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Abstract
In moldable job scheduling, we are provided m identical machines and n jobs that can be executed on
a variable number of machines. The execution time of each job depends on the number of machines
assigned to execute that job. For the specific problem of monotone moldable job scheduling, jobs
are assumed to have a processing time that is non-increasing in the number of machines.

The previous best-known algorithms are: (1) a Polynomial Time Approximation Scheme (PTAS)
with time complexity Ω(ng(1/ε)), where g(·) is a super-exponential function [Jansen and Thöle ’08;
Jansen and Land ’18], (2) a Fully Polynomial Time Approximation Scheme (FPTAS) for the case of
m ≥ 8 n

ε
[Jansen and Land ’18], and (3) a 3

2 approximation with time complexity O(nm log(mn))
[Wu, Zhang, and Chen ’23].

We present a new practically efficient algorithm with an approximation ratio of ≈ (1.4593 + ε)
and a time complexity of O(nm log 1

ε
). Our result also applies to the contiguous variant of the

problem. In addition to our theoretical results, we implement the presented algorithm and show that
the practical performance is significantly better than the theoretical worst-case approximation ratio.
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1 Introduction

In the past many variants of scheduling problems have been studied. The classical task
scheduling problem consists of scheduling n jobs to m identical machines, where each job
j occupies exactly 1 machine. Motivated by many practical applications, such as high
performance computing [8], where parallelism is exploited to speed up the execution of jobs,
many extensions of this problem have been studied. One of which is scheduling moldable jobs.
This is a natural extension where jobs can be executed on a variable number of machines.
There are many practical motivations for this problem formulation, as discussed in [2, 8, 11].

In moldable job scheduling we are given J = {1, . . . , n} jobs and m identical machines.
Each job can be assigned to k ≤ m machines and the processing time of any job j is dependent
on the number of assigned machines. We denote the processing time of any job j as t(j, k).
Further, the work of any job j is defined as w(j, k) = t(j, k) · k and can be described as its
area. For monotone moldable job scheduling we assume that for any job, the work function
and time function are non-decreasing and non-increasing, respectively.
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56:2 Moldable Job Scheduling

▶ Assumption 1 (monotony [29]). Given any job j, for all k ≤ k′ ≤ m, we have:
(i) w(j, k) ≤ w(j, k′)
(ii) t(j, k) ≥ t(j, k′)

A solution to an instance of this problem is given by a schedule, containing a start time
sj for each job j ∈ J , and an allotment α(j) ∈ {1, . . . , m} for each job. A schedule is called
feasible if the following conditions are met:

A job starts its execution simultaneously on all its assigned machines
A job may not be interrupted during its execution time
Each machine can execute at most one job at a time

In the contiguous variant of the problem, we additionally require each job to be processed
on an adjacent set of machines. In many practical applications obtaining such a schedule,
where jobs are processed on adjacent machines, is beneficial as it allows for better memory
locality and reduced communication overhead between machines [2]. There are many other
applications of this model, as discussed in [1, 5, 6, 13, 29, 31]. In this paper we consider the
problem of minimizing the makespan, i.e., the maximum completion time of any job in a
schedule.

1.1 Related Work
Note that in moldable job scheduling the number of machines assigned to a job is fixed during
the execution of the job. Some older publications refer to this problem as malleable job
scheduling [4, 12, 13, 21, 24, 27, 29]. However, the notation has recently changed to moldable
job scheduling, whereas malleable job scheduling is now used to refer to the problem, where
the number of machines assigned to a job can change during its execution.

Moldable job scheduling as well as the monotone variant are known to be NP-hard [9, 20].
Turek, Wolf, and Yu [30] presented a 2-approximation algorithm for the general case of
moldable job scheduling. Later, Ludwig and Tiwari [27] presented an algorithm with the
same approximation ratio but improved the running time to be polynomial in log m. It
has been proven that for moldable job scheduling (without monotony!) no polynomial-time
approximation algorithm with a guarantee below 3/2 exists, unless P = NP [7, 25]. But
there exists a pseudo-polynomial ( 5

4 + ε)-approximation algorithm for scheduling contiguous
moldable jobs with a time complexity of O(n log n) · mf(1/ε), where f(·) is a computable
function [22]. For special cases of the problem there exist better approximation algorithms:
Jansen and Porkolab [21] presented an approximation scheme with linear running time for a
constant number of machines m; Decker, Lücking, and Monien [4] gave a 1.25-approximation
under the additional assumption of identical jobs. Jobs are called identical if the execution
time on any number of machines is the same for all jobs.

In this work we study the specific problem of monotone moldable job scheduling. Mounié,
Rapine, and Trystram [28, 29] presented a ( 3

2 + ε)-approximation algorithm with a time
complexity of O(nm log 1

ϵ ) for the contiguous case. Over the past years, various authors
have improved this result. Jansen and Thöle [23, 24] have shown the existence of an
algorithm with an approximation ratio arbitrarily close to 1.5 for the contiguous problem
and presented a Polynomial Time Approximation Scheme (PTAS) for the same problem
without the contiguous restriction when m is bounded by a polynomial in n. Jansen and
Land [19] generalized the PTAS in [24] by presenting a Fully Polynomial Time Approximation
Scheme (FPTAS) for the contiguous case under the assumption of m > 8n

ε . Additionally,
they improved the ( 3

2 + ε)-approximation algorithm in [29] to have a running time with
only poly-logarithmic dependence on the number of machines m. These result were further
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improved by Grage, Jansen, and Ohnesorge [16]. Just recently, Wu, Zhang, and Chen [31]
gave a 3

2 -approximation algorithm with a running time of O(nm log nm) and stated the open
question of whether an approximation algorithm for this problem exists with an approximation
ratio better than 3

2 and a similar running time.

Table 1 Overview of approximation algorithms for monotone moldable job scheduling polynomial
in n, m and 1/ε.

Ratio Complexity Author (Year)

3
2 + ϵ O(log(1/ε)nm) Mounié, Rapine, Trystram (2007) [29]

3
2 + ϵ O( n

ε2 log m( log m
ϵ

+ log3(εm))) Jansen, Land (2018) [19]

3
2 + ϵ O(n log2( 1+log(εm)

ε
) + n

ε
log
(

1
ε

)
log(εm)) Grage, Jansen, Ohnesorge (2023) [16]

3
2 O(nm log(nm)) Wu, Zhang, Chen (2023) [31]

1.4593 + ϵ O(log(1/ε)nm) This Work

1.2 Our Contributions

The best known approximation ratio for the problem of monotone moldable job scheduling
(non-contiguous) is 1 + ε, given by the PTAS in [23, 24]. This PTAS uses a dynamic
program to place jobs across δ−2 many starting points. When setting ε := 0.5, we get the
number of starting points by calculating δ := σ36, such that σ1 := 1

18 and σk := σ3
k−1

(4·72) . This
resolves to roughly σ36 ≈ 10−1.2·1017 . The overall dynamic program then has a running time
of roughly nm2·102.4·1017

. When comparing the ( 5
4 + ε)-approximation in [22], to current

3
2 -approximation algorithms by setting ε := 1

4 , we get a running time of Ω((mn)16413

). While
these algorithms are of theoretical interest, they have an impractically large running time.
Motivated by this, we focus on practically efficient approximation algorithms (Table 1).

Previously it was assumed that there exists no practically efficient ( 3
2 − ε)-approximation

for the problem of monotone moldable job scheduling, for any ε > 0 [31]. We break this
barrier by presenting an approximation algorithm with a worst-case approximation ratio
of ≈ 1.4593 < 1.5. It is worth noting that the PTAS presented in [24] cannot solve the
contiguous variant of the problem, and it is unknown whether there exists a PTAS for
this variant of the problem. Surprisingly, we show that our algorithm creates a contiguous
schedule with a makespan of at most 1.4593 · ÕPT , where ÕPT is a lower bound on the
optimum of the non-contiguous problem. This result also bounds the gap between the
contiguous and non-contiguous variant of the problem.

Our algorithm has a running time of O(mn log 1
ε ). This is technically only pseudo-

polynomial in the encoding length of the problem because of the linear dependency on m.
Similar to the algorithms in [22, 24], we can use the FPTAS presented in [16, 19] for instances
with m > 8 n

ε . Thus, we may assume that m ≤ 8 n
ε . Our running time of O(mn log 1

ε ) is fully
polynomial in this case.

▶ Theorem 2. Let ε > 0. For contiguous monotone moldable job scheduling, there exists an
algorithm with an approximation ratio of (1.4593 + ε) and a running time of O(nm log 1

ε ).

STACS 2026
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We achieve this result by improving the long-standing algorithm of Mounié, Rapine,
and Trystram [29]. Although this algorithm has been improved many times with respect
to the running time [19, 16], improving the approximation ratio seemed to be a difficult
task (except for eliminating the ε factor [31]). We manage this with the following new
techniques: (1) relaxing the standard 0/1-Knapsack used in their algorithm to a Multiple-
Choice Knapsack Problem, (2) packing the jobs into more containers, which results in more
complex repair algorithms, and (3) analyzing a single critical case carefully with an elegant
geometric argument. Our method of analyzing this critical case results in the so-called
Lambert W function appearing in the approximation ratio.

We believe that this result is of theoretical interest as it breaks the long-standing barrier
of 3

2 for these practically efficient algorithms and the techniques employed, particularly
the geometric argument, are potentially of broader interest. A similar geometric analysis
could be beneficial in other scheduling and packing problems [10, 14, 17]. Furthermore, our
theoretical results are supported by practical experiments demonstrating that a schedule
length of at most 10

7 OPT can be guaranteed in most cases. This makes this algorithm a
promising candidate for practical applications.

1.3 Preliminaries

As many of the previous works, we utilize a dual approximation framework as proposed by
Hochbaum and Shmoys [18]. First, we obtain a lower and upper bound on the optimum
makespan by a constant approximation algorithm [30, 27] and then perform binary search in
this interval to find the optimal makespan up to an accuracy of ε. Therefore, for this work
we assume that we are given a makespan guess d and want to find a schedule with makespan
at most λd or reject d if d < OPT .

Similar to Mounié, Rapine, and Trystram [29], we define the canonical number of machines
as follows:

▶ Definition 3 (Canonical Number of Machines). Given a real number h, we define for each
job j its canonical number of machines γ(j, h) as the minimal number of machines needed to
execute j in time at most h. If j cannot be processed in time at most h on m machines, we
set γ(j, h) = ∞ by convention.

We do note that, due to monotony, this number can be found in time O(log m) using
binary search.

2 Description of the Algorithm

In order to motivate the core idea of our algorithm, we first give a brief overview of
the algorithm presented by Mounié, Rapine, and Trystram [29]: First, find a partition
S1 ⊔ S2 = JB = {j ∈ J : t(j, 1) > d

2 } with some specific properties. Then, schedule the
first set S1 with a total width and height of m and d, respectively. The second set S2 is
scheduled with a height of at most d

2 on top, which then results in a total height of at most
3
2 d. Afterwards, the remaining small jobs JS = {j ∈ J : t(j, 1) ≤ d

2 } are scheduled greedily.
For ease of notation we will, similar to [29, 21, 16], call the sets S1, S2 shelf 1 and shelf 2,
respectively. We describe the maximum allowed execution time of jobs in each shelf as the
height of the shelf, e.g. in the algorithm of [29] the height of shelf 1 is d and the height of
shelf 2 is d

2 .
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Although this algorithm is quite tailored to an approximation ratio of 3
2 , we manage

to adapt it to obtain a better approximation ratio. A key insight is that we can partition
the jobs into more sets to more closely resemble the allotment in an optimal schedule. We
believe that this technique might be of more general interest. Improving the approximation
ratio of this algorithm comes with a few major challenges: (1) Greedily adding jobs j ∈ JS

with t(j, 1) ≤ d
2 will result in an approximation ratio ≥ 3/2. (2) We need to be more careful

about the partitioning of jobs into shelves.
We overcome the first challenge by defining JS = {j ∈ J : t(j, 1) ≤ 3

7 d} as the set of small
jobs, and JB = J \ JS as the set of big jobs. This choice, while it may seem arbitrary, will
become clear in the subsequent analysis. The minimal work of the small jobs in any schedule
is denoted as WS =

∑
j∈JS

w(j, 1).
For the partition we allow a third shelf, which is allowed to exceed the width of m. By

exploiting the work monotony of jobs, we can later reduce the number of machines assigned
to jobs in this shelf. This leads us to the central theorem of our work:

▶ Theorem 4. Given a partitioning of jobs C1 ⊔ C2 ⊔ C3 = JB s.t.
C1

∑
j∈C1

w(j, γ(j, d)) +
∑

j∈C2
w
(
j, γ

(
j, 4

7 d
))

+
∑

j∈C3
w
(
j, γ

(
j, 3

7 d
))

≤ md − WS

C2
∑

j∈C1
γ(j, d) +

∑
j∈C2

γ
(
j, 4

7 d
)

· 1
2 ≤ m

one can compute a contiguous schedule with makespan at most λd in time O(mn), for any
λ > − 1

3 W−1(− 3
e4 ) ≈ 1.4593.

The Lambert W function, also called omega function or product logarithm is defined such
that yey = x holds if and only if y = W (x). The W−1 branch is used for − 1

e ≤ x < 0 [3].
The fact that the Lambert W function appears is due to the nature of our analysis, where
we define integrals to get a bound on the work of jobs in a schedule. This technique, while
not new, is not commonly used in the analysis of scheduling problems. Fotakis, Matuschke,
and Papadigenopoulos [12] use a similar analysis technique, but the Lambert W function
does not appear in their analysis.

2.1 Finding a Partition
We start by showing the existence of a partition of jobs into three classes, as required by
Theorem 4, given a schedule with makespan at most d exists.

▶ Lemma 5. Given any schedule with makespan at most d, there exists a partition C1⊔C2⊔C3 =
JB that satisfies constraints C1 and C2 of Theorem 4.

Proof. Consider any schedule for an instance I with makespan d∗ ≤ d. The total work
of all small jobs, defined as JS = {j ∈ J : t(j, 1) ≤ 3

7 d}, is at least WS =
∑

j∈JS
t(j, 1),

due to the assumption of work monotony. Therefore, the work of all remaining jobs is
at most W = md − WS . For any job j ∈ JB, we will denote the number of machines
assigned to this job in the optimal schedule as OPT (j). We now argue that the partition
C1 := {j ∈ JB : t(j, OPT (j)) > 4

7 d}, C2 := {j ∈ JB : 4
7 d ≥ t(j, OPT (j)) > 3

7 d}, and
C3 := {j ∈ JB : 3

7 d ≥ t(j, OPT (j))} of jobs in JB satisfies both constraints C1 and C2.
Due to monotony, we know that the work of any job in C3 is at least w(j, γ(j, 3

7 d)).
Therefore:∑

j∈C3

w

(
j, γ

(
j,

3
7d

))
≤
∑
j∈C3

w(j, OPT (j)) (1)

STACS 2026



56:6 Moldable Job Scheduling

Each job in C1 uses at least γ(j, d) machines and has a work of at least w(j, γ(j, d)),
therefore:∑

j∈C1

w(j, γ(j, d)) ≤
∑
j∈C1

w(j, OPT (j)) (2)

∑
j∈C1

γ(j, d) ≤
∑
j∈C1

OPT (j) (3)

For the last partition C2, first observe that in any optimal schedule of height at most d no
job from C2 can be scheduled on the same machine as a job from C1. Thus, all jobs in C2 are
scheduled on at most m −

∑
j∈C1

OPT (j) machines. Each job j ∈ C2 uses at least γ(j, 4
7 d)

machines and, since t(j, OPT (j)) > 3
7 d, at most two such jobs can be scheduled on the same

machine. Therefore:∑
j∈C2

γ

(
j,

4
7d

)
· 1

2 ≤ m −
∑
j∈C1

OPT (j) (4)

For the work area, we give a similar argument as above and get:∑
j∈C2

w

(
j, γ

(
j,

4
7d

))
≤
∑
j∈C2

w(j, OPT (j)) (5)

Combining Equations (3) and (4), yields constraint C2 and combining Equations (1), (2),
and (5), yields constraint C1. This proves the lemma. ◀

Thus, given a makespan guess d ≥ OPT, we know a partition of jobs C1 ⊔ C2 ⊔ C3 = JB

exists such that the constraints of Theorem 4 hold. Finding such a partition is equivalent to
solving a Multiple-Choice Knapsack Problem (MCKP).

▶ Definition 6 (Multiple-Choice Knapsack Problem (MCKP)). Given a capacity m ∈ N,
k ∈ N classes and n ∈ N items, each item j ∈ [n] with a cost cjl and a size sjl for each
l ∈ [k]. Find a partition C1 ⊔ · · · ⊔ Ck = [n] with:

min
k∑

l=1

∑
j∈Cl

cjl

s.t.
k∑

l=1

∑
j∈Cl

sjl ≤ m

Solving the MCKP can be done in time O(mn) using dynamic programming [26]. Given
a makespan guess d ≥ OPT , finding a partition that satisfies the constraints of Theorem 4 is
equivalent to solving a MCKP with capacity m and k = 3 classes, where each job j ∈ JB is
an item with costs cj1 = w(j, γ(j, d)), cj2 = w(j, γ(j, 4

7 d)), and cj3 = w(j, γ(j, 3
7 d)) and sizes

sj1 = γ(j, d), sj2 = 1
2 γ(j, 4

7 d), and sj3 = 0. Therefore, we will assume for the remainder of
this work that we are given a partition C1 ⊔ C2 ⊔ C3 = JB that satisfies the constraints of
Theorem 4.

2.2 Constructing a Schedule
In this section we assume that we are given a makespan guess d ≥ OPT and a partition
C1 ⊔ C2 ⊔ C3 = JB that satisfies the constraints of Theorem 4. We will prove Theorem 4 by
providing an algorithm with the required approximation ratio. An overview of this algorithm
is given in Algorithm 1.
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Algorithm 1 Description of the Dual Approximation Algorithm.

Require: m identical machines, n moldable jobs, and a makespan guess d

1: Let JS = {j ∈ J |t(j, 1) ≤ 3
7 d} and JB = J \ JS .

2: Construct partition C1 ⊔ C2 ⊔ C3 = JB via MCKP. ▷ Lemma 5
3: if W (C1, C2, C3) > dm − WS then
4: reject d.
5: end if
6: Distribute jobs in C1, C2, C3 onto shelves according to Lemma 7. ▷ Definition 9
7: Apply Algorithm 2.
8: if q < m/6 then
9: Apply Algorithm 3. ▷ Lemma 11

10: else
11: Apply Algorithm 4. ▷ Lemma 13
12: end if
13: Greedily add small jobs JS via Algorithm 5. ▷ Lemma 17

Our goal is now to construct an intermediate schedule, as shown in Figure 1 (left) for all
jobs JB = J \ JS . Any job j ∈ C1 is scheduled on γ(j, d) machines at time 0, any job j ∈ C2
is scheduled on γ(j, 4

7 d) machines at time 0, and any job j ∈ C3 on γ(j, 3
7 d) machines such

that it completes at time 10
7 d. When analyzing the resulting schedule, we notice that (1) the

jobs in C1 and C2 require more than m machines, and (2) the jobs in C3 might also require
more than m machines.

m

d

10
7 d

4
7d

m

d

10
7 d

4
7d

Figure 1 Schedule before Lemma 7 (left) and after (right). Pink jobs are in C1, blue jobs in C2,
and yellow jobs in C3.

We fix the first problem by scheduling the jobs j ∈ C2 on fewer machines and focus on
the second problem in Section 2.3. Note that all jobs are scheduled in a way such that
Constraint C1 remains satisfied and the total work of all big jobs is at most md − WS . This
remains true, due to work-monotony, for the remainder of this work by ensuring that no
alterations to this schedule increase the number of machines assigned to any job.

▶ Lemma 7. All jobs in C2 can be scheduled on m−
∑

j∈C1
γ(j, d) machines without exceeding

the makespan of 10
7 d.

Proof. First notice that by Constraint C2, we get
∑

j∈C2
γ(j, 4

7 d) · 1
2 ≤ m −

∑
j∈C1

γ(j, d).
Therefore, we need to effectively schedule each job, such that it requires at most γ(j, 4

7 d) · 1
2

machines.
We analyze jobs j ∈ C2 based on their canonical number of machines γ(j, 4

7 d).

STACS 2026
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Case 1 γ(j, 4
7 d) ≥ 4. These jobs can be scheduled in such a way that they do not exceed

an execution time of 10
7 d when assigned to ⌊γ(j, 4

7 d)/2⌋ machines. Due to work monotony,
we have:

w

(
j, γ

(
j,

4
7d

))
≥ w

(
j,

⌊
γ
(
j, 4

7 d
)

2

⌋)

⇔ t

(
j, γ

(
j,

4
7d

))
· γ

(
j,

4
7d

)
≥ t

(
j,

⌊
γ(j, 4

7 d)
2

⌋)
·
⌊

γ(j, 4
7 d)

2

⌋
⇒ 4

7d ·
γ(j, 4

7 d)⌊
γ(j, 4

7 d)
2

⌋ ≥ t

(
j,

⌊
γ(j, 4

7 d)
2

⌋)

This implies that t
(
j,
⌊
γ(j, 4

7 d)/2
⌋)

is smaller than or equal to 10
7 d for any γ(j, 4

7 d) ≥ 4.

Case 2 γ(j, 4
7 d) = 2. These jobs can be scheduled on 1 machine without exceeding the

makespan of 10
7 d, exactly halving the number of required machines.

Case 3 γ(j, 4
7 d) = 3. If there are multiple such jobs, they can be scheduled in pairs on top

of each other without idle time. In the remainder of this work, we may treat these jobs as a
single bigger job. Thus, we may assume there exists at most one of these jobs and denote it
as j3.

Case 4 γ(j, 4
7 d) = 1. These jobs can also be scheduled in pairs on top of each other. In

the remainder of this work, we may treat these jobs as a single bigger job. A remaining
single job, denoted j1, may need to be processed differently.

If neither j1 nor j3 exists, we have successfully scheduled all jobs in C2 such that they
require no more than m −

∑
j∈C1

γ(j, d) machines.
If only j1 exists, the schedule still fits within the machine limit since m −

∑
j∈C1

γ(j, d) is
of integer value.

If only j3 exists, it can be scheduled on γ(j3, 10
7 d) ≤ 2 machines, and again the schedule

fits within the machine limit.
If both j1 and j3 exist, j3 is scheduled on 2 machines, with a height of at most 4

7 d · 3
2 = 6

7 d,
and j1 is placed on top of one of these machines. We consider these two jobs as one job of
height t(j3, 2) + t(j1, 1) scheduled on 1 machine, and one job of height t(j3, 2) scheduled on 1
machine. ◀

▶ Remark 8. Note that splitting the job j3 into two parts might break the contiguous property
of the schedule. However, we can simply reorder the machines such that this job is scheduled
on adjacent machines. We will revisit this problem in each of the following proofs individually
to ensure at any point that both parts of j3 can be scheduled on adjacent machines.

For the following sections, we will refer to the schedule constructed in Lemma 7 as a
3-shelf schedule (Definition 9 with λ = 10

7 ). To that end, we distribute jobs in C1 ⊔ C2 ⊔ C3
onto three shelves, as shown in Figure 2. Jobs in C1 ⊔ C2 are distributed onto the first two
shelves (S0 and S1) such that any job with an execution time greater than d is in S0 and
the remaining jobs are in S1. The jobs in C3 are put into S2 with an execution time of at
most 3

7 d.

▶ Definition 9 (3-Shelf Schedule). Given a makespan guess d and λ ∈ [ 10
7 , 3

2 ), a 3-shelf
schedule is a partition of jobs S0 ⊔ S1 ⊔ S2 = JB = J \ JS such that:∑

j∈S0
w(j, γ(j, λd)) +

∑
j∈S1

w(j, γ(j, d)) +
∑

j∈S2
w(j, γ(j, (λ − 1)d)) ≤ md − WS∑

j∈S0
γ(j, λd) +

∑
j∈S1

γ(j, d) ≤ m
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Note that by Lemma 7,
∑

j∈S0
γ(j, 10

7 d) +
∑

j∈S1
γ(j, d) ≤ m. The total work of the

jobs is still bounded by md − WS . As illustrated in Figure 2, we now have to consider the
remaining problem that shelf 2 might require too many machines.

2.3 Repairing the 3-Shelf Schedule
This section is devoted to repairing the 3-shelf schedule obtained in the previous section.
Although the above knapsack formulation suggests a makespan guarantee of 10

7 d is achievable,
we will have to relax this to obtain a feasible schedule. To this end, we parameterize the
approximation ratio of our algorithm by a parameter λ ∈ [ 10

7 , 3
2 ), to be chosen later. Thus,

we aim to construct a schedule of height at most λd, where we allow jobs in shelf 2 to have
an execution time of at most (λ − 1)d.

We will denote the number of machines used by S0 and S2 as m0 :=
∑

j∈S0
γ(j, λd) and

m2 :=
∑

j∈S2
γ(j, (λ − 1)d), respectively. By construction m − m0 machines are used to

schedule jobs in S1 and S2. Lemma 7 guarantees that the jobs in S1 require at most m − m0
machines with height of at most d. We denote the number of idle machines in shelf 1, i.e.
machines that do not execute any job j ∈ S1, as q. Note that it is not yet guaranteed that
the jobs in S2 can be scheduled on the remaining m − m0 machines with a maximal height
of (λ − 1)d, for any λ ∈ [ 10

7 , 3
2 ). For the remainder of this section, we assume that we are

given a 3-shelf schedule with m2 > m − m0, as the schedule is feasible otherwise (Figure 2).
The following proofs use a lower bound on the total work of jobs to show the desired

approximation ratio. Remember that, by Constraint C1 of Theorem 4, the given schedule
satisfies W0 + W1 + W2 ≤ md, where Wk denotes the total work area of jobs in shelf
k. Since, by construction, the total work of jobs in shelf 0 is greater than dm0, we get
W1 + W2 ≤ d(m − m0). For ease of notation, we will w.l.o.g ignore shelf 0 and assume that
m0 = 0 as illustrated in Figure 2 (right).

We start by applying transformations (Algorithm 2) to the 3-shelf schedule, which will
help reduce the number of machines used by S2. These transformations are based on ideas
from Mounié, Rapine, and Trystram [29] but are parameterized with λ.

Algorithm 2 Repair Shelf Schedule.

Require: 3-shelf schedule; λ ∈ [ 10
7 , 3

2 ).
1: while possible do
2: apply Transformation T1, T2, or T3.
3: end while

T1 If a job j ∈ S1 has execution time at most λ
2 d and is allotted to p > 1 machines, allocate

j to γ(j, λd) machines in S0.
T2 If j, j′ ∈ S1 have execution time less than λ

2 d and are each allotted to 1 machine, allocate
j and j′ to the same machine in S0.

T3 Let q denote the number of idle machines in S1. If there exists a job j ∈ S2 with an
execution time of less than λd on q machines, allocate j on γ(j, λd) machines either to
S1 or S0, depending on its execution time.

In the following, we will analyze the schedule that results after applying Algorithm 2.
Remember, that for ease of notation, we assume m0 = 0. This does not change the correctness
of the proof, since we contradict the total work of the schedule, and shelf 0 has a total work
greater than dm0.
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▶ Lemma 10. Given a 3-shelf schedule and any λ ∈ [ 10
7 , 3

2 ), we can either find a feasible
contiguous schedule with makespan at most λd in time O(mn), or the following properties
hold:
(i) At most one machine executes a job j ∈ S1 with height less than λ

2 d.
(ii) The work area of any job in S2 is greater than λdq.
(iii) The work area of S1 is greater than λ

2 d (m − q).

Proof. We prove the lemma by first showing that Properties (i) and (ii) hold after applying
Algorithm 2. Then, we will establish the contiguity of the schedule and analyze the time
complexity of the algorithm.

We begin by showing the three properties of the lemma. By the definition of Algorithm 2,
any job j ∈ S1 is scheduled on γ(j, d) machines. This implies that any job with an execution
time of less than λ

2 d is scheduled on exactly one machine, by the definition of γ(j, d) and
monotony. The schedule contains at most one such job, since we could otherwise apply
Transformation T2, contradicting the algorithms’ termination condition. Property (ii) follows
directly, since Transformation T3 cannot be applied.

For the last property we use a proof by contradiction: Suppose Property (iii) does not
hold. This implies that there exists a job j ∈ S1 with an execution time of t ∈ ( 3

7 d, λ
2 d]. By

Property (i), there exists at most one such job, which is scheduled on exactly one machine.
We consider three cases:

Case 1 (S1 \ {j} = ∅ and q = 0). In this case, m = 1. We place all jobs on this one
machine and obtain a feasible schedule, if W1 + W2 ≤ d.

Case 2 (S1 \ {j} = ∅ and q > 0). In this case, q = m − 1. Since S2 contains at least one
job W2 > λdq = λd(m − 1), by Property (ii). With W1 + W2 ≤ dm, we get:

3
7d + λd(m − 1) < dm

⇔ 3
7 + λm − λ < m

⇔ (λ − 1)m < λ − 3
7

⇔ m <
λ − 3

7
λ − 1

For λ ∈ [ 10
7 , 3

2 ), this implies m ≤ 2. Since q ≥ 1 and m = q + 1, we must have m = 2
and q = 1. We will first show that S2 can contain at most one job. To this end, denote
the number of jobs in S2 as k, then the total work area of S2 is W2 > λdqk = λdk, by
Property (ii) and q = 1. With W1 + W2 ≤ dm we get:

3
7d + λdk < 2d

⇔ k <
11
7λ

<
11
10 < 2 (λ ≥ 10

7 )

This leads to a final contradiction. If we cannot find a feasible schedule, the single job in
S2 has a processing time of at least λd − t on two machines. This implies a total work area
of 2(λd − t) + t ≥ 3

2 λd > 2d, where the first inequality follows from t ≤ λ
2 d and the second

from λ > 10
7 . Since W1 + W2 ≤ 2d, this is a contradiction.
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Case 3 (S1 \ {j} ≠ ∅). If Property (iii) does not hold, we may assume that there exists
another job j′ ∈ S1 \ {j} with an execution time less than λd − t. Then, we can schedule j

on top of j′. Observe that t(j, d) + t(j′, d) > d, therefore we place j (and j′ partially) in S0.
The new schedule satisfies (iii).

It remains to show that the resulting schedule is contiguous. We must ensure that no
job is split across non-adjacent machines. Note that this can only happen for jobs that are
split between two shelves. If such a job j3 exists (see Remark 8), we can choose j (the job
violating Property (iii)) to be j := j3. We consider the three cases from above: In Cases 1
and 2, job j (= j3) is the only job in S1. We can schedule it at the boundary between shelf 1
and shelf 0, ensuring it occupies a contiguous block of machines. In case 3, j (= j) is moved
entirely into shelf 0, so it is no longer split. The other job j′ can be chosen as the smallest
job in S1 and placed at the boundary, preserving contiguity. This guarantees that all jobs
are scheduled on adjacent machines.

The time complexity results from the following argument: Denote the number of big
jobs as nB. Since the transformations move jobs from shelf 2 to shelf 1 or 0, and from
shelf 1 to shelf 0, the while-loop in Algorithm 2 can be executed at most O(nB) times.
Transformations T1 and T2 can be implemented in O(nB). Transformation T3 can be
implemented in O(nB) for scanning the jobs in S2 and O(log m) to determine γ(j, λd) for
the chosen job j ∈ S2. This results in a time complexity of O(n2

B + nB log m). Since nB

is bounded by both n and m, we can conclude that the time complexity of Algorithm 2 is
O(nm). ◀

m
m0 q

d

λd
m2

m
q

d

λd
m2

Figure 2 Infeasible 3-shelf schedule. Blue jobs are in S0, pink jobs in S1, and yellow jobs in S2.

Our goal for the remainder of this section is now to show that S2 does not require more
than m machines. The new idea is to compress jobs in S2 to a height greater than the height
of their shelf ((λ − 1)d), since the jobs in S1 cannot be utilizing the entire height of their
shelf. We formulate multiple new repair algorithms that utilize this observation, and show
that they can construct a feasible schedule in several ways.

▶ Lemma 11. Given a 3-shelf schedule with q ≤ m/6, we can find a feasible contiguous
schedule with makespan at most 10

7 d (if q = 0), and 13
9 d (if 0 < q ≤ m/6) in time O(mn).

Proof. In this case a feasible schedule can be found by applying Algorithm 3. The proof of
this lemma uses fairly simple techniques, therefore we defer the proof of this lemma to the
full version. ◀
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Algorithm 3 RepairS2-1.

1: while m2 > m do
2: Let j be the job with the smallest height among jobs in S2.
3: Let p be the number of machines j is allotted to.
4: Allot j to p − 1 machines.
5: end while
6: Sort jobs in S1 in descending order of execution time.
7: Sort jobs in S2 in ascending order of execution time.

It remains to show that we can also find a feasible schedule for the case q > m/6. We
prepare this proof with the following observation:

▶ Observation 12. Given a 3-shelf schedule with q > m/6 and λ ≥ 4
3 , the number of jobs in

S2 is at most |S2| ≤ 1.

Proof. Suppose |S2| > 1. By Lemma 10.(ii), we have (W2 > λdq · |S2| ≥ 2λdq). With
Lemma 10.(iii), we get:

W1 + W2 ≤ dm

⇒ λ

2 d(m − q) + 2λdq < dm

⇔ λ

2 m + 3
2λq < m

⇔ 3
4λm < m (q > m/6)

⇔ λ <
4
3

This is a contradiction to λ ≥ 4
3 . ◀

Algorithm 4 RepairS2-2.

1: Denote the single job in S2 as j0
2: Sort all jobs in S1 in descending order of execution time
3: Set i = 0
4: for each i ∈ {0, . . . , m − q − 1} do
5: Place j0 on the m − i least loaded machines
6: if Cmax ≤ λd then
7: return
8: end if
9: end for

With this, we may assume that |S2| = 1 and denote the single job in S2 as j0. This
observation can be exploited by enumerating all possible allotments for this job (Algorithm 4).

The following lemma analyzes the correctness of the last (and most complex) case.

▶ Lemma 13. Given a 3-shelf schedule with q > m/6, we can find a feasible schedule with
makespan at most λd, for any λ ≥ − 1

3 W−1(− 3
e4 ) ≈ 1.4593.
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Proof. We intend to prove the lemma by showing that the height of any job in S1 scheduled
on machine i ∈ {0, . . . , m − 1} is greater than max

(
λd − dm− λ

2 d(m−q)
m−i , λ

2 d
)

, provided we
cannot find a feasible schedule with Algorithm 4 (as illustrated in Figure 3). With this
observation, we can analyze the total work area of the schedule and contradict W1 +W2 ≤ dm.

Consider a schedule as illustrated in Figure 3 (left), where Algorithm 4 cannot place
j0 ∈ S2. We start by showing that when placing all jobs in shelf 1 in non-increasing order of
processing time, the processing time of jobs (load Li) on each machine i ∈ {0, . . . , m − 1} is
greater than g(i) = λd − dm− λ

2 d(m−q)
m−i .

m

d

λd

q m

d

λd

q

Figure 3 Infeasible (left) and feasible (right) schedule after applying Algorithm 4. The red line
indicates max

(
λd
2 , λd − dm− λ

2 d(m−q)
m−i

)
. Pink jobs are in S1 and yellow jobs in S2.

▶ Assumption 14. If Algorithm 4 does not find a feasible schedule, the jobs in S1 can be
placed such that the load Li on each machine i ∈ {0, . . . , m − 1} satisfies:

Li > g(i) = λd −
dm − λ

2 d(m − q)
m − i

This assumption can be proven by a simple contradiction argument. We formally show this
in the full version of this paper.

It remains for us to analyze the total work area of the schedule under Assumption 14 to
reach a contradiction to W1 + W2 ≤ dm. We will split this analysis into two cases.
Case 1 (m < 6): In this case, we explicitly calculate a bound on W1 +W2. For more details

please refer to the full version of this paper.
Case 2 (m ≥ 6): The most important observation in this case is that we can correctly

bound the work on shelf 1 by the following integral:

W1 >

∫ m−q

0
max

{
λd −

dm − λ
2 d(m − q)

m − i
,

λ

2 d

}
di (6)

This bound is not entirely trivial, since shelf 1 might contain one job with an execution time
of less than λ

2 d, by Lemma 10.(i). We formally show the correctness of this bound, under
the assumption of m ≥ 6, in the full version of this paper.
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In order to reach a contradiction, we need to show that

W1 + W2

>

∫ m−q

0
max

{
λd −

dm − λ
2 d(m − q)

m − i
,

λ

2 d

}
di + max {(λ − 1)dm, λdq}

> dm

The first inequation follows directly from Equation (6), Lemma 10(ii), and γ(j0, (λ − 1)d) >

m ⇒ W2 > (λ − 1)dm. In order to show the second inequation, we will interpret this
expression as a function in q and show that its minimum, at q = λ−1

λ m, is greater than dm.

▶ Observation 15. The function

W(q) =
∫ m−q

0
max

{
λd −

dm − λ
2 d(m − q)

m − i
,

λ

2 d

}
di + max {(λ − 1)dm, λdq}

has a minimum at q = λ−1
λ m, for any λ ∈ [ 10

7 , 3
2 ).

We give a full proof of this observation in the full version of this paper.
Since W(q) has the minimal value (in the interval [0, m]) at q = λ−1

λ m, we need to
show that:

W
(

λ − 1
λ

m

)
> dm

⇔
∫ m− λ−1

λ m

0
max

{
λd −

1
2 dm

m − i
,

λ

2 d

}
di + (λ − 1)dm > dm

⇔
∫ m− λ−1

λ m

0
max

{
λd −

1
2 dm

m − i
,

λ

2 d

}
di > (2 − λ)dm (7)

In order to further analyze this expression, we need to take a closer look at the integral term.
First, let’s find the switching point i′ of the max-function, where λd −

1
2 dm

m−i′ = λ
2 d.

λd −
1
2 dm

m − i′ = λ

2 d

⇔
1
2 dm

m − i′ = λ

2 d

⇔ dm = λd(m − i′)

⇔ λ − 1
λ

m = i′

Then, we can split the integral from Equation (7) at i′ and analyze both parts separately.∫ m− λ−1
λ m

0
max

{
λd −

1
2 dm

m − i
,

λ

2 d

}
di

=
∫ λ−1

λ m

0

(
λd −

1
2 dm

m − i

)
di +

∫ m− λ−1
λ m

λ−1
λ m

λ

2 d di

= λd

∫ λ−1
λ m

0
1 di −

∫ λ−1
λ m

0

1
2 dm

m − i
di +

((
m − λ − 1

λ
m

)
− λ − 1

λ
m

)
λ

2 d

= (λ − 1) dm − 1
2dm

∫ λ−1
λ m

0

1
m − i

di + 2 − λ

2 dm
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= (λ − 1) dm − 1
2dm

(
ln(m) − ln

(
m − λ − 1

λ
m

))
+ 2 − λ

2 dm

= (λ − 1) dm − 1
2dm ln(λ) + 2 − λ

2 dm

Together with Equation (7), we get:

(λ − 1) dm − 1
2dm ln (λ) + 2 − λ

2 dm > (2 − λ)dm

⇔ −dm ln (λ) + (2 − λ) dm > (6 − 4λ)dm

⇔ ln(λ) < 3λ − 4
⇔ λ < e3λ−4

⇔ λe−3λ < e−4

⇔ −3λe−3λ > −3e−4

The Lambert W function is defined such that yey = x, iff W (x) = y. We note that we use
the W−1 branch of the Lambert function and since this branch is monotonically decreasing
we get, with x := −3e−4, y := −3λ, the following inequation.

−3λ < W−1(−3e−4)

⇔ λ > −1
3W−1(−3e−4)

Thus, we reach a contradiction to W1 + W2 > dm for any λ > − 1
3 W−1(−3e−4) ≈ 1.4593.

This concludes the proof of Lemma 13. ◀

▶ Observation 16. The feasible schedule constructed by Algorithm 4 can be rearranged to a
contiguous schedule without altering the makespan.

Proof. Note that by definition, any job contained entirely in one shelf can be scheduled
on a contiguous set of machines. There exists at most one job j3, mentioned in Remark 8,
that might be split between two shelves. A key observation for this proof is that, although
the order of jobs in S1 is important, we can partition the jobs in S1 into two groups. The
first group contains all jobs that fit underneath the singular job in S2 and the second group
contains all jobs that do not fit underneath this job. The order within these two groups
does not matter. Thus, we can place the job j3 on the edge of shelf 1, and if required, the
allotment can be mirrored. With this we can guarantee that the job j3 is scheduled next to
its counterpart in S0 on adjacent machines. ◀

Lemmas 11 and 13, and Observation 16 complete the proof of Theorem 4 and show that
we can find a feasible contiguous schedule for all jobs in JB .

3 Adding the Small Jobs

To complete the dual approximation, we need to add the previously ignored small jobs JS .
To this end, we recall that the total work on the obtained shelf schedule is at most md − WS .

Algorithm 5 Adding the small jobs.

Require: Shelf-Schedule for JB

1: for each j ∈ JS do
2: Schedule job j on the least loaded machine.
3: end for
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▶ Lemma 17. Given a feasible contiguous schedule of length at most λd for JB with a work
area of at most md − WS, Algorithm 5 delivers a feasible contiguous schedule with makespan
at most λd for the entire instance JB ∪ JS, for any λ ≥ 10

7 .

Proof. Consider a schedule, as constructed in Section 2. We schedule all jobs in shelf 1 with
a starting time of 0 and all jobs in shelf 2 such that they complete at exactly λd. This way
the idle times on each machine are uninterrupted.

The load of each machine is defined by the sum of execution times of the jobs scheduled
on it. By definition, the idle time of any machine i is equal to λd minus the load on that
machine.

Now suppose Algorithm 5 does not deliver a feasible λd schedule. In this case, there must
exist a machine i with a load strictly greater than λd after adding a small job. This implies
that the load on that machine, before adding the small job, was greater than d, since all
small jobs have an execution time of at most 3

7 d on one machine, by definition. With i being
the least loaded machine, this contradicts the assumption that the total work area of this
schedule is at most md. ◀

The time complexity of the presented algorithm is O(nm). With a dual approximation
framework, we can find a feasible schedule with makespan at most (1.4593 + ε)OPT in time
O(nm log 1/ε).

4 Experimental Evaluation

In addition to the theoretical improvement on the current state-of-the-art algorithms, we
also implemented the presented algorithm. In the following, we present some experimental
results of the algorithm on randomly generated instances and show that the algorithm is
capable of solving realistic instances in reasonable time. The implementation is in Java and
publicly available on GitHub (https://github.com/Felioh/MoldableJobScheduling) as
well as the test-instances and results. We tested on randomly generated instances with n jobs
and m machines, where the execution time of each job is uniformly distributed in [1, 100]
(on one machine) and the remaining values are uniformly distributed, respecting monotony
restrictions.

All tests were run on a single core of an Intel i5-8400T CPU with 2GB of RAM available
to the Java process.

We split the tests into two groups, one where we fixed the number of jobs to n = 1000
and varied the number of machines m ∈ [500, 2000], and one where we fixed the number of
machines to m = 1000 and varied the number of jobs n ∈ [500, 2000]. For all tests, we set
ε = 0.05.

Figures 4 and 5 show the execution time of our implementation for these two groups
of tests. Although we did not take any special care to optimize the implementation, the
algorithm is able to solve all instance in less than 30 seconds. The execution time decreases
for n >> m, since in these instances the optimal makespan is bigger. This results in more
jobs being classified as small jobs and an easier to solve instance.

https://github.com/Felioh/MoldableJobScheduling
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Figure 4 Runtime of the algorithm for varying number of machines.

Figure 5 Runtime of the algorithm for varying number of jobs.

We note that while the theoretical worst-case approximation ratio is 1.4593 + ε, the
algorithm was able to guarantee a makespan below ( 10

7 + ε)OPT in all randomly generated
instances. This is due to the fact that the worst-case approximation ratio only occurs in very
specific cases. To be more precise, the presented algorithm can guarantee a makespan of at
most ( 13

9 + ε)OPT , unless the number of idle machines in shelf 1 is greater than m/6 (see
Lemma 13).

However, we can show that our analysis is tight in the worst case. Consider the following
instance with m = 13 and n = 10. All jobs have a constant work-function with the following
values:

j1: w(j, k) = 6.01, ∀k ∈ {1, . . . , m}

j2: w(j, k) = 0.99, ∀k ∈ {1, . . . , m}

j3 − j10: w(j, k) = 3
4 , ∀k ∈ {1, . . . , m}

An optimal schedule for this instance has a makespan of Cmax = 1, since the work of all
jobs is W = 13 and by placing all jobs on m = 13 machines, we can achieve a makespan
of OPT = W/m = 1. On the other hand, an optimal solution to the MCKP problem in
our algorithm is given by C1 = {j2, . . . , j10}, C2 = ∅, C3 = {j1}. In this case, the algorithm
will schedule j1 on 13 machines and all remaining jobs on 1 machine each. This results in a
makespan of Cmax = 6.01/13+ 0.99 ≈ 1.452. For larger m, we can construct similar instances
and achieve an approximation ratio arbitrarily close to our theoretical worst-case guarantee
of 1.4593 + ε. Due to the very specific structure of these instances, they are highly unlikely
to occur in practice.
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5 Conclusion

The algorithm presented in this work achieves an approximation ratio slightly below (73/50+ε)
for any ε > 0 in time complexity O(nm log 1/ε) for the problem of scheduling monotone
moldable jobs. Even more surprisingly, we also show how to apply this algorithm to the
contiguous variant of the problem. Since we construct the same schedule for the contiguous
variant as for the non-contiguous variant, this bounds the gap between these two variants,
which is an interesting side effect of our algorithm.

We show in an implementation that the algorithm achieves a ratio of 10/7 in most cases
and the worst-case approximation ratio of 1.4593+ε only happens in very specific problematic
cases.

5.1 Future Work
The presented algorithm breaks the long-standing barrier of a practically efficient algorithm
with an approximation ratio below 1.5 for the problem of scheduling monotone moldable
jobs.

We hope that this work will lead to further improvements in the field of scheduling
monotone moldable jobs. In particular, we leave the following open questions for future work:

Can the approximation ratio be improved further? There is no known lower bound on
the approximation ratio for practically efficient algorithms. As we showed, the presented
algorithm already achieves an approximation ratio below the worst case guarantee in
most cases. This question is specifically interesting for the contiguous variant, since no
PTAS is known.
Can the running time be improved? Jansen and Land [19] introduced the concept of
compression to achieve a logarithmic dependence on the number of machines m in the
running time of the algorithm. This was improved by Grage, Jansen, and Ohnesorge [16]
by utilizing (min, +)-convolution. These techniques could potentially be applied to our
algorithm to reduce the dependence on m in the running time.
Can this result be applied to related problems? The presented algorithm could lead to
improvements in other the closely related problems such as CPU/GPU scheduling [15],
2D Knapsack [14], strip packing [17], or demand strip packing [10] (for practically efficient
algorithms).
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