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—— Abstract

Suffix trees and suffix arrays are two fundamental data structures in the field of string algorithms.

For a string (a.k.a. text or sequence) of length n over an alphabet of size o, these structures typically
require O(nlogn) bits of space. The FM-index provides a compressed representation of the suffix
array in = nlog o bits, allowing for efficient queries on both the suffix array and its inverse array in
near logarithmic time. In certain applications, such as approximate pattern matching (i.e., with
wildcards, mismatches, edits), there is a need to access the suffix array of a text, as well as the suffix
array of text’s reverse. Motivated by this, we explore the possibility of encoding the suffix array
of the reversed text in a compact form, assuming the availability of the FM-index for the original
text. Our first solution is an O(n)-bit (relative) encoding of the suffix array of the reversed text,
with the time for decoding an entry being only O(log* n) times that of decoding an entry in the
text’s suffix array using FM-index. We then demonstrate how to reduce the space to O(n/k) bits
for a parameter k, while multiplicative factor in time becomes approximately O(xlog* n + f<;3). We
can also support inverse suffix array and longest common extension queries on the reversed text.
These results are achieved through some careful and non-trivial application of various succinct data
structure techniques.
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1 Introduction

The suffix tree data structure [22, 33, 34] has long been a fundamental tool in string processing,
enabling tasks such as pattern matching in time linear in the pattern length. However, their
use has been limited in practice due to their high memory usage. Suffix arrays [21] were
introduced as a more memory-efficient alternative that can perform most of the tasks as
suffix trees. Both suffix trees and suffix arrays of a text of length n still require O(nlogn)
bits to store, while the text itself only needs nlogo bits, where o is the alphabet size. The
major breakthrough came in 2000 with the FM-index [7], along with another important
development called the compressed suffix array [14]; both of these encode the suffix array in
succinct (even compressed) space. Since then, compressed text indexing has continued to
be an active area of research, with the FM-index emerging as a foundational component in
many bioinformatics tools [18, 20].
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In its standard form, the FM-index is essentially the Burrows-Wheeler Transform (BWT)
of the text, stored in a data structure that supports rank queries (typically using a wavelet
tree [13, 24]), along with a sampled subset of suffix array values. The wavelet tree part uses
nlogo+o(n)+O(clogn) bits, and supports rank queries in time t,,; = O(1+logo/loglogn).
For a parameter 7, the number of sampled suffix array values is n/7 and its storage takes
O((n/7)logn) bits. To keep this extra space within o(n) bits, 7 is typically chosen as w(logn).
With this, the suffix array (SA) and inverse suffix array (ISA) queries can be supported in
time tsq = O(T - tyt). With additional o(n) bits, we can obtain an encoding of the suffix
tree itself that supports various queries in time close to O(ts,) [31, 30]. Recent results have
revealed the possibility of achieving even more space-efficient encodings of suffix arrays/trees
when the data is highly repetitive [10, 16, 26, 27].

We investigate the problem of compactly encoding the suffix array of the reverse of a
text, assuming access to the text’s FM-index in its standard form (i.e., the Burrows—Wheeler
Transform represented as a wavelet tree together with a sampled suffix array). While this is a
natural question in its own right, solutions to it have important applications in text indexing
for approximate string matching. A common technique for supporting pattern matching
with mismatches or “don’t care” characters involves maintaining both the suffix array or
tree of the text and that of its reverse, along with a range query data structure built from
specific points derived from these structures [2]. For a comprehensive survey of various
results based on this technique, we refer the reader to Lewenstein [19]. See also the solutions
for contextual pattern matching [1, 25], bidirectional indexes [17], and affix arrays [32] for
further applications. Reducing the memory footprint of the data structures associated with
the reversed text can significantly reduce the overall space usage in such applications. We
highlight that our problem aligns with the broader theme of relative text indexing, such
as relative suffix trees [6] and relative FM-indexes [3], where the goal is to encode a data
structure over a dataset by leveraging the availability of the same structure over a closely
related dataset. The fact that, in our case, one text is essentially the reverse of the other
introduces significant structure to the problem.

This problem was introduced by Ganguly et al. [12], who presented an algorithm to
decode the suffix array values of the reversed text directly from the text’s FM-index, without
requiring any additional data structures. However, it was heuristic in nature. Specifically, its
query time is proportional to the length of the shortest unique substring of the text ending
at the value returned, which can be ©(n) in the worst case. Therefore, our goal is to support
suffix array (and inverse suffix array) queries on the reversed text in time close to that of
suffix array queries on the original text. We present our results next.

Our Results

Let T[1..n] denote the text to be indexed, where the characters belong to an integer

alphabet of size . We can represent the text’s Burrows—Wheeler Transform (BWT) as a

(multiary) wavelet tree in nlogo + o(n) + O(o logn) bits of space, supporting basic wavelet

tree operations (rank, select, access) in time ¢, = O(1 + logo/loglogn) and range quantile

queries in time {gyantile = O(log o). By maintaining some auxiliary structures of space

O(n/k) bits for an integer parameter x > 1, we can support suffix array (SA) and inverse

suffix array (ISA) queries in time ts, = O(ty: - kKlogn). We obtain the following results.

1. Our first result is that suffix array queries on the reversed text can be supported in time
tpa = tsa - O(log" n) with an auxiliary structure of O(n) bits of space.

2. We then generalize the above result by introducing a parameter k, achieving a space
usage of O(n/x) bits and a query time t,, = to, - O((klog* n + &% log k) - log? k).
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We also show how to support inverse suffix array queries on the reversed text within the same
space and in time O(¢p, - logn - loglogn), which is based on a simple method for answering
longest common extension queries on the reversed text. As shown in [31, 30], we can use o(n)
extra bits to obtain a succinct encoding of the suffix tree of the reversed text that supports
various standard operations efficiently.

2 Notation and Preliminary

Throughout this paper, let T = T[1..n] denotes the text to be indexed and X denotes the
alphabet set. The i-th character of T is denoted by T[i] and the substring T[i] o T[i + 1] o
-0 T[j — 1] o T[j] is denoted by T[i..j], where 1 <14 < j < n and o denotes concatenation.
The string T[i..j] is empty if ¢ > j. We also use T[i..j) for T[¢..5 — 1] and T(i..j] for
T[¢4+1..4]. A substring T[i..j] is called a suffix if j = n and a prefix if i = 1; also TI[1 .. j]
is a proper prefix if j # n and T[i..n] is a proper suffix if ¢ # 1. For any string S = S[1..s],
we denote its reverse S[s]o S[s —1]o---0S[2]0S[1] by S. Without loss of generality, assume
that the characters in our alphabet set ¥ corresponds to integers in the range [0, o), where
o = |X]. Also, let $ denote the first character in lexicographic order (equivalently, 0) and
T[i] = $ iff i = n, ensuring that no suffix is a prefix of another suffix.

We call a data structure auziliary if it is used to support operations assuming some related
structures are available; otherwise, it is considered standalone. We assume the standard
word RAM model of computation with word size Q(logn) bits.

2.1 Succinct Data Structure Toolkit
2.1.1 Rank/select Queries, Indexible Dictionaries and Wavelet Trees

Let S[1..n] € X", where ¥ = {0,1,2,...,0 — 1}. We define three basic operations.
accessg (i) is STi].
ranks (i, o), where o € 3, is the number of o’s in S[1..1].

selects(j, @) is the position of j-th occurrence of «v in S.

When ¥ = {0,1}, we can maintain S in n + o(n) bits and support all three operations in
O(1) time [28]. Another representation, called indexible dictionary takes mlog(n/m)+ O(m)
bits, where m is the number of 1’s in .S [29]. It supports the above operations in O(loglogn)
time. Interestingly, it can support selects(j,1) in O(1) time, and also rankg(é,1) when
Sli] =1 (referred to as partial rank) in O(1) time. We will use this result extensively.

For a general alphabet X, we have the wavelet tree data structure that uses nlogo +
o(n) + O(clogn) bits of space and supports all three basic operations in O(logo) time [13].
It can also support range quantile queries in O(log o) time [11], where the goal is to find
the k-th smallest element in S[x..y], given the tuple (x,y,k). Multiary wavelet trees
offer further improvements, reducing the time complexity of the three basic operations to
O(1 + logo/loglogn) [8]; however, the time for range quantile queries remains O(log o).
Also note that the o(n) term in space can be made O(n/log®n) for any constant ¢ using
efficient bit string representations [28]. We refer to Navarro’s survey for further reading
on this topic [24]. Moving forward, we use t,,; to denote the time complexity of the basic
operations, and tgyantie to represent the time complexity of a range quantile query.
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2.1.2 Range Minimum Query (RMQ)

Let A[1..n] be an array of numbers. A range minimum query RMQ 4(z,y) returns the
position k € [z, y], where A[k] is the smallest element in A[x . .y]. By maintaining a standalone
data structure of space 2n + o(n) bits, we can support RMQ in O(1) time [9].

2.1.3 Succinct Representation of Ordinal Trees

The topology of an ordinal tree of n nodes can be represented in 2n + o(n) bits and support
the following operations in O(1) time [15, 23]. We specify a node by its preorder rank.
parent(u) returns the parent of node u.
LCA (u,v) returns the lowest (farthest from the root) common ancestor of nodes u and wv.
size(u) returns the number of leaves in the subtree of node w.
depth(u) returns the number of ancestors of node .
level__ancestor(u, d) returns the ancestor of node u at depth d.
range of leaves [a, b] of any given node u, where a-th (resp., b-th) leaf in the tree represents
the leftmost (resp., rightmost) leaf in the subtree of w.

2.2 Suffix Tree, Suffix Array and Longest Common Prefix (LCP) Array

The suffix of T starting at position ¢ is T[¢..n]. The circular suffix of T, starting at position
iis T[i..n]oT[1..4) =T[i]oT[i+1]o---0T[n]oT[1]oT[2]o- -0 T[i —1].

We define the suffiz tree of text T as a compacted trie of all circular suffixes of T. This
is equivalent to the standard definition (i.e., without the term “circular”), since T[i] = $
iff i = n. Tt consists of n leaves and less than n internal nodes. The edges are (implicitly)
labeled with substrings of T. We use str(u) to denote the concatenation of edge labeled on
the path from root to node u. Also, let strlen(u) be the length of str(u) (called string depth).
The i-th leftmost leaf in the suffix tree is denoted by ¢;. The suffix array and the inverse
suffiz array of T are the arrays SA[1..n] and ISA[1..n], respectively, where SA[j] =i and
ISA[i] = j iff the j-th smallest circular suffix in lexicographic order is T[i..n] o T[1..%).
Equivalently, str(¢;) = T[i..nJo T[1..1).

For a string P, the locus node u (if it exists) is the node closest to root such that P is
a prefix of str(u) and the range of leaves of u is called the suffiz range of P, denoted by
[sp(P),ep(P)]. The set {SA[k] | k € [sp(P),ep(P)]} denotes the occurrences of P in T. The
longest common extension, denoted by LCE(4, ) is the length of the longest common prefix
of the suffixes of T starting positions ¢ and j, which is the same as strlen(u), where u is the
lowest common ancestor (LCA) of leaves f1ga[;) and figa[;)-

The longest common prefiz array LCP[1..n) is an array where LCP[i] = LCE(SA[¢], SA[i+
1]). Therefore, LCE(%, ) is the smallest element in LCP[z . . y), where x = min{ISA[i], ISA[j]}
and y = max{ISA[i],ISA[j]}. The permuted longest common prefiz array pLCP[1..n) is
defined as pLCP[j] = LCP[ISA[j]] = LCE(j, SA[ISA[j] 4+ 1]). Note that the argument of
LCP[] is a leaf position in the suffix tree, whereas that of pLCP[-] is a position in the text.
We will later see that pLCP array can be encoded in 2n + o(n) bits. See Table 1 for an
example.

2.3 Prefix Tree, Prefix Array and Longest Common Suffix (LCS) Array

We now introduce the prefix tree and prefix array of the text, which are equivalent to the
suffix tree and suffix array of the reversed text. These alternative definitions are introduced
purely for notational convenience.
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Table 1 SA,ISA,LCP,pLCP,BWT,PA,IPA/LCS, and pLCS values for T[1..12] =
mississippi$.

7 1 2 3 4 5 6 7 8 9|10 | 11 | 12
T[1..12] m | i s i s s i|p|p i $
SAl12] |12 |85 |21 ]w|o|7][4]6]3

ISA[1.12) | 6 |5 [12]10|4a |9 3]s 7]2]1
LCP[1..12] 11 ]alolol1]ol2]1]3]-
pLCPJ[1..12] 0 0 - 1 4 3 2 1 0 1 1 0
BWTI1..12] i p s s |m| $ p i | s | s i i
PA[1.12] | 12| 2 [11] 5 | 8 9 w3647
PA[1L.12] | 6 | 2 |9 |[mn|alw|12]s5 78| 3]1
LCS[1..12] 1 4]o0lo]1 21 2] -
pLCS[1.12] | o | 1 [ 2 [ 2 4|1 - 1o 1]o

The prefix of T ending at position ¢ is T[1..4]. The circular prefix of T ending at i is

T(i..n]oT[1l..4] and its reverse is T[i]o T[i —1]o--- o T[1]o T[n]o Tn —1]o---o T[i + 1].

The prefix tree of T is a compacted trie of the reverse of all circular prefizes of T. It will have
n leaves and less than n internal nodes, and the edges will be labeled as in the suffix tree,
but with substrings of T We shall reuse the notations ¢;, str(+) and strlen(-) as before when
the context is clear. We define prefiz array PA[1..n] and inverse prefiz array IPA[1..n] of
T as PA[j] = i and IPA[:] = j iff str(¢;) is the “reverse” of the circular prefix of T ending at
i. Define ﬁ (i,7) as the length of the longest common suffiz of the prefixes of T ending
at positions ¢ and j. Therefore, Iﬁ*] (i,7) = strlen(u), where u is the LCA of leaves {ipa(j]
and l1pa[;) in the prefix tree. The longest common suffiz (LCS) array LCS[1..n) is an array

where LCS][i] e CE(PA[é], PA[i + 1]) and the permuted longest common suffiz (pLCS) array
is such that pLCS[ ) = LCS[IPA[ j]] = LCE(j, PA[IPA[j] 4 1]). See Table 1 for an example.

2.4 The FM-index

The FM-index [7] is a compressed representation of the suffix array SA, based on the text’s
BWT [5]. It is a self-index, meaning it does not require access to the original text in order
to function. The BWT of T, denoted by BWT([1..n] is a permutation of characters in T,
where BWTi] denotes the last character of i-th lexicographically smallest circular suffix of T.
In other words, BWT[i] = T[SA[i] — 1] if SA[i] # 1 and is $§ otherwise. See Table 1 for an
example.

The Last-to-Front operation is defined as LF[i] = ISA[SA[i] — 1] if SA[i] # 1 and is 1
otherwise. Moreover, LF[i] = Count(c) 4+ rankgwr (i, ¢), where ¢ = BWTJi] and Count(c) =
{j | BWT[j] < ¢}|. By maintaining BWT as a wavelet tree, along with Count(c) for all
c € X, in O(ologn) bits, we can support LF[-] operation in O(t,:) time.

We next focus on SA[-] and ISA[.] operations. Let LF*[i] = LF[LF*~*[i]] if & > 1 and
is LF[i] if k = 1, then SA[LF"[i]] = SA[i] — k. For a parameter 7, explicitly store the pairs
(7,SA[i]) with SA[i] being a multiple of 7; space is O((n/7)logn) bits. To decode SA[i],
where (3, SA[ /]) is not stored, we compute LF[i], LF?[i], LF?[4],... until we find an LF¥[i],
where (LF"[i], SA[LF*[4]]) is stored, and return SA[i] = k + SA[LF*[i]]. To decode ISA[j],
where (ISA[j], ) is not stored, we find j' = 7[j/7] and ¢/ = ISA[j’] (note that (¢’,j') is
stored) and return LF*[i'], where k = j' — j. In both cases, the sampling scheme guarantees
k < 7 and the resulting time complexity, denoted by tsq, is k - tye = O(T « tywt)-
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We can also extract any substring T[j..j + r) in time O(tsq + 7 - ty) as follows:
find x = ISA[j + r], LF[z], LF?[z], LF?[z], ..., LF"![z] successively and output the string
BWT[LF" ![z]] o... BWT[LF[z]] o BWT][z].

» Lemma 1. Suppose the text’s BWT is available as a wavelet tree supporting basic operations
(i.e., rank,select and access) in t,; time, then with O((n/7)logn) extra bits, we can support
SA /ISA queries in time tsqa = O(T - tyt) and extract any substring T[j..j + 1) in time
O(tsq + 7 - twt). Here, T is a parameter.

2.5 Longest Common Extension (LCE) and Related Queries

The following two results, along with the succinct representation of the suffix tree topology as
in Section 2.1.3, gives the compressed representation of the suffix tree. We present sketches
of the proofs for these known results, since we will be adapting them in subsequent sections.

» Lemma 2 (Sadakane [31]). The pLCP array can be encoded in 2n + o(n) bits, such that
pLCP[j] for any position j in the text can be retrieved in O(1) time.

Proof. Key observation is that pLCP[j + 1] > pLCP[j] — 1 for all j. To prove this, note that
it is trivially true when pLCP[j] = 0. Otherwise, let SA[ISA[j] + 1] = j'. Then ISA[j + 1] <
ISA[j' 4 1], therefore pLCP[j + 1] is atleast LCE(j+ 1,5’ + 1) = pLCP[j] — 1. By rearranging
the inequality and by adding j on both sides, we get j + pLCP[j] < (j + 1) + pLCP[j + 1].
This means, the function f(j) = j 4+ pLCPJ[j] is non-decreasing. Moreover f(j) € [1,n],
because pLCP[n] = 0 and hence f(n) = n. Therefore, we can store the function f(-) as a bit
string B = 0010/ =M1/ G)=F)1 ... with O(1) time rank/select support in 2n + o(n)
bits. To decode pLCPj], we first find p = selectp(j, 1), the position of j-th 1 in B in O(1)
time. Then we have f(j) = p — j, the number of 0’s until p, and pLCP[j] = f(j) — J. <

» Lemma 3 (LCE Queries). By maintaining an auziliary structure of space O(n) bits along
with the FM-index, we can answer LCE(:,-) queries in O(tsq) time.

Proof. Maintain the encoding of the pLCP array described in Lemma 2 and an RMQ data
structure over the LCP array, but without explicitly storing the LCP array itself. To compute
LCE(i, j), find ¢/ = ISA[i] and j° = ISA[j]. Without loss of generality, assume that i’ < j'.
Then find k' € [, j'), where LCP[£'] is the smallest in LCP[i’ .. j’) using an RMQ in O(1)
time. Then compute k = SA[k’] and return pLCP[k]. Total time is O(tsq). <

We next present an additional result that will be used later.

» Lemma 4 (ilCE Queries). Let D be an integer parameter. By maintaining an auziliary

structure of space O((n/D)logn) bits, we can compute i;CE(i,j) for any given i,j via
O(log D) number of LCE queries.

Proof. For any given text of length n, there exists a standalone data structure of space
O(n/D) words, equivalently O((n/D)logn) bits, that in constant time either correctly
computes LCE(3, ) or determines that LCE(4, j) < D? for any given i, j [4]. We maintain
this data structure over the reversed text, which allows us to correctly compute LCE(3, j)
or to determine that ](_IC_E(i,j) < D?. When ﬁ(i,j) < D?, we exploit the following
observation: ]:C—E(i,j) >t if and only if LCE(i —t+ 1,5 —t + 1) > ¢, and binary search on
t € [0, D?]. This will give us LCE(3, ) in O(log D) number of LCE queries. <
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3 Relative Encoding of PA in O(n) Extra bits

The prefiz tree/array of T corresponds to the suffiz tree/array of % Specifically, the i-th
entry in the suffix array of T is (n — PA[i] + 1). Therefore, it suffices to design an encoding
of the prefix array.

3.1 Basic Components

Let 7 # 0 be an integer parameter (positive or negative). We now introduce arrays LCP
and pLCP_, which are generalizations of LCP array and pLCP array as follows:

LCP,[i] = LCE(SAJi],SA[i + 7]), where i + 7 < n

pLCP,.[j] = LCP,[ISA[j]] = LCE(j, SA[ISA[j] + 7]), where ISA[j]+ 7 <n

The encoding technique by Sadakane (see Lemma 2) extends to the pLCP,. array as follows.

» Lemma 5. Let m # 0 be an integer parameter (positive or negative). We can encode
pLCP,. in O(n) bits, and return pLCP_[j] for any text position j in O(1) time.

Proof. We first prove that pLCP_[j 4+ 1] > pLCP,_[j] — 1 for all j. Clearly, the inequality

holds when pLCP_[j] = 0. Otherwise, let SA[ISA[j] + 7] = j' and SA[ISA[j + 1] + 7] = j".

Then we can see that ISA[j + 1] < ISA[j”] < ISA[j' 4 1] if 7 is positive and ISA[j + 1] >
ISA[j"”] > ISA[j' + 1] if 7 is negative. In both cases, pLCP,[j + 1] = LCE(j + 1,j") >
LCE(j + 1,5’ +1) > LCE(j,j') — 1 = pLCP, [j] — 1. By rearranging the inequality as in the
proof of Lemma 2, we obtain a non-decreasing function f,(j) = j + pLCP,_[j] € O(n). We
store fr as bit string B = 0/~ 10/~ =f+110/~C)=/=2)1 | with O(1) time rank/select
support in O(n) bits. Then pLCP_ [j] is given by fr(j) — j = (selectp(4,1) — j) — j. <

» Lemma 6 (Sampled pLCP_). Let ® # 0 be an integer parameter (positive or negative)
and S C [n] be a set of size s. There exists a standalone structure of space O(slog(n/s)) bits

that returns pLCP_[j] for any given j € S in O(1) time.

Proof. We modify the proof in Lemma 5 as follows. Define a bit string C[1..n], where

C[j] = 1 iff j € S. Define another bit string B = 0/7(51)10/x(s2)=Fx(s1) 1 fr(s3)=f=(s2)1 |

where s; = selecto(i,1). Maintain C' and B as indexible dictionaries in O(slog(n/s)) bits with
efficient rank/select support. Given any j € S, we find p = rankc(j, 1) in O(1) time using a
partial-rank query. Then find f;(j) = selectg(p, 1) — p and report pLCP_[j] = f»(j) —j. =

The Longest common suffiz (LCS) array and the permuted longest common suffiz (pLCS)
array can also be generalized as follows.

LCS,[i] = i;CE(PA[i],PA[i +7]), where i +7 <n

pLCS, [j] = LCSL[IPA[j]] = i:CE(j,PA[IPA[j] + 7)), where IPA[j]+7 <n
Since LCS,; and pLCS,. are equivalent to LCP, and pLCP . of the reverse of T, the following

result is an immediate corollary of Lemma 6.

» Corollary 7 (Sampled pLCS,.). Let m # 0 be an integer parameter (positive or negative)
and S C [n] be a set of size s. There exists a standalone structure of space O(slog(n/s)) bits
that returns pLCS,_ [j] for any given j € S in O(1) time.

62:7

STACS 2026



62:8

Relative Compressed Reverse Suffix Array

3.2 The Data Structure

Assuming the availability of an FM-index of T in its standard from as described in Section 2.4,
we now present components in the relative encoding of the prefix array PA of T. For
h € [1,log” n], define A} as (log™ n)? round to the integer which is the next power of 2.
ie, A, = 2210g™ 0] Tere log(h) n =logn if h =1 and is log(log(hfl) n) if h > 1, and
log* n is the smallest h where log(h) n < 1. Therefore, Ajpgr , = 1. Also let Ag =n+1. We
denote the predecessor and successor of ¢ that are multiples of Ay, by i}, = Ay, - [i/Ay] and
i = Ay, - [i/A}], respectively. Therefore, when A}, divides 4, we have i}, =i} = 1.

3.2.1 Technical Overview

If ¢ is divisible by Ay, we explicitly store PA[i] using O(logn) bits. If ¢ is divisible by Ag,
but not by Ay, we encode PA[i] relative to either PA[#|] or PA[i}] (depending on the case, to
be described) using log Ay bits. Similarly, if ¢ is divisible by As, but not by As, we encode
PA[i] relative to either PA[i5] or PA[if] using log Ay bits. More generally, we encode PA[i]
relative to either PA[i; ;] or PA[¢}_,] using log Ay_; bits, where f <log"n is the smallest
integer such that ¢ is divisible by A¢. The function Ay, is chosen carefully such that the total
space usage is bounded by a sum that converges to O(n) bits. The algorithm for decoding
PA[i] works as follows: for h = 1,2, ..., decode either ¢} or i) (depending on the case) and
terminate at h = f where ¢, = i = i, thereby yielding PA[i]. We present the details next.

3.2.2 Components of the Data Structure

For each h € [1,log™ n], maintain arrays PA[1,n/A}y] as described below.

If ¢ is divisible by Ay, we store PA[i] explicitly in PA; as PA1[i/A1] = PA[i].

If ¢ is not divisible by A;, we find the smallest integer f where 4 is divisible by A¢; such
an f € [2,log" n] exists since Ajog= , = 1. Then store a value 6; in PAy as PA¢[i/Af| = 0;.
The value 6; is determined by certain nodes in the prefix tree, which in turn are based on
i/fq and i’},l as illustrated in Figure 1. Let v/ = LCA(&}A,&) and u” = LCA(éi,éi/ffil),
and u be the lowest node among u’ and v”. Also let Q = str(u) and node w be the
child of u on the path to ¢; and 8 be the leading character on the edge from u to w.
This means that a substring of T matching 8o @ ends at position PA[i], and therefore
starts at PA[i] — |@Q]. Consequently, SA[sp(f o 5) ..ep(Bo <Cj)] must contain the entry
PAJi] — |@|. Then 6; is defined as the offset within the suffix range of 8 o 5, Specifically,

SA[sp(8 0 Q)+ 6;] = PA[i] — Q|-

Finally, 0 < 6; <ep(Bo <C,_Q) —sp(Bo 5) + 1 = size(w) < Ay_y; therefore, we can store 6;
using log Ay = O(log") n) bits.

While decoding PA[i], the answer is readily available from PA; if ¢ is a multiple of A;.
Otherwise, we utilize the relationship PA[i] = SA[sp(S o 5) + 6;] + |Q|, where 6; is retrieved
from PA ;; however, |Q| and sp(8 o @) are not explicitly stored. To find them, we maintain
the following auxiliary structures.

The succinct encodings of the topologies of both the suffix tree and the prefix tree.

For each h € [1,log™ n], we maintain a collection of structures as in Corollary 7. Precisely,

for a fixed h, we assign S = {j | ISA[j] is divisible by A,_;} and make a separate

structure for each non-zero value of m € {—=Ap_1,—Ap_1 +Ap, ..., Apy — Ap, Ap_1}.

Note that for a fixed h, |S| = n/Aj,_1 and the number of structures is 2A;,_1/Ay,.

This completes the description of our data structure.
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r =PA[i};_,]
strlen(u) = |Q)|
Q = str(u) = T[r.r — Q| + 1]

Figure 1 Here u = v’. The dashed lines denote the range leaves under the respective nodes.

3.2.3 Space Complexity Analysis

The length of PAy, is n/Aj and each entry in PAy, is encoded in log A1 = O(log n) bits.

Therefore, space is n/Ap, - log Ap_; = O(n/log™ n) bits for a fixed h and Zl,fil" 1og<+>n =
O(n) bits for all h € [1,log* n] combined. The tree topologies takes O(n) bits. The space (in
bits) required by all versions of the structures in Corollary 7 can also be bounded by O(n),

as shown below, resulting in an overall space complexity of O(n) bits.

log* n log* n

28p-1
log A =2 72071.
hz::l A Ah ) g Ah—1 Z log (n)

3.3 Algorithm for Decoding PA 7]

At first, compute f € [1,log" n], the smallest integer such that As divides ¢. Then, identify
nodes v’ = LCA(&}A,&) and v = LCA(¢;, éi”,l) in the prefix tree, and let u be the lowest
node among them. This step takes only O(1) time using tree encodings. Let @ = str(u)
and [ be the leading character on the edge from u to (_its child w on the path to ¢;. Our
next goal is to compute |@| and the suffix range [sp(Bo Q),ep(So Q)] of S o @, then return
PAJi] = SA[sp(S o 5) + 6;] +|Q|. There are two cases.

1. Case u = v’ (i.e., u = v = u” or u = uw # u”): In this case, PA[i] is encoded
relative to PA[i/f 1] We start with an assumptlon that r = PA[¢ i 1] has already been
computed. Observe that |Q| = strlen(u ]ﬁi‘ PAli%,_,],PA[i]) = pLCS[r], where
m =i —1p_;. Note also that r € S = {j | ISA[j] 15 d1v181ble by Ay_1} and m €
{An,2Ap, ..., Ap_1}. Recall that we already maintain the data structure of Corollary 7
for this spec1ﬁc ch01ce of S and 7; querying it yields pLCS_ [r], and thus |@Q], in O(1)
time. We then infer Q T[r —|Q| 4+ 1..7] and invoke the steps below.
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a. Find the suffix range [sp(t_)),ep(t_))] of 5: Find the leaf ¢, in the suffix tree,
where g = ISA[r — |@Q| + 1] (this leaf corresponds to the suffix T[r — |Q| + 1..]), then
find its ancestor v such that size(v) = size(u), and return the range of leaves of v as
the answer. Note that v exists and it can be computed via binary search, specifically
O(logn) number of level__ancestor queries. The first step requires an ISA query (in
time ¢5,), the second step takes O(logn) time and the third step takes O(1) time.

b. Find B: Let [a,b] be the range of leaves of u (in the prefix tree) and let k =i —a + 1.
Then, ¢; will be the k-th leftmost leiai in the <s_ubtlfee of u, which implies § will be the
k-th smallest character in BWT[sp(Q)..ep(Q)]. So, perform a range quantile query
in time tquantile and find B.

c. Find the suffix range [sp(83 o (6),ep(ﬂ o (Cz)] of ,8(_0 5: Let « (resp., y) be the
first (resp., last) occurrence of §in BWT[sp(Q)..ep(Q)]. Then, [LF[z], LF[y]] will
be the suffix range of § o @) which can be answered in O(t,,;) time.

d. Compute PA[i] = SA[sp(ﬁoa)—i—ei] +|Q| and return it. Note that 6; is stored explicitly,
and hence this step takes O(ts,) time.

Total time is O(tsq + logn + tguantite + twt)-

2. Case u # u’ (i.e, u = u” # u’): In this case, PA[i] is encoded relative to PA[i_,].

As before, we assume that 7 = PA[i’f_,] has already been computed. Observe that
|Q| = strlen(u) = ]ﬁ(PA[i;Ll], PA[i]) = pLCS,[r], where m =i —i’{_,. Note also that
re S ={j|ISA[j] isdivisible by Ay_1} and 7 € {—=Ap, —2A,...,—Ap_1}. Recall
that we already maintain the structure of Corollary 7 for this spiﬁiﬁc choice of S and ;
querying it yields |Q| = pLCS,[r] in O(1) time. We then infer Q = T[r — |Q| +1..7],
invoke the same steps as before and obtain PA[i] in O(ts, + 1og 1 + tguantite + twe) time.

In summary, decoding PA[i] reduces to decoding either PA[i; ;]| or PA[i’/_,] (depending
on the case) in O(tsq + logn + tguantite + twt) time, which recursively reduces to decoding
PAli;_,] or PA[i’{_,], and so forth, until reaching PA[i}] or PA[4{], which are explicitly stored.
The overall time is O((tsq +10g 1 + tguantite + twt) - f) S O((T - tur +10g 0 + tguantite) log™ n).

» Theorem 8. Let the Burrows-Wheeler Transform (BWT) of a text T[1..n] be maintained
in a data structure that supports basic queries (rank, select, and access) in t,; time, and
range quantile queries in tquantite time. Then, for any parameter T > 1, we can maintain a
sampled subset of n/T suffix array values using O((n/7)logn) bits of additional space, and
support suffix array (SA), inverse suffix array (ISA), and longest common extension (LCE)
queries in time ts, = O(T - tyt).

By maintaining an auziliary structure of space O(n) bits, we can support prefix array
(PA) queries in time tpq = O((T - twt + tquantite + logn) - log™ n).

By employing the multiary wavelet tree, where ¢,,, = O(1+log o/loglogn) and tyuantile =
O(log o) [8], and setting T = log n, we obtain the following result.

» Corollary 9. For any text T[1..n] over an alphabet of size o, we can represent its
Burrows—Wheeler Transform using a (multiary) wavelet tree in nlogo + o(n) + O(ologn)
bits of space, supporting basic wavelet tree operations (rank, select, access) in time O(1 +
logo/loglogn) and range quantile queries in time O(log o). By maintaining some auxiliary
structures of space O(n) bits, we can support suffiz array (SA), inverse suffix array (ISA),
and longest common extension (LCE) queries in time ts, = O((1 + logo/loglogn)logn),
and prefiz array (PA) queries in time tp, = O(tsq - log™ n).
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4 Relative Encoding of PA in Sublinear Space

In this section, we present an O((n/d)logd)-bit (relative) encoding of PA, where § > 0 is an
integer parameter. Without loss of generality, we assume that § is a power of 2.

4.1 Basic Components

We now present several useful results.

» Lemma 10 (Approximate pLCP,_ in small space). Let @ # 0 be an integer parameter
(positive or negative). There exists a standalone structure of space O((n/d)logd) bits that
returns pLCPZ [j] in O(log§) time, where pLCP_ [j] — § < pLCPZ[j] < pLCP,[j].

Proof. We obtain this result by modifying Lemma 6. The idea is to select a set S C
{1,2,3,...,n} of sampled positions and store f,(j) values of only those j € S. The set S
is constructed as follows. Initially S = {1}. Then for j = 2 to n, we include j in S iff j
is a multiple of 6 or f(j) — fx(j') > J, where j' < j is the largest value in S currently.
The size of S is ©(n/d) since fr(-) < 2n and is non-decreasing. For a query j, we return
fx(4") — 4 as pLCPZ[4], where 5’ is the predecessor of j in S. The correctness follows from
that fact that fr(j) < fr(j) = pPLCP[j] +j < fx(j’) + 9 and j* < j <4’ + 4, which implies
PLCP_[j] = 6 < fx(j') —j < pLCP.[j].

We now present the implementation details. Define a bit string C corres-
ponding to S, where C[j] = 1 iff 7 € S. Define another bit string B =
0/ (51010 n(s2)=Fx(s1)10fx(s3)=fx(s2)1 | where s; = selectc(i,1). We maintain both C
and B as indexible dictionaries with efficient rank/select support. The space required is
O((n/d)log d) bits since both B and C are of size O(n) with ©(n/Jd) number of 1’s. To recover
an approximate value of pLCP_[j], we first find k = d|j/J] € S and r = rankc(k, 1) using a
partial rank query in O(1) time. Then j', the predecessor of j in S is selecte(t, 1) for the
t € [r,r+0], where selectc(¢,1) < j < selecte(t+1, 1), which can be computed in O(log §) time
via binary search. Finally, get f,(j') = selectp(t,1)—t and return pLCPZ[j] = f,(5/)—j. <=

» Lemma 11 (Approximate pLCS,_ in small space). Let @ # 0 be an integer parameter
(positive or negative). There exists a standalone structure of space O((n/d)logd) bits that
returns pLCSZ [j] in O(log §) time, where pLCS_[j] — § < pLCSZ[j] < pLCS, [j].

Proof. Follows from Lemma 10, because pLCS is equivalent to pLCP_ of text’s reverse. <

» Lemma 12 (Exact pLCP in small space). By maintaining an O((n/d)logd)-bit auziliary
structure with the FM-index, we can return pLCP[j] for any j in O(8 -ty + tsq) time.

Proof. Maintain the structure in Lemma 10 for # = 1. Let j° = SA[ISA[j] + 1], then
pLCP[j] = LCE(j,j'). Find h = pLCPZ[j] first. Now we know LCE(j, j') = h + LCE(j +
h,j'+h) and LCE(j+h, j'+h) < §. Therefore, simply extract the substrings T[j+h..j+h+0)
and T[j' + h..j + h+ ) and compute LCE(j + h, 7' + h) naively. <

» Lemma 13 (Exact LCE(, -) in small space). By maintaining an O((n/d)logd)-bit auziliary
structure with FM-indez, we can return LCE(4, 5) in time tuog = O((0 - twt + tsa) - §) time.

Proof. We divide the LCP array into blocks of size 6. 1i.e., LCP[1..d],LCP[§ +
1..26]),LCP[26 + 1..36], etc. Also let LCP'[z] be the smallest element in z-th block.
Maintain a range minimum query structure over LCP’ array (space required is 2n/6 + o(n/§)
bits). Besides this, we will use the result in Lemma 12. When a query (¢,7) comes, we
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compute LCE(4, j) as follows. Let ¢/ = ISA[i] and j' = ISA[j]. Without loss of generality,
lets assume that i < j'. To efficiently find our answer ming¢f;/ ;) LCP[k], we invoke the
following procedure.
If j/ — i’ < 36, we extract LCP[k] = pLCP[SA[k]] V k € [¢/, ') and return the minimum.
Otherwise, we extract LCP[k] = pLCP[SA[k||V k € [i',3' +6)U(6-k',5-K' +0|U(j' —6,5'),
where k' = RMQy,cp/ (1 + [i'/0], |4’ /0]) and return the minimum.
In both cases, we are required to make two ISA queries, O(d) number of SA queries, followed
by O(d) number of pLCP[-] queries, which makes the total time O((J - tyt + t54)9). <

4.2 The Data Structure
4.2.1 Technical Overview

We categorize a query PAJi] as Type-A if i is divisible by 4 (recall that ¢ is a power of 2),
and as Type-B otherwise. These two types are handled separately. For Type-A queries, we
modify our O(n)-bit solution in a relatively simple manner. Instead of maintaining structures
up to log* n levels, we stop at an earlier stage, which suffices to handle such queries and
also helps bound the space. Furthermore, we substitute the standard suffix and prefix tree
topologies with their sampled counterparts. However, for Type-B queries, we first decode
the PA values of the predecessor and the successor which are multiples of 0 (i.e., i’ = d|i/]
and ¢ = §[i/d]), by treating them as Type-A queries. Then, we decode all the entries
in PA[i’..4"], first in an unsorted manner; afterward, we sort them to obtain PA[i]. We
accomplish this by splitting this range into the minimal number of subranges such that each
subrange corresponds to a subtree of the prefix tree, and processing each subrange carefully.
This part is more technical.

4.2.2 Handling Type-A Queries

Observe that our O(n)-bit encoding of PA composed of two tree topologies and several com-
ponents corresponding to each h € [1,log" n]. However, only the components corresponding
to h € [1, f] are utilized when decoding PA[i], where f is the smallest integer in [1,log" n]
such that Ay divides ¢ (recall that Ay, is (log™ n)2 round to the next power of 2). We exploit
this fact to design a space efficient structure for Type-A queries. Let A € [1,log™ n] be the
integer, where Ay 1 < §%2 < A,. We now maintain the components in Section 3.2.2 for only
selected values of h (with some modifications) as follows:

1. All values of h € [1, A — 1];

2. h = ), but modify the value of A, to 62.

3. h= A+ 1, but modify the value of Ay to d.

The resulting space in bits is

o A—1
n 2n 2 2n n
2}; A, log Ay < = log 0“ + 32 log Ax—1 + 2}; A, log Ap_1 = O((n/d)logd).

Our previous algorithm (as described in Section 3.3) can be applied to determine PA[i]
with the same time complexity. However, the topologies of suffix tree and prefix tree still
takes O(n) bits. We replace them with the topologies of the sparse prefix tree (SPT) and
sparse suffix tree (SST), which require less space. Additionally, we maintain the small space
structure in Lemma 13 supporting LCE queries.
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4.2.2.1 Replacing Prefix Tree with Sparse Prefix Tree (SPT)

We sample a subset of O(n/d) nodes in the prefix tree as follows:

1. leaves ¢, where k is a multiple of §;

2. the lowest common ancestor (LCA) of every pair of consecutive leaves sampled in step 1;
3. the leftmost and rightmost descendant leaves of sampled nodes obtained in step 2.

Let £ be the set of sampled leaves obtained after the above procedure. Then, the SPT
is the compacted trie built from the reverse of circular prefixes corresponding only to the
leaves in £ — that is, a sparse prefix tree. We maintain its topology in succinct space and a
bit string B[1..n], where B[k] = 1 iff ¢, € L, as an indexible dictionary. The space required
is O((n/6)logd) bits as there are O(%) 1's in B. We now present some useful results.

» Lemma 14. Given two sampled leaves i, Ly in the prefix tree, the size of their LCA can
be returned in O(1) time using SPT and the associated bit string.

Proof. The sampled leaf {5 (resp., £;/) in the prefix tree corresponds to the leaf £yani (k1)
(resp., Lranky; (k’,1)) in SPT. Therefore, find the range [s, €] of leaves in the subtree of the node
LCA (Cranky (k1) Lrank (k,1)) in SPT and return selectp(e, 1) — selectp(s, 1) 4 1. <

The prefix tree topology play the following role in our earlier algorithm. Given %, (i) find
which among the nodes v’ = LCA(&}_l,&) and v’ = LCA(&-,@};_l) is lower (call it u) to
decide which case to use in the decoding procedure and (ii) return the range of leaves [a, b]
of u (note that we don’t require the pre-order rank of u). Since 1, i}_l, z"’;_l are all divisible
by ¢ (hence sampled) in the case of Type-A queries, we can apply Lemma 14 and find the
range of leaves of u’ and v’ first, then infer v = v’ iff the range of v’ is the same or contained
within the range of u”. The subsequent steps in the recurrence also work since both ¢} and
iy are divisible by ¢ for all h < f. In summary, a sparse prefix tree topology can perform the
required functionalities in our algorithm without any performance slowdown.

4.2.2.2 Replacing Suffix Tree with Sparse Suffix Tree (SST)

The SST is the compacted trie constructed from the circular suffixes corresponding to the
leaves ¢}, of the suffix tree, where k is a multiple of §. We maintain its topology in succinct
space, requiring O(n/¢) bits.

The suffix tree topology serves the purpose of finding the suffix range [sp(a), ep(t_))]
of <C_2 in O(logn) time, given (i) the length of @ (this can be computed using pLCS,, as in
Section 3.3), (ii) a leaf £, in the suffix tree, where 5 is a prefix of str(¢,), (iii) the size of the
suffix range of @, i.e., ep(Q) — sp(a) + 1 (specifically, size(u) is given, where u is a node in
the prefix tree). It is worth noting that this task can be accomplished without the suffix
tree topology, and even without the third inpt& parar&eter. We can exploit the fact that
LCE(SA[g], SAlp]) > |Q| if and only if p € [sp(@),ep(Q)], and hence we can apply binary
search on p and determine the answer using O(logn) LCE queries.

We speed up this process by using the additional information in (iii) as follows. If
size(u) < 24, we still apply the binary search. The number of LCE /SA queries required
is O(logd). Otherwise, find an approximate range using SST first, and then apply binary
search on ranges of size O(9) as follows.

1. Find a value g* closer to g, such that ¢g* is a multiple of ¢ (thus ¢4+ is sampled) and
str(¢y+) is also prefixed by <C—2 as follows. Let ¢’ = §|g/0] and ¢ = 0[g/d]. We fix g* = ¢
if LCE(SA[g], SA[¢']) > |Q)|, otherwise g* = ¢” (in this case LCE(SAlg], SA[¢g"']) > |Q)| is
guaranteed as size(u) > 26).
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Figure 2 Tllustration of Type-B queries.

2. Find (g*/0)-th leaf in SST, and return the range [sp*, ep*] of leaves of its lowest ancestor
with size(-) > |size(u)/d] — 1. This step takes only O(logn) time (via level ancestor
queries as before, but on SST). Observe that our sampling scheme guarantees sp(<C_2) €
[0-sp* —O(5),d-sp*] and ep(Q) € [d - ep*,d - ep* + O(0)]. Therefore we can now restrict
our binary search into a smaller range of size O(¢), requiring only O(logd) LCE and SA
queries.

This subroutine for finding suffix range [sp(Q),ep(Q)] of @ takes O(logn + (tsq + tLCE) -

logd) € O(logn + (0 - tyt + tsq)0 - logd) time. After that, we continue with steps (b), (c),

and (d) as in Section 3.3.

By substituting the space—time complexities of the components, incorporating updated
data structures, we obtain the following bound for Type-A queries.

» Lemma 15 (Type-A Queries). By maintaining auziliary structures of space O((n/d)log )
bits in total, we can answer Type-A queries in time

O ((log n + tguantite + (0 - twt + tsq)0 - log 6) log™ n) .

4.2.3 Handling Type-B Queries

Type-B queries require a more involved solution than Type-A queries. Maintain the structure
in Lemma 11 supporting pLCS? queries, for values of 7 in {—1,+1}. Also associate O(log¢)
bits of satellite information (to be defined shortly) with each integer in [1, n] that is a multiple
of . The total space is O((n/d)logd) bits.

To retrieve PA[i], where i is not divisible by J, we employ a procedure that decodes a
segment of PA containing PA[i]. Let ¢/ = §|i/d]|, " =6[i/d] =i + 0, and u = LCA(ly, ;).
We now proceed to define some nodes in the prefix tree as illustrated in Figure 2.
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Z1,Za,...,xq are nodes that lie on the path from ¢; to u (excluding endpoints), ordered
in descending depth(-), such that xg = ¢;; and zy, for k € [1,d] is the lowest ancestor of
2k—1 whose child on the path to ¢;; has a right sibling. Let [-, by] denote the range of
leaves of zy, for k € [0,d]. Therefore, (i’,bq] denotes the range of leaves after ¢/, such
that the LCA of any of those leaves with £; is a node in {z1, 22,...,24}. The following
observation allows us to jump from node zj_1 to node zy, for all k € [1,d].

» Observation 16. For allk € [1,d] we have LCA(ly,_,, lb,_,+1) = Tk; therefore strlen(zy) =
pLCS ;; [PA[by—1]].

Y1,Y2, .- ., Yy are nodes that lie on the path from ¢;» to u (excluding endpoints), ordered
by descending depth(-), such that yg = ¢;» and yi for k € [1, f] is the lowest ancestor
of yr—1 whose child on the path to ¢;» has a left sibling. Let [ag, ] denote the range of
leaves of y, for k € [0, f]. Therefore, [af,i”) denotes the range of leaves before i, such
that the LCA of any of those leaves with ¢, belongs to {y1,2,...,ys}. The following
observation allows us to jump from node yi_1 to node yy, for all k € [1, f].

» Observation 17. Forallk € [1, f], we have LCA(Lq,_,,la,_,—1) = Yi; therefore strlen(yy) =
pLCS_,[PAlak—1]].

Our procedure for decoding PA[i] depends on which of the intervals (¢', bg|, [ba+ 1, ar — 1],
or [af,i"”) contains i. The satellite information associated with ¢’ is (d, f,bq — ', ay — ') (all
four values are bounded by §), which helps to decide the case.

4.2.3.1 CASE i € (bo, bg]

First obtain PA[i'] using a Type-A query, then initialize by = i’ and strlen(zy) = PA[by],
the length of the prefix ending at by. Then decode PA(by, by in d steps; at step k € [1,d],
we compute strlen(zy), size(zy), by and PA(bg_1, bg]. Note that (bg, ba] = (bo, b1] U (b1, b2] U
... (bg—1,bq]. Let Q¢ be the prefix of str(¢;/) of length ¢ and «; be the (¢ 4+ 1)-th character of
str(¢;/). Therefore, & = T[PA[/']—t+1..PA[]] and o = T[PA[i'] —t]. When ¢ = strlen(xy,),
we let ) = Q; and a = «ay.

1. Finding strlen(xzy): Observe that strlen(zy) is the largest ¢ < strlen(zy_1) such that
BWT|sp( t),ep(a)] contains a character f; > op. However, finding [sp( t),ep(&)]
can be expensive. Thankfully, we have an alternative procedure to verify this condition
for a given t. Find z = ISA[PA[i'] — ¢ + 1], which is an entry in [sp(@),ep(@)], then
find the largest number z’ before z, and the smallest number 2 after z, such that
BWT['], BWT[2"] > oy = BWT|z], using wavelet tree queries. The condition is satisfied
if and only if LCE(ISA[z],ISA[%']) > ¢ or LCE(ISA[z],ISA[2"]) > t. We next determine
an ! such that strlen(xy) € [l — 4,1], meaning we only need to iterate over the values
of t in [l — 6,1] for finding strlen(zy). To find I, we rely on observation 16 that z; =
LCA(ly,_,,0p,_,+1) and strlen(xy) = pLCS[PA[bx_1]]. Therefore, pLCST[PA[b_1]] <
strlen(zy) < pLCST[PA[bx_1]] + 6, and we compute pLCST [PA[bx_1]] in O(logd) time
(see Lemma 11), and set | = min{strlen(z)_1) — 1, pLCST[PA[bx_1]] + 6}. The total time
is O((twt + tsa +tLce)d) € O(trce - 9).

2. Finding size(xg): At first, we find an approximation size™(xy) € [size(xy) — 26, size(zy)]
using SPT and the associated bit vector B as follows. Note that z; = LCA({;/, by, _,+1)
and the leaf £;/ is sampled (recall SPT’s construction). Therefore, if ¢, _, +1 is also sampled
(i.e., Blbg—1 + 1] = 1), then we can find the exact value of size(zy) in O(1) time using
Lemma 14. Otherwise, find the leaves rank (b, 1 +1,1)5 franks (br_1+1,1)+1 i SPT, the child
of their LCA on the path t0 £ranky(i7,1), and the range [s, s'] of leaves of that child. Then
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return selectp(s’, 1) — select(s, 1) + 1 as size™(x). Our sampling scheme guarantees that
the value returned lies in the range [size(zy) — 20, size(z)]. The time complexity is O(1).
We now proceed to computing the exact value of size(zy). Since QQ = str(zy), we have
size(zy) = ep(<C_2) - sp(<C_2) + 1. Therefore we compute the range [sp(Q),ep(Q)] as follows.
To begin with, we know an entry ISA[PA[i']—|Q|+1] € [sp(<(,_2), ep(Q)], as well as size™ ().
At the point, we can follow the same procedure detailed in Section 4.2.2.2, where we first
identify an approximate range that is sufficiently close to the actual one using sparse
suffix tree in O(log n) time, then perform a binary search requiring only O(log ¢) LCE and
ISA queries. The time required is O(logn + (tsq + tLor) - logd) € O(logn + trck - logd).

. Finding bg: Let a be the leading character on the path from xj to its child on the path

— —
to £;. Count the entries in BWT[sp(Q),ep(Q)] that are above a = T[PA[i'] — |Q|] (using
a wavelet tree query). This gives the number of leaves in the range (b1, bg]. Therefore
we simply add by_; with this count and return as by. Time required is O(tyt).

. Finding PA (bj_1, bg]: The set P = {SA[2]+]Q| -1 = € [sp(Q), ep(Q)], BWT[2] > o}

is a collection of elements in PA(by_1,bx], which can be obtained in O(t,t + tsq) time

per element using wavelet tree and SA[-] queries. However, we do not know the order in

which they appear in PA(by_1, bg]; therefore our next goal is to recover PA(by_1,br] by

sorting the elements in P in the ascending order of their IPA[-] values. We first present a

simple solution, and then describe a slightly improved one.

a. A simple solution using ]ﬁ(, -) queries: By fixing D = dlogn, we maintain
the structure in Lemma 4 without changing the asymptotic space complexity, which
supports LC%E(7 -) queries in O(trcg - log(dlogn)) time. Then, for any p,q € P,
we can decide the relative order of IPA[p] and IPA[g] by comparing the characters
Tlp— ]ﬁﬂ(p7 q)] and T[qg— LCﬁ](p, q)]- Therefore, an efficient comparison-based sorting
algorithm (such as merge sort) can be used to sort the elements of P in ascending
order of their TPA[-] values using O((by — bx—1)log(by, — bg—1)) number of ]tC—E(, )
queries. The resulting time complexity for this step is

(b —bg—1) log(br —br—1) tLcr - (log(dlogn) C O((by, —br—1)logd-trcr- (log d+loglogn)).

b. An alternative solution: Our goal here is to avoid the direct use of m(, -) queries,
and thereby removing the loglogn term in the previous time complexity. To achieve
this, we reconstruct the subtree rooted at x; on the fly. For any node w in the
subtree rooted at xy, let P(w) C P denotes the set of PA[] values corresponding to
the leaves in the subtree of w. Iterating over p € P, our algorithm return the sets
P(wr), P(ws), ..., in that order, where nodes wy, ws, ... are the children (in the left
to right order) of node w = LCA({1pa[y], f1pa[p)+1)- Note that the preorder rank of
w is not known even after processing p. Therefore, based on P(w), we assign to w a
unique label, defined as the ordered pair consisting of the size of P(w) and the smallest
element of P(w). With this labeling and parent—child information for all internal nodes,
we can easily reconstruct the tree in a top-down fashion and recover PA(by_1, bg]. We
now present the details of processing a specific p € P. The first step is to compute
strlen(w) = pLCS[p], which is given by the expression below when p # PA[by] (in that
case PA[IPA[p] + 1] € P); when p = PA[b], it will not return any value.

— —
max{i;CE(p, q) | ¢ € P\{p},T[1..q] comes after T[l..p] lexicographically}

Instead of evaluating this expression by applying WE(,) directly, we compute
L = pLCS¥[p] in O(logd) time (see Lemma 11), where pLCS[p] — § < L < pLCS[p].
Then, iterate over ¢ € P, compute LCE(p— L+1,¢g— L+1), and consider the following
two cases:
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i. f LCE(p—L+1,q—L+1) < L, then we know i;CE(p, q) < L < strlen(w). Therefore
discard q.

ii. Otherwise we have i;CE(p, q) =L+ i;CE(p — L,q— L). In that case, extract the
substrings T[p— L —6..p— L] and T[¢ — L — ¢ ..q — L] and compare them. If the
substrings differ, we can compute i;CE(p — L,q— L) (thus compute i;CE(p7 q)) and

determine their lexicographic order (and thus the lexicographic order of T'[1..¢]

e.—&
and T[1..p]). If the substrings match, we infer that i;CE(p, q) > L+ 0 > strlen(w),

and therefore both f1pp[g and £1pa[p) lie in the subtree of the same child of w, and
%
T[1..q] comes before T[1..p] in lexicographically.

The above step for a specific p, ¢ takes O(tLcg + tsq + 9 - ty:) time. By taking the

maximum value of LCE(p, q) over all ¢ that satisfy the required condition on the
lexicographic order, we obtain strlen(w). We next collect all positions ¢ such that

CE(p, q) > strlen(w), group them into sets according to the character T'[q —strlen(w)],
and output these sets in order of increasing character value they correspond to.

It is straightforward to verify that the sets produced in this manner are exactly
P(w1),P(ws),.... Moreover, every internal node in the subtree rooted at z; will be
processed after we have iterated over all p € P\{PA[bi]}. The overall time complexity
of this step is O((by — bk,1)2 . (tLCE +teq +0- twt)) - O((b}C — bk,1)2 . tLCE)~
We use the second method, although its time complexity is quadratic in the size of the
tree, because the first method would add extra loglogn factors to the time complexity.

The combined time for all 4 steps for all k € [1,d], where d < ¢ is bounded as follows:

d
> (tLCE 8+ (logn + trom - 108 6) + tuwe + (b — by—1)* - tLCE)

=
—

<trer - 62+ (logn + troe - 10g ) - 6 4ty - 6 + (ba — bo)? - tLor

By substituting by — by = O(0) and tr,ce = O((tsq + 0 - twe)d), the expression simplifies to
O(8 - logn + (tsq + 6 - tw)d>).

4.23.2 CASE i€ [bg+ 1,a5 — 1]

Let @ = str(u) and « be the leading character on the path from wu to its child on the path to
£y and B be the leading character on ‘@e pat1<1_fr0m u to its child on the path to ;. Then
the set P = {SA[z] +|Q| - 1|z € [sp(Q),ep(Q)], BWT|z] € [+ 1,8 — 1]} is the collection
of elements in PA[by + 1,ay — 1]. Since size(u), strlen(u), PA[i'], PA[i"”] are readily available
(via Type-A query), the elements in the set P can be easily extracted in time O(tyt + tsq)
per element, but not in the order as they appear in PA. Finally, to recover PA[bg + 1, a5 — 1],
we follow the same procedure as in the first case. The resulting time is O((tsq + 0 - ty)52).

4.2.3.3 CASE i € [ay,i")

Here we obtain PA[i"] first using a Type-A query, then initialize ag = ¢ and strlen(yg) =
PAlao], the length of the prefix ending at ag. Then decode PA[ay, ap) in f steps, where at
step k € [1, f], we compute strlen(ys), size(yx), ar and PAjay,ar—1). Note that [af,ag) =

lag,ap_1)U---Ulaz,a1)Ular,ap). Suppose Q = str(yy) and f = TLA i"'] |Q|] then the set

elements in PAfay, ag—1) is given by P = {SA[z] +|Q|—1| z € [sp(Q), e (Q)] BWTIz] < S5}.

This is analogous to that of the first case, therefore we invoke a symmetric procedure to
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handle this case. In contrast to the first case, where we rely on Observation 16 and use
pLCST[-] queries, here we rely on Observation 17 and use pLCS~, [-] queries. Total time is
O(8 - logn + (tsq + 6 - ty)d?) time (similar to the first case).

» Lemma 18 (Type-B Queries). The combined space of all auziliary structures for Type-B
queries is O((n/8)log8) bits and the query time is O (6 -logn + (8 - tws + tsa)5°).

By combining Lemma 15 and Lemma 18, we obtain the Theorem below.

» Theorem 19. Let the Burrows- Wheeler Transform (BWT) of a text T[1..n] be maintained
in a data structure that supports basic queries (rank, select, and access) in t,; time, and
range quantile queries in tgyantite time. Then, for any parameter T > 1, we can maintain a
sampled subset of n/T suffic array values using O((n/7)logn) bits of additional space, and
support suffiz array (SA) and inverse suffix array (ISA) queries in time tsqa = O(T - tyt).
By maintaining an auziliary structure of space O((n/d)logd) bits for a parameter §, we can
support prefix array (PA) queries in time

tpa =0 ((logn ' (10g* n+ 5) + tquantile : log* n+ (5 + T) Lt (510g d log* n+ 53))
C O((log n + tyuantite + (0 + ) - tw) - (6log dlog™ n + 5%)).

Additionally we can support LCE(-, ) queries in time tr.cg = O(( - twt +154)0) and i;CE(o, )
queries in time O(trcr - (log d + loglogn)).

By employing the multiary wavelet tree, where t,; = O(1 +logo/loglogn), tquantite =
O(log o) and setting 6 = klogk and 7 = klogn, we obtain the following result.

» Corollary 20. Let T[1..n] be a text over an alphabet of size 0. We can maintain its Burrows-
Wheeler Transform (BWT) as a wavelet tree data structure in nlogo + o(n) + O(ologn)
bits that supports basic queries (rank, select, access) in time O(1+logo/loglogn) and range
quantile queries in time O(log o). For an integer parameter k, we can maintain an auziliary
structure of space O(n/k) bits and support suffiz array (SA) and inverse suffix array (ISA)
queries in time ts, = O((1 4 logo/loglogn) - klogn), and prefiz array (PA) queries in time
tpa = tsa - O((K*log k + rlog* n) - log® k).

Additionally we can support LCE(-,-) queries in time trcg = O(tsq - klog k) and ]‘ﬁ)(7 )
queries in time O(trck - (log k + loglogn)).

5 A Note On Inverse Prefix Array (IPA) Queries

We present a simple approach for supporting TPA[-] queries. Assuming the availability of data
structures supporting PA[-] and LCE(-, -) queries, we maintain the auxiliary structure from
Lemma 4 with the parameter set to D = rlogn. This structure requires O(n/x) additional
bits of space and supports ]ﬁi‘ ) queries in ﬁﬂ ) time O(trck - log(klogn)).

Given a text position j, we compute IPA[j] by performmg a binary search over i € [1,n].
For a candidate index i, we first compute « = PA[i|. If z = j, we return 7 and terminate
the search. Otherwise, we compute ! = LCE(z, j) and compare the characters T[z — ] and
T[4 — 1] (which must be different). If T[z — ] < T[j — ], then we conclude that i < IPA[j];
otherwise, ¢ > IPA[j]. This provides the necessary comparison predicate for binary search.
The time complexity is O((tpq + tLor - log(klogn))logn) C O(t,, - logn - loglog n).

» Theorem 21. With the structure described in Theorem 19, we can maintain an auxiliary
data structure of space O(n/k) bits that supports inverse prefix array (IPA) queries in time
O(tpq - logn -loglogn).
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6

Conclusions

We present a solution for encoding the suffix array and inverse suffix array of the reversed
text, assuming the availability of the FM-index of the original text. We can answer suffix
array queries on the reversed text in time close to that of suffix array queries on the original

text. However, for inverse suffix array queries on the reversed text, we require roughly a factor

of (logn) more time than for inverse suffix array queries on the original text. Narrowing this

gap is an interesting problem, which we leave open for future research.
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