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—— Abstract

We investigate the computational hardness of estimating the quantum a-Rényi entropy S&(p) =
% and the quantum ¢-Tsallis entropy Sj(p) = %&pq), both converging to the von Neumann
entropy as the order approaches 1. The promise problems QUANTUM a-RENYI ENTROPY APPROXI-
MATION (RENYIQEA,) and QUANTUM g¢-TSALLIS ENTROPY APPROXIMATION (TSALLISQEA,) ask
whether S% (p) or Si(p), respectively, is at least 7v or at most 7y, where 7y — 7y is typically a positive
constant. Previous hardness results cover only the von Neumann entropy (order 1) and some cases
of the quantum ¢-Tsallis entropy, while existing approaches do not readily extend to other orders.

We establish that for all positive real orders, the rank-2 variants RANK2RENYIQEA, and
RANK2TSALLISQEA, are BQP-hard. Combined with prior (rank-dependent) quantum query
algorithms in Wang, Guan, Liu, Zhang, and Ying (TIT 2024), Wang, Zhang, and Li (TIT 2024),
and Liu and Wang (SODA 2025), our results imply:

For all real order o > 0 and 0 < ¢ < 1, LOWRANKRENYIQEA, and LOWRANKTSALLISQEA,

are BQP-complete, where both are restricted versions of RENYIQEA, and TSALLISQEA, with p

of polynomial rank.

For all real order ¢ > 1, TSALLISQEA, is BQP-complete.

Our hardness results stem from reductions based on new inequalities relating the a-Rényi or
¢-Tsallis binary entropies of different orders, where the reductions differ substantially from previous
approaches, and the inequalities are also of independent interest.
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Comp. Hardness of Estimating Quantum Entropies via Binary Entropy Bounds

1 Introduction

Quantum state testing is a principal area in quantum property testing [45]. The general goal
is to design efficient quantum testers that verify properties of quantum objects, extending
classical (tolerant) distribution testing (see [13] and [27, Chapter 11]) to the non-commutative
setting. An illustrative example concerns estimating the entropy of a quantum state p,
particularly the von Neumann entropy S(p) == — Tr(plnp), a central concept in quantum
information theory. The task is to develop quantum algorithms that decide whether S(p) is
at least 7y or at most 7y, where the promise gap v — 7y is typically a positive constant.

When an explicit circuit description (serving as “source code”) that prepares the state
of interest is available, this example can be formalized as the promise problem QUANTUM
ENTROPY APPROXIMATION (QEA), introduced in [5, 14]. This problem provides a complete
characterization of the complexity classes NIQSZK [34], which consists of promise problems
admitting non-interactive proof systems with quantum statistical zero-knowledge. Likewise,
considering the entropy difference S(pg) — S(p1) between two quantum states py and p; leads
to the promise problem QUANTUM ENTROPY DIFFERENCE (QED), which is complete for
the complexity class QSZK [5], the interactive counterpart of NIQSZK.

Beyond the complexity-theoretic perspective, quantum state testing problems related to
estimating quantum entropies — covering not only the von Neumann entropy but also its
. . DA R _ InTr(p®)

most popular generalization, the quantum a-Rényi entropy S, (p) = —g—5—=
minimizing query complexity [26, 55, 30, 65, 68] and sample complexity [2, 1, 69, 67]. Here,
query complexity refers to the number of oracle calls (“queries”) to the state-preparation
circuits (considered as black boxes), while sample complexity refers to the number of

— often focus on

identical copies of the state. Moreover, the quantum Rényi entropy of different orders
admits a broad range of applications, including characterizing entanglement in physical
systems [32, 22], formulating entropic uncertainty relations [18], and advancing quantum
cryptography, particularly through security proofs for quantum key distribution [52, 56, 74].

Another widely studied extension of the von Neumann entropy is the quantum g¢-Tsallis
entropy, defined as Sg (p) = %&pq), which plays an important role in physics, particularly
in describing systems with non-extensive properties in statistical mechanics (see [58]). This
quantity has recently attracted growing attention in works such as [43, 15]. See also scenarios
closely related to the integer-order setting [49, 53, 76, 77], including some that establish
lower bounds [16, 64]. Notably, both quantum Rényi and Tsallis entropies converge to the
von Neumann entropy as the order « or ¢ approaches 1.

Importantly, estimating (quantum) Rényi entropy appears inherently more challenging
than estimating (quantum) Tsallis entropy for orders greater than 1. On one hand, as
observed in [2, Appendix A], any estimator for o-Rényi entropy directly yields an estimator
for g-Tsallis entropy with the same bound when ¢ = o > 1. On the other hand, while
sample complexity lower bounds for estimating a-Rényi entropy with real-valued o > 1 scale
polynomially with the rank of the state (referred to as “rank-dependent” in this work) [48, 66],
sample complexity upper and lower bounds for estimating ¢-Tsallis entropy with real-valued
q > 1 are independent of the rank [43, 15].

This complexity-theoretic perspective connects closely to the query complexity setting. In
particular, explicit rank-dependent estimators for quantum a-Rényi entropy with any positive
order « [68, 65] implies that the corresponding promise problem restricted to states p of
polynomial rank (the “low-rank” case), LOWRANKRENYIQEA,,, is in BQP — in other words,
this task is efficiently solvable by a universal quantum computer. For quantum g¢-Tsallis
entropy, a rank-dependent estimator for orders 0 < ¢ < 1 [65] similarly implies that the
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low-rank version, LOWRANKTSALLISQEA , is in BQP, while a rank-independent estimator
for real-valued orders ¢ > 1 [43] shows that the corresponding problem TSALLISQEA,,
without rank constraints, is also in BQP.

While the containments in BQP are well understood, hardness results are limited. Specifi-
cally, BQP-hardness has been established only for RANK2TSALLISQEA ; with 1 < ¢ <2 [43],
where the state of interest has exactly rank two, and no analogous BQP-hardness result is
known for RANK2RENYIQEA , beyond the special case o = 1, which coincides with the von
Neumann entropy. This gap leads to the following intriguing and natural question:

» Problem 1. How hard is the task of estimating a-Rényi or ¢-Tsallis entropy of quantum
states for all positive order a: or ¢? Could the low-rank versions, LOWRANKRENYIQEA,
and LOWRANKTSALLISQEA ! capture the full power of quantum computation, that is, are
these promise problems BQP-hard?

To establish lower bounds on query and sample complexities, one typically begins by
identifying hard instances and then analyzing the resulting bounds for the corresponding
scenarios, such as estimating quantum Rényi or Tsallis entropies of different orders. In
contrast, establishing computational hardness in Problem 1 generally relies on reductions,
since only a few natural hard problems are known for a given complexity class. Constructing
such reductions from other promise problems to these entropy-approximation tasks is often
technically more challenging than in other quantum state testing problems. This difficulty
arises because differences of quantum entropies relate to closeness measures only in specific
ways, and these relationships hold within a limited regime due to fundamental mathematical
constraints, such as joint convexity, as discussed in Section 1.2.

1.1 Main results

In this work, we show that RANK2RENYIQEA, and RANK2TSALLISQEA ; are BQP-hard
for all positive orders a and ¢, even with constant additive-error precision (Theorem 2).
Our results fully resolve Problem 1 in the low-rank setting and introduce a new, systematic
approach to establishing the computational hardness of estimating quantum entropies.

» Theorem 2 (Computational hardness of estimating quantum entropies, informal version of
Theorems 29 and 34). The following statements hold:

(1) For all real-valued o > 0 and o = 0o, RANK2RENYIQEA,, is BQP-hard;

(2) For all real-valued ¢ > 0, RANK2TSALLISQEA ; is BQP-hard.

We next summarize the known quantum query upper bounds for estimating quantum
entropies [65, 68, 43], as presented in Table 1.2 The input model underlying these upper
bounds is the purified quantum access input model, originally introduced in [70]. In particular,
these upper bounds imply containments of complexity classes when the descriptions of the
state-preparation circuits (“source codes”) are explicitly provided.

By combining Theorem 2 with the quantum query algorithms of [65, 68, 43], whose upper
bounds are summarized in Table 1, we obtain the following corollaries:

The classical analog of the low-rank condition for quantum states in entropy estimation problems is the
poly-size support condition for classical distributions. This problem has received much less attention,
partly because classical distributions are inherently given in the computational basis, which is fixed and
efficiently computable. By contrast, for quantum states the relevant basis is typically unknown and
difficult to compute efficiently, even in low-rank cases, making the quantum version more compelling.

2 The notation 5(f) is used to denote O(f polylog(f)).
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Table 1 (Rank-dependent) quantum query complexity upper bounds.

Order (a or ¢) Quantum a-Rényi entropy  Quantum g-Tsallis entropy

~ . _ a2
(O 1) O(ré/el+i) O(razg /E%)
7 [68, Corollary 4] [65, Theorem IIL.9]
. O(r/e)
[65, Theorem III.1]
o 5/ ) o1/ )
’ [68, Corollary 5] [43, Theorem 3.2]

» Corollary 3. For all real-valued o > 0, LOWRANKRENYIQEA,, is BQP-complete.

» Corollary 4. The following holds:
(1) For all real-valued ¢ € (0,1], LOWRANKTSALLISQEA ; is BQP-complete;
(2) For all real-valued ¢ > 1, TSALLISQEA, is BQP-complete.

It is worth highlighting that the rank-2 case is the smallest non-trivial rank that captures
BQP-hardness of estimating quantum entropies, since all pure states (i.e., the rank-1 case)
have zero entropy. By contrast, for closeness testing of quantum states with respect to the
trace distance, BQP-hardness already arises in the pure-state setting [51, 66]. The possibility
that rank-2 instances capture BQP-hardness was implicitly suggested in [43]. Our proof
of Theorem 2 further clarifies the underlying reason: the reduction essentially relies on
inequalities relating quantum binary entropies of different orders (see Section 1.3 for details).

In addition to estimating quantum entropies of positive orders, we also investigate the
order-zero case for quantum Rényi and Tsallis entropies, as stated in Theorem 5. For the
Rényi entropy, this case corresponds to the quantum max (Hartley) entropy; while for the
Tsallis entropy, it essentially coincides with the rank of the state.

» Theorem 5 (Informal version of Theorem 39). For order « =0 and g =0,
RANK2RENYIQEA, and RANK2TSALLISQEA , are NQP-complete.

Notably, the behavior of quantum query upper bounds for estimating these order-zero
entropies aligns with Theorem 5: such bounds scale polynomially with the reciprocal of the
smallest non-zero eigenvalue of the state [65, Section ITI.B], which can be arbitrarily small in
general. In particular, the complexity class NQP can be viewed as a precise variant of BQP
that always rejects no instances, where the promise gap may be arbitrarily small. This class
is equal to the classical class coC_P = NQP [3, 75], where C_P, introduced in [63], is closely
related to the standard counting class PP, since C_P C PP C NPC=P 3

1.2 Previous approaches to establishing computational hardness

Before presenting the proof techniques underlying Theorem 2, we briefly review known
approaches to establishing the computational hardness of the QUANTUM ENTROPY AP-
PROXIMATION PROBLEM (QEA) and its variants. One standard approach proceeds via

3 Since PP is closed under complement, it follows that coC—P C PP. For further details and properties of
C_P, which lies within the counting hierarchy, we refer to [72].
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the QUANTUM ENTROPY DIFFERENCE PROBLEM (QED), which concerns the quantity
S(po) — S(p1) and can be solved using a search version of QEA.* The key quantity in this
approach is the distance version of the (quantum) entropy difference [59, 5|, namely the
quantum Jensen—Shannon divergence (QJS) introduced in [44],

po + p1) ~ S(po) +5(p1)
2 2 ’

whose square root is a distance metric [62, 54]. A particularly direct proof was recently
outlined in [43, Equation (4)], crucially relying on the following identity:

238 (m.0) =5( (25 2) & (252)) = Sl e o). )

QJIS(po, p1) = S(

By combining Equation (1) with known inequalities relating QJS to the trace distance [23, 9],
one can directly reduce the QUANTUM STATE DISTINGUISHABILITY PROBLEM (QSD),
defined in terms of the trace distance, to QED. Since QSD is QSZK-hard [70, 71], it follows
that QED is QSZK-hard under Karp reduction, and consequently, QEA is QSZK-hard under
Turing reduction.

The tailor-made approach described above applies only to the order-1 case (von Neumann
entropy). A more general method for proving the QSZK-hardness of QED, developed in [5]
(see also a simplified version in [40]), relies on additional information-theoretic tools, including
Fannes’ inequality. This method extends naturally to the promise problems TSALLISQEA,
and TSALLISQED, for 1 < ¢ < 2, which are defined in [43] and correspond to the quantum
g-Tsallis entropy of the relevant orders. The key quantity in this extension is the quantum
g-Jensen-Tsallis divergence (QJT,) introduced in [9], whose square root also serves as a
distance metric [54]. The main technical challenge lies in the corresponding inequalities
relating these divergences to the trace distance, which were established only very recently
in [43, Section 4], using the joint convexity of QJT, for the relevant orders [17, 61]. The
proof is then completed in analogy with the order-1 case, employing Fannes’ inequality and
the basic properties of the quantum g¢-Tsallis entropy as provided in [50, 24, 78], and the
argument requires a complicated trade-off in choosing parameters.

Nevertheless, such joint convexity properties do not hold in general for the (quantum)
g-Tsallis entropy of arbitrary order g, even in the classical case [12]. In addition, although the
quantum a-Jensen-Rényi divergence (QJR,) was studied a few years ago in [54] and shown
to be the square of a metric for 0 < o < 1, its joint convexity has not been investigated and
may not hold for positive order « in general.

Another common approach is to reduce the QUANTUM STATE CLOSENESS TO MAXIMALLY
MIXED STATE (QSCMM) to QEA. This promise problem, defined via the trace distance
with the state p; fixed to be the n-qubit maximally mixed state (1/2)®", is complete for the
class NIQSZK [34, 5, 14]. These reductions rely on inequalities that relate different quantum
entropies, such as the von Neumann entropy, to the trace distance T(,o, 1/ 2)®”), which can
be characterized through optimization problems. In particular, the optimization problem
corresponding to the easy direction is typically convex, such as [35, Lemma 16], while the
one for the hard direction may be non-convex in general,® as in the case of the quantum
g-Tsallis entropy S7(p) with ¢ =1 + — [43, Section 4.4].

4 Specifically, one can decide whether a given QED instance corresponding to (po,p1) is a yes or no
instance by estimating S(po) and S(p1) separately to the required precision.
5 For the order-1 case, the hard direction follows directly from the inequality in (60].
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Since solving non-convex optimization problems, even approximately, is often technically
challenging, this approach does not extend readily to quantum entropies of positive orders
and requires further work in the low-rank setting. In particular, it is necessary to establish
analogous inequalities that connect Sfl(p) with T(p, py), where py denotes an n-qubit quantum
state of polynomially bounded rank with uniformly distributed eigenvalues.

1.3 Proof techniques

We now outline the proof strategy underlying Theorem 2. Our starting point is an alternative
and simplified argument establishing that RANK2QEA is BQP-hard, which serves as an
illustrative example of our new approach. While this hardness result was already shown
in [43, Theorem 1.2(1)], their proof establishes BQP-hardness only under Turing reduction,
specifically through reductions to the counterpart quantum entropy difference problem.°
Our method is guided by two key observations. The first observation is the following
identity: the quantum 2-Tsallis entropy of a rank-2 state 3 (|vo)(vo| + [¢1)(¥1]), which in
some sense is “BQP-hard to prepare”, coincides with the 2-Tsallis binary entropy H3(x):

S§<|¢0><¢0| + w1><w1|> e () :Hg(l‘ <1/10|1/11>|>.

2 2 2 2)

In particular, these expressions are proportional to 1—| <d}0|¢1>|2, whose constant-precision
estimation is known to be BQP-hard [51]. This equivalence immediately implies the BQP-
hardness of RANK2TSALLISQEA,. To extend the hardness result to RANK2TSALLISQEA,
for other orders ¢, including the order-1 case, i.e., the von Neumann entropy, it suffices to
establish inequalities relating H}(x) to the ¢g-Tsallis binary entropy.

The second observation is that the (Shannon) binary entropy admits the following power-
type bounds, which have been known for more than two decades [57, 39], and can be expressed
in terms of the 2-Tsallis binary entropy:”

2H(;> JHY(x) < H(x) < ﬁH(i) \/HI (@), 3)

Taken together, these two key observations yield a reduction from the quantity 1 —
|(1ho|1)|?, which is BQP-hard to estimate [51], to RANK2QEA, thereby establishing the
BQP-hardness of RANK2QEA under Karp reduction.

Unlike the previous approach based on the quantum (Tsallis) entropy difference [5,
40, 43], which essentially relies on the quantum Jensen-type divergences and is therefore
quite restrictive in the choice of orders, our new approach to establishing BQP-hardness
extends beyond RANK2TSALLISQEA ; for arbitrary positive real orders and also applies to
RANK2RENYIQEA,. The first key observation admits a Rényi analogue, given by identity
in Equation (4), which parallels Equation (2):

Sg(|1/}0><1/}0| ; ¢1><¢1|> — 1n(2) — In(1 + | (ol)[?) = H%(l - |<1§0¢1>|)' (4)

5 Nevertheless, unlike other quantum complexity classes such as QSZK, BQP-hardness under Turing
reduction is no weaker than BQP-hardness under Karp reduction, since the BQP subroutine theorem [6,
Section 4] implies that BQP# C BQP holds for any efficient quantum algorithm A.

" The lower bound is a special case of [31, Theorem I1.6], with a direct proof given in [57]. The upper

bound can be further strengthened to H(z) < 257D H(1/2) - Hi(z) 7D (see [67, Theorem 1.2]).
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The second key observation involves inequalities relating Rényi or Tsallis binary en-
tropies of different orders to the corresponding order-2 binary entropies. These inequalities,
summarized in Tables 2 and 3, differ depending on the range of the orders under consideration.

Table 2 Computational hardness of RANK2RENYIQEA,, with constant precision.

Range of @ Range of n Hardness Reduction from New inequalities
NQP-hard
= >
a=0 n>2 Theorem 39 N/A None
BQP-hard ANK2RE EA
O<a<l n>[2/a] QP-har RANKZRENVIQEA, HA () < HE (2)
Theorem 31(1) Theorem 30 R Py R\
HA(2) < In(2)'~ % - H(0) 3
BQP-hard RANK2RENYIQEA, .
< > .
1<a<?2 n>2 Theorem 31(2) Theorem 30 [4, Section 5.3] & Theorem 20
BQP-hard Estimating 1 — |(to|w1)|?
=2 >2 N
@ "= Theorem 30 [51, Theorem 12] one
. a R R R
a € (2,00 n>2 BQP-hard RANK2RENYIQEA, o) -H5(z) < Ha(x).g H5(z)
Theorem 32 Theorem 30 Theorem 22 & [4, Section 5.3]

Interestingly, the inequalities for ¢-Tsallis binary entropy in Table 3 require consideration
of an additional case. This phenomenon is intuitively linked to the monotonicity of the
normalized ¢-Tsallis binary entropy, ﬁg(az) = Hy(x)/H(1/2), implicitly studied in [19].
Numerical evidence suggests a transition point ¢*(x) € [2,3] at which ﬁg(x) changes mono-
tonicity: it is monotonically decreasing on ¢ € [0, ¢*(z)) and monotonically increasing on
q > ¢*(x). This informally explains the additional row for ¢ € (2, 3] in Table 3.

Table 3 Computational hardness of RANK2TSALLISQEA, with constant precision.

Range of ¢ Range of n Hardness Reduction from New inequalities
NQP-hard
- >
7=0 n22 Theorem 39 N/A None
0<qg<1 n > [1/q] BQP-hard RANK2TSALLISQEA, 2H;§(%) -HE(I) < Hg(x)
Theorem 36(1) Theorem 35 /2
H(z) < 27°H; (3) - (Ha ()"
BQP-hard RANK2TSALLISQEA,
< > : ad
1<g<?2 n>2 Theorem 36(2) Theorem 35 [43, Lemma 4.8] & Theorem 24
BQP-hard Estimating 1 — [(to]t1)]?
= >
¢=2 nz? Theorem 35 [51, Theorem 12] None
9<qg<3 W9 BQP-hard RANK2TSALLISQEA, Tty - Ha(e) < Hy(e) < 2H{(3) - Hi(x)
- Theorem 37 Theorem 35 Theorem 26(1)
2Hy (1) - Hy(z) < Hj
€(3,00) > [logyq] BQP-hard RANK2TSALLISQEA, HT‘]((;)L Z(qx) fHTq(%)
a ’ = o824 Theorem 38 Theorem 35 4 = 2(¢-1) 2

[43, Lemma 4.8] & Theorem 26(2)

1.4 Discussion and open problems

Perhaps the most intriguing open problem is the following — what are the limitations of our new
approach for establishing the computational hardness of estimating quantum entropies? In
particular, can one prove the hardness of the QUANTUM a-RENYI ENTROPY APPROXIMATION
PrOBLEM (RENYIQEA,,) for any positive order a? The well-known inequalities

SE.(p) < S5(p) <2-S% (p)

STACS 2026



66:8

Comp. Hardness of Estimating Quantum Entropies via Binary Entropy Bounds

can be almost straightforwardly generalized to relate the (quantum) min-entropy to the
(quantum) a-Rényi entropy for the order o > 1:%

«

St (p) < SE(p) < - St (p).- (5)

a—1

However, our new approach is effective only when the values of the quantum entropies
and the promise gap are of comparable magnitude, e.g., when both are constant. Otherwise,
reductions based on inequalities relating the quantum min entropy (in the order-co case) to
the quantum Rényi entropy of other orders break down for sufficiently large n.

Beyond this technical limitation, a more fundamental complexity-theoretic barrier arises.
Specifically, estimating the min-entropy RENYIEA , is coSBP-complete [73]. Any reduction
analogous to our approach for establishing Theorem 2 would imply that the ENTROPY
APPROXIMATION PROBLEM EA is coSBP-hard. Since EA is known to be NISZK-complete [28,
29], combining such a reduction with the coSBP-hardness of RENYIEA o, would yield

coNP C coSBP C NISZK C SZK C AM N coAM, (6)

where the inclusion NP € MA C SBP is proven in [7]. The inclusion coNP C AM in
Equation (6) would collapse the polynomial-time hierarchy to its second level [8].

In addition to this main open problem concerning the computational hardness of estimating
the quantum Rényi entropy, there are two further open questions:
(1) What is the computational hardness of estimating the quantum Rényi and Tsallis
entropies of the order-0 in general?
(2) Can the inequalities in Table 2 be tightened? For instance, is it possible to prove that
(I%((;)))w “ is monotonically non-decreasing in « for all fixed z € [0, 1], as suggested by
numerical evidence and as a generalization of Theorem 207

1.5 Related works

We first review additional prior work on the computational complexity of decision problems
related to entropies. A variant of ENTROPY APPROXIMATION (EA), specifically the sampler
associated with distributions described by a degree-3 polynomial, was shown to be SZK|-
complete [21]. More recently, another variant of EA, where the promises involve different
entropies — namely deciding whether the max entropy (order 0) is small or the smoothed
2-Rényi entropy is large — was proven to be NISZK-complete in [46], playing a key role
in batch verification of non-interactive statistical zero-knowledge. Furthermore, variants
of QUANTUM ENTROPY DIFFERENCE (QED), which are connected to estimating the von
Neumann entropy of quantum states, have attracted attention in recent years: the case where
the state-preparation circuits are shallow depth was studied in [25] and shown to be as hard
as the Learning with Errors (LWE) problem, while the case where the state-preparation
circuits act on O(logn) qubits was shown to be BQL-complete in [37].

8 Let {)‘k}szl denote the eigenvalues of an n-qubit quantum state p, where N := 2™. The upper bound
in Equation (5) follows from the fact that for all o > 1, ln(zg:l /\g) > In(maxy A, ) = oln Amax, since
In(z) is monotonically increasing for > 0. The argument is then completed by multiplying both sides
by 1/(1 — «).

9 We note that the promise problem CIRCUIT-MIN-ENT-GAP defined in [73] is SBP-complete, but its
promise conditions are the exact opposite of those in EA [29], which is why we consider the complement.
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In addition to results on entropy-related decision problems, while there is no direct
connection to our approach, it is worth noting that conceptually similar inequalities relating
different orders of information-theoretic quantities, similar to the Rényi binary entropies in
Table 3 and the Tsallis binary entropies in Table 3, were established in [42] for the quantum
¢, distance T, (pg, p1) defined via the Schatten norm ||A||, = (Tr(|A|O‘))1/a. Specifically,
such inequalities connect the trace distance (o« = 1) to other orders where o > 1.

2 Preliminaries

We assume a basic familiarity with quantum computation and the theory of quantum
information. The reader may refer to [47] for an introduction. For notational convenience,
we write |0) to denote |0)®?, where a > 1 is an integer.

2.1 Bounds for Tsallis and Rényi binary entropies

1—z!9
qg—1

The g-logarithm function In,: R* — R for any real ¢ # 1 is defined as In,(z) =

» Definition 6 (Binary entropies). The q-Tsallis binary entropy H(Tl(x) and the a-Rényi binary
entropy HE (x) are defined by: for any x € [0,1],

=2 — (1)1

HY(z) = i1 =—a9lng(z) — (1 —2)?ngy(1 — ),
HE () i In(z® —1|—£1a— J:)a)

The (Shannon) binary entropy arises as a limiting case of both the q-Tsallis binary entropy
and the a-Rényi binary entropy as the order approaches 1:

Hi(z) = HY(z) = H(z) = —2lnz — (1 — 2)In(1 — ),

where Hi (x) = limy_,; H}(z) and H}(z) = limy_,1 HY(x). The min binary entropy also
arises as a limiting case of the a-Rényi binary entropy as o approaches co:

HE (7) = Hoo(z) == — In(max{z,1 — x}), where HY (z) := lim H(z).

a—r 00

We then list several useful bounds for the Tsallis and Rényi binary entropies:

» Lemma 7 (Tsallis binary entropy lower bound, adapted from [43, Lemma 4.8]). For any
q €[0,2] U[3,00), it holds that

vV € [0,1], 2H(TI(1/2) -Hi(x) = H;(I/Q) Ar(l—2) < Hg(x)

» Lemma 8 (Monotonicity of Rényi binary entropy, adapted from [4, Section 5.3]). For any
a,a’ € R satisfying 0 < a < o < oo, it holds that

vz €[0,1], HY(z)>HE, ().

We also require the following folklore lower bound for the binary min-entropy, as presented,
for example, in [20, Section 2]:

» Proposition 9 (Binary min-entropy lower bound). Vz € [0,1], H3(z) < 2-Hoo(2).

66:9
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2.2 Different notions of quantum entropies for states
Next, we introduce different notions of quantum entropies for states:

» Definition 10 (Quantum entropies). Let p be a quantum state. The quantum q-Tsallis
entropy S;(p) and the quantum a-Rényi entropy Sy (p) of p are defined by
_ 1-Tr(p)

Sq(p) = i e Sa(p)

_ InTr(p)
=

Furthermore, as the order approaches 1, both the quantum q-Tsallis entropy and the quantum
a-Rényi entropy converge to the von Neumann entropy S(p):

Si(p) = lim S(p), Si(p) = lim Si(p), and Si(p) = Si(p) = S(p) = — Tr(pIn(p)).

The quantum min entropy also arises as a limiting case of the quantum «-Rényi entropy as
« approaches 0o, where Amax(p) denotes the largest eigenvalue of p:

S5 () = Seo(p) = —I(Amax(p)), where S, (p) = lim S (p).

a— 00

We also present the promise problem for estimating quantum Tsallis entropies:

» Definition 11 (Quantum g¢-Tsallis Entropy Approximation, TSALLISQEA ,, adapted from [43,
Definition 5.1]). Let Q be a quantum circuit acting on m qubits and having n specified output
qubits, where m(n) is a polynomial in n. Let p be the quantum state obtained by running
Q on |0)®™ and tracing out the non-output qubits. Let g(n) and t(n) be positive, efficiently
computable functions. The promise problem TSALLISQEA[t(n), g(n)] asks whether the
following holds:

Yes: A quantum circuit Q such that S(p) > t(n) + g(n);

No: A quantum circuit Q such that Sy(p) < t(n) — g(n).

2.3 Computational hardness of estimating the pure-state infidelity

We start by defining a promise problem closely related to FIDELITY-PURE-PURE, introduced
in [51, Problem 1J:

» Definition 12 (Pure-State Infidelity Estimation, PUREINFIDELITY). Let Qo and Q1 be
quantum circuits acting on m qubits with n specified output qubits, where m(n) is a polynomial
in n. Let 1) and |11) be pure quantum states obtained by running Qo and Q1 on |[0)®™,
respectively. Let a(n) and b(n) be positive efficiently computable functions. The promise
problem PUREINFIDELITY[a(n), b(n)] asks whether the following holds:

Yes: A pair of quantum circuits (Qo, Q1) such that 1 — |(1o|th1)|* > a(n);

No: A pair of quantum circuits (Qo, Q1) such that 1 — |{1o|11)]? < b(n);

The promise problem PUREINFIDELITY, essentially the task of estimating the pure-state
infidelity, 1 — [(¢)o|t)1)|?, to within constant precision, is BQP-hard:

» Lemma 13 (PUREINFIDELITY is BQP-hard, adapted from [51, Theorem 12]). For any
integer n > 2, it holds that PUREINFIDELITY {(1 — 2*")2, 2’2"} is BQP-hard.

The proof can be found in [41, Section 2.3] in the full version. It is worth mentioning
that, subsequent to [51], constructions similar to Lemma 13 were used to establish hardness
for closeness testing problems with respect to other closeness measures between pure states,
such as the (squared) Hilbert—Schmidt distance [37, Lemma 4.23], the trace distance [66,
Theorem 4.1] and [43, Lemma 2.17].
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2.4 Useful identities from infinite series

Following [33, Section 25], we define the generalized binomial coefficients, which is denoted
by (Z), for any real av and non-negative integer k:

(“)::1 and (Z) ::“(“_1?”'(“_“1) for k € N (7)

0
Moreover, we make use of the following properties of the generalized binomial series:
» Proposition 14 (Identities for generalized binomial coefficients). The following holds:

(1) VaeR, (1+z)*+(1—-2)"= 22 (262)302’“ when |z| < 1.
k=0

> a
2 R k=2""3a.
(2) Ya e R, kz_:l<2k) a

Proof. Item (1) follows directly from the identity given in [33, Equation (119)]. To establish
Item (2), we differentiate both sides of Item (1) with respect to z, yielding

e}
a—1 _ _oa-1 _ a 2k—1
a(l +z) a(l — ) 2 Z <2k> kx . (8)
k=1
Taking the limit as © — 1 on both sides of Equation (8), we obtain Item (2). <

» Proposition 15 (Sign conditions for generalized binomial coefficients). For any real number
a > 0 and integer k > 1, the generalized binomial coefficient (;k) > 0 if and only if the
integer max{0, 2k — [a]} is even.

Proof. Noting that () - (2k)! = H?ial(a — j), the sign of () is thus determined by the
parity of the number of integers j € {0,1,2,--- ,2k — 1} satisfying a — j < 0. It is evident
that this count is zero when a > 2k and equals 2k — [a] when a < 2k, which completes the
proof. <

We also require the following identity for power series, as stated in [33, Footnote 13]:

r—1
Vr e Ny, 1—967':(1—96)ij. (9)
3=0

3 New bounds for Rényi and Tsallis binary entropies

In this section, we present new bounds for the a-Rényi and ¢-Tsallis binary entropies:

» Theorem 16 (New bounds for a-Rényi binary entropy). For all x € [0,1], the following
bounds with respect to the 2-Rényi binary entropy hold:
(1) For every a € (0,2], H} (z) <In(2)1~% - HE(x)%.

(2) For every a € [2,00], D) -H3(z) < HE (2).

» Theorem 17 (New bounds for ¢-Tsallis binary entropy). For all x € [0,1], the following
bounds with respect to the 2-Tsallis binary entropy hqold:

(1) For every q € (0,2], Hy(z) < Q%Hg(%) - (Hi(x))=.

@) For cvery < 2.5, gty - Hh(@) < He) < 2H3(3) (o).

(3) For every q € [3,00), 2 - Hg(é) -HY(z) < Hg(x) < 2((1%11) -HY(z).

66:11
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Our proof relies on the correspondence among quantum Jensen-type divergence for pure
states, the associated quantum entropies of rank-2 states, and the corresponding binary
entropies, as detailed in Section 3.1. The proof of Theorem 16 is given in Section 3.2, while
that of Theorem 17 is deferred to Section 3.3.

3.1 Mapping quantum entropies of rank-2 states to binary entropies

» Theorem 18 (Characterizing QJT, and QJR,, between pure states via binary entropies). For
any pure states |1ho) and |11) on the same number of qubits, the following holds:

(1) QIT([4o) (o, [42) ] S£<<|¢o><¢o| + w1><w1|)q) H(1|<w|w>>

2 2

(2) QIR (o) vl [ ]) = 53 ( (Ll E 1Y) g (L= llinl]),

To establish Theorem 18, we first note that the first equality in both Items (1) and (2)
holds immediately, since S7(|4)(¥[) = 0 and S (]4)(¢[) = 0 for any pure state [¢)) and for

all orders ¢ and a. To demonstrate the second equality, we require the following lemma
concerning the trace of powers of a rank-2 quantum state:

» Lemma 19 (Trace of uniform rank-2 quantum state powers). For any pure quantum states
[tho) and |11) on the same number of qubits, the following holds: For any q € Ry,

Tr((|1/}0><1/}0| -;— ¢1><w1)q) _ Z (14 (—=1)°[(wo|y1)])? - kf::o (261]{) (o 1) 2.

29
be{0,1}

Here, the generalized binomial coefficients (5) are defined in Equation (7).

The proof of Lemma 19 proceeds by analyzing the eigenvalues of the matrix |1g) (0| +

[¥1) (1], which yields Tr((|2bo) (o + [v1) (¥1])?) = (1—[(tbolvo1) ) +(1+[(vo[¥1)])?. Together
with Proposition 14(1), this establishes Lemma 19. The complete proof can be found in the
full version, specifically in [41, Section 3.1].

3.2 New bounds for a-Rényi binary entropy

In this subsection, we present the proof of Theorem 16.

3.21 Thecasesof 0 < a < 2
» Theorem 20 (a-Rényi binary entropy upper bound when 0 < o < 2). The following holds:
Ya € (0,2], Vz € [0,1], HY(z) <In(2)'"% - HE(z)%.

The proof of Theorem 20 relies on the correspondence between QJR,, for pure states and
the a-Rényi binary entropy (Theorem 18(2)). It thus remains to show the following lemma:

» Lemma 21 (QJR, vs. QIR for 0 < a < 2). For any pure states |po) and |11), it holds
that: Vo € (0,2], QIR ([v0) (Yol, [¥1)(¥1]) < In(2)' 7% - QIR (o) (Yol [1) (¥]) % .
We sketch the proof of Lemma 21, with details provided in the full version [41, Sec-

tion 3.2.1]. The case a = 1 follows from [57, Theorem 1.2], and o = 2 holds trivially. For
1 < a < 2, we study the ratio

~ QIR, (|vo) (thol, [¥1) (1))
QIR (|9h0) (tol, [1) (31 ])/2

R([{¢oltn); @) = (a—1)
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and in particular the monotonicity of a function F(z;a) related to 8%R(:lc; «). By analyzing
functions derived from its first- and second-order derivatives with respect to «, we show that
F(z;a) changes monotonicity exactly once at some o*(z) € (1,2). Since F(z;1) = F(x;2)
for z € [0, 1], this implies R(x; ) is non-increasing in 2, so the upper bound is attained at
R(0; ). The case 0 < « < 1 is similar but simpler: defining ]/%\(a:, a) and ﬁ(a:, «), we analyze
the derivative of ﬁ(m, «) with respect to « term by term.

3.2.2 The cases of a > 2

» Theorem 22 (a-Rényi binary entropy lower bound when o > 2). The following holds:

[0

2(a—1)

To prove Theorem 22, we use the correspondence between QJR,, for pure states and the

Va > 2, Va e[0,1], -Hi(x) < HE(2).

a-Rényi binary entropy (Theorem 18(2)). It thus suffices to prove the following lemma:

» Lemma 23 (QJR, vs. QIR for a > 2). For any pure states |tg) and |11), it holds that:
Va2 2 5ot QIR (o) ol 1) () < QIR (o) (vl [9) ().

The proof of Lemma 23 proceeds by showing the non-negativity of

F(|(olt1)|; @) = (@ = 1)QIR, (|0) (v, [11){¢1]) — % “ QIR (|90) (ol, [¥01) (1])-

We analyze a function related to the derivative of F(x;a) with respect to x, showing that
F(z; «) is monotonically non-increasing on « € [0,1]. The bound then follows by evaluating
the endpoint F(z; ) > F(1;a) = 0. The detailed proof can be found in the full version,
specifically in [41, Section 3.2.2].

3.3 New bounds for g-Tsallis binary entropy

In this subsection, we demonstrate the proof of Theorem 17.

3.3.1 Thecasesof 0 < qg< 2

» Theorem 24 (¢-Tsallis binary entropy upper bound for 0 < ¢ < 2). The following holds:

[SIIS)

Vg e (0.2, Vxelo1], H;(x)<23H;<;)~(H§(x)) .

It is worth noting that Theorem 24 improves the previous bound,
Vg e (1,2, Vael0,1], Hi(x) < v2H](1/2) H5(1/2)Y/2,

which was established in [43, Lemma 4.9]. To demonstrate Theorem 24, we utilize the corre-
spondence between QJT, for pure states and the Tsallis g-binary entropy (Theorem 18(1)).
As a result, it remains to establish the following lemma:

» Lemma 25 (QJT, vs. QJT, for 0 < ¢ < 2). For any pure states |to) and |i1), it holds
that ¥ € (0,2], QITq(|v0) (o, [ )(¥r]) < 22HJ(5) - (QIT(|tho) (Wol, 1) (W) 2.
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We sketch the proof of Lemma 25. The case « = 1 was shown in [39, Theorem 8], and
the case a = 2 holds trivially. For the case 0 < g < 1, we consider the ratio function

QIT (vbo) (ol [1h1) ()
QJIT, (o) (ol [1h1) (¢1])9/%

which decomposes a product of two functions F} (z; ¢) and Fy(x; ¢). We analyze the monotonic-
ity of the main term of B%F (z;q), denoted by T'(x; q), noting the remainder is non-negative.
By studying the first-order and second-order derivatives of T'(x;¢) with respect to z, we
can prove that F(x;q) is monotonically non-increasing on x € [0, 1], so the upper bound is
attained at the endpoint F(0;¢q)/(1 — ¢q). The case 1 < g < 2 follows by a similar argument,
and we omit the details. The complete proof of Lemma 25 is provided in the full version, as
detailed in [41, Section 3.3.1].

F(| (toltp1) [59) = (1 —q) -

3.3.2 The cases of ¢ > 2
» Theorem 26 (g-Tsallis binary entropy bounds for ¢ > 2). The following holds:

(1) Vg € [2,3], Vx €]0,1], 2(qq_ ) “H(x) < H(x) < 2Hg<;) -H3 ().

1 q
2) Vg >3, V 0,1 2HT( =) - HY < H? -Hi(x).
() V=3, vee (o], 20 (3) M) < i) < 5t i)

It is noteworthy that the lower bound in Theorem 26(2) was already established in
Lemma 7 (cf. [43, Lemma 4.9]). To prove Theorem 26, we use the correspondence between
QJT, for pure states and the Tsallis ¢g-binary entropy (Theorem 18(1)), together with the
observation that, for any pure states o) and |¢1),

QITy ([} wols [9) 1) = 2 - Qo) (ol i ).

Consequently, it suffices to prove the following lemma, which considers the intervals
q € [2,3] and q € [3, 00) separately:

» Lemma 27 (QJT, vs. QJT, for ¢ > 2). For any pure states |tg) and |11), it holds that:
q QJIT([vho) (ol [v1) () T(l)
e B3 5037 = Qimaen) ol o) () = 22

QJIT y([1bo) (2ol [9h1) (¢1]) < 4
QITy([tho) (o, [1)(¥a]) — 2(¢ — 1)

The proof of Lemma 27 considers the ratio function

(2) Vg >3, 2HT( )

QJT(I(|¢O><¢O|7|¢1><¢1|) . .
QIT, (o) (ol [} ) < T Uol¥0I%0) Z(Qk)2|¢o|¢1

Studying the first-order derivative %F (x; q) requires understanding the conditions on the
sign of the generalized binomial coefficients (Proposition 15), leading to three cases: when

€ (2, 3], when [gq] > 4 is an even integer, and when [¢] > 5 is an odd integer. Consequently,
one can show that the monotonicity of F(x;q) with respect to ¢ changes at ¢ = 3: it is
non-increasing for ¢ < 3 and non-decreasing for ¢ > 3. The bounds then follow by evaluating
the endpoints * = 0 and x — 17. The complete proof can be found in the full version,
particular in [41, Section 3.3.2].
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4 Computational hardness of RANK2RENYIQEA

We introduce a restricted version of the QUANTUM a-RENYI ENTROPY APPROXIMATION
PROBLEM (RENYIQEA,, ), where the quantum state has rank at most two:

» Definition 28 (Rank-Two Quantum a-Rényi Entropy Approximation, RANK2RENYIQEA,,).
Let Q be a quantum circuit acting on m qubits and having n specified output qubits, where m(n)
is a polynomial in n. Let p be a quantum state obtained by running Q on |0)®™ and tracing
out the non-output qubits, such that the rank of p is at most two. Let g(n) and t(n) be positive
efficiently computable functions. The promise problem RANK2RENYIQEA,[t(n), g(n)] asks
whether the following holds:

Yes: A quantum circuit Q such that S®(p)

No: A quantum circuit Q such that St (p)

t(n) +g(n);

>
< t(n) — g(n).

The main result of this section is that RANK2RENYIQEA , is BQP-hard for every positive
order «, even under a constant promise gap (i.e., precision):

» Theorem 29 (Computational hardness of RANK2RENYIQEA,,). There ezists a family of
threshold functions t(n; ) and gap functions g(n; ), with the gap function bounded below by
some universal constant, such that the following statements hold:

(1) For every real-valued order o € (0,1), RANK2RENYIQEA,[t(n; ), g(n; )] is BQP-hard
for all integers n > [2/«].

(2) For every order a € [1,00], RANK2RENYIQEA,[t(n; ), g(n; )] is BQP-hard for all
integers n > 2.

The explicit forms of t(n; ) and g(n; ) depend on the interval of o — namely, (0,1), [1,2),

{2}, and (2,00] — and are provided in Theorems 30-32.

The proof of Theorem 29 will be developed in the remainder of this section by analyzing
each interval of « specified in the theorem separately.

4.1 The case of oo = 2

» Theorem 30 (RANK2RENYIQEA, is BQP-hard). Let ¢(n) and g(n) be efficiently com-
putable functions. For any integer n > 2,

RANK2RENYIQEA,[t(n), g(n)] is BQP-hard.

Here, the threshold function is chosen as

(In(2) — In(1 —272"71)) — 27" 4 27201,

N |

t(n) =
and the gap function is given by
1 —2n —-n —2n—1
g(n):iln(2—2 )—27"+2 .
The proof of Theorem 30 reduces from PUREINFIDELITY, which corresponds to the
quantity 1 — [{¢o|11)|? and is BQP-hard (Lemma 13), to RANK2RENYIQEA, using the

identity in Equation (4). The complete proof can be found in the full version, as detailed
in [41, Section 4.1].
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4.2 Thecasesof 0 < o < 2

» Theorem 31 (RANK2RENYIQEA,, is BQP-hard when 0 < o < 2). Let t(n; ) and g(n; )
be efficiently computable functions, where n € N and o € R. The following statements hold:
(1) Va € (0,1), Vo > [2/q],

RANK2RENYIQEA, [t(n; ), g(n; )] is BQP-hard.
(2) YVa €[1,2), Vn > 2,
RANK2RENYIQEA, [t(n; a), g(n; «)] is BQP-hard.

Here, the threshold function is given by

t(n; o) = IH;Z) —27 27y —ln? - (—logy (1 - 2*2”*1))“/2,

and the gap function is chosen as

@ D @ (~logy(1— 27271))

The proof of Theorem 31 reduces RANK2RENYIQEA, to RANK2RENYIQEA,, for a €
(0,2) using the monotonicity of the Rényi binary entropy (Lemma 8, cf. [4, Section 5.3]) and
the upper bound of the a-Rényi entropy for o € (0,2) (Theorem 20). Since our choice of
g(n; «) is monotonically increasing on n > 2, showing that ¢(2; «) for «[1, 2) is bounded below
by some constant proves Item (2), while establishing g([2/a]; @) > ¢(2/a; a) for o € (0,1)
with a different constant lower bound proves Item (1). The detailed proof is provided in the
full version, particularly in [41, Section 4.2].

/2
g(n; o) = 2,

4.3 The cases of o € (2, 00]

» Theorem 32 (RANK2RENYIQEA, is BQP-hard when a > 2). Let t(n;«) and g(n; «) be
efficiently computable functions. For all o € (2,00] and all integers n > 2,

RANK2RENYIQEA, [t(n; o), g(n; )] is BQP-hard.

Here, the threshold function is given by

(07

t(n;a) = T

- (In(2) — 27" +2727) — % In(1—272"71),

and the gap function is chosen as

(07

—n —2n 1 —2n—
m(h’l(2)_2 +1+22)+§'1n(1_22 1).

g(n; @) =
Moreover, when o = o0, the threshold and gap functions satisfy t(n,00) = limg_ 00 t(n, @)
and g(n,00) = limg— 00 g(n, @), respectively.

The proof of Theorem 32 reduces RANK2RENYIQEA, to RANK2RENYIQEA,, for a €
(2, 00) using the monotonicity of the Rényi binary entropy (Lemma 8, cf. [4, Section 5.3]) and
the lower bound on the a-Rényi entropy for o > 2 (Theorem 22). The argument is completed
by showing that our choice of g(n;«) is monotonically increasing on n > 2 at fixed o > 2,
while ¢g(2; «) is monotonically decreasing on « > 2. To prove the case o = oo, we consider
the limiting case as « approaches co, where our choices of t(n; @) and g(n; ) extend directly.
The complete proof can be found in the full version, specifically in [41, Section 4.3].
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5 Computational hardness of RANK2TSALLISQEA,

We start by considering a restricted version of the QUANTUM ¢-TSALLIS ENTROPY AP-
PROXIMATION PROBLEM (TSALLISQEA,) introduced in [43], in which the quantum state is
constrained to have rank at most two:

» Definition 33 (Rank-Two Quantum g¢-Tsallis Entropy Approximation, RANK2TSALLISQEA ;).
Let Q be a quantum circuit acting on m qubits and having n specified output qubits, where m(n)
is a polynomial in n. Let p be a quantum state obtained by running Q on |0)®™ and tracing
out the non-output qubits, such that the rank of p is at most two. Let g(n) and t(n) be positive
efficiently computable functions. The promise problem RANK2TSALLISQEA [t(n), g(n)] asks
whether the following holds:
Yes: A quantum circuit Q such that Si(p) > t(n) 4 g(n);

No: A quantum circuit Q such that Si(p) < t(n) — g(n).

This section’s main result establishes that RANK2TSALLISQEA ; is BQP-hard for every
real-valued positive order ¢, even when the promise gap (i.e., precision) is constant:

» Theorem 34 (Computational hardness of RANK2TSALLISQEA ). There exists a family of

threshold functions t(n; ) and gap functions g(n; «), with the gap function bounded below by

some universal constant, such that the following statements hold:

(1) For every real-valued order g € (0,1), RANK2TSALLISQEA [t(n; q), g(n; q)] is BQP-hard
for all integers n > [1/q].

(2) For every order q € [1,3], RANK2TSALLISQEA ;[t(n; q), g(n; q)] is BQP-hard for all
integers n > 2.

(3) For every real-valued order q € (3,00), RANK2TSALLISQEA [t(n; q), g(n; q)] is BQP-
hard for all integers n > |logs q].

The explicit forms of t(n;q) and g(n;q) depend on the interval of ¢ — namely, (0,1), [1,2),

{2}, (2,3], and (3,00) — and are given in Theorems 35-38.

It is worth noting that the BQP-hardness of RANK2TSALLISQEA, for 1 < ¢ < 2 under
Turing reduction was shown in [43, Theorem 5.8]. In contrast, our constructions in Theorem 35
and Theorem 36(2) give a more direct approach and demonstrate the BQP-hardness under
Karp reduction. The remainder of this section is devoted to the proof of Theorem 34, which
proceeds by examining each interval of ¢ identified in the theorem individually.

5.1 The case of g = 2

» Theorem 35 (RANK2TSALLISQEA, is BQP-hard). Let t(n) and g(n) be efficiently com-
putable functions. For any integer n > 2,

RANK2TSALLISQEA,[t(n), g(n)] is BQP-hard.

Here, the threshold function is chosen as t(n) = i — 27"l 27201 and the gap function
is specified as g(n) = % — 2 n-1,

The proof of Theorem 35 reduces from PUREINFIDELITY, which is BQP-hard (Lemma 13),
to RANK2TSALLISQEA, via the identity in Equation (2). The detailed proof can be found
in the full version, particularly in [41, Section 5.1].
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5.2 The cases of 0 < g < 2

» Theorem 36 (RANK2TSALLISQEA , is BQP-hard when 0 < ¢ < 2). Let t(n;q) and g(n;q)
be efficiently computable functions, where n € N and g € R. The following statements hold:
(1) Vg € (0,1), Vn > [1/q],

RANK2TSALLISQEA ,[t(n; q), g(n; q)] is BQP-hard.
(2) Vg e[1,2), ¥n =2,
RANK2TSALLISQEA ;[t(n; q), g(n; q)] is BQP-hard.

Here, the threshold function is defined as

1, 1

t(niq) = Hy(3) - 5 (=277 +2779),

and the gap functions is given by

g(n;q) = Hg(%) . %((1 _ Q—n)2 _ 2—77,(1).

The proof of Theorem 36 reduces RANK2TSALLISQEA, to RANK2TSALLISQEA, for
0 < g < 1 using the lower and upper bounds for the ¢-Tsallis binary entropy (Lemma 7
and Theorem 24). Since our choice of g(n;¢) is monotonically increasing for ¢ € (0,2), one
can show that ¢(2;¢q) is lower bounded by a universal constant for ¢ € [1/2,2) and n > 2,
proving Item (2). Because [1/q] = 2 for 1/2 < ¢ < 1, the remainder in the proof shows that
g(1/q; q) is lower bounded by another universal constant for 0 < ¢ < 1/2, proving Items (1)
and (2). The complete proof is given in the full version, as detailed in [41, Section 5.2].

53 Thecasesof 2 < g<3andq>3

» Theorem 37 (RANK2TSALLISQEA , is BQP-hard when 2 < ¢ < 3). Let t(n;q) and g(n;q)
be efficiently computable functions. For all g € (2,3] and all integers n > 2,

RANK2TSALLISQEA [t(n; ), g(n; q)] is BQP-hard.

Here, the threshold and gap functions are defined as

Hniq) = 4(qq— 1) (; - 2n> s (HZ(D " 4(qq— 1))’

ste = gy (5-2) = (#(5) - )

» Theorem 38 (RANK2TSALLISQEA, is BQP-hard when ¢ > 3). Let t(n;q) and g(n;q) be
efficiently computable functions. For all ¢ > 3 and all integers n > [log,(q)],

RANK2TSALLISQEA ([t(n; q), g(n; q)] is BQP-hard.

Here, the threshold and gap functions are chosen as

t(n;q) = éH@ - 2‘2”‘1<H3<;> e 1))’
g(n;q) = ;HE(D - Q_Qn_l(Hg(;) * 4(qqf 1))'
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The proofs of Theorems 37 and 38 reduce RANK2TSALLISQEA, to RANK2TSALLISQEA
for ¢ € (2,3] and ¢ > 3, respectively, using the inequalities between QJT, and QJT,, for pure
states (Lemma 27), particularly by rewriting them in terms of the ¢-Tsallis binary entropy
Hy ((1 = [{v0[¢1)])/2). The complete proofs are provided in the full version, specifically in [41,
Sections 5.3 and 5.4].

6 Computational complexity of estimating order-0 quantum entropies
of rank-2 states

We begin by simplifying the definitions of quantum Tsallis and Rényi entropies of order 0,
yielding the following expressions:

St(p) =rank(p) —1 and SE(p) = Inrank(p). (10)

The main result of this section proves that the promise problems RANK2TSALLISQEA,
and RANK2TSALLISQEA,, are not only NQP-complete, but also their NQP-hardness persists
even under the largest possible promise gap:

» Theorem 39. For all n > 2, the following holds:
RANK2RENYIQEA[In(2),0] and RANK2TSALLISQEA([1,0] are NQP-complete.

Notably, the NQP containment follows almost directly from the SWAP test, which was
originally proposed for pure states in [10] and later extended to mixed states in [36], as stated
in [41, Lemma 6.2]. The complete proof of Theorem 39 can be found in the full version, as
detailed in [41, Section 6.1].
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