π(F ) /∈ cross(s), we have λF ∈ [w] \ [d-cross(s)].
Now, we set pastAssignτ to λF for each set induced by F .

Consider a syntactically valid tuple τ . To formally define what τ ∈ D(s) is supposed to
mean, let Us := {T ∈ T | T ⊆ Ys}. Note that Us and cross(s) are disjoint and their union is
the set of all terminals T ∈ T that are not disjoint from Ys. We add w vertices {qs,i}i∈[w] to Gs

such that each has the neighborhood V (∂s)\Ys. Call this graph G∗
s . These additional vertices

can be used to simulate that a subgraph gets connected outside Gs. Let i ∈ [d-cross(s)] and
denote with Qs,i := (ηs(i) ∩ Ys) ∪ {qs,i} the vertices in Ys of the terminal set assigned to
the i-th subgraph crossing ∂s combined with qs,i. Additionally, define for each P ∈ futPartτ

the set Rs,P := V (G[P ]) \ Ys to be all vertices of edges contained in P that are not in Ys.
Finally, define the instance Ds,τ := (G∗

s, Us ∪ {Qs,i}i∈[d-cross(s)] ∪ {Rs,P }P ∈futPartτ
, d′), where

for all T ∈ Us we have d′(T ) = d(T ), for all i ∈ [d-cross(s)], we have d′(Qs,i) = 1, and for all
P ∈ futPartτ , we have d′(Rs,P ) = |{P ′ ∈ futPartτ | Rs,P ′ = Rs,P }|.
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▶ Definition 17. For each s ∈ V (S) the data-table D(s) is the set of syntactically valid
tuples τ at s where the instance Ds,τ has a solution (F , π) such that
1. we have E(∂s) ∩

⋃
E(F) ⊆

⋃
pastPartτ ∪

⋃
futPartτ ,

2. for all P ∈ futPartτ and F ∈ π−1(Rs,P ), the set V (F ) is disjoint from {qs,i}i∈[w],
3. for all P ∈ futPartτ , there is a F ∈ π−1(Rs,P ) with E(F ) ∩ E(∂S) = P ,
4. for all i ∈ [w], let Pi := pastAssign−1

τ (i), then
if Pi = ∅, we have qs,i /∈

⋃
V (F),

otherwise, there is exactly one F ∈ F with qs,i ∈ V (F ) and this F additionally satisfies
that E(F − qs,i) can be partitioned into {EP }P ∈Pi

such that for all P ∈ Pi, the graph
F [EP ] is connected and EP ∩ E(∂s) = P .

With Item 1 we ensure that the edges used in the solution are accounted for in pastPartτ

and futPartτ . We want to be able to assume that for every P ∈ futPartτ there is a subgraph
completely contained in Gs connecting all edges of P . So, in Item 2 we ensure that the
vertices {qs,i}i∈[w] – that are used to simulate that a subgraph gets connected outside of
this graph – are not included in the subgraphs connecting the edges in P . These subgraphs
should also use exactly the edge-set P in E(∂s), which we ensure with Item 3. Finally,
consider Item 4 and i ∈ [w]. If Pi = ∅, that is, no edges are assigned to the i-th subgraph, the
vertex qs,i, which is used to mark the i-th subgraph crossing ∂s, is not used in any subgraph.
Otherwise, we again ensure that for each P ∈ Pi there is a subgraph in this solution that
connects the edges of P inside Gs. Notice that we can combine Items 1, 3, and 4 to show, that
for any F ∈ F with E(F ) ∩ E(∂s) ̸= ∅ there is a P ∈ pastPartτ ∪ futPartτ with P ⊆ E(F ).

Immediately, we observe that this dynamic program can indeed be used to determine
whether P is a positive instance, by checking for the root r of S whether D(r) ̸= ∅.

Computing the Data-Table. To compute this dynamic program, we assume that for all
bold children b ∈ b-chil(s) of s, we have already computed the data-table D(b). We now
outline how to compute D(s) in FPT-time. As the number of syntactically valid tuples is in
2O(w log w), it is enough to decide in FPT-time for a given syntactically valid tuple τ whether
τ ∈ D(s). For this we iterate over all simultaneous choices of τb ∈ D(b) for b ∈ b-chil(s) and
check whether the solutions witnessing τb ∈ D(b) can be extended to solutions witnessing
τ ∈ D(s).

Assume for all b ∈ b-chil(s) a τb ∈ D(b) is fixed. To combine the subgraphs of the sub-
solutions witnessing τb ∈ D(b) to a solution witnessing τ ∈ D(s), we need to translate the local
numberings of the solution subgraphs into a numbering shared across all solution subgraphs
not fully contained in one connected component of S − s. When dealing with a shared
mapping, we need to avoid that we map solution subgraphs assigned to different terminal
sets to the same index. Let A := {s} ∪ b-chil(s) and denote with T ⋆

s := {T ∈ T | T ⊆ Xs}
the set of terminal sets completely contained in Xs, and with X := T ⋆

s ∪
⋃

a∈A cross(a) the
set of all terminal sets, which are not completely contained in one sub-tree of S − s. Note
that this claim holds for T ⋆

s as none of their terminal vertices occur in any sub-tree of S − s.
As D is simple, s has at most w + 2 bold children. So, w(w + 3) is an upper bound on the
total demand of all terminal sets crossing the links between s and its parent or any of its
bold children. It is also an upper bound on the number of edges crossing bold links adjacent
to s. So, we need at most w(w + 3) shared indices for the crossing subgraphs. Based on these
observations, we can carefully construct a mapping from the local numberings to a shared
numbering. Given such a mapping, we can construct 2O(w3) GSTP instances with augmented
fracture number at most O(w2) to decide whether this mapping gives a viable extension.
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▶ Theorem 18. Given a simple tree-cut decomposition of width w, we can decide whether
the instance is positive in time 22O(w8) |V (G)|.

However, we can not assume, in general, that D is simple. If D is already close to simple
everywhere, we can make D simple without increasing its width too much. Let s ∈ V (S)
and denote with Ns ⊆ t-chil(s) the set of thin and non-simple children of s. If for all s

both |Ns| and |b-chil(s)| + |Xs| − w are small, we obtain a simple tree-cut decomposition of
only slightly increased width. The main idea is to treat non-simple thin children like bold
children.

▶ Lemma 19. Let ∆s := |Ns| + |b-chilD(s)| + |Xs| − w − 1. We can compute in linear time
an equivalent instance (G′, T , d) and a simple tree-cut decomposition C of G′ with width

w + 4 + max(0, max
s∈V (S)

∆s).

5.2 GSTP by Slim Tree-Cut Width
We now show that GSTP is FPT by the slim tree-cut width of G. This is a direct application
of Lemma 19. For this, denote with w ≥ w the slim width of D. We mostly need to take
care of thin links with adhesion one.

▶ Reduction Rule 20. Assume that Reduction Rule 16 was applied. Let s ∈ V (S) with
adh(s) = 1 and consider {uv} := δ(Ys) with u ∈ Ys and v /∈ Ys. Remove uv from G and if
there is a T ∈ cross(s), increase the demand of (T ∩ Ys) ∪ {u} and (T \ Ys) ∪ {v} by 1 while
removing T from T (if necessary, add (T ∩ Ys) ∪ {u} and (T \ Ys) ∪ {v} to T ).

After applying Reduction Rules 16 and 20 exhaustively and considering connected
components separately, all links have adhesion at least two. This can be used to prove
that for all s ∈ V (S), we have |chil(s)| + |Xs| ≤ w. As Ns ⊆ t-chil(s), we have ∆s ≤
|chil(s)| + |Xs| − w − 1 ≤ w − w − 1. This allows us to apply Lemma 19 and obtain a simple
tree-cut decomposition of width at most w+4. There is an algorithm that computes a tree-cut
decomposition of slim width at most 6(stcw(G)+1)3 in time 2O(stcw(G)2 log stcw(G))|V (G)|4 [12].
Combined with Theorem 18, we obtain that GSTP is FPT by the slim tree-cut width of the
host graph.

▶ Corollary 21. Let P := (G, T , d) be an instance of GSTP. We can decide whether P is
positive in time 22O(stcw(G)24)poly(|P|).

5.3 GSTP by Tree-Cut Width of the Augmented Graph
Solving GSTP parameterized by the tree-cut width of the augmented graph also boils down
to solving instances of GSTP with a simple tree-cut decomposition. From now on, assume
that D = (S, X ) is a tree-cut decomposition of GT with width w. Set X ′

s := Xs ∩ V (G) and
let X ′ := {X ′

s}s∈V (S) for all s ∈ V (S). Then, D′ := (S, X ′) is a tree-cut decomposition of G

with width at most w. When we refer to Reduction Rules 16 and 20, we mean that they are
applied with respect to D′ while keeping D in sync. These reduction rules already bring us
quite close to D′ being simple with respect to the nodes that are thin in D.

▶ Lemma 22. After exhaustively applying Reduction Rules 16 and 20 with respect to D′,
removing nodes that are empty in D and D′ and splitting the instance by connected components,
we have for all s ∈ V (S) \ {r} that are thin in D that adhD(s) = 2 and crossD′(s) = ∅. In
particular, δGT (Y D

s ) does not contain an augmented and a non-augmented edge. Additionally,
the tree-cut decompositions can be maintained efficiently while not increasing the width of D
and keeping D friendly if it was friendly before.
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There are two obstacles remaining before we can show that GSTP is FPT by the tree-cut
width of the augmented graph. First, we need to ensure for all thin nodes s ∈ V (S) \ {r} that
|Y D′

s | ≤ 1. We call nodes s ∈ V (S) \ {r} that are thin in D, but have |Y D′

s | ≥ 2 cluttered.
Second, we need to take care of all nodes that are bold in D, but thin in D′. As D is friendly,
for each s ∈ V (S) the number of such children is bounded by the number of bold children.
So, this task can be taken care of rather quickly by applying Lemma 19.

▶ Lemma 23. Assume D is friendly, has no cluttered nodes, that Reduction Rule 20 was
applied exhaustively, and that the instance is split by connected components. We can compute
in linear time an equivalent instance (G′, T , d) and a simple tree-cut decomposition C of G′

of width at most w + 5.

To tackle the cluttered nodes, we solve sub-instances of GSTP. The reduction rules we
present now, are no reduction rules in the classical sense (i.e., they do not run in polynomial
time), but rather recursion rules. We later show, how to apply these rules in a way, that we
only solve simple sub-instances and mostly preserve the running time obtained in Theorem 18.

The crux of why this problem is FPT by the tree-cut width of the augmented graph, but
W[1]-hard by the tree-cut width of the host-graph [13] lies in the fact, that for a cluttered
node s ∈ V (S), we have for all T ∈ T that either T ∩ Y D′

s or T \ Y D′

s is empty. This means
that no terminal set crosses Y D′

s . Therefore, we can mostly disregard how the instance looks
on V (G) \ Y D′

s for deciding how terminal sets contained in Y D′

s are solved in a solution of the
whole instance. Let u, x ∈ Ys and v, y ∈ V (G) \ Ys be such, that {uv, xy} = δGT (Y D′

s ), and
let U := {T ∈ T | T ⊆ Ys} be the terminal sets contained in Y D′

s . Note that uv, xy ∈ E(G).
First, we consider the case, where we can satisfy the requirements of U , while supplying an
additional connection for vy to V (G) \ Y D′

s , while solving the requirements of U .

▶ Reduction Rule 24. Consider the instance Xs := (G[Y D′

s ], U ∪ {u, x}, d′) where d′ is
d|U∪{u,x} increased by one for the argument {u, x}. If Xs is positive, remove all U from T
and contract Y D′

s in the original instance P.

If Reduction Rule 24 is not applicable, we know that we cannot use uv and xy in a tree
for terminals contained in V (G) \ Y D′

s . So, we check, whether the terminal sets U can be
solved only using edges of G[Y D′

s ].

▶ Reduction Rule 25. Assume that Reduction Rule 24 is not applicable to s. Consider the
instance Ys := (G[Y D′

s ], U , d|U ). If Ys is positive, remove U from T and Y D′

s from G in the
original instance P.

Finally, we need to take care of the case, where the terminal sets U cannot be solved
using only edges of G[Y D′

s ].

▶ Reduction Rule 26. Assume both Reduction Rules 24 and 25 are not applicable to s.
Consider the instance Zs := (G/(V (G) \ Y D′

s ), U , d|U ). If Zs is positive, we remove U from
T , Y D′

s from G, and add 1 demand to the terminal set {v, y} in the remaining instance (if
necessary, add {v, y} to T ). Otherwise, output a trivial negative instance.

The tree-cut width of the augmented graphs of Xs,Ys, and Zs is at most w and applying
any of Reduction Rules 24–26 does not increase the tree-cut width of the augmented graph.
Together, these reduction rules can be used to remove a cluttered node – or at least make it
non-cluttered. To solve GSTP parameterized by the tree-cut width of the augmented graph,
we solve multiple sub-instances of GSTP with respect to simple tree-cut decompositions. The
basic idea is to consider a cluttered node s ∈ V (S) with |Y D

s | < |V (G)|
2 . If such a node does



N. Hastrich and K. Simonov 51:15

. . .

(a) The host graph is a path of length n with 3
leaves attached to each vertex.

. .
.

(b) The augmented graph, augmented edges and
vertices are drawn in orange.

Figure 2 A family of instances where the tree-cut width of the augmented graph is unbounded.

not exist, we either re-root, or we are able to directly find a simple tree-cut decomposition of
width w + 12. Now, we check recursively which of Reduction Rules 24–26 is applicable. By
choice of s, we can ensure that overall at most O(|V (G)|2) many simple instances are solved.

▶ Theorem 27. Assume GSTP can be solved in time r(g, k), given a graph of size at most g

and a simple tree-cut decomposition of width at most k. Let P := (G, T , d) be an instance
of GSTP. Given a tree-cut decomposition of width w for GT , we can decide whether P is
positive in time r(|G|, w + 12) · poly(|P|).

Kim et al. [20] proved that for all graphs H we can compute a tree-cut decomposition of
width 2tcw(H) in time 2O(tcw(H)2 log tcw(H))|V (H)|2. Combined with Theorem 18, we know
that GSTP is FPT by the tree-cut width of the augmented graph.

▶ Corollary 28. Let P := (G, T , d) be an instance of GSTP. We can decide whether this

instance is positive in time 22
O

(
tcw(GT )8)

poly(|P|).

6 STP by Tree-Cut Width

To show, how to decide an instance P := (G, T, d) of STP parameterized by tcw(G), let
D = (S, X ) be a friendly tree-cut decomposition of width w. If |T | ≤ w, we interpret P as an
instance of GSTP. Consider the tree-cut decomposition D′ = (S′, X ′) for G{T }, obtained by
adding a new root r′ containing aug(T ) to S, and making the old root a child of r′. The
adhesion of D′ is bounded by 2w. Let s ∈ V (S). Any t ∈ t-chilD(s) with Y D

t ∩ T ̸= ∅ is also
a thin child of s′ in D′. Thus, |H̃D′

s | ≤ 1 + |T | + |b-chil(s)| + |Xs| ≤ 2w + 3. Note that the
torso at r′ in D′ consists of 2 vertices. Thus, the width of D′ is bounded by 2w + 3 and we
can use Corollary 28 to decide whether the instance is positive in FPT-time.

The same approach does not work for the case |T | > w, as in this case, the tree-cut width
of the augmented graph is not necessarily bounded by a function of the tree-cut width of the
host graph. For this consider as the host graph a path of length n where we attach to each
vertex of the path 3 leaves. This graph is a tree, has tree-cut width 1, and is depicted in
Figure 2a. If we take all leaves to be the terminal set, the augmented graph, depicted in
Figure 2b, has tree-cut width at least Ω( 4

√
n) [27].

▶ Remark 29. There exists a family of STP instances such that the host-graph of every
instance has tree-cut width 1, but the tree-cut width of the augmented graph of the instances
is not bounded.

In this case (i.e., |T | > w), we observe that T is not contained in a single bag. By
Reduction Rule 16, we can assume that d(T ) ≤ w. As tw(G) = O(w2), the parameter
tw(G) + d(T ) is bounded by a function of w. So, if we can solve STP parameterized by this

STACS 2026
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parameter, we obtain an FPT algorithm for STP parameterized by tree-cut width of the
original graph. As it turns out, we can even solve GSTP by a similar parameter using a
dynamic program on the tree decomposition.

▶ Theorem 30. Let (G, T , d) be an instance of the GSTP problem and set ΣD :=
∑

T ∈T d(T ).
In time 2O(ΣD·tw(G) log tw(G))|V (G)|, we can decide whether this instance is positive.

We remark that this algorithm directly improves upon the known algorithm for EDP
with respect to the parameter tw(G) + |T | [29].

Combined with the case distinction for STP, that in time 2O(tcw(G)2 log tcw(G))|V (G)|2 we
can find a tree-cut decomposition of width 2tcw(G) [20], and Corollary 28 we get that STP
is FPT by the parameter tcw(G).

▶ Corollary 31. Let (G, T, d) be an instance of STP. In time 22O(tcw(G)8)poly(|G|), we can
decide whether this instance is positive.

7 Conclusion and Outlook

In this paper, we provide the first fixed-parameter tractable algorithm for Steiner Tree
Packing (STP) parameterized by a structural parameter. Concretely, we show that STP is
FPT when parameterized by fracture number as well as tree-cut width. This significantly
extends the number of instances for which we know an exact polynomial time algorithm.
Previously known polynomial time algorithms are typically based on heuristics or approxim-
ations. In case of the result that STP is FPT by |T | + d, we do not even know a concrete
algorithm, but only that one exists [26].

To achieve this goal, we generalize the notion of the augmented graph from Edge-
Disjoint Paths (EDP) to Generalized Steiner Tree Packing (GSTP) and STP. This
is the first result utilizing this tool on a problem where the terminals are arbitrary sets and
not pairs of vertices. The notion of augmentation has been used extensively for EDP, but
was originally introduced for Multicut [16]. Despite the fact that many parameterized
complexity results for the generalized version of this problem (Steiner Multicut) are
known [4], the augmented graph has not yet been considered in this setting. We think that
augmentation will also prove to be a valuable tool for Steiner Multicut and other similar
problems in future research.

Further, we extend all known FPT algorithms for EDP parameterized by a structural
parameter to GSTP. In addition, we provide a novel FPT algorithm for GSTP parameterized
by the tree-cut width of the augmented graph. This settles whether GSTP is FPT or W[1]-hard
parameterized by all eight commonly used structural parameters described in Section 2 with
respect to the augmented graph as well as the host graph. As all these results coincide
between EDP and GSTP, this also completes such a complexity classification for EDP, where
previously the result that EDP is FPT by the tree-cut width of the augmented graph was not
known.

For STP the established results are almost as complete. We prove for six of these
eight parameters that STP is FPT. It is known, that STP is W[1]-hard parameterized by
treewidth, even if |T | = 3 [2, 1]. So, the only question remaining here is whether STP is
FPT parameterized by feedback vertex set number. As EDP is W[1]-hard parameterized by
the feedback vertex set number of the augmented graph [14], the approach employed in this
paper – generalizing results from EDP to GSTP and applying them to STP – is not suited
to decide this questions. Also, the techniques used by Bodlaender et al. [2] to obtain the
W[1]-hardness result for Integer 2-Commodity Flow parameterized by treewidth, which
generalizes to STP with |T | = 3 [1], do not easily apply with respect to the feedback vertex
set number. We leave answering this question to future research.
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