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Abstract
We study the fully dynamic pattern matching problem where the pattern may contain up to k

wildcard symbols, each matching any symbol of the alphabet. Both the text and the pattern are
subject to updates (insert, delete, change). We design an algorithm with O(n log2 n) preprocessing
and update/query time Õ(knk/k+1 + k2 log n). The bound is truly sublinear for a constant k,
and sublinear when k = o(log n). We further complement our results with a conditional lower
bound: assuming subquadratic preprocessing time, achieving truly sublinear update time for the
case k = Ω(log n) would contradict the Strong Exponential Time Hypothesis (SETH). Finally, we
develop sublinear algorithms for two special cases:

If the pattern contains w non-wildcard symbols, we give an algorithm with preprocessing time
O(nw) and update time O(w + log n), which is truly sublinear whenever w is truly sublinear.
Using FFT technique combined with block decomposition, we design a deterministic truly
sublinear algorithm with preprocessing time O(n1.8) and update time O(n0.8 log n) for the case
that there are at most two non-wildcards.
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1 Introduction

Pattern matching is a fundamental problem in computer science with applications in text
search, bioinformatics, log analysis, and data mining [37, 40, 20, 2, 25, 6, 36, 12, 15, 11, 28].
In its basic form, given a pattern P of length m and a text T of length n with symbols from
alphabet Σ with size σ, the task is to decide whether P occurs in T as a contiguous substring;
that is, whether there exists an index i ∈ {1, . . . , n−m + 1} such that Ti:i+m−1 = P. This
problem has been studied for decades, and many efficient linear-time solutions such as the
Knuth–Morris–Pratt and Boyer–Moore algorithms are well known [32, 10].

Traditionally, pattern matching aims to find exact occurrences of a pattern, yet in many
practical applications such rigidity is unrealistic [41, 33, 35, 23]. The pattern or the text
may contain uncertain or corrupted symbols due to noise, ambiguity, or small variations;
for example when accounting for mutations in genomic data. This motivates the study of
algorithms that search for substrings close to the pattern under standard distance measures
such as Hamming distance [1, 13, 27]. Another common way to model uncertainty is to
assume that the positions of the corrupted symbols are known. This is typically handled
by introducing a wildcard symbol, which matches any single symbol of the alphabet Σ
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[22, 26, 29]. This gives rise to the problem of pattern matching with wildcards, where across
both the pattern and the text, the total number of wildcard positions is at most k. Since
each wildcard can stand for any symbol of Σ, a pattern with k wildcards implicitly represents
up to |Σ|k different strings.

Adding wildcards makes the pattern matching problem harder. With a fixed pattern, the
search space is small. For example, let the text be T = CACCGGCT and the pattern be P = CG.
For this instance, there is only one match. If we instead use P′ = C?, where “?” refers to
the wildcard symbol, then every occurrence of C in T becomes a match. This simple change
increases the number of matches from 1 to 4. Thus, even limited uncertainty can drastically
increase the complexity of the problem.

A substantial body of work has studied pattern matching with wildcards in either
the pattern or the text [29, 8, 5]. For this problem, Fischer and Paterson [22] gave an
O(n log m log σ) algorithm, and later Indyk [26] gave a randomized O(n log n) algorithm.
Kalai [29] subsequently obtained a randomized O(n log m) algorithm, while the first determ-
inistic O(n log m) algorithm was given by Cole and Hariharan [17].

In this paper, we study pattern matching with wildcards in a fully dynamic setting.
Both the text and the pattern may change through insertions, deletions, or substitutions,
including updates to wildcard positions. Our goal is to maintain pattern-matching queries in
sublinear time. For dynamic pattern matching, most prior work considers settings without
wildcards. In these studies, dynamism may arise in several ways: the text may be updated
dynamically, the pattern may be updated dynamically, or both may change over time. All
three cases have been studied extensively. For dynamic text with a static pattern, Amir et
al. [4] presented an algorithm that preprocesses a text of length n and a pattern of length m

in O(n log log m + m
√

log m) time, reporting all new occurrences of the pattern after each
text update in O(log log m) time.

For static text with a dynamic pattern, efficient suffix tree based solutions were introduced
by Weiner [43] and later improved by McCreight [34], Ukkonen [42], Farach [19], and
others [30]. For a fixed finite alphabet, these algorithms preprocess the text in O(n) time
and answer pattern queries in O(m + occ) time, where occ is the number of occurrences
of the pattern. Finally, in the fully dynamic setting where both text and pattern may
change, several algorithms have been developed [24, 21, 38, 3]. For example, Sahinalp and
Vishkin [38] support insertions and deletions in O(log3 n + m) time per update, with query
times comparable to Weiner’s static algorithm. Alstrup, Brodal, and Rauhe [3] handle
insertions, deletions, and substring moves in O(log2 n log log n log∗ n) time per update, and
answer pattern searches in O(log n log log n + m + occ) time.

Our work extends these dynamic pattern matching studies to consider wildcards. We
provide a randomized algorithm that, after O(n log2 n) preprocessing, supports updates and
queries in amortized time Õ

(
kn

k
k+1 + k2 log n

)
, which is sublinear for k = o(log n) and

truly sublinear for constant k. We also show that this bound is almost tight: under SETH,
no algorithm with subquadratic preprocessing time can achieve truly sublinear update time
when k = Ω(log n). In addition to the general result, we design specialized algorithms for two
restricted settings, with the complexity expressed in terms of the number of non-wildcard
symbols in the pattern.

1. When the wildcard positions are fixed, we obtain preprocessing in O(nw) time and support
updates in time O(w + log n) time, where w is the number of non-wildcard symbols.

2. When the pattern contains at most two non-wildcard symbols, we give a deterministic
algorithm based on FFT and block decomposition techniques, with preprocessing time
O(n1.8) and update time O(n0.8 log n).
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Organization of the paper

Section 2 gives a high-level overview of our techniques and main results. In Section 3, we
introduce formal definitions and preliminaries. The general dynamic pattern matching with
wildcards setting is studied in Section 4, followed by algorithms for sparse pattern matching
regimes in Section 5. Finally, in Section 6 we establish a conditional lower bound on the
update time of any algorithm for the dynamic pattern matching with wildcards problem.

2 Results and Techniques

We study the problem of dynamic pattern matching in the presence of wildcard symbols.
Our contributions fall into two main lines.

General setting. In the most flexible version of the problem, both the text and the pattern
may contain wildcards, and updates may insert, delete, or substitute symbols (including
wildcards). For this setting, we design randomized algorithms with preprocessing time
O(n log2 n) and update/query time Õ

(
knk/(k+1) + k2 log n

)
. The bound is truly sublinear

for constant k, and remains sublinear whenever k = o(log n). This gives the first general
framework for handling fully dynamic wildcards on both sides of the matching problem.

Sparse patterns. We also investigate regimes where the number of non-wildcards in the
pattern is small. This additional structure enables more efficient algorithms:

If the pattern contains at most two non-wildcard symbols, we obtain a deterministic
algorithm based on FFT and block decomposition, with preprocessing time O(n1.8) and
update time O(n0.8 log n). Though the setting might seem simple, this is the most
technical part of the paper, with the most challenging component captured by the Range-
Pair problem (Problem 5.1), which we solve and use in this regime. The full description
and proof of this algorithm are given in the full version.
If all wildcards are confined to the pattern and their positions are fixed in advance,
we design a randomized algorithm with preprocessing time O(nw) and update time
O(w + log n), where w is the number of non-wildcard positions.

Finally, we establish a conditional lower bound on the update and query time for any
algorithm solving dynamic pattern matching with wildcards.

Together, these results give a unified picture of the problem’s complexity. Figure 1
highlights the regimes where our upper and lower bounds apply. Also, for completeness and
comparison, Table 1 summarizes the state-of-the-art results in pattern matching alongside
our contributions. As shown in Table 1, when the pattern contains no wildcards, dynamic
exact matching can be solved with O(n log2 n) preprocessing and polylogarithmic update
time [14]. However, as noted, even a single wildcard can increase the number of matches.

Our approach builds on a simple but very useful observation. If the pattern P contains a
symbol that appears only a few times in the text T , we can directly check those occurrences
in the text and verify the aligned substrings (see Figure 2).

This leads us to a frequency-based classification of symbols: those that occur at most τ

times in T are called rare, while the rest are considered frequent. When P contains a rare
symbol, we verify all possible candidate matches that align that rare symbol.

Given this observation, we can assume without loss of generality that every symbol in the
pattern is frequent. In this case, the number of candidate positions in the text that could
match the pattern is large. The key insight, however, is that the number of distinct frequent
symbols is limited to n/τ . This restriction allows us to design an alternative algorithm based
on standard data structures.

STACS 2026
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Table 1 Summary of Pattern Matching Results. For static problems, preprocessing refers to
pattern preprocessing and query time refers to text scanning.

Problem Variant Preprocessing Time Algorithm/Query Time

Static Matching

Exact Matching [32, 10] O(m) O(n)

Wildcard Matching
[22, 26, 29] O(m log m) O(n log m)

k-mismatches(constant |Σ|)
[1, 16] O(m log m) O(n log m)

Dynamic Exact Matching

Dynamic Text [4] O(n log log m) O(log log m) per update

Fully Dynamic [3] O(n log2 n) O(polylog n) per query

Dynamic Matching with Wildcards (This Work)

General (Randomized)
[Theorem 4.1] O(n log2 n) Õ(kn

k
k+1 + k2 log n)

Sparse Pattern (at most 2
non-wildcards)

[Theorem 5.3]
O(n9/5) O(n4/5 log n)

Sparse Pattern (fixed
wildcards) [Theorem 5.7] O(wn) O(w + log n)

Conditional Lower Bound
[Theorem 6.4] – No O(n1−ε) for k = Ω(log n)

The main data structure we use in our algorithm is the polynomial rolling hash table. At
a high level, it provides a succinct summary of substrings that (i) updates efficiently after a
single-symbol change and (ii) lets us handle wildcards. We treat wildcards by partitioning
the string into contiguous non-wildcard segments: the hash is computed only over these
segments, and two strings match under the wildcard semantics if and only if all corresponding
non-wildcard parts have equal hashes. In this way, wildcards are naturally ignored, and
correctness reduces to verifying equality of the fixed pieces. To support dynamic updates, we
maintain these hashes in balanced BSTs such as treaps [39], which allow insertions, deletions,
and substitutions in logarithmic time, and combine them with fully dynamic LCS to handle
candidate completions with polylogarithmic overhead [14].

As we discussed earlier, our algorithm achieves truly sublinear update time when the
number of wildcards is constant, and remains sublinear as long as the number of wildcards
is o(log n). A natural question is whether these bounds can be improved further, perhaps
matching the polylogarithmic update times known for the static case. Unfortunately, our
results suggest otherwise. We show that once the number of wildcards reaches Ω(log n),
no algorithm with reasonable preprocessing can achieve truly sublinear update time with
subquadratic preprocessing unless the Strong Exponential Time Hypothesis (SETH) fails.
This hardness result follows from a reduction from the orthogonal vectors problem.

Given our results, several natural questions remain open:
Can we design algorithms with truly sublinear update time when k is not constant but
still o(log n)? For constant k, can we further improve the update and query bounds?
Can we obtain truly sublinear algorithms for cases where k = Ω(log n), provided the
wildcards have some special structure?
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Truly Sublinear
k = O(1)

Sublinear
k = o(log n)

No Truly Sublinear
(SETH-hard)
k = Ω(log n)

General Algorithm
Õ(knk/(k+1) + k2 log n)

Special Case 1
Fixed non-wildcards

O(w + log n)

Special Case 2
≤ 2 non-wildcards

O(n0.8 log n)

Figure 1 The complexity landscape of fully dynamic pattern matching with k wildcards.
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Figure 2 Rare-symbol strategy: if the pattern contains a symbol that occurs at most τ times in
the text (here, b), enumerate those occurrences and verify only the aligned substrings of length |P |.

The first direction appears particularly promising for future work. In line with the second,
we provide algorithms achieving truly sublinear update times for certain resticted settings.
We first consider the setting where the wildcard positions are fixed in advance and the
number of non-wildcard symbols is sublinear. In this case, it suffices to maintain rolling hash
values only for the O(k) non-wildcard positions, which enables sublinear update times for
both the pattern and the text.

For the special case where the pattern contains at most two non-wildcard symbols,
the static version of the problem can already be solved efficiently by applying FFT: by
encoding blocks of the text as polynomials and using convolution, one can align the two
characters across the text. In the dynamic setting, however, a single update can change many
convolution values, so the FFT method alone is insufficient. To address this, we combine
block decomposition with the frequent/rare symbol technique: the text is divided into blocks,
only the affected blocks are recomputed after an update, rare symbols are treated explicitly,
and frequent ones are handled in the convolution structures. This approach ensures that each
update can be processed within sublinear time, achieving preprocessing complexity O(n

9
5 )

and query complexity O(n
4
5 ).

3 Preliminaries

We consider a finite alphabet Σ of size |Σ| = σ. Our input consists of two strings: a text
T ∈ (Σ∪ {?})∗ of length n, and a pattern P ∈ (Σ∪ {?})∗ of length m. Both the text and the
pattern together may contain at most k wildcard symbols, denoted by ?. A wildcard symbol
can match any symbol from the alphabet.

STACS 2026
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For a string S and 1 ≤ ℓ ≤ r ≤ |S|, we use Sℓ:r to denote the substring SℓSℓ+1 . . . Sr.

For example, if S = abcde, then S2:4 = bcd. We say that P matches a substring Ti: i+m−1
(1 ≤ i ≤ n−m + 1) if for every 1 ≤ j ≤ m, either Pj = Ti+j−1, Pj = ? or Ti+j−1 = ?. The
set of all matching positions is denoted by

Γ(P, T) = { i | 1 ≤ i ≤ n−m + 1, P matches Ti:i+m−1 }.

The concatenation of two strings S, S′, denoted S · S′, is defined by appending S′ to the end
of S. For instance, if S = ab and S′ = cd, then S · S′ = abcd.

We classify symbols in Σ as frequent or rare according to a frequency threshold. Let the
threshold value be

τ =
(
nk log7 n

) 1
k+1 .

A symbol c ∈ Σ is called rare if it occurs fewer than τ times in T, and frequent otherwise.
For each symbol c ∈ (Σ ∪ ?), we maintain the set R(c) = { i | 1 ≤ i ≤ n, Ti = c }, which
stores all positions where c appears in T. In addition to membership queries for R(c), we also
require efficient support for lower bound queries, i.e., finding the smallest index in R(c) that
is greater than or equal to a given value. For handling the updates and queries efficiently, we
use balanced binary search trees.

▶ Fact 3.1 (Balanced BST support). Each set R(c) can be maintained under dynamic text
updates such that membership queries, lower bound queries, and updates are all supported in
O(log n) time, using a balanced binary search tree [18].

Many of our algorithms are randomized and succeed with high probability. Throughout
this paper, we say an event occurs with high probability if it holds with probability at
least 1− 1/n.

The foundation for our analysis, based on polynomial hashing, is detailed in Handling
Matching Query section in the full version. We use a polynomial rolling hash with a prime
modulus p [31] to efficiently support matching queries. The hash function is formally defined
as follows.

▶ Definition 3.2 (Polynomial Rolling Hash). Let S be a string over an ordered alphabet
Σ = {c1, c2, . . . , c|Σ|}. We define a mapping π : Σ→ N such that π(cj) = j for 1 ≤ j ≤ |Σ|.
The polynomial rolling hash of S is

Hb,p (S) =

 |S|∑
i=1

π(Si) · b |S|−i

 mod p,

where b is chosen uniformly at random from {1, 2, . . . , p− 1}, and p is a large prime modulus.

We leverage the following lemma from Handling Matching Query section to prove
our probabilistic claims in the paper.

▶ Lemma 3.3. Let {(S1, S′
1), . . . , (SN , S′

N )} be a collection of N pairs of distinct strings,
each string drawn from the alphabet Σ and of length at most x. Then the probability that
there exists at least one pair (Si, S′

i) such that Hb,p (Si) = Hb,p (S′
i) is bounded by N x

p .
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Figure 3 Pattern matching with P = a?b?c and T = aabbccba. Yellow boxes represent wildcards.
The red dashed region shows the match starting at position i = 2.

Dynamic Updates

As described earlier, both the pattern and the text may change dynamically. We support the
following operations:

Pattern Update: Insert, delete, or replace a symbol at position i in the pattern, where
the new symbol c ∈ Σ ∪ {?} for 1 ≤ i ≤ m.
Text Update: Insert, delete, or replace a symbol at position i in the text, where the
new symbol c ∈ Σ ∪ {?} for 1 ≤ i ≤ n.

Updates are subject to the constraint that the total number of wildcards in P and T does
not exceed k.

After each update, the query asks whether there exists an index i such that P matches
the substring Ti:i+m−1, i.e., whether Γ(P, T) ̸= ∅.

▶ Example 3.4. Let the alphabet be Σ = {a, b, c, d} with σ = 4. Initially, the pattern is
P = a?b?c of length m = 5, and the text is T = aabbccba of length n = 8. The pattern
contains two wildcards (P2 = P4 = ?). The symbol occurrence sets in the text are as follows:
R(a) = {1, 2, 8},R(b) = {3, 4, 7},R(c) = {5, 6},R(d) = ∅. By definition, a match occurs at
position i if P1 = Ti, P3 = Ti+2, and P5 = Ti+4 (wildcards match any symbol). Checking
i = 1, . . . , 4 gives Γ(P, T) = {1, 2}. Now, we modify the first symbol of the pattern from a
to b. This produces the new pattern P = b?b?c, which still contains exactly two wildcard
symbols. If we check the updated pattern against the text, we find that no substring of the
text matches, so the set of occurrences becomes empty. Next, we change the first symbol of
the text from a to b, resulting in T = babbccba. This modification updates the occurrence
sets as follows: R(a) = {2, 8},R(b) = {1, 3, 4, 7},R(c) = {5, 6},R(d) = ∅. Checking the
updated text against the current pattern b?b?c shows that a match now exists at position
i = 1. See Figure 3.

3.1 Queries
Throughout our algorithm, we frequently use two types of queries: the matching query and
the longest common substring (LCS) query. Below, we define each query and state the time
complexity required to answer it.

STACS 2026
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Matching Query. The matching query is defined as is_match(Pℓ1:r1 , Tℓ2:r2), which returns
true if the pattern substring Pℓ1:r1 matches the text substring Tℓ2:r2 , allowing wildcards in
both P and T.

As we show in Handling Matching Query section in the full version, this query can
be answered in time O(k′ log n) using hash techniques, where k′ denotes the total number of
wildcard symbols appearing in segments Pℓ1:r1 and Tℓ2:r2 . Here we assume that dynamic
updates consist only of substitutions, and do not include insertions or deletions.

▶ Lemma 3.5. The query is_match(Pl1:r1 , Tl2:r2) can be answered with O(n) preprocessing
time, O(log n) time per update operation, and O(k′ log n) time per query, where k′ is the
total number of wildcards in Pl1:r1 and Tl2:r2 . The algorithm reports a match with probability
1 when one exists, and reports no match with probability 1− 1

n2 when no match exists.

LCS Query. The LCS query is defined as LCS(A, B), which returns the length of the longest
common substring of two dynamic strings A and B. By [14], we know that this query can be
answered with O(n log2 n) preprocessing time and O(log8 n) time per update.

▶ Theorem 3.6 ([14]). For strings A and B, each of length at most N , the query LCS(A, B)
can be supported with O(N log2 N) preprocessing time and O(log8 N) time per update opera-
tion. Here an update operation may be a substitution, insertion, or deletion applied to either
A or B.

4 Fully Dynamic Pattern Matching with Wildcards

In this section, we consider the general case of dynamic pattern matching with wildcards
problem. Note that here both the text T and the pattern P may contain wildcard symbols.
We assume that updates consist only of single-character substitutions, and do not include
insertions or deletions. This simplifies the presentation of the main ideas. We will later
explain in the full version how the algorithm extends to handle insertions and deletions
as well.

Our solution is based on maintaining a modified version of the text, denoted by T’, where
every rare symbol is replaced with a special placeholder “#”. Therefore, T’ is defined as

T’i =
{

# if Ti is rare,

Ti if Ti is frequent.

Note that the frequency of symbols may change during the dynamic updates. Whenever the
frequency of a symbol crosses the threshold τ , we update T’ by replacing its occurrences with
“#” (if it becomes rare) or restoring them to the original symbol (if it becomes frequent).
To implement this, we maintain for each symbol c ∈ Σ the occurrence set R(c). When the
text is updated at position i from cold to cnew, we remove i from R(cold) and insert it into
R(cnew). If the frequency of a frequent symbol falls below τ , we mark its τ occurrences in
T’ with the placeholder “#”; conversely, if a rare symbol becomes frequent, we restore its
actual symbol at those positions. Each such change involves only O(τ) positions, giving an
update cost of O(τ). The full procedure is formalized in the full version.

The preprocessing phase (Algorithm 1) initializes the data structures, including building
T’, maintaining occurrence sets R(·) for each symbol, and computing the frequent set F. The
algorithm that, after each update, maintains these structures efficiently is explained in the
full version.
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Algorithm 1 Preprocess for Dynamic Pattern Matching with Wildcards.

Input: Pattern P of length m, text T of length n

Output: Modified text T’, occurrence sets R(·), frequent set F
1 foreach i ∈ [1..n] do
2 if Ti is rare then
3 T’i ← # ; // replace rare with #
4 else
5 T’i ← Ti

6 Build R(c) = { i : Ti = c } for each symbol c ∈ Σ ∪ {?} ; // for candidates in Case 1
7 Compute F = { c ∈ Σ : |R(c)| ≥ τ } ; // Frequent set (for Case 2)
8 Build the is_match query data structure ; // O(n) preprocessing time
9 Build the LCS query data structure ; // O(n log2 n) preprocessing time

Algorithm 2 Case 1: P contains a rare symbol.

Input: Pattern P (with a rare symbol c at position pos), text T; sets R(.)
Output: Whether P matches a substring of T

1 foreach i ∈
(
R(c) ∪ R(?)

)
do

2 if is_match(P, T i−pos+1 : i−pos+m) then
3 return Match Found
4 return No Match Found

Given this setup, the matching procedure proceeds differently depending on whether the
pattern contains a rare symbol. If it does (Case 1, Algorithm 2), then any valid match must
align that rare symbol either with one of its actual occurrences in the text or with one of the
wildcard positions in the text. This observation allows us to restrict attention to candidate
substrings centered around these positions in T, checking them directly for consistency with
the rest of the pattern.

If, on the other hand, the pattern contains no rare symbols (Case 2, Algorithm 3), then
each wildcard may be filled with either a frequent symbol or the placeholder “#”. We
systematically enumerate all possible completions of both the pattern and the text under
this rule and verify each candidate against T’ using efficient LCS queries. Since the number
of completions depends only on the number of wildcards and the frequency threshold, this
approach avoids recomputation from scratch after updates and remains tractable when the
number of wildcards is small.

The overall procedure is summarized in Algorithm 4, and the correctness and efficiency of
the algorithm are proved in Theorem 4.1. In the interest of space, the proof of Theorem 4.1
is deferred to the full version.

▶ Theorem 4.1. Algorithm 4 maintains the dynamic pattern matching with wildcards problem
with per-query time

Θ
(

kn
k

k+1 log
k+8
k+1 n + k2 log n

)
.

The algorithm always reports a match when one exists, and reports no match with high
probability when no match exists.

STACS 2026



68:10 Dynamic Pattern Matching with Wildcards

Algorithm 3 Case 2: No rare symbols in P (joint completions).

Input: Pattern P, modified text T’; frequent set F; total wildcards k across P and T’
Output: Whether P matches a substring of T
// Enumerate joint completions over F ∪ {#} in Gray-code order

1 foreach completion vector (a1, . . . , ak) ∈ (F ∪ {#})k in Gray-code order do
2 Apply the single-coordinate change implied by (a1, . . . , ak) to obtain (P̃, T̃);
3 if LCS(P̃, T̃) = m then
4 return Match Found
5 return No Match Found

Algorithm 4 Main Algorithm: Dynamic Pattern Matching with Wildcards.

Input: Pattern P of length m, text T of length n, stream of updates
Output: After each update, whether P matches a substring of T

1 Preprocess(P, T) ; // One-time preprocessing (Alg. 1)
2 foreach update on P or T do
3 Maintain(current update) ; // Maintain occurrences and T’ in O(τ)
4 if P contains a rare symbol then

// Case 1 (Alg. 2)
5 if CaseOne(P, T) is true then
6 return Match Found
7 else
8 return Match Not Found
9 else

// Case 2 (Alg. 3)
10 if CaseTwo(P, T’, F, k) is true then
11 return Match Found
12 else
13 return No Match Found

5 Sparse Pattern

In this section we study sparse patterns, namely patterns P ∈ (Σ ∪ {?})m in which
only a few positions are non-wildcard and the remaining positions are wildcards. Let
S = {i ∈ [m] : Pi ∈ Σ} be the set of non-wildcard indices and let s = |S| ≪ m. Such sparse
patterns naturally arise in applications such as biological sequence analysis, where only a
few positions of a motif are fixed while the rest may vary, or in intrusion detection, where
signatures often contain only a few fixed bytes. In this section we consider two regimes: (i)
the case where the pattern contains at most two non-wildcard symbols, and (ii) the case
where the wildcard positions in the pattern are fixed in advance and the text T contains no
wildcards. Throughout this section we work in a substitution-only dynamic model: updates
may change symbols in the text or in the pattern, but no insertions or deletions are allowed,
so both lengths n and m (and, in the fixed-wildcard regime, the wildcard index set) remain
fixed.
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5.1 At Most Two Non-Wildcard Symbols
In this section, we study a special case of Dynamic Pattern Matching with Wildcards under
the additional assumption that the pattern P contains at most two non-wildcard symbols at
any time. We focus on this substitution-only regime of the problem, and the text T contains
no wildcards. But in the remarks we will explain how the algorithm can be extended to
handle insertions/deletions in the pattern as well as wildcards in the text. Moreover, in
this regime we are also able to count the exact number of matches in the same asymptotic
complexity. For consistency with the other sections we only present the decision version
in the main algorithm, but counting can also be supported. The detailed explanations of
these remarks are given in the full version. For this setting, we design an algorithm with
preprocessing time O(n9/5), pattern update time O(1), text update time O(n4/5 log n), and
query time O(n4/5).

A general observation in sparse patterns is that leading or trailing runs of ? can be ignored
when reasoning about matches. These wildcards only shift the range of permissible starting
positions but do not affect the relative positions among the concrete symbols. Consequently,
we can conceptually divide any pattern into three parts: a prefix of wildcards, a block of
concrete symbols (the query block), and a suffix of wildcards:

? . . . ?︸ ︷︷ ︸
prefix wildcards

c1 . . . ck︸ ︷︷ ︸
query block

? . . . ?︸ ︷︷ ︸
suffix wildcards

.

After removing the leading and trailing wildcards, let the remaining concrete positions in
P be i1 < i2 < · · · < ik with symbols c1, c2, . . . , ck. A substring Ts:s+m−1 matches P if and
only if

Ts+ij−1 = cj for all j = 1, . . . , k.

Equivalently, a match occurs when the concrete symbols appear in the text at positions that
preserve the relative offsets ij+1 − ij . This perspective allows match queries to be reduced to
checking whether these symbols appear together at the required distances within the allowed
range of starting positions.

In the special case where the pattern P contains at most two non-wildcard symbols,
the matching task reduces to checking whether two symbols occur in the text at a specific
distance from each other. This motivates the following formal problem.

▶ Problem 5.1 (Dynamic Range-Pair Query). Let Λ be an alphabet of size λ. The input is a
dynamic string T ∈ Λη. The task is to support the following operations:

UpdateSymbol(i, c): update the symbol at position i to c ∈ Λ.
PairQuery(l, r, a, b, d): return the number of indices i ∈ [l, r − d − 1] such that Ti = a

and Ti+d+1 = b, where a, b ∈ Λ and d ≥ 0.

This setting is closely related to the classical Gapped String Indexing problem [9]. In Gapped
String Indexing, one preprocesses a static string S and answers queries given by two patterns
P1, P2 and a gap interval [α, β], asking whether there exist occurrences at positions i and j ≥ i

such that j − i ∈ [α, β] [9]. In the special case where |P1| = |P2| = 1 and α = β = d + 1, this
reduces to deciding or counting occurrences of two symbols whose positions differ by exactly
d + 1. The Dynamic Range-Pair Query problem captures this special case while additionally
restricting valid pairs to lie within a query range [l, r], and allowing the underlying text to
be updated dynamically. Viewed this way, the problem can also be interpreted as a dynamic,
range-restricted variant of Shifted Set Intersection (equivalent to 3SUM indexing in the static
setting) [9, 7].
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Algorithm 5 Preprocessing for Range-Pair Queries.

Input: String T1..η, block size B

Output: Tables Near, Pair, snapshot T , pending sets Pendingi

1 Partition indices into M =
⌈

η
β

⌉
blocks ;

2 Set T ← T and Pendingi ← ∅ for all blocks i ; // O(η)
3 Build Neari,a,b,d for all blocks i, symbols a, b ∈ Λ, and distances 0 ≤ d < β ; // O(η · β)
4 Build Pairi,j,a,b,d′ for all block pairs i < j, symbols a, b ∈ Λ, and 0 ≤ d′ ≤ 2β − 2 (using

FFT on block pairs) ; // O
(

η2

β log β · λ2
)

Algorithm 6 PairQuery(l, r, a, b, d).

Input: Range [l, r], symbols a, b ∈ Λ, distance d ≥ 0
Output: Integer cnt= number of i ∈ [l, r − d− 1] with Ti = a and Ti+d+1 = b

1 cnt← 0;
2 if d < β then
3 foreach full block i inside [l, r − d− 1] do
4 cnt← cnt+Neari,a,b,d;
5 else
6 foreach full block i inside [l, r − d− 1] do
7 compute the target blocks j and j+1 together with their respective offsets d′

and d′′;
8 cnt← cnt+Pairi,j,a,b,d′ + Pairi, j+1, a, b, d′′ ;
9 apply corrections for Pendingi ∪ Pendingj ∪ Pendingj+1;

10 foreach index i in the two boundary partial blocks of [l, r − d− 1] do
11 if Ti = a and Ti+d+1 = b then
12 cnt← cnt+1
13 return cnt;

To tackle this problem, we use a block decomposition approach. The text is partitioned
into consecutive blocks, and for each block we maintain precomputed counts of symbol pairs
whose left endpoint lies inside the block. Updates are handled lazily: when only a small
number of positions in a block are modified, we record these changes explicitly and leave
the precomputed counters unchanged; once the number of pending changes exceeds a fixed
threshold, the block is rebuilt from scratch. For a query range [l, r], blocks that lie entirely
inside the query interval – referred to as full blocks – are answered using their precomputed
counters, with a correction for any pending updates stored for those blocks. Only positions
belonging to blocks that intersect the query interval partially – namely, the boundary blocks
at the left and right ends of the range – are handled by explicit scanning. Pseudocode of
Range-Pair data structure is available in this version, but for the full algorithm explaination
and technical details of the data structure, please see the full version.

▶ Theorem 5.2. By combining the preprocessing procedure (Algorithm 5), the update procedure
(Algorithm 7), and the query procedure (Algorithm 6), the data structure answers the Dynamic
Range-Pair Query Problem (Problem 5.1) on T ∈ Λη with:

Preprocessing time O
(

η2

β log β · λ2 + ηβ
)

,

per-query time O
(

η
β · µ + β

)
,
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Algorithm 7 Update Operation.

Input: Position pos, new symbol c ∈ Λ
Output: Updated data structures

1 Tpos ← c;
2 Let b be the index of the block containing pos;
3 if Tpos ̸= T pos then
4 insert pos into Pendingb;
5 else
6 remove pos from Pendingb;
7 Update all Neari,a,b,d entries affected by pos for d < β ; // O(β)
8 if |Pendingb| > µ then
9 Overwrite T in block b with the current T values ; // O(β)

10 Pendingb ← ∅;
11 Recompute all Pair slices with one endpoint equal to b ; // O

(
η log β · λ2)

Algorithm 8 Preprocess for At-Most-Two Non-Wildcard Symbols.

Input: Text T ∈ Σn, threshold τ , block size β

Output: Mapped text T ∈ Λn, map ϕ; Range-Pair structures on T
1 Classify symbols of Σ into frequent/rare using τ ; // O(n)
2 Define Λ = {0, 1, . . . , M} with M := ⌈2n/τ⌉; set ϕ(x) = 0 for rare x, and a nonzero

code in {1, . . . , M} for frequent x ; // O(σ)
3 Build Tt ← ϕ(Tt) for all t = 1..n ; // O(n)
4 Run Range-Pair preprocessing algorithm on T ; // O

(
η2

β log β · λ2 + ηβ
)

amortized update time O
(

β + η log β·λ2

µ

)
,

space usage O
(

η2

β λ2
)

.

Here β and µ are configurable parameters, fixed in advance, that must satisfy µ ≤ β ≤ η.

Now for the main problem, the algorithm distinguishes the possible cases depending
on how many non-wildcard symbols appear in the pattern. If the pattern contains a rare
symbol, then all its occurrences in the text can be inspected directly, and since at most
one further non-wildcard position needs to be checked, the query runs in O(τ) time. If the
pattern contains only frequent symbols, three subcases arise. With no non-wildcards the
pattern trivially matches any substring of length m (a constant-time check). With exactly
one non-wildcard, the query reduces to checking whether that symbol appears in the valid
range of positions, which can be done using the set R(c) in O(log n) time. Finally, with two
non-wildcards the problem reduces to asking whether two symbols appear in the text at
the required distance, which is exactly the Range-Pair Problem defined earlier. To support
this reduction we maintain a mapping ϕ : Σ → Λ that assigns all rare symbols to 0 and
gives each frequent symbol a distinct nonzero code, so that the mapped text T serves as
input to the Range-Pair structure. The procedures for preprocessing, queries, and updates
are summarized in Algorithms 8, 9, and 10. By Theorem 5.2, with parameters β = n4/5,
µ = n3/5, and τ = n4/5, the resulting bounds match those stated in Theorem 5.3. For the
complete algorithms and detailed calculations we refer to the proof in the full version.

STACS 2026



68:14 Dynamic Pattern Matching with Wildcards

Algorithm 9 Query for At-Most-Two Non-Wildcard Symbols.

Input: Pattern P ∈ (Σ ∪ {?})m, text length n, map ϕ

Output: Boolean: does P occur in T?
1 Let C be the set of non-wildcard positions of P; assume m ≤ n;
2 if |C| = 0 then
3 return true ; // O(1)
4 else if |C| = 1 then
5 Let C = {i} with symbol a; let I ← [ i, n−m + i ];
6 return whether R(a) contains an index in I ; // O(log n)
7 else // Two non-wildcard symbols
8 Let C = {i < j} with symbols a, b; let d← j − i− 1; let l← i, r ← n−m + i;
9 if a is rare then

10 foreach p ∈ R(a) with p ∈ [l, r] do
11 if Tp+d+1 = b then
12 return true
13 return false ; // O(τ)
14 else if b is rare then
15 foreach q ∈ R(b) with q − d + 1 ∈ [l, r] do
16 if Tq−d+1 = a then
17 return true
18 return false ; // O(τ)
19 else
20 return PairQuery(l, r, ϕ(a), ϕ(b), d) > 0 ; // O

(
n
β · µ + β

)

▶ Theorem 5.3. Combining the preprocessing in Algorithm 8, the query procedure in Al-
gorithm 9, and the text/pattern updates in Algorithm 10, the data structure answers the
at-most-two non-wildcard dynamic wildcard matching variant with the following guarantees
(for T ∈ Σn):

preprocessing time O(n 9
5 ),

pattern-update time O(1),
text-update time O(n 4

5 log n) (amortized),
per-query time O(n 4

5 ).

5.2 Fixed Wildcard Positions in Pattern
In this subsection we study the dynamic pattern matching problem with fixed wildcards: all
k wildcard symbols appear only in the pattern P, their index set W = {i ∈ [m] : Pi = ?} is
known in advance and immutable, and the text T contains no wildcards. Both P and T evolve
only via substitution updates, and insertions and deletions are not allowed; therefore updates
to P are confined to the solid coordinates [m] \W , while updates to T may change any
Ti ∈ Σ. We parameterize by the number of non-wildcard positions ω = |[m] \W | and target
the sparse regime ω ≪ m. To handle this setting, we adopt a masked polynomial rolling
hash that ignores the fixed wildcard indices: equivalently, we view P as a concatenation of
solid blocks separated by wildcards and compute the hash only over these blocks, enabling
comparison against substrings of T under substitutions while treating wildcard coordinates
as don’t-cares; this leads to the following definition.



A. A. Naeini, A.-P. Mobed, M. Seddighin, and S. Seddighin 68:15

Algorithm 10 Update operations for At-Most-Two Non-Wildcard Symbols.

1 Pattern update (i, x):
2 Pi ← x ; // O(1)
3 Maintain the set C of up to two non-wildcard positions of P ; // O(1)

4 Text update (i, x):
5 Ti ← x;
6 maintain the frequency class of x as per threshold τ (promotion/demotion) ;

// amort. O(1) per symbol
7 Perform the range-pair update on index i with new symbol ϕ(x) ;

// amort. O
(

β + n log β·λ2

µ

)

▶ Definition 5.4. Let S be a string of length ℓ, and let P be a pattern with k wildcard
positions w1 < w2 < · · · < wk, where each wi is the index of the i-th wildcard in P.
We define

H ′
b,p (S) = Hb,p ( S1:w1−1 · Sw1+1:w2−1 · . . . · Swk+1:ℓ ) ,

where Hb,p (·) is the polynomial rolling hash from Definition 3.2.

The value H ′
b,p (S) can be computed in O(k) time by concatenating the precomputed

hash values of the k + 1 non-wildcard intervals. Moreover, after each update in S, the value
of H ′

b,p (S) can be updated in O(1) time. Let us now define an auxiliary vector A, where

Ai = H ′
b,p (Ti:i+m−1) for 1 ≤ i ≤ n−m + 1,

so that Ai stores the hash of the length-m substring of T starting at position i, with the
fixed wildcards of P ignored.

▶ Lemma 5.5. If the pattern P decomposes into l non-empty intervals separated by its
wildcard positions, then the vector A can be constructed in O(n · l) time.

Together, Definition 5.4 and Lemma 5.5 provide the key ingredients for efficient prepro-
cessing in the sparse-pattern setting. The modified hash H ′

b,p (S) ensures that wildcards
are ignored, while the vector A stores precomputed values for all substrings of T that need
to be compared against P. The lemma guarantees that this preprocessing can be done in
O(n · l) time, where l is the number of non-empty intervals in P. Algorithm 11 then presents
the full method for handling updates. Intuitively, when the pattern has only a few fixed
symbols and the rest are wildcards, we can ignore wildcard positions in all computations.
Let C = {c1 < · · · < cω} be the indices of the non-wildcard positions in P. For every window
Ti:i+m−1 of the text, we compute Ai = H ′

b,p (Ti:i+m−1) based only on the symbols aligned
with C. We also maintain the single value H ′

b,p (P). A match exists iff H ′
b,p (P) appears

among {A1, . . . , An−m+1}; this can be checked efficiently with a membership query, e.g., in
O(log n) time using a balanced BST.

If the pattern changes at a non-wildcard position, we simply recompute H ′
b,p (P) and test

membership once. If the text changes at position j, only those windows whose alignment
uses j at one of the non-wildcard positions can be affected. Equivalently, for each i ∈ C with
j ≥ i, only A j−i+1 must be recomputed. Thus a single text update triggers at most |C| = ω

window-hash updates.
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Figure 4 Sparse-pattern example for P = ?b??a and T = cabyzacde. The dashed magenta box
highlights the alignment at i = 2 (substring T2:6 = abyza); arrows show the two non-wildcard checks
at pattern positions 2 and 5. The red rectangle marks the text update at j = 6 (a → x), which
invalidates the match at i = 2 and forces recomputation of A5 and A2 (as indicated on the right).

Algorithm 11 Updates with Preprocessed Data (Sparse Pattern Matching).

Input : Current T, P; preprocessed A, C; lengths n, m

Output : After each update, report whether P matches a substring of T
1 Apply the substitution in the pattern;
2 if H ′

b,p (P) ∈ {A1, . . . , An−m+1} then
3 return Match Found
4 return No Match Found

// (B) Text update at position j: Tj ← cnew
5 Apply the substitution in the text;
6 foreach i ∈ C with j ≥ i do

// Recompute only the affected window Aj−i+1 if it is in range
7 if 1 ≤ j − i + 1 ≤ n−m + 1 then
8 A j−i+1 ← H ′

b,p (T j−i+1: j−i+m);
9 if H ′

b,p (P) ∈ {A1, . . . , An−m+1} then
10 return Match Found
11 return No Match Found

▶ Example 5.6. Let P = ?b??a with m = 5 and non-wildcard indices C = {2, 5}. Let
T = cabyzacde with n = 9. Consider the alignment starting at i = 2 (i.e., substring
T2:6 = abyza). The two non-wildcard checks are:

P2=b ?= T2+2−1=T3=b, P5=a ?= T2+5−1=T6=a,

so this alignment matches. Accordingly, A2 = H ′
b,p (T2:6) equals H ′

b,p (P).
Now suppose we update the text at position j = 6, changing T6 from a to x. Only the

window hashes whose aligned non-wildcard positions use j can change: for i = 2 we must
recompute Aj−c+1 = A5; for i = 5 we must recompute Aj−i+1 = A2. In particular, A2 will
no longer equal H ′

b,p (P) since T6 no longer matches P5=a. See Figure 4 for a visualization
of the alignment at i = 2, the update at j = 6, and the affected window hashes.

▶ Theorem 5.7. Algorithm 11 maintains the dynamic pattern matching problem with fixed
wildcards for a pattern P of length m containing at most ω non-wildcard positions. It requires
preprocessing time O(n · ω) and supports updates to either P or T in O(ω + log n) time per
update. The algorithm always detects a match correctly when one exists. When no match
exists, it reports “no match” with high probability.
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The general statement above can be specialized to different regimes of sparsity. First, if
the number of non-wildcard positions is bounded by a sublinear power of n, we obtain the
following corollary.

▶ Corollary 5.8. If the number of non-wildcard positions satisfies ω ≤ n1−δ for some constant
0 < δ < 1, then Algorithm 11 runs in preprocessing time O(n2−δ) and supports updates in
O(n1−δ) time.

Moreover, since the number of non-wildcard positions can never exceed the pattern length
m, we can directly derive the following bound.

▶ Corollary 5.9. Since ω ≤ m, the algorithm also admits the trivial upper bound obtained by
setting ω = m. In this case, Algorithm 11 requires preprocessing time O(n ·m) and update
time O(m + log n).

6 Hardness of Dynamic Pattern Matching with Wildcards

In this section, we establish a conditional lower bound for Dynamic Pattern Matching with
Wildcards through a reduction from the Orthogonal Vectors problem. Our goal is to show
that any significant improvement in the query time for Dynamic Pattern Matching with
Wildcards would imply a breakthrough for Orthogonal Vectors , which is widely believed to
be unlikely under the Strong Exponential Time Hypothesis (SETH).

▶ Problem 6.1 (The Orthogonal Vectors Problem). Given a set A of n vectors from {0, 1}d,
the Orthogonal Vectors problem asks whether there exists a pair of distinct vectors U, V ∈ A

such that their inner product is zero:

d∑
h=1

Uh · Vh = 0.

That is, no coordinate position contains a 1 in both U and V .

Williams [44] establishes the following connection between Orthogonal Vectors and SETH.

▶ Theorem 6.2 ([44]). If there exists ε > 0 such that, for all constants c, the
Orthogonal Vectors problem on a set of n vectors of dimension d = c log n can be solved in
2o(d) · n2−ε time, then SETH is false.

We now show a reduction of Orthogonal Vectors to Dynamic Pattern Matching with
Wildcards. This reduction forms the backbone of our lower bound.

▶ Lemma 6.3. An instance of Orthogonal Vectors with a set A of n vectors in dimension
d can be reduced to an instance of Dynamic Pattern Matching with Wildcards with pattern
length m = d + 2 and text length O(n · d). If Dynamic Pattern Matching with Wildcards can
be solved with preprocess time h(n) and query time g(n), then Orthogonal Vectors can be
solved in O(h(d · n) + d · n · g(d · n)) time.

Proof. Let A = {V1, V2, . . . , Vn}, where each Vi is a d-dimensional binary vector. For each
vector Vi, construct a modified vector V ′

i by replacing every 1 in Vi with 0, and every 0 in Vi

with a wildcard symbol. Define the pattern and text as

P = #V ′
1#, T = #V1#V2# · · ·#Vn#,
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where # is a delimiter not in {0, 1, ?}. By construction, P has length m = d + 2 and
T has length O(n · d). We claim that P matches a substring of T if and only if the
Orthogonal Vectors instance contains an orthogonal pair. Indeed, suppose P = #V ′

i #
matches #Vj# in T. Then, for each coordinate k:

If Vi,k = 1, then V ′
i,k = 0. Since 0 can only match 0, we must have Vj,k = 0.

If Vi,k = 0, then V ′
i,k = ?, which matches both 0 and 1.

Thus, there is no coordinate where both Vi,k = 1 and Vj,k = 1, which means Vi and Vj are
orthogonal. The converse follows by reversing this reasoning.

To check all pairs, we iteratively transform the pattern into each #V ′
i # for i = 1, . . . , n.

Each transformation requires at most d symbol changes, followed by a query to check if the
pattern matches a substring of T. Over all n vectors, this yields O(d ·n) updates and queries.
Each query costs g(d · n), so the total runtime is O(d · n · g(d · n)). ◀

The reduction allows us to transfer lower bounds from Orthogonal Vectors to Dynamic
Pattern Matching with Wildcards.

To keep the presentation concise, we defer the proof of Theorem 6.4 to the full version.

▶ Theorem 6.4. Assuming SETH holds, the fully dynamic wildcard pattern matching problem
with k = Ω(log n) wildcards cannot be solved with preprocessing time O(n2−δ) and query time
O(n1−ε) for any constants δ, ε > 0.
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