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Abstract
We aim to find orientations of mixed graphs optimizing the total reachability, a problem that has
applications in causality and biology. For given a digraph D, we use P (D) for the set of ordered
pairs of distinct vertices in V (D) and we define κD : P (D) → {0, 1} by κD(u, v) = 1 if v is reachable
from u in D, and κD(u, v) = 0, otherwise. We use R(D) =

∑
(u,v)∈P (D) κD(u, v).

Now, given a mixed graph G, we aim to find an orientation G⃗ of G that maximizes R(G⃗). Hakimi,
Schmeichel, and Young proved that the problem can be solved in polynomial time when restricted
to undirected inputs. They inquired about the complexity in mixed graphs.

We answer this question by showing that this problem is NP-hard, and, moreover, APX-hard.
We then develop a finer understanding of how quickly the problem becomes difficult when

going from undirected to mixed graphs. To this end, we consider the parameterized complexity
of the problem with respect to the number k of preoriented arcs of G, a poorly studied form of
parameterization.

We show that the problem can be solved in time nO(k) and that a (1 − ϵ)-approximation can be
computed in time f(k, ϵ)nO(1) for any ϵ > 0.
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1 Introduction

This article deals with the problem of finding an orientation G⃗ of a mixed graph G such that
the total number of ordered pairs (u, v) of vertices in V (G) such that v is reachable from u

in G⃗ is maximized.
This problem has numerous applications in various sciences. For example, in the context

of causality, the vertices of the mixed graph may represent random variables and the edges
and the arcs of the mixed graph may represent correlations between these random variables.
An arc means that the random variable associated to the tail of the arc is causal for the
random variable associated to the head of the arc while an edge means that a correlation
between the two random variables can be observed, but it is not known which of them
is causal for the other one. Hence a solution of the orientation problem helps to better
understand the possible correlations between these random variables. A survey of Vowels,
Camgoz, and Bowden [23] contains more details on the connection of causal relationships
and mixed graphs.
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53:2 Maximum Reachability Orientation of Mixed Graphs

One more concrete, very similar application for this problem comes from biology, namely
so-called protein-protein interaction. This application has been a driving force for the research
on the problem setting considered in the present article. It has fostered significant interaction
between the communities of theoretical computer science and biology, see [4, 9, 19]. Concretely,
in this application, an interaction between certain pairs of proteins can be observed, but it is
often technically more difficult to determine which of the two proteins causes this interaction.
It is not difficult to see that the collection of protein interactions can be modelled by a mixed
graph again. In Life Sciences, it is important to understand which local interactions of proteins
lead to most global interaction, which corresponds to our orientation problem. A better
understanding of the current problem may hence help to better understand protein-protein
interaction, which may be of interest for example in medicine.

Problem definition

We now introduce our problem more formally. Basic notation can be found in Section 2. In
a mixed graph graph G, we say that v is reachable from u for some u, v ∈ V (G) if v can be
reached from u by traversing arcs in the given direction and traversing edges in an arbitrary
direction. We define P (G) to be the set of ordered pairs of distinct vertices of V (G). We
further define the function κG : P (G) → {0, 1} by κG(u, v) = 1 if v is reachable from u in G

and κG(u, v) = 0, otherwise, for every (u, v) ∈ P (G). Given a set P ⊆ P (G), we use RP (G)
for

∑
(u,v)∈P κG(u, v). Observe that digraphs are in particular mixed graphs, so the above

definitions carry over to digraphs. An orientation of a mixed graph is obtained by replacing
every edge by an arc with the same two endvertices. In the problem Fixed Pairs Mixed
Maximum Reachability Orientation (FPMMRO), the input consists of a mixed graph G and
a set P ⊆ P (G), and the objective is to find an orientation G⃗ of G that maximizes RP (G⃗).
We further use Fixed Pairs Undirected Maximum Reachability Orientation (FPUMRO) for
the restriction of FPMMRO to undirected inputs. In the following, when speaking about
complexity, we need to carefully distinguish between the version where we are searching for
a complete solution of the instance and the maximization version. In the complete solution
version, we want to decide whether there exists an orientation G⃗ of G with RP (G⃗) = |P |,
while in the maximization version, we assume that the instance comes with an integer K

and we want to decide whether there exists an orientation G⃗ of G with RP (G⃗) ≥ K. Clearly,
in all settings, the maximization version is at least as hard as the complete solution version.

Previous work

For FPUMRO, a simple argument, which was given by Hassin and Meggido [17], shows
that the complete solution version can be handled in polynomial time. However, it turns
out that the maximization version of FPUMRO is significantly harder. More concretely, it
was proved by Elberfeld et al. [10] that the problem is NP-hard. One important paradigm
when encountering NP-hard problems is approximation algorithms. In [10], it was proved
that FPUMRO on n-vertex graphs can be approximated within a factor of Ω( log log n

log n ) in
polynomial time, improving on an earlier result of Medevedovsky et al. [19]. On the other
hand, the authors of [10] show that, unless P=NP, no polynomial-time approximation within
a factor of less than 12

13 is available. Another variation of FPUMRO taking into account the
lengths of the created directed paths was studied by Blokh, Segev, and Sharan [4]. The study
of FPUMRO in the context of parameterized complexity was initialized by Dorn et al.[9].
They studied several problem-specific parameters describing how much the desired paths
connecting input pairs interact. Following up on their work, Cygan, Kortsarz, and Nutov [8]
proved that the maximization version of FPUMRO is FPT with respect to the objective
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function, that is, the number of pairs that are supposed to be satisfied. Interestingly, the
existence of a polynomial-time constant-factor approximation algorithm still seems to be
open for FPUMRO.

We now turn our attention to FPMMRO, the version which is more general and hence
also more powerful for modelling the applications. FPMMRO was first considered by
Arkin and Hassin [1]. They show that, in contrast to FPUMRO, the complete solution
version of FPMMRO is already NP-hard in general, but can be solved in polynomial time if
|P | = 2. There exists a rich literature for FPMMRO regarding approximation algorithms
and parameterized complexity.

For the approximation side, in [11], Elberfeld et al. showed that, unless P = NP ,
FPMMRO cannot be approximated in polynomial time within a factor better than 7

8 , and,
on the other hand, gave a first polynomial-time sublinear approximation algorithm. The
approximation ratio was later improved by Gamzu and Medina in [13]. However, a constant-
factor approximation algorithm for FPMMRO was proven to be unlikely by Włodarczyk [24],
even when allowing algorithms that run in FPT time with respect to the number of pairs.
An APX-hardness result in planar mixed graph has been provided by Chitnis, Feldmann,
and Suchý [6].

For parameterized complexity, the most studied parameter is the number of pairs. It was
proved by Cygan, Kortsarz and Nutov in [8] that the complete solution version of FPMMRO
is XP with respect to the number of pairs, improving on the result of Arkin and Hassin.
On the other hand, it was proved by Pilipczuk and Wahlström [21] that the problem is
W [1]-hard, which is also implied by the above mentioned result of Włodarczyk. The result
of Pilipczuk and Wahlström has been extended to the planar setting by Chitnis, Feldmann,
and Suchý [6]. In a recent work, Hanaka et al. [16] dealt with the parameterized complexity
of FPMMRO when considering other parameters, for example the number of arcs of G or
the treewidth of its underlying graph.

We now come to the concrete special case of FPMMRO that is dealt with in the present
article. A lot of research on FPMMRO so far focused on the case that the set P of pairs in
the instance is small. For example, the above mentioned parameterized complexity results all
fall into this category. Here, we deal with a specific, but very natural restriction of FPMMRO,
which is in some way the other extreme, where P is as large as possible. Namely, we consider
the case that the set of pairs in consideration is the set of all possible pairs, i.e. P = P (G).
For simplicity, we use MMRO to denote this restriction and, given a mixed graph G, we
use R(G) for RP (G)(G). For the complete solution version of MMRO, which corresponds
to the question of whether a given mixed graph has a strongly connected orientation, a full
characterization directly yielding a polynomial-time algorithm was given by Boesch and
Tindell [5]. We hence focus on the maximization version.

In [15], Hakimi, Schmeichel, and Young considered a setting which is in some way the
intersection of MMRO and FPUMRO, namely the special case of MMRO that the input
graph G is undirected. They gave a complete characterization of the optimal orientations in
this case. A polynomial-time algorithm for the maximization version of this restriction of
MMRO follows directly from this characterization.

Our contributions

In [15], the authors also inquired about the complexity of MMRO in general. Surprisingly,
despite this question being almost 30 years old, little progress seems to have been made.
The first contribution of the present article is to give a negative answer to this question by
providing an NP-hardness result. Moreover, the following result is slightly stronger and also
shows that the approximability of MMRO has certain limits.

STACS 2026



53:4 Maximum Reachability Orientation of Mixed Graphs

▶ Theorem 1.1. Unless P=NP, there exists no polynomial-time 581773
581774 -approximation al-

gorithm for MMRO.

While this inapproximability result may appear marginal, it rules out a polynomial-time
approximation scheme, which distinguishes MMRO from a large collection of combinatorial
problems. With Theorem 1.1 at hand, it appears interesting to understand special cases and
restrictions of MMRO that are tractable. Parameterized complexity is a powerful paradigm
to obtain a better understanding of the complexity of NP-hard problems. In the current case,
we wish to consider a parameterization which is natural in the light of the concrete input.
Namely, we consider the parameterization with respect to the number of arcs of G. On a
high level, we wish to understand the complexity of the problem in the case that the number
of arcs is small. It is worth noting that the consideration of this parameter is a relatively new
concept. In [14], Gutin et al. studied this parameter for a version of the Chinese Postman
Problem in mixed graphs, answering a question of van Bevern et al., see [7]. We are not
aware of any previous consideration of this parameter for orientation problems, except for
the work of Hanaka et al. [16], which was recently submitted independently of the present
article. Before describing our results, we wish to remark that for the natural analogous
parameterization by the number of edges of G, a trivial FPT algorithm exists. Namely, we
can compute all possible orientations of G and compare their respective objective values.

In the following, given an instance G of MMRO, we use k for |A(G)|. We further say
that an orientation G⃗ of G is optimal if R(G⃗) is maximum among all orientations of G. Our
first result is that, for fixed k, we can indeed compute an optimal orientation for an instance
of MMRO in polynomial time. More precisely, we show the following result.

▶ Theorem 1.2. Given an instance G of MMRO, we can compute an optimal orientation of
G in time nO(k).

Theorem 1.2 raises the question whether a further improvement in the running time of
this algorithm is possible. Namely, it would be desirable to determine whether the problem
is in FPT, that is, if there exists an algorithm computing an optimal orientation that runs in
time f(k)nO(1). While this question remains open, we make some progress in this direction
by combining the paradigms of parameterized complexity and approximation. To this end,
we say that, for some α ∈ [0, 1], an orientation G⃗ of a given mixed graph G is α-optimal if
R(G⃗) ≥ αR(G⃗0) holds for every orientation G⃗0 of G. The following result roughly speaking
shows that the problem is ’almost’ FPT, that is, it can be arbitrarily well approximated in
FPT time.

▶ Theorem 1.3. Given a constant ϵ > 0 and an instance G of MMRO, in time f(k, ϵ)nO(1),
we can compute a (1 − ϵ)-optimal orientation of G.

Due to Theorems 1.1 and 1.3, it becomes evident that for MMRO, algorithms running
in FPT time with respect to k can yield solutions of a higher quality than polynomial
time algorithms. Indeed, FPT approximations can yield arbitrarily good approximations by
Theorem 1.3, which polynomial time algorithms cannot by Theorem 1.1.

The remainder of this article is structured as follows: in Section 2, we give some more
formal definitions, introduce an auxiliary problem and show that MMRO can be reduced to
mixed graphs that are acyclic. In Section 3, we prove Theorem 1.1. In Section 4, we prove
our algorithmic results, that is, Theorem 1.2 and Theorem 1.3. Finally, in Section 5, we
conclude our work.
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2 Preliminaries

In this section, we give some preliminaries we need for our main proofs. In Section 2.1, we
collect the notation we need. In Section 2.2, we introduce a satisfiability problem we need
for our reduction in Section 3. Finally, in Section 2.3, we prove the equivalence of MMRO
and a closely related problem in acyclic mixed graphs.

2.1 Notation
We here give a collection of problem-specific and non-standard definitions. Standard defini-
tions are omitted. If a mixed graph G′ can be obtained from G by orienting some edges, then
we say that G′ is a partial orientation of G. If G′ is a digraph, we speak of an orientation. A
mixed cycle is a mixed graph that can be oriented as a directed cycle. A mixed graph is called
acyclic if it does not contain a mixed cycle as a mixed subgraph. Given a mixed graph G, its
underlying graph UG(G) is obtained by replacing every arc in A(G) by an edge with the same
two endvertices. For some u ∈ V (G), we use OutG(u) for all the vertices in V (G) which are
reachable from u in G and InG(u) for all the vertices in V (G) from which u is reachable in G.
Moreover, given a mixed graph G and a weight function w : V (G) → Z≥0, we use w(X) for∑

x∈X w(x) for some X ⊆ V (G), and we use w(H) for w(V (H)) for some mixed subgraph H

of G. Further, we use R(G, w) for 2
∑

v∈V (G)
(

w(v)
2

)
+

∑
(u,v)∈P (G) κG(u, v)w(u)w(v). Next,

we say that an orientation G⃗ of G is α-optimal for (G, w) if R(G⃗, w) ≥ αR(G⃗0, w) holds for
every orientation G⃗0 of G. We use optimal for 1-optimal.

Given two mixed graphs T and U , we say that U is a mixed supergraph of T if V (T ) ⊆ V (U)
and U [V (T )] is a partial orientation of T . Moreover, for a nonnegative integer ℓ, we say that
U is a mixed ℓ-supergraph of T if U is a mixed supergraph of T and |V (U) \ V (T )| ≤ ℓ.

Two digraphs D1 and D2 are called compatible if UG(D1)[V (D1)∩V (D2)] is isomorphic to
UG(D2)[V (D1)∩V (D2)]. Given two compatible digraphs D1 and D2, we use D1⟨D2⟩ for the
unique orientation of UG(D1) in which an edge uv has its orientation in D2 if {u, v} ⊆ V (D2)
and has its orientation in D1, otherwise.

2.2 A satisfiability problem
An instance of 3-Bounded Max 2-SAT (3BMax2Sat) consists of a set X of binary variables
and a set C of clauses each of which contains exactly two literals over X such that for every
x ∈ X, there exist at most 3 clauses in C that contain a literal of x. We use the result of
Berman and Karpinski [2] that it is NP-hard to approximate the number of clauses that can
be satisfied by an assignment within a factor of 2012

2013 .

2.3 An adapted version of MMRO
Intuitively, it should be possible to restrict MMRO to acyclic instances by contracting vertex
sets admitting a strongly connected orientation. However, due to the specific character
of the problem, we have to associate a polynomial weight function to the newly created
mixed graph. This weight function displays how many vertices of the original mixed graph
were contained in the vertex set of the original mixed graph which was contracted into
that vertex. Formally, an instance of Weighted Acyclic Mixed Maximum Reachability
Orientation (WAMMRO) consists of an acyclic mixed graph G and a weight function
w : V (G) → Z≥0. The objective is to find an orientation G⃗ of G that maximizes R(G⃗, w).
Recall that R(G⃗, w) = 2

∑
v∈V (G)

(
w(v)

2
)

+
∑

(u,v)∈P (G) w(u)w(v)κG⃗(u, v). The first term
in this expression reflects the contributions to the objective function made by vertices in

STACS 2026



53:6 Maximum Reachability Orientation of Mixed Graphs

the same strongly connected component of the original mixed graph. While this term is
clearly the same for all orientations, it may not be neglected when considering approximation
algorithms. The second term in the expression reflects the contributions to the objective
function made by vertices in distinct strongly connected component of the original mixed
graph. We say that an instance (G, w) of WAMMRO is connected if G is connected. Given
two instances (G1, w1) and (G2, w2) of WAMMRO, we say that (G1, w1) extends (G2, w2)
if V (G2) ⊆ V (G1) and w1|V (G2) = w2. Most results in Sections 3 and 4 will be proved
for WAMMRO, which then implies the corresponding results for MMRO. The remainder of
Section 2.3 is dedicated to givving the two statements below showing the equivalence of these
problems. Their proofs are omitted. Here, we need to specify that when speaking about
an instance (G, w) of WAMMRO, we suppose that w is given in unitary encoding. Further,
we generally use n for |V (G)| + w(G). When we say that an algorithm runs in polynomial
time, we refer to n. As a side remark, we wish to point out that this specification is crucial.
Indeed, as pointed out in [15], the Subset Sum problem can easily be reduced to the one
of finding an orientation G⃗ maximizing R(G⃗, w) when given an undirected graph G and a
function w : V (G) → Z≥0 given in binary encoding.

▶ Proposition 2.1. Let G be an instance of MMRO and n = |V (G)|. Then, in polynomial
time, we can compute an instance (G0, w) of WAMMRO with |V (G0)| ≤ |V (G)|, |A(G0)| ≤
|A(G)|, and w(G0) = n such that for every positive integer K, there exists an orientation G⃗0
of G0 with R(G⃗0, w) ≥ K if and only if there exists an orientation G⃗ of G with R(G⃗) ≥ K.
Moreover, given an orientation G⃗0 of G0, we can compute an orientation G⃗ of G with
R(G⃗) ≥ R(G⃗0, w) in polynomial time.

▶ Proposition 2.2. Let (G, w) be an instance of WAMMRO. Then, in polynomial time, we
can compute an instance G0 of MMRO and an integer K0 ≤ n9 such that for every positive
integer K, there exists an orientation G⃗0 of G0 with R(G⃗0) ≥ Kn8 + K0 if and only if there
exists an orientation G⃗ of G with R(G⃗, w) ≥ K.

3 Hardness result

This section is dedicated to the proof of Theorem 1.1. First, in Lemma 3.1, we prove the APX-
hardness of WAMMRO. This part is a reduction from 3BMax2Sat and the more challenging
part. Our reduction is similar to the one proving the NP-hardness of the complete solution
version of FPMMRO in [1], but more care is needed. Roughly speaking, in both reductions,
we actually want to only consider the reachabilities among certain pairs corresponding to
clauses being satisfied. While in the reduction in [1] the restriction to these pairs can be
obtained from the problem definition, for the hardness of WAMMRO, we need to make sure
by some additional connections that we can control the contribution of the remaining pairs
to the objective function. Further, the restricted number of variable occurences allows us to
make sure that these additional reachabilities do not dominate those obtained by the pairs
of vertices we actually want to consider, which is crucial for the APX-hardness.

▶ Lemma 3.1. Unless P = NP , there is no polynomial-time algorithm whose input is an
instance (G, w) of WAMMRO and a positive integer K ≥ 1

16 n, that outputs ’yes’ if G admits
an orientation G⃗ with R(G⃗, w) ≥ K, and that outputs ’no’ if R(G⃗, w) < 34220

34221 K holds for
every orientation G⃗ of G.

Proof sketch. Suppose that an algorithm A with the properties described in Lemma 3.1
exists. In the following, we describe an algorithm based on A whose input is an instance of
3BMax2Sat and a positive integer K. We will show that the algorithm has a behavior such
that P = NP follows by the hardness of 3BMax2Sat.
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Let (X, C) be an instance of 3BMax2Sat and K a positive integer. By easy arguments,
we may suppose that |C| ≥ 1

2 |X| and K > 3
4 |C|.

In the following, we let Y denote the set of subsets of C that consist of exactly two distinct
clauses C, C ′ ∈ C that share at least one variable. We now construct an instance (G, w) of
WAMMRO. First, we let V (G) contain a set VC that contains two vertices aC and bC for
every C ∈ C. For every {C, C ′} ∈ Y, we let A(G) contain the arcs aCbC′ and aC′bC . Next,
we let V (G) contain a set VX that contains two vertices sx and sx for every x ∈ X. For every
x ∈ X, we let E(G) contain an edge linking sx and sx. Further, for every x ∈ X and every
C ∈ C such that x ∈ C, we let A(G) contain the arcs aCsx and sxbC and for every x ∈ X

and every C ∈ C such that x ∈ C, we let A(G) contain the arcs aCsx and sxbC . Finally, we
set w(v) = 1 for all v ∈ VC and w(v) = 0 for all v ∈ VX . This finishes the description of
(G, w). Further, we set K0 = 2|Y| + K. For an illustration, see Figure 1.

aC1
aC2

aC3
aC4

bC1
bC2

bC3
bC4

sx1
sx̄1

sx2
sx̄2

sx3 sx̄3
sx4

sx̄4

Figure 1 An example of the construction in the proof of Lemma 3.1, where X = {x1, x2, x3, x4}
and C = {C1 = {x1, x2}, C2 = {x1, x2}, C3 = {x1, x3}, C4 = {x3, x4}}. For the sake of better
readability, the arcs with both endvertices in VC are dashed while the arcs with one endvertex in VC

and one endvertex in VX are solid.

We now apply A to (G, w) and K0 and output the output of A. This finishes the
description of our algorithm.

The crucial connection between the original instance (X, C) of 3BMax2Sat and the newly
created instance (G, w) of WAMMRO is a correspondence between the truth assignments
for (X, C) and the orientations of G. Namely, for every x ∈ X, orienting the edge linking
sx and sx from sx̄ to sx corresponds to assigning x to True and orienting the edge linking
sx and sx from sx to sx̄ corresponds to assigning x to False. We then obtain that a clause
C ∈ C is satisfied by a certain truth assignment if and only if bC is reachable from aC in the
corresponding orientation of G. Moreover, for all pairs (u, v) ∈ P (G) which are not of the
form (aC , bC) for some C ∈ C, we either have min{w(u), w(v)} = 0 or κG⃗(u, v) is the same
for all orientations G⃗ of G. The details are omitted. ◀

We then conclude Theorem 1.1 from Lemma 3.1 and Proposition 2.2. The proof does not
contain any conceptual difficulties and is omitted.

4 Algorithmic results

The objective of this section is to prove Theorems 1.2 and 1.3. We now give an overview of
these proofs. We mainly explain the proof strategy for Theorem 1.2 and later point out how
to adapt it for the algorithm of Theorem 1.3.

Roughly speaking, the main strategy of the algorithm is to cut a given instance into small
parts which are highly structured, then compute optimal solutions for these parts and merge
them. We mainly deal with a certain substructure we call undirected components. Namely,
given an instance (G, w) of WAMMRO, an undirected component of G is a component of
G \ A(G).

STACS 2026
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Consider an undirected component T of G. Observe that T is a tree as G is acyclic. Our
objective is to find a set of orientations T of T such that for any orientation G⃗ of G, there
exists some T⃗ ∈ T with the property that when reorienting all edges in E(T ) according to T⃗ ,
we obtain an orientation that is at least as good as G⃗. Formally, given an instance (G, w) of
WAMMRO and an undirected component T of G, we say that a set T of orientations of T is
an optimal replacement set for ((G, w), T ) if for every orientation G⃗ of G, there exists some
T⃗ ∈ T such that R(G⃗⟨T⃗ ⟩, w) ≥ R(G⃗, w). Here, recall that G⃗⟨T⃗ ⟩ is the unique orientation
of G in which all edges in E(T ) have the orientation they have in T⃗ and all other edges in
E(G) have the orientation they have in G⃗.

The importance of optimal replacement sets can be summarized in the following result.

▶ Lemma 4.1. Let (G, w) be an instance of WAMMRO, let T1, . . . , Tq be the undirected
components of G and for i ∈ [q], let Ti be an optimal replacement set for ((G, w), Ti). Then
there exists an optimal orientation G⃗ for (G, w) such that G⃗[V (Ti)] ∈ Ti for i ∈ [q].

The proof of Lemma 4.1 is not difficult. Observe that Lemma 4.1 suggests an algorithm
for WAMMRO: given an instance (G, w) of WAMMRO, find an optimal replacement set
of T of appropriate size for all undirected components T of G and then try all possible
orientations of G such that the inherited orientations of the undirected components come
from the optimal replacement sets. Keep the best orientation found during this procedure.
It is easy to prove that this yields an optimal orientation for (G, w) indeed.

The difficulty now is to prove that optimal replacement sets of appropriate size exist for
all undirected components of G and can be computed sufficiently fast. We first restrict the
structure of the instances in consideration by a preprocessing step.

Roughly speaking, we consider instances in which the interaction of every undirected
component with the remaining part of the mixed graph is limited. Formally, we say that
an instance (G, w) of WAMMRO is dismembred if every undirected component of G either
contains at most one vertex of V (A(G)) or contains exactly two vertices of V (A(G)) and
each of them is incident to exactly one arc of A(G). We show that it suffices to prove
Theorem 1.2 for dismembered instances. Moreover, we make the simple observation that we
can restrict ourselves to connected instances, where an instance (G, w) is connected if UG(G)
is connected. In order to be able to reuse the result later for the proof of Theorem 1.3, the
following strong version is given. It also handles approximate solutions.

▶ Lemma 4.2. Let g : Z≥0 × Z≥0 × [0, 1] → Z≥0 be a fixed function and suppose that
there exists an algorithm A that computes a (1 − ϵ)-optimal orientation for every connected,
dismembered instance of WAMMRO and every ϵ ≥ 0 in time g(n, k, ϵ). Then, for every
ϵ ≥ 0, a (1 − ϵ)-optimal orientation for every instance of WAMMRO can be computed in
time f(k)g(n, k′, ϵ)nO(1) for some k′ = O(k).

It turns out that for dismembered instances, the situation is much brighter and we can
indeed efficiently compute optimal replacement sets of polynomial size. The following is the
main lemma for the proof of Theorem 1.2.

▶ Lemma 4.3. Let (G, w) be a connected, dismembered instance of WAMMRO and let T

be an undirected component of G. Then, in polynomial time, we can compute an optimal
replacement set T for ((G, w), T ) of size O(n3).

Lemma 4.3, Lemma 4.1, and Lemma 4.2 will imply Theorem 1.2 with Proposition 2.1.

We now give an overview of the proof of Lemma 4.3. Consider an undirected component
T of a dismembered, connected instance (G, w) of WAMMRO. Our strategy is to compute
a collection of instances of WAMMRO extending (T, w|V (T )) such that a collection of
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orientations of T consisting of the one inherited from an optimal solution to each of these
instances forms an optimal replacement set for ((G, w), T ). Informally, the idea is that it
suffices to consider all orientations of E(G) \ E(T ) and find the best way to extend these
orientations to T . However, of course, we cannot afford to enumerate all orientations of
E(G) \ E(T ). Therefore, we aim to find a small set of instances that, roughly speaking,
simulates all possible orientations of E(G) \ E(T ). Formally, a simulation set for ((G, w), T )
is a set U of mixed supergraphs of T which are compatible with G such that for every
orientation G⃗ of G, there exists some U ∈ U and a weight function w′ : V (U) → [n]0
with |w′| ≤ |w| that is consistent with w and with the property that for every orientation
U⃗ of U , we have that G⃗⟨U⃗⟩ is an orientation of G, U⃗⟨G⃗⟩ is an orientation of U and
R(G⃗⟨U⃗⟩, w) − R(G⃗, w) ≥ R(U⃗ , w′) − R(U⃗⟨G⃗⟩, w′) holds.

Once we have a good simulation set U for ((G, w), T ), we want to compute an optimal
replacement set T in the following way. For every U ∈ U and every appropriate weight
function w′ on V (U) consistent with w, we compute an optimal orientation for (U, w′) and
add the inherited orientation T⃗ of T to T . It is not difficult to see that T is an optimal
replacement set indeed.

However, in order to obtain an efficient algorithm from this observation, we need to take
care of several things. First, we need to make sure that the number of mixed graphs in U is
small enough. Next, we need to make sure that the mixed graphs in U contain only slightly
more vertices than T in order to be able to enumerate all weight functions extending w.
Finally, we need to make sure that for every U ∈ U and for every weight function w′ on V (U),
we can compute an optimal orientation for (U, w′) sufficiently fast. To this end, we need
some more technical definitions. First, for some positive integer ℓ, an ℓ-simulation set for
((G, w), T ) is a simulation set for ((G, w), T ) such that every U ∈ U is a mixed ℓ-supergraph
of T . We further need to define a class of tree-like mixed graphs. Namely, we say that a
mixed graph U is arboresque if A(G) contains an arc rs such that the underlying graph of
G \ {rs} is a tree and one of d+

G(r) = dUG(G)(r) = 2 and d−
G(s) = dUG(G)(s) = 2 holds. We

say that a collection U of mixed graphs is arboresque if every element of U is arboresesque.
We are now ready to formulate our main result on simulation sets.

▶ Lemma 4.4. Let (G, w) be a dismembered instance of WAMMRO and T an undirected
component of G with |V (T ) ∩ V (A(G))| ≥ 1. Then, in polynomial time, we can compute an
arboresque 3-simulation set of size at most 2 for ((G, w), T ).

In order to make use of Lemma 4.4, we need to handle arboresque mixed graphs, which
are a rather minor extension of mixed graphs whose underlying graphs are trees. We use this
fact to show that an optimal orientation for an instance (U, w) of WAMMRO such that U is
arboresque can be computed in polynomial time, using a dynamic programming approach.

▶ Lemma 4.5. Let (G, w) be an arboresque instance of WAMMRO. Then an optimal
orientation G⃗ for (G, w) can be computed in polynomial time.

We wish to remark that Lemma 4.5 is a strengthening of the main result of [15]. Lemma 4.5
and Lemma 4.4 imply Lemma 4.3. This completes the overview of the proof Theorem 1.2.

We now give an overview of how to adapt these results to prove Theorem 1.3. We prove
approximation analogues of Lemma 4.1 and Lemma 4.3. The analogue of Lemma 4.1 is
rather straight forward and can be proved in a similar way. For the analogue of Lemma 4.3,
instead of an optimal replacement set T for ((G, w), T ) whose size is polynomial in n, we
obtain a set T of orientations of T such that replacing with an orientation from this set may
yield an orientation that is by a small additive constant worse than the first orientation in
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consideration. On the other hand, we have that |T | is bounded by f(k, ϵ). This result is
obtained from Lemmas 4.4 and 4.5 in a similar way as Lemma 4.3. The only difference is
that instead of trying all possible weight functions for the mixed graphs in the simulation
sets, we restrict to a smaller set of functions, avoiding similar ones. We then conclude that
an orientation that is only a certain additive amount away from an optimal solution can be
computed in the desired running time.

However, we need to prove a small multiplicative loss rather than an additive one. To this
end, we prove a result showing that for every connected, dismembered instance of WAMMRO,
there exists an orientation G⃗ of G such that R(G⃗, w) is above a certain minimum threshold.
In order to so, we focus on a largest undirected component of G and analyze the objective
value of an optimal solution as described in [15]. Together with the additive approximation
result described above, Theorem 1.3 follows readily.

The rest of Section 4 is structured as follows. First, in Section 4.1, we overview the proof
of Lemma 4.2. Next, in Section 4.2, we give the main ideas for the proof of Lemma 4.4. In
Section 4.3, we overview the proof of Lemma 4.5. After, in Section 4.4, we deal with our main
lemmas, that is, we conclude Lemma 4.3 and give an overview for its approximate analogue
we need for Theorem 1.3. In Section 4.5, we prove Lemma 4.1 and conclude Theorem 1.2.
Finally, in Section 4.6, we describe the necessary adaptations to prove Theorem 1.3.

4.1 Restriction to dismembered instances
This section is dedicated to justifying that it suffices to prove our main results for connected,
dismembered instances of WAMMRO. More concretely, we prove Lemma 4.2.

The strategy for the proof of Lemma 4.2 can be described as follows. Given a connected
instance (G, w) of WAMMRO, we wish to find a sufficiently small collection of edges in
E(G) whose orientation we guess and that has the property that each of the thus obtained
partial orientations of G together with w forms a dismembered instance of WAMMRO.
Formally, given an undirected graph G and some X ⊆ V (G), we say that a set F ⊆ E(G) is
dismembering for (G, X) if every component of G \ F either contains at most one vertex of
X ∪ V (F ) or it contains no vertex of X and exactly two vertices of V (F ) each of which is
incident to exactly one edge in F . The following result is the main lemma for our proof.

▶ Lemma 4.6. Let G be an undirected graph and let F0 ⊆ E(G) be an edge set such that every
component of G \ F0 is a tree. Then there exists a dismembering set F for (G \ F0, V (F0))
with |F | ≤ 10|F0|. Moreover, we can compute F in polynomial time.

We now give an overview of the proof of Lemma 4.6. We deal separately with the components
of G \ F0. Let T be a component of G \ F0 and let X = V (T ) ∩ V (F0). Further, let T ′ be
obtained from T by recursively deleting leaves which are not contained in X. We now add
all edges in E(T ′) to F that are incident to a vertex in X or a vertex that is of degree at
least 3 in T ′. We do this for all components of G \ F0 and let F be the finally obtained set.
It turns out that F is a dismembering set for (G \ F0, V (F0)) of appropriate size. The details
are omitted.

With Lemma 4.6 at hand, it is not difficult to prove Lemma 4.2. Given a connected
instance (G, w), we use Lemma 4.6 to compute a dismembering set F for (UG(G), V (F0)),
where F0 is the set of edges in E(UG(G)) that correspond to arcs in A(G). We then obtain
a collection of dismembered instances of WAMMRO by trying all possible orientations of the
edges in F . We solve all obtained instances by the algorithm whose existence we suppose.
We output the best orientation G⃗ of G we find. It turns out that G⃗ is an optimal orientation
for (G, w). Finally, we show that the condition of G being connected can also be omitted.
This completes the proof of Lemma 4.2. The details are omitted.
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4.2 Simulation sets
We here prove Lemma 4.4, omitting some technical parts. We do this by distinguishing two
cases depending on the exact interaction of the undirected component T with A(G). In either
case, we explicitly construct the simulation set and prove that it has the desired properties.

Proof sketch of Lemma 4.4. We use V for V (G) \ V (T ). Recall that T is a tree as T is
an undirected graph by definition and a mixed subgraph of G, which is acyclic. We now
distinguish two cases depending on the exact interaction of T with A(G). It follows from
the fact that (G, w) is a dismembered instance of WAMMRO that one of the following cases
occurs.

▶ Case 1. δ−
G(V (T )) ⊆ δ−

G(xin) and δ+
G(V (T )) ⊆ δ+

G(xout) for some xin, xout ∈ V (T ).

We first construct a mixed graph U1 from T by adding two vertices zin and zout and the
arcs zinxin, xoutzout, and zinzout. We further obtain U2 from U1 by orienting all edges
on the unique xinxout-path in T so that we obtain a directed xinxout-path and we set
U = {U1, U2}. An illustration of U can be found in Figure 2. Clearly, we have that U

T

U1 U2

xin xout

zin xin xout zout zin xin xout zout

Figure 2 An example of the construction in the proof of Case 1. On top, there is an example of
an undirected component T , where the dashed halfarcs mark the arcs in A(G) incident to V (T ).
The corresponding mixed graphs U1 and U2 are depicted below.

can be computed in polynomial time and both U1 and U2 are compatible with G. We will
show that U is an arboresque 3-simulation set for ((G, w), T ). We clearly have that U1
and U2 are mixed 3-supergraphs of T . Next observe that dUG(U1)(zin) = d+

U1
(zin) = 2 and

UG(U1\{zinzout}) is a tree. Hence U1 is arboresque. A similar argument shows that U2 is also
arboresque. For the last property, let G⃗1 be an orientation of G. We define the weight function
w′ : V (T ′) → [n]0 by w′(v) = w(v) for all v ∈ V (T ), w′(zin) =

∑
v∈V κG⃗1

(v, xin)w(v) and
w′(zout) =

∑
v∈V κG⃗1

(xout, v)w(v). Observe that w′ is consistent with w and |w′| ≤ |w|. We
now choose U = U1 if κG⃗1

(xin, xout) = 0 and U = U2 if κG⃗1
(xin, xout) = 1.

Now let U⃗ be an orientation for (U, w′). It follows directly by construction that G⃗1⟨U⃗⟩ is
an orientation of G and by the definition of U that U⃗⟨G⃗1⟩ is an orientation of U . The details
of the proof that R(G⃗1⟨U⃗⟩, w) − R(G⃗1, w) ≥ R(U⃗ , w′) − R(U⃗⟨G⃗1⟩, w′) are omitted.

Roughly speaking, zin represents all the vertices in V (G) \ V (T ) from which xin is
reachable and zout represents all the vertices in V (G) \ V (T ) which are reachable from xout.
Moreover, the choice of U reflects whether there may be directed paths linking distinct
vertices in V (G) \ V (T ) that contain vertices in V (T ).

▶ Case 2. One of δ+
G(V (T )) and δ−

G(V (T )) is empty and |V (T ) ∩ V (A(G))| = 2.

By symmetry, we may suppose that δ+
G(V (T )) = ∅. Let x1, x2 be the two unique vertices in

V (T ) incident to an arc of δ−
G(V (T )).
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We now construct a mixed graph U from T by adding three vertices z1, z2, and z3 and the
arcs z1x1, z2x2, z3x1, and z3x2. We clearly have that U is a mixed 3-supergraph of T and that
U is compatible with G. Next observe that dUG(U)(z3) = d+

U (z3) = 2 and UG(U \ {z3x1})
is a tree. Hence U is arboresque. We set U = {U}. An illustration of U can be found in
Figure 3. Clearly, we have that U can be computed in polynomial time.

x1 x2

T

x1 x2

z1 z3 z2

U

Figure 3 An example of the construction in the proof of Case 2. On the left, there is an example
of an undirected component T , where the dashed halfarcs mark the arcs in A(G) incident to V (T ).
The corresponding mixed graph U is depicted on the right.

For the last property of simulation sets, let G⃗1 be an orientation of G. Before defining
w′, we need some further definitions. We let V1(V2, V3) consist of all v ∈ V that satisfy
κG⃗1−{x2}(v, x1) = 1 and κG⃗1−{x1}(v, x2) = 0 (κG⃗1−{x2}(v, x1) = 0 and κG⃗1−{x1}(v, x2) = 1,
κG⃗1−{x2}(v, x1) = 1 and κG⃗1−{x1}(v, x2) = 1). We now define w′ : V (U) → [n]0 by
w′(zi) = w(Vi) for i ∈ [3] and w′(v) = w(v) for all v ∈ V (T ).

Now let U⃗ be an orientation of U . It follows directly by construction that G⃗1⟨U⃗⟩ is
an orientation of G and that U⃗⟨G⃗1⟩ is an orientation of U . The details of the proof that
R(G⃗1⟨U⃗⟩, w) − R(G⃗1, w) ≥ R(U⃗ , w′) − R(U⃗⟨G⃗1⟩, w′) are omitted.

Roughly speaking, z1 represents V (G) \ V (T ) which can reach the vertices in V (T )
through x1, but not through x2, z2 represents V (G) \ V (T ) which can reach V (T ) through
x2, but not through x1, and z3 represents the vertices in V (G) \ V (T ) which can reach the
vertices in V (T ) through either of x1 and x2. The addition of z3 is important to avoid double
counting certain reachabilities. ◀

4.3 Arboresque mixed graphs
We here give an overview of the proof of Lemma 4.5.

For instances of WAMMRO containing a mixed graph whose underlying graph is a tree, a
rather simple dynamic programming algorithm is available. We root the tree at an arbitrary
vertex and use a bottom-up approach, where for every vertex v, we store whether there exists
an orientation of the mixed graph Tv corresponding to the subtree rooted at v meeting three
conditions: the objective value inside the orientation of Tv is above a certain threshold, the
weight of the vertices reachable from v is above a certain threshold, and the weight of the
vertices from which v is reachable is above a certain threshold.

For an arboresque mixed graph G, there exists the additional arc rs, which forces us to
be a bit more careful about the dynamic program. We now give a sketch of the proof of
Lemma 4.5.

Proof sketch of Lemma 4.5. As (G, w) is arboresque and by symmetry, we may suppose
that A(G) contains an arc rs such that d+

G(r) = dUG(G)(r) = 2 and the underlying graph T of
G\{rs} is a tree. Observe that r is a leaf of T . In the following, we consider T to be rooted at s.
For every v ∈ V (G), we let Tv be the unique mixed subgraph of G whose underlying graph is
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the subtree of T rooted at v. We now start by running a dynamic program. In the following,
for the sake of simplicity, we use Q for V (G) × {True, False} × [n]0 × [n]0 × [n2]0 × [n]0. For
v ∈ V (G), we use Qv for the set of all q ∈ Q whose first entry is v.

For every q = (v, b, kin, kout, kreach, kshared) ∈ Q, we wish to compute a boolean value
z[q] such that z[q] = True if and only if there exists an orientation T⃗v of Tv that satisfies the
following conditions:

b = True if and only if v is reachable from r in T⃗v,
w(InT⃗v

(v)) ≥ kin,
w(OutT⃗v

(v)) ≥ kout,
R(T⃗v, w) ≥ kreach,
w(OutT⃗v

(v) ∩ OutT⃗v
(r)) ≤ kshared.

We now compute z[q] for all q ∈ Q by dynamic programming. First, for some v ∈
V (G) \ {s} that is a leaf of T , it is straight forward to decide the value of z[q] for all q ∈ Qv.
If v is not a leaf, for every q ∈ Qv, we run a second dynamic program to compute z[q]. Here,
we start with v and consider the mixed subgraphs of Tv constructed by continuously adding
Tw for more and more children w of v.

Now suppose that, we have computed z[q] for all q ∈ Q. We now compute the largest
K for which there exists some q = (s, b, kin, kout, kreach, kshared) ∈ Qs with z[q] = True

and kreach + w(r)(kout − kshared) ≥ K. This value is the maximum of R(G⃗, w) over all
orientations G⃗ of G, as, due to the choice of r and s, for any orientation G⃗ of G, we have

R(G⃗, w) = R(G⃗ \ {rs}, w) + w(r)w(OutG⃗\{rs}(s) \ OutG⃗\{rs}(r))

= R(G⃗ \ {rs}, w) + w(r)(w(OutG⃗\{rs}(s)) − w(OutG⃗\{rs}(s) ∩ OutG⃗\{rs}(r))). ◀

4.4 Main lemmas
This section deals with Lemma 4.3 and its analogue for approximate solutions. We start by
giving the proof of Lemma 4.3.

Proof of Lemma 4.3. We initialize T = ∅. By Lemma 4.4, in polynomial time, we can
compute an arboresque 3-simulation set U for ((G, w), T ) of size at most 2. Now consider
some U ∈ U and let w′ : V (U) → [n]0 be a weight function with |w′| ≤ |w| that is consistent
with w. As U ∈ U is arboresque, by Lemma 4.5, in polynomial time, we can compute an
orientation U⃗w′ of U that maximizes R(U⃗w′ , w′). Let T⃗U,w′ be the inherited orientation
of T . We now add T⃗U,w′ to T . We do this for every U ∈ U and every weight function
w′ : V (U) → [n]0 with |w′| ≤ |w| that is consistent with w. The final assignment of T is
obtained after the last one of these operations.

Observe that after the last of these operations, we have that |T | = O(n3) as |U| ≤ 2 and
there are O(n3) choices for w′ as w′ needs to be consistent with w and |w′| ≤ |w| needs to
be satisfied. Moreover, as T⃗U,w′ can be computed in polynomial time for every U ∈ U and
every considered function w′, |U| ≤ 2, and there are only O(n3) choices for w′, we obtain
that T can be computed in polynomial time.

We now show that T is an optimal replacement set. Consider an orientation G⃗ of
G. As U is a simulation set for ((G, w), T ), there exists some U ∈ U and a function
w′ : V (U) → [n]0 that is consistent with w with |w′| ≤ |w| such that for every orientation
U⃗ for (U, w′), we have that G⃗⟨U⃗⟩ is an orientation of G, U⃗⟨G⃗⟩ is an orientation of U and
R(G⃗⟨U⃗⟩, w) − R(G⃗, w) ≥ R(U⃗ , w′) − R(U⃗⟨G⃗⟩, w′). By the optimality of U⃗w′ , we obtain
R(G⃗⟨T⃗U,w′⟩, w) = R(G⃗⟨U⃗w′⟩, w) ≥ R(G⃗, w) + R(U⃗w′ , w′) − R(U⃗w′⟨G⃗⟩, w′) ≥ R(G⃗, w). As
T⃗U,w′ ∈ T by construction, the statement follows. ◀
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In order to state an analogue of Lemma 4.3 for approximate solutions, we need some
more definitions. Given some ϵ > 0, an instance (G, w) of WAMMRO and an undirected
component T of G, we say that a set T of orientations of T is an ϵ-optimal replacement
set for ((G, w), T ) if for every orientation G⃗ of G, there exists some T⃗ ∈ T such that
R(G⃗⟨T⃗ ⟩, w) ≥ R(G⃗, w) − ϵ|w|2. We are now ready to state this result.

▶ Lemma 4.7. Let ϵ > 0, let (G, w) be a dismembered instance of WAMMRO and let T

be an undirected component of G. Then, in polynomial time, we can compute an ϵ-optimal
replacement set T for ((G, w), T ) of size f(ϵ).

The idea is, in comparison to the the proof of Lemma 4.3, not to try all weight functions,
but only a small set of weight functions such that every possible weight function is close to
one in the set. The proof, which is otherwise similar to the one of Lemma 4.3, is omitted.

4.5 XP Algorithm

This section is dedicated to concluding Theorem 1.2. We first prove Lemma 4.1.

Proof of Lemma 4.1. Let G⃗ be an optimal orientation for (G, w). We now define a sequence
G⃗0, G⃗1, . . . , G⃗q of orientations of G. First, we set G⃗0 = G⃗. We now recursively define G⃗i for
i ∈ [q]. Let i ∈ [q] and suppose that G⃗i−1 has already been defined. As Ti is an optimal
replacement set for Ti, there exists some T⃗i ∈ Ti such that R(G⃗i−1⟨T⃗i⟩, w) ≥ R(G⃗i−1, w).
Let G⃗i = G⃗i−1⟨T⃗i⟩. This finishes the definition of G⃗0, G⃗1, . . . , G⃗q. Observe that by the
definition of G⃗0, G⃗1, . . . , G⃗q and as G⃗ is an optimal orientation for (G, w), we have that G⃗q

is an optimal orientation for (G, w). Further observe that G⃗q[V (Ti)] = G⃗i[V (Ti)] = T⃗i for
i ∈ [q]. It follows that G⃗q has the desired properties. ◀

With Lemma 4.1 at hand, it is easy to conclude a version of Theorem 1.2 for WAMMRO
and connected, dismembered instances. Namely, given an instance (G, w), we first use
Lemma 4.3 to compute optimal replacement sets of polynomial size for all undirected
components of (G, w). Then, we try all orientations of G such that the inherited orientations
of the undirected components come from these optimal replacement sets. By Lemma 4.1, we
find an optimal orientation for (G, w) during this procedure. Next, as the optimal replacement
sets are of polynomial size and there are only O(k) undirected components of G, the number
of orientations we consider is nO(k). As the objective value of every orientation can be
computed in polynomial time, the statement follows. Afterwards, Theorem 1.2 follows from
Lemma 4.2 and Proposition 2.1. The details are omitted.

4.6 FPT approximation scheme

This section is dedicated to giving an overview of the proof of Theorem 1.3. While the
remaining parts of the proof are similar to the proof of Theorem 1.2, the main additional
difficulty is that applying these techniques, first a solution is obtained whose objective value
is an additive amount away from an optimal solution rather than a multiplicative one. This
problem is taken care of by the following result.

▶ Lemma 4.8. Let ϵ > 0, let (G, w) be a connected instance of WAMMRO with k ≥ 1
and let G⃗0 be an orientation of G such that R(G⃗0, w) ≥ R(G⃗, w) − ϵ

196k2 |w|2 holds for all
orientations G⃗ of G. Then G⃗0 is a (1 − ϵ)-optimal orientation for (G, w).
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In order to prove Lemma 4.8, we show that optimal solutions for any dismembered instance
of WAMMRO attain a certain minimum value. In order to do so, we first prove a result for
undirected graphs, relying on the methods provided in [15]. More precisely, we prove the
following result.

▶ Lemma 4.9. Let (G, w) be a connected instance of WAMMRO such that G is undirected
with |w| ≥ 2. Then there exists an orientation G⃗ of G such that R(G⃗, w) ≥ 1

49 |w|2.

The proof of Lemma 4.9 consists of finding a so-called centroid of the tree G, which, roughly
speaking, is a vertex v ∈ V (G) such that for a maximum number of pairs in P (G), their
unique path in G goes through that vertex. Then, we can orient G such that a large number
of vertices is reachable from v and v is reachable from a large number of vertices. This
orientation turns out to have the desired bound, thus proving Lemma 4.9.

It is now not difficult to prove a weaker version of Lemma 4.9 for arbitrary instances
(G, w) of WAMMRO. Namely, we focus on an undirected component of G of largest weight
and apply Lemma 4.9. We then extend the obtained orientation to G in an arbitrary way.
As the connectivities inside the undirected component are clearly maintained, we obtain the
same lower bound for the orientation of G. As there are at most O(k) undirected components
of G, we obtain a lower bound, which is sufficient to prove Lemma 4.8.

With Lemma 4.8 at hand, we can conclude Theorem 1.3 from Lemma 4.8, Lemma 4.7,
Lemma 4.2, and Proposition 2.1. The details are omitted.

5 Conclusion

We hope for the results in this article to be the starting point for more research on the
complexity of MMRO. There are several interesting follow-up questions that seem worthwhile
studying. The perhaps most interesting one, in particular in the light of Theorem 1.1, is
whether a constant-factor approximation algorithm is available.

▶ Question 1. Is there a constant α > 0 such that there exists a polynomial-time α-
approximation algorithm for MMRO?

Interestingly, the corresponding question for FPUMRO also seems to be open.
One approach for Question 1 is to determine whether for any instance (G, w) of WAMMRO,

there exists an orientation of G that maintains a constant fraction of the reachabilities in G

with respect to the given weight function.

▶ Question 2. Does there exist a constant α > 0 such that for any instance (G, w) of
WAMMRO, there exists an orientation G⃗ for (G, w) such that R(G⃗, w) ≥ αR(G, w)?

It is easy to see that an affirmative answer to Question 2 implies an affirmative answer to
Question 1. Moreover, it is natural to ask about a common strengthening of Theorem 1.2
and Theorem 1.3, namely if MMRO is actually FPT when parameterized by k.

▶ Question 3. Is there an algorithm that computes an optimal orientation for any instance
G of MMRO and runs in time f(k)nO(1)?

One way to achieve this would be to improve Lemma 4.3 in the sense that an optimal
replacement set of size only dependent on k is found rather than one of size O(n3). However,
this is not possible as the following result shows. Its proof is omitted.

▶ Proposition 5.1. For any positive integer q, there exists a connected, dismembered instance
(G, w) of WAMMRO with k = 2 and an undirected component T of G such that every optimal
replacement set for ((G, T ), w) is of size at least q + 1.
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A further interesting question is how structural parameters influence the difficulty of
MMRO. In particular, it would be good to understand how, given an instance (G, w) of
WAMMRO, the treewidth tw of UG(G) influences the difficulty of the problem. As every
undirected component of G is a tree, we obtain that tw ≤ k + 1. It follows that an XP
algorithm for tw would imply a qualitative version of Theorem 1.2. While it seems plausible
that such an algorithm can be obtained by a dynamic programming approach, we believe that
it would need to be significantly more technical than the algorithm presented in Section 4.3.
Similarly, an FPT algorithm for tw would yield an affirmative answer for Question 3.

On a higher level, except for [16], to our best knowledge, this is the first time that the
number of arcs has been considered as a parameter for orientation problems of mixed graphs.
It would be interesting to consider this parameterization for other problems on mixed graphs.
For this question to be meaningful, the problem needs to be solvable in undirected graphs,
but hard in mixed graphs.

One candidate is the problem of finding a 2-vertex-connected orientation of a mixed
graph G. This problem can be solved in polynomial time if G is an undirected graph [22]
and is NP-hard in general mixed graphs [18]. It would hence be interesting to see whether
this problem is XP or even FPT with respect to the number of arcs of G.

Another candidate is finding an orientation of a mixed graph that is a well-balanced
orientation of its underlying graph. For the definition of a well-balanced orientation, see [12].
The strong orientation theorem of Nash-Williams states that every undirected graph has a
well-balanced orientation [20]. However, the above described orientation problem in mixed
graphs is NP-hard [3]. Again, the parameterization by the number of arcs could be considered.
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