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Abstract
We study the problem of broadcasting multiple messages in the CONGEST model. In this problem,
a dedicated source node s possesses a set M of messages with every message of size O(log n) where
n is the total number of nodes. The objective is to ensure that every node in the network learns all
messages in M . The execution of an algorithm progresses in rounds, and we focus on optimizing the
round complexity of broadcasting multiple messages.

Our primary contribution is a randomized algorithm for networks with expander topology. The
algorithm succeeds with high probability and achieves a round complexity that is optimal up to
a factor of the network’s mixing time and polylogarithmic terms. It leverages a multi-COBRA
primitive, which uses multiple branching random walks running in parallel. A crucial aspect of our
method is the use of these branching random walks to construct an optimal (up to a polylogarithmic
factor) tree packing of a random graph, which is then used for efficient broadcasting.

We also prove the problem to be NP-hard in a centralized setting and provide insights into why
lower bounds that can be matched in expanders, namely graph diameter and |M|

minCut , cannot be tight
in general graphs.
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1 Introduction

The CONGEST model [43] was originally introduced to study computer networks with limited
communication channels. Though later, despite its simplicity, it has given rise to a wide
range of theoretical challenges. Progress on those has not only allowed for faster distributed
algorithms, but also led to a deeper understanding of fundamental graph abstractions (see,
e.g., [23, 22, 15, 45, 6]).

The problem we address in this work fits precisely into this tradition. We study the
broadcast of multiple messages, where a single source node holds a collection of messages
that must be disseminated so that every node in the network receives them as quickly
as possible. In real-world systems, this setting naturally models the distribution of data
chunks in peer-to-peer file sharing or block chunks dissemination in blockchain protocols.
Theoretically, however, the problem reduces to the tree packing in the underlying network
graph – a concept still not fully understood.

We show that this problem admits a fast solution in expander networks. In particular, we
present an algorithm that broadcasts multiple messages with near-optimal round complexity:
the overhead depends only on the network’s mixing time, up to a small polylogarithmic

© Anton Paramonov and Roger Wattenhofer;
licensed under Creative Commons License CC-BY 4.0

43rd International Symposium on Theoretical Aspects of Computer Science (STACS 2026).
Editors: Meena Mahajan, Florin Manea, Annabelle McIver, and Nguyễn Kim Thắng
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71:2 Broadcast in Almost Mixing Time

factor. The key technical contribution enabling this result is a nearly-optimal distributed
tree packing procedure for a random graph, which serves as the structural backbone of our
dissemination strategy and may be of independent interest beyond this application.

We now proceed to define the setting formally.

1.1 Model and Problem
The CONGEST model is defined as follows. The network is modeled as a graph with n

nodes, where execution progresses in synchronous rounds. In each round, a node can send a
message of size O(log n) bits to each of its neighbors. Importantly, nodes do not have prior
knowledge of the network topology.

Although the CONGEST model has been extensively studied over the past two decades,
the fundamental problem of broadcasting multiple messages remains unsolved for general
topologies.

▶ Definition 1 (Multi-message broadcast). A dedicated source node s possesses a set M of k

messages, where each message m ∈ M has a size of O(log n) bits. The objective is to ensure
that every node in the network learns all messages in M .

As pointed out by Ghaffari [21], the problem suggests an Ω(D + k) round complexity
lower bound, where D is the diameter of the graph. For example, consider a path graph with
s as its first node. Any algorithm would require at least D + k − 1 rounds to transmit all
messages to the last node. However, this bound is only existential, meaning there exists a
graph for which Ω(D + k) rounds are needed. In contrast, consider a complete graph with
k = n. Here, broadcasting can be completed in two rounds: in the first round, s sends the
i-th message to the node i, and in the second round, each node broadcasts the message it
received in round 1. This is significantly better than the Ω(k) = Ω(n) bound suggested by
the path graph example. These contrasting cases highlight the importance of algorithms that
adapt to the underlying topology. Our paper presents such an algorithm, achieving universal
optimality [20] on expander graphs. Specifically, it completes the multi-message broadcast on
every expander G in a number of rounds within a small overhead of the best possible for G.
Before stating our results formally, we introduce some necessary terminology.

1.2 Preliminaries and Notation
Throughout the paper, for a graph G, E(G) is the edge set, V (G) is the vertex set, D(G) is
the diameter, dG(v) is the degree of a node v in G, δ(G) is the smallest vertex degree, and
∆(G) is the largest vertex degree. We do not explicitly specify G if it is obvious from the
context, e.g., we can write δ instead of δ(G). With high probability (w.h.p.) means with a
probability of at least 1 − O( 1

nC ) for some constant C > 0, with the probability being taken
over both the randomness of the graph (when we assume random graphs) and the random
bits of the algorithm. We assume that Õ and Ω̃ hide polylog(k, n) factors.

In multiple places in this paper, we are using classical Chernoff bounds.

▶ Definition 2 (Chernoff bounds). Let X =
∑n

i=1 Xi be the sum of independent Bernoulli
random variables with E[X] = µ. Then, the following Chernoff bounds hold:

Pr (X ≤ (1 − δ)µ) ≤ e−δ2µ/2, 0 ≤ δ

Pr (X ≥ (1 + δ)µ) ≤ e−δ2µ/(2+δ), 0 ≤ δ

Pr (|X − µ| ≥ δµ) ≤ 2e−δ2µ/3, 0 ≤ δ ≤ 1.
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One of the key graph-theoretical components in our approach is tree packing. A tree
packing of a graph G is a collection of spanning subtrees of G. The tree packing is characterized
by three parameters: (1) its size S, i.e., the number of trees, (2) its diameter H, i.e., the
maximal diameter of a tree, and (3) its weight W , i.e., the maximal number of trees sharing
a single edge.

The present work focuses specifically on two graph families, namely Erdős–Rényi graphs
and expanders. An Erdős–Rényi graph G(n, p) is a graph on n vertices where each edge exists
independently from others with probability p [16]. Throughout the paper, let Cp denote
a sufficiently large constant1 such that G(n, p) is connected w.h.p. for p ≥ Cp log n

n . The
condition p = Ω( log n

n ) is necessary, since for p ≤ log n
n , there is a constant probability that

the graph is disconnected [16].
We refer to a graph as an expander if it has small (polylogarithmic) mixing time2.
For our purposes, it will be convenient to define the mixing time of an undirected graph

by reconsidering it as being bidirected, that is, with each undirected edge (u, v) replaced with
(u, v) and (v, u). The mixing time τmix of a bidirected graph is defined as follows. Consider
a lazy random process that starts at an arbitrary edge of the graph. At each step, with
probability 1

2 , the process remains at the current edge, and with probability 1
2 , it transitions

to a uniformly random adjacent edge (a directed edge e2 is adjacent to a directed edge e1
if they are of the form e1 = (u, v) and e2 = (v, w)). It is known that this process admits
a stationary distribution π, which is uniform over all edges. Moreover, regardless of the
starting edge, the distribution Dt of the walk after t steps converges to π. We define τmix as
the smallest t for which Dt is inversely polynomial close to π. For a formal definition, please
refer to the full version of the paper [42]. We are now ready to formally state our results.

1.3 Our Contribution
Our main result is an algorithm to solve the multi-message broadcast problem with only an
overhead of Õ(τmix). We highlight that our algorithm can be run on any graph, but it will
only be efficient on graphs with small τmix, i.e., expanders.

▶ Theorem 3. There exists a randomized distributed algorithm that for any graph G solves
the multi-message broadcast problem in O(log3 n · τmix · OPT) rounds with high probability,
where τmix is the mixing time of G and OPT is the optimal round complexity for the given
problem instance.

In the analysis, we use k/δ(G) as a natural lower bound for OPT. Indeed, if a node has
degree δ(G), it requires at least k/δ(G) rounds to receive all k messages. While this bound
is meaningful on expander graphs, we show in Section 5.2 that it can be far from tight even
on graphs with constant diameter, which highlights the necessity of exploiting expansion
properties in our approach.

We design the algorithm for an arbitrary expander by building on the algorithm for
random graphs, which achieves near-optimal performance in an important special case when
the network is modeled as an Erdős–Rényi graph G(n, p).

▶ Theorem 4. For an Erdős–Rényi graph G(n, p) with p ≥ Cp log n
n , there exists a distributed

randomized algorithm that completes the broadcast in O(log2 n + log n · k
δ(G) ) rounds w.h.p.

1 It suffices to take Cp = 2700. It was not a concern for the present work to optimize this constant.
2 An alternative way is to say that expander graphs are those that feature an inverse polylogarithmic

conductance; these two notions are equivalent.
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71:4 Broadcast in Almost Mixing Time

To obtain Theorem 4, we use the following result of independent interest, which contributes
to a line of work [24, 11, 21, 7, 19] on low-diameter tree packing:

▶ Theorem 5. For an Erdős–Rényi graph G(n, p) with p ≥ Cp log n
n , there exists a distributed

randomized algorithm that produces a tree packing of size δ(G), diameter O(log n), and weight
O(log n) w.h.p.

We construct the latter algorithm by utilizing multiple Coalescing Branching Random
Walks [12] that run in parallel. To the best of our knowledge, this technique has never been
used before in the context of distributed algorithms.

Finally, to map the terrain of the problem, we prove the hardness result in the centralized
setting. Namely, we show that computing the exact number of rounds required for multi-
message broadcast is NP-hard on general graphs.

2 Related Work

Previous Work

The first work to address universal optimality for the multi-message broadcast problem in the
CONGEST model was by Ghaffari [21]. In that paper, the algorithm consists of two phases:
(1) constructing a tree packing, and (2) performing the broadcast using the constructed tree
packing. With a tree packing of diameter H, size S, and weight W , one can complete a
multi-message broadcast in O((H + k

S ) · W ) rounds by splitting messages uniformly across
the trees and propagating them sequentially within each tree. However, the limitation of [21]
is that constructing the tree packing requires Ω̃(D + k) rounds, preventing the approach from
achieving universal optimality. Observe that the problem can be solved in O(D + k) rounds
by a naive strategy: first construct a BFS tree rooted at s, and then downcast messages in it
one by one. Thus, the result of [21] yields an improvement only when multiple consecutive
instances of the problem are solved, allowing the precomputed tree packing to be reused.

A subsequent work by Ghaffari et al. [8] considered the tree packing approach on highly
connected graphs, i.e., graphs with high edge connectivity λ. The primary result of this work
is an algorithm that runs in Õ( n+k

λ ) rounds. This complexity is optimal when k = Ω(n), as
k
λ represents an information-theoretic lower bound. However, the algorithm may incur a
Ω̃(n) factor overhead in cases where λ and k are small compared to n.

Notably, both [21] and [8] consider a slightly more general problem where initially M

is not necessarily known to a single node, but different nodes can possess disjoint subsets
of M . We adhere to our version, where M is initially held by a single node, as it simplifies
the presentation. Importantly, when a tree packing is available, the multiple-source version
can be reduced to the single-source version without increasing the round complexity (see
Remark 16).

Routing

One fundamental information-dissemination problem in distributed computing is routing,
where the goal is to deliver a set of messages from source nodes to their respective destination
nodes. Unlike broadcast, which involves sending the same message(s) to all nodes, routing
requires sending individual message(s) for each source-destination pair.

Ghaffari et al. [25] approach this problem for expanders by constructing a hierarchy of
recursively embedded Erdős–Rényi graphs, and achieve routing in τmix · 2O(

√
log n log log n)

rounds. Note that 2O(
√

log n log log n) dominates logc n for any constant c. This result was
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further improved in [26], which reduces the round complexity to O(2
√

log n). Subsequently,
Chang and Thatchaphol [9] presented a deterministic version of expander routing, match-
ing (up to polylogarithmic factors) the round complexity of the randomized algorithm by
Ghaffari et al.

For general graphs, Haeupler et al. [29] provide a routing algorithm that runs in poly(D) ·
no(1) rounds. Their approach leverages expander decomposition and hop-constrained expanders
– subgraphs with small diameter and strong expansion properties. In fact, [29] obtain a
stronger result: given that for every source-sink pair (si, ti), the source si is at most h hops
from its destination ti, routing can be completed in O(D + poly(h)) · no(1) rounds.

Unlike the above approaches, our paper provides an algorithm with only a polylogarithmic
overhead.

Network Information Flow

The network information flow problem [1] is defined as follows. The network is a directed
graph G(V, E) with edge capacities, a source node s ∈ V , and sink nodes T ⊆ V . The
question is: at what maximal rate can the source send information so that all of the sinks
receive that information at the same rate? In the case of a single sink t, the answer is given
by the max-flow(s, t). However, when there are multiple sinks T , the value min

t∈T
max-flow(s, t)

may not be achievable if nodes are only allowed to relay information. In fact, the gap can
be as large as a factor of Ω(log n) [33]. Nevertheless, if intermediate nodes are allowed to
send (linear [37]) codes of the information they receive, then min

t∈T
max-flow(s, t) becomes

achievable [1]. Notably, in the specific case where T = V \ {s} (the setting considered in
the present paper), the rate of min

t∈T
max-flow(s, t) becomes achievable without coding [50].

The decentralized version of network information flow was studied in [31, 18, 30]. The most
relevant work in this direction is [47] by Swamy et al., where the authors establish an optimal
algorithm for the case of random graphs whose radius is almost surely bounded by 3. Our
approach works for general expanders, and in the case of random graphs, allows an expected
radius to grow infinitely with n (see [10] for analysis of the diameter of a random graph).

The key difference between the network information flow problem and the multi-message
broadcast in CONGEST is that in our problem, the focus is on round complexity, whereas in
the information flow problem, the solution is a “static” assignment of messages to edges, and
the focus is on throughput.

Tree Packing

The problem of tree packing has been extensively studied, as summarized in the survey
by Palmer [41]. Foundational results in this area include those by Tutte [48] and Nash-
Williams [40], who demonstrated that an undirected graph with edge connectivity λ contains
a tree packing of size ⌊ λ

2 ⌋. Edmond [14] extended this result to directed graphs, showing
that such graphs always contain λ pairwise edge-disjoint spanning trees rooted at a sender
s ∈ V , where λ is the minimum number of edges that must be removed to make some node
unreachable from s. However, these results do not address the diameter of the tree packing.

Chuzhoy et al. [11] tackled the challenge of finding tree packings with small diameter. They
presented a randomized algorithm that, given an undirected graph with edge connectivity
λ and diameter D, outputs with high probability a tree packing of size ⌊ λ

2 ⌋, weight 2, and
diameter O((101k log n)D).

STACS 2026
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Tree packing on random graphs was studied by Gao et al. [19], who showed that asymptot-
ically almost surely, the size of a spanning tree packing of weight 1 for a Erdős–Rényi graph
G(n, p) is min

{
δ(G), |E(G)|

n−1

}
, which corresponds to two straightforward upper bounds.

In the CONGEST model, tree packing was investigated by Censor-Hillel et al. [7]. They
proposed an algorithm to decompose an undirected graph with edge connectivity λ into
fractionally edge-disjoint weighted spanning trees with total weight ⌈ λ−1

2 ⌉ in Õ(D +
√

nλ)
rounds. Furthermore, they proved a lower bound of Ω̃(D +

√
n
λ ) on the number of rounds

required for such a decomposition.

Branching Random Walks in Networks

The cover time of a random walk [36] on a graph is the time needed for a walk to visit each
node at least once. Unfortunately, the expected value of this quantity is Ω(n log n) even
for a clique, making this primitive less useful in designing fast algorithms. Consequently,
several attempts have been made to accelerate the cover time. Alon et al. [2] proposed
initiating multiple random walks from a single source. Subsequent work by Elsässer and
Sauerwald refined their bounds, demonstrating that r random walks can yield a speed-up of
r times for many graph classes. Variations of multiple random walks have been applied in
the CONGEST model to approximate the mixing time [39], perform leader election [35, 27],
and evaluate network conductance [17, 4].

A branching random walk [46] (BRW) modifies the classical random walk by allowing
nodes to emit multiple copies of a walk upon receipt, rather than simply relaying it. This
branching behavior potentially leads to exponential growth in the number of walks traversing
the graph, significantly reducing the cover time. Gerraoui et al. [28] demonstrated that
BRWs can enhance privacy by obscuring the source of gossip within a network. Recently,
Aradhya et al. [3] employed BRWs to address permutation routing problems on subnetworks
in the CONGEST model.

Despite these applications, to the best of our knowledge, the branching random walk
remains underexplored in distributed computing, and this work seeks to showcase its untapped
potential.

3 Algorithm Overview

In this section, we provide a high-level overview of our algorithm, which consists of two
major parts. First, we embed a virtual Erdős–Rényi graph G(n, p) atop the physical network
H, and then we solve the problem on G. The reason we do this embedding is to transform
an arbitrary expander into an almost-regular one. We explain the embedding procedure in
Section 3.1, and from that point on, we focus solely on solving multi-message broadcast on
an Erdős–Rényi graph. In Section 3.2, we overview COBRA – the main building block of
our algorithm for random graphs, and in Section 3.3 we describe the algorithm itself.

3.1 Embedding a Random Graph
In this section, we describe how to embed a random graph atop a given expander. A related
technique was used by Ghaffari et al. [25], where it suffices to embed a sparse Erdős–Rényi
graph with expected degree O(log n). In our setting, however, it is crucial to preserve the
minimum degree of the host graph. To this end, we reuse Lemma 7 from [25], but we
also introduce additional ideas of node groups and rejection sampling to meet our stronger
requirements.



A. Paramonov and R. Wattenhofer 71:7

Embedding a graph G atop a host graph H involves creating virtual nodes V (G) and
establishing edges E(G) between them so that

Every virtual node u ∈ V (G) is simulated by some physical node host(u) ∈ V (H).
If a virtual node u ∈ V (G) sends a message to v ∈ V (G) along the edge (u, v) ∈ E(G),
this should be simulated by host(u) sending the same message to host(v) via some path
in H.

Our construction will guarantee that each round of communication in G can be simulated
in O(τmix(H) · log n) rounds in H and that δ(G) will be close to δ(H). This gives us the
following “lifting”: if there is an algorithm that solves a problem in f(k, log(|V (G)|), δ(G))
rounds on G for some function f , then there is an algorithm that solves a problem in
essentially f(k, log n, δ(H)) · τmix(H) · log n rounds on H. Formally,

▶ Theorem 6. Assume there exists an algorithm that solves multi-message broadcast on an
Erdős–Rényi graph G in O( k

δ(G) · log(|V (G)|) + log2(|V (G)|)) rounds w.h.p. Then there exists
an algorithm that solves multi-message broadcast on any graph H on n vertices in

O( k

δ(H) · τmix(H) · log2 n + τmix(H) · log3 n)

rounds w.h.p.

This round complexity consists of three terms: O(( k
δ(H) · log n + log2 n) · τmix · log n) for

simulating an algorithm, O(τmix(H) · log2 n) rounds for constructing an embedding of an
Erdős–Rényi graph knowing τmix(H), and O(τmix(H) · log2 n) for estimating the τmix(H).
Below, we describe the embedding and estimation parts.

Embedding Construction

We now outline how to construct the embedding of an Erdős–Rényi graph atop the expander
H preserving the minimal degree, assuming nodes have an estimate of τmix.

We need to define a set of nodes of G. As an auxiliary concept, we start by defining
sub-nodes. First, rethink H as being bidirectional, that is, replace every undirected edge
(u, v) ∈ E(H) with two directed edges (u, v) and (v, u). Now, we associate a sub-node with
each directed edge, and we say that a node u ∈ V (H) simulates all the sub-nodes of its
outgoing edges. Next, for each u ∈ V (H), we arbitrarily group sub-nodes u is simulating
into groups of size exactly δ(H). This might leave some residual sub-nodes that will not be
assigned to any group; we call those inactive, and others are called active. Note that at most
half of all sub-nodes can be inactive. Finally, we define nodes in G to be the aforementioned
groups, and we make a node u ∈ V (H) simulate a node v ∈ V (G) if it simulates the sub-nodes
in the respective group.

To establish edges in G, we launch lazy random walks of length τmix(H) from each active
sub-node. The following lemma guarantees that those can be executed in parallel in only
O(τmix(H) · log n) rounds w.h.p.

▶ Lemma 7 (Lemma 2.5 [25]). Let H = (V, E) be an n-node graph. Suppose we wish to
perform T = nO(1) steps of a collection of independent lazy random walks in parallel. If
each node v ∈ V initiates at most dH(v) walks, then w.h.p., the T steps of all walks can be
performed in O(T · log n) rounds in a distributed setting.

If a random walk that started from a sub-node a, terminates at an active sub-node b,
we call such a walk successful and we propagate the “success” message back to a by simply
executing the walk in reverse. This establishes the edge between group(a) ∈ V (G) and
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group(b) ∈ V (G). If, on the other hand, the walk from a terminates at an inactive node, we
call such a walk failed and we propagate the “failure” message back to a. Sub-nodes that
received a “failure” message retry the same process again. The following lemma shows that
only a few retries are needed.

▶ Lemma 8. After at most O(log n) retries, all sub-nodes will execute a successful random
walk w.h.p.

Proof. By the definition of a mixing time, a random walk from a given sub-node is distributed
(almost) uniformly among all the sub-nodes. Hence, given that at least half of all sub-nodes
are active, a probability of success in one round is at least 1/2 (minus a negligible term
due to the “almost” uniformity). Therefore, the probability of not succeeding once after
100 log n trials is no more than 1

n10 . Applying the union bound over all sub-nodes completes
the proof. ◀

Once paths are established, communication along (u, v) ∈ E(G) is simulated by routing
a message along the corresponding walk path in H, which, by Lemma 7, can be done in
O(τmix(H) · log n) rounds.

We remark that the process described above is equivalent to sampling with replacement
δ(H) neighbors for each node v ∈ V (G) independently (almost) uniformly at random. While
this is not a canonical definition of an Erdős–Rényi graph, the resulting distribution is
equivalent, modulo a negligible inversely polynomial small probability.

On Distributed Estimation of Mixing Time

Note that in order to implement this simulation, nodes do not need prior knowledge of τmix.
Instead, they can estimate the mixing time of the network using the decentralized algorithm
of Kempe and McSherry [34], which runs in O(τmix · log2 n) rounds (without prior knowledge
of τmix). Their algorithm can be used to estimate the second principal eigenvalue λ of the
transition matrix, which relates to the mixing time via the following inequality:

▶ Theorem 9 ([44]). Given a graph on n nodes with mixing time τmix and second principal
eigenvalue λ, it holds that(

1
1 − λ

− 1
)

log n ≤ τmix ≤ 2 log n · 1
1 − λ

.

Combining all together, we can prove Theorem 6.

Proof of Theorem 6. First, estimate the mixing time τmix(H) of the graph H using the
approach from [34]. This takes O(τmix(H) · log2 n) rounds.

Let the nodes of H discover δ(H). This can be done through building a BFS tree in H

within O(D(H)) = O(τmix(H)) rounds.
Knowing τmix(H) and δ(H), compute an embedding of an Erdős–Rényi graph G(n′, δ(H)

n′ )
as described above, where n′ is the number of sub-node groups in H. Make the source
node for a multi-message broadcast in G any node in G that is simulated by the source of
an original problem instance in H. Solve the problem in G in O( k

δ(G) · log n + log2 n) =
O( k

δ(H) · log n + log2 n) rounds, simulating each round of G in O(τmix(H) · log n) rounds
in H. ◀
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3.2 Coalescing-Branching Random Walk
We now overview the main primitive for our algorithm for an Erdős–Rényi graph – the
COalescing-BRAnching Random Walk (COBRA walk). COBRA walk was first introduced
by Dutta et al. [13] in their work “Coalescing-Branching Random Walks on Graph” [13], with
subsequent refinements presented in [12, 38, 5]. The COBRA walk is a generalization of the
classical random walk, defined as follows: At round 0, a source node s ∈ V possesses a token.
At round r, each node possessing a token selects κ of its neighbors uniformly at random,
sends a token copy to each of them, and these neighbors are said to possess a token at round
r + 1. Here, κ, referred to as the branching factor, can be generalized to any positive real
number [12]. When κ = 1, the COBRA walk reduces to the classical random walk. From
now on, we consider κ to always be 2. It is important to note that if a node receives multiple
token copies in a round, it behaves as if it has received only one token; it will still choose κ

neighbors uniformly at random. This property, where received token copies coalesce at a
node, gives the primitive its name.

Cooper et al. [12] studied the cover time of the COBRA walk on regular expanders and
obtained the following theorem, which we use in our result

▶ Theorem 10 (Cooper et al. [12]). Let G be a connected n-vertex regular graph. Let λ2 be
the second largest eigenvalue (in the absolute value) of the normalized adjacency matrix of G.
Then after O

(
log n

(1−λ2)3

)
steps the COBRA walk covers G with probability 1 − O( 1

n2 ).

We point out that in [12], the bound on probability is 1 − O( 1
n ), though the analysis,

which is based on Chernoff bounds, can be adapted so that the probability is 1 − O(nC) for
any constant C and the cover time is only multiplied by a constant.

In the upcoming analysis of our result, we will make sure that λ2 is no more than 13
14

w.h.p. Let CT be a sufficiently large constant so that a COBRA walk covers a regular graph
with λ2 ≤ 13

14 with probability at least 1 − O( 1
n2 ) in CT · log n rounds. From now on, we

define T to be CT log n.

3.3 Random Graph Algorithm Description
The algorithm to solve the multi-message broadcast on an Erdős–Rényi graph G(n, p) proceeds
through the following steps:
1. Building a BFS Tree and Gathering Information: Nodes construct a BFS tree

rooted at the source node s. Using the tree, every node learns the total number of nodes
|V |, the minimum degree δ, and the maximum degree ∆. This step takes O(D) rounds
and does not require any prior knowledge of the graph topology.

2. Regularizing the Graph: Each node v adds ∆ − deg(v) self-loops to its adjacency list
to make the graph regular. In our analysis, we will show that each node adds a relatively
small number of self-loops. This operation is purely local and requires no communication
between nodes.

3. Constructing Spanning Subgraphs through Multiple COBRA Walks: The
source node s initiates δ COBRA walks by creating δ tokens labeled 1 through δ. When
a token from the i-th COBRA walk is sent along an edge e : (u, v), nodes u and v mark
e as part of the i-th subgraph. Note that a single edge may belong to multiple subgraphs.
When running multiple COBRA walks simultaneously, congestion can occur if a node
attempts to send multiple tokens from different COBRA walks along the same edge
in a single round. Since only one token can traverse an edge per round, this creates
a bottleneck that needs to be managed. To address this, we organize the process into
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phases, where each phase consists of 2 rounds. In each phase, spanning rounds {2r, 2r+1},
every node u distributes two tokens for each COBRA walk whose token(s) it received
during the previous phase. Since there are δ COBRA walks, node u could have received
at most p ≤ δ distinct tokens. Let these tokens be denoted by t1, . . . , tp. Node u then
distributes each token twice, as follows: it enumerates its neighbors as v1, . . . , vℓ, with
ℓ ≥ δ, generates two independent random permutations σ1, σ2 ∈ Sℓ, and sends token ti

to neighbor vσ1(i) in round 2r and to neighbor vσ2(i) in round 2r + 1. Consequently, for
any fixed COBRA walk i and any node u, the token belonging to the i-th COBRA walk
is sent to a neighbor of u chosen uniformly at random, independently of the other tokens
in that same COBRA walk. (Different cobra walks, however, need not be independent.)
This step completes in T phases.
Parallel execution. For the rest of the algorithm, we run protocols on all the constructed

subgraphs in parallel. To achieve this despite potential congestion (recall that each
edge may belong to multiple subgraphs), we again organize the execution into phases.
Now, each phase spans 2T rounds, ensuring that messages sent along any shared edge
are distributed across the protocols without conflict. Specifically, if a protocol would
send a message along an edge in a particular round when executed independently, all
such messages from different subgraphs are scheduled within the same phase. This
phased execution allows all protocols to proceed in parallel while respecting the edge
capacity.

4. Constructing Tree Packings: The source s initiates a BFS on each subgraph to
transform it into a tree. By the end of this step, the algorithm constructs a tree packing
{Ti}i∈[δ]. This step takes the number of phases that is at most the maximal eccentricity
of s among all the subgraphs, that is at most O(T ) phases, and hence 2T · O(T ) = O(T 2)
rounds.

5. Distributing Messages: The source node s evenly divides the set of messages M

across the δ trees, ensuring that each tree receives k
δ messages. These messages are then

downcasted along the trees one by one. To broadcast k
δ messages in a single tree of

diameter O(T ) one needs O( k
δ + T ) rounds. Hence, doing it in parallel in all trees takes

O(T · ( k
δ + T )) rounds.

4 Proof

In this section, we formally state our results and their auxiliaries for the Erdős–Rényi graph.
We start by providing a high-level overview.

4.1 Proof Outline

The proof proceeds in three main steps. First, we argue that making a random graph regular
by adding self-loops does not significantly affect its expansion properties. To this end, we rely
on a result of Hoffman et al. [32], which shows that a random graph is a good expander with
high probability. We also use standard Chernoff bound arguments to establish that random
graphs are nearly regular, meaning the ratio between maximum and minimum degrees is close
to one. Finally, we invoke a classical consequence of Weyl’s inequality, which ensures that
small perturbations to the diagonal of a matrix only slightly affect its eigenvalues. Together,
these ingredients imply that regularizing the graph preserves its spectral expansion up to a
small error. We discuss the details at the end of this section, namely in subsection 4.4.
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Assuming the expansion properties remain, the second step is to prove that each individual
COBRA walk successfully covers the entire network. The permutation trick allows us to
claim that, though COBRA walks are not independent, their marginal distributions stay
as if they were. Using this, Theorem 10 by Cooper et al., together with a union bound,
guarantees that all COBRA walks cover the whole graph within O(log n) phases w.h.p.

In the final step, we argue that the algorithm produces a tree packing with size δ(G),
diameter O(log n), and weight O(log n). This tree packing allows for broadcasting all messages
in O(log2 n + log n · k

δ(G) ) rounds. This is optimal up to additive log2 n and multiplicative
log n, as k

δ(G) provides a natural lower bound for the optimal broadcast time: if there is a
node with degree δ, it needs at least k/δ rounds to receive k messages.

We now give the detailed proof starting from step 2, assuming step 1.

4.2 Success of Multiple COBRAs
In this section, we demonstrate that multiple COBRA walks cover the graph fast, provided
that it retains its expansion properties after adding self-loops. Formally, we assume the
following lemma, which we prove in section 4.4.

▶ Lemma 11. With probability at least 1 − O( 1
n2 ), for p ≥ Cp log n

n−1 , an Erdős–Rényi graph
G(n, p) can be transformed into G′ by adding weighted self-loops to the nodes so that (1) G′

is regular, (2) 1 − λ2(G′) ≥ 1
14 .

Now, to see why multiple COBRAs do not congest, let us recall the permutation trick
used in the algorithm. To be able to run multiple COBRA walks in parallel, we partition
the execution into phases, each lasting 2 rounds. In each phase, spanning rounds 2r, 2r + 1,
every node u distributes two tokens for each COBRA walk whose token(s) it received during
the previous phase. Since there are δ COBRA walks, node u could have received at most
p ≤ δ distinct tokens. Let these tokens be denoted by t1, . . . , tp. Node u then distributes
each token twice, as follows: it enumerates its neighbors as v1, . . . , vℓ, with ℓ ≥ δ, generates
two independent random permutations σ1, σ2 ∈ Sℓ, and sends token ti to neighbor vσ1(i) in
round 2r and to neighbor vσ2(i) in round 2r + 1.

The claim below summarizes the properties resulting from the procedure described:

▷ Claim 12. For each COBRA walk, a phase corresponds exactly to a round in the execution
where this COBRA walk runs in isolation. In particular, for a given COBRA walk, every
token is sent independently of other tokens of this walk and to a uniformly chosen neighbor.

To conclude the analysis of multi-COBRA’s performance on a random graph, we combine
Lemma 11 and Claim 12 and get the following lemma.

▶ Lemma 13. If the initial network graph is an Erdős–Rényi graph G(n, p) with p ≥ Cp log n
n ,

all COBRA walks cover the graph in O(T ) rounds with probability at least 1 − O( 1
n ).

Proof. By Lemma 11 we know that G′ – the graph we obtain from G after adding self-
loops – has 1 − λ2(G′) ≥ 1

14 with probability at least 1 − O( 1
n2 ). Therefore, according to

Theorem 10, a COBRA walk succeeds to cover G′ in O
(

log n
(1−λ2(G′))3

)
= O(T ) = O(log n)

rounds with probability at least 1 − O( 1
n2 ). And Claim 12 tells us that while the COBRA

walks are not independent, the marginal distribution of each individual process matches the
distribution it would have under independent execution. Hence, we can apply a union bound
and conclude that δ(G) ≤ n COBRA walks cover G′ in O(log n) phases with probability at
least 1 − O( 1

n ). ◀
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We remark that the analysis in [12] is done for simple regular graphs (i.e., regular graphs
not featuring self-loops). However, the arguments apply verbatim if self-loops are allowed,
with symbols reinterpreted to mean the number of outgoing edges of a node instead of the
number of neighbors.

4.3 Tree Packing and Broadcast
In this section, we show how to obtain a tree packing from multi-COBRA’s edge assignment
and describe how we use this tree packing to broadcast the messages.

The following two lemmas speak about the properties of the spanning graphs obtained
via multi-COBRA.

▶ Lemma 14. After multi-COBRA completes all T phases, every edge of the graph belongs
to at most O(log n) subgraphs.

Proof. At each phase, each edge (u, v) is assigned to at most 4 subgraphs (two via tokens
from u to v, and two from v to u), and there are T = O(log n) phases. ◀

▶ Lemma 15. After multi-COBRA completes all T phases, each subgraph has a diameter of
O(log n).

Proof. The multi-COBRA runs for T = O(log n) phases, and in each phase, we add to each
subgraph only those nodes that are neighbors of the nodes already included. Consequently,
the diameter of the subgraph increases by at most two per phase. ◀

In the rest of this section, we will analyze protocols that run on all the subgraphs in
parallel. To achieve this parallelism despite potential congestion (recall that each edge may
belong to multiple subgraphs), the execution is again organized into phases. Now, each phase
spans O(log n) rounds, ensuring that messages sent along any shared edge are distributed
across the protocols without conflict. Specifically, messages that would be sent on an edge in
the same round by independently executed protocols are all scheduled within a single phase
across subgraphs. This phased execution allows all protocols to proceed in parallel while
respecting the edge capacity. As a result, the combined round complexity of the protocols
increases by at most a factor of O(log n) compared to running an individual protocol.

We are now ready to prove Theorem 5.

▶ Theorem 5. For an Erdős–Rényi graph G(n, p) with p ≥ Cp log n
n , there exists a distributed

randomized algorithm that produces a tree packing of size δ(G), diameter O(log n), and weight
O(log n) w.h.p.

Proof of Theorem 5. The algorithm goes as follows. First, let nodes share the information
of n, δ and ∆. This can be done in O(D) rounds by constructing a BFS tree. Next, every
node v adds ∆ − deg(v) self-loops. Then, parties run multi-COBRA for T rounds that by
Lemma 13 result with probability at least 1 − O( 1

n ) in δ spanning subgraphs {Si}i∈[δ]. By
Lemma 15, those have diameter O(log n). Moreover, by Lemma 14, every edge of the graph
belongs to at most O(log n) subgraphs.

Now, we launch BFSs on all subgraphs in parallel to turn them into spanning trees. As
discussed earlier in this section, this can be done in O(log n · max

i∈[δ]
D(Si)) = O(log2 n) rounds.

As a result of doing so, the weight of every edge could only have decreased, and the diameter
of each subgraph at most doubled. ◀
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Having a tree packing with the properties described, we can prove Theorem 4 by adding
a final piece.

▶ Theorem 4. For an Erdős–Rényi graph G(n, p) with p ≥ Cp log n
n , there exists a distributed

randomized algorithm that completes the broadcast in O(log2 n + log n · k
δ(G) ) rounds w.h.p.

Proof of Theorem 4. First, build a tree packing from Theorem 5. Then, s evenly distributes
messages among the obtained trees, so that each tree receives k

δ messages. After that, in
each tree, nodes downcast corresponding messages. The algorithm for downcasting messages
{m1, . . . , mk} from the root of a single tree works as follows. In the first round, the root sends
the first message (m1) to all its immediate children. In the second round, the children forward
m1 to their respective children (the root’s grandchildren), while the root simultaneously
sends the second message (m2) to its immediate children. This process continues iteratively:
in each subsequent round, the root sends the next message (mi) to its children, and all other
nodes forward the message they received in the previous round to their respective children.
This way, for k′ messages and a tree of diameter H it takes H + k′ − 1 rounds for every node
to discover every message.

Multiplying by a congestion factor of O(log n), we get that the round complexity of
broadcasting k messages in δ(G) spanning trees of diameter O(log n) is

O

(
log2 n + log n · k

δ(G)

)
. ◀

▶ Remark 16. In [21, 8], authors consider a problem where initially messages are spread over
the network, that is every node possesses a subset of M . This seems like a more general
version, however, when using a tree packing approach, these two problems are equivalent.
The intuition is, nodes can first agree on the distribution of messages among trees, then
upcast the messages to the root in their corresponding trees, and finally perform a downcast
as described in our paper, all that in Õ(D(G) + k

δ(G) ). For the full proof, a reader is invited
to see the proof of Theorem 1 in [8].

4.4 Introducing Regularity while Maintaining Expansion
In this Section, we prove Lemma 11 that states that graph’s expansion properties are
preserved after adding self-loops. We start by providing relevant concepts from spectral
theory.

▶ Definition 17. Let A be an n × n matrix with entries from R≥0 and let D be a diagonal
matrix such that Dii =

∑
j∈[n]

Aij . Assuming Dii > 0 for all i ∈ [n], let A denote a normalized

version of A, i.e. A = D−1/2AD−1/2.

▶ Definition 18. Let A be an n×n matrix. Define λ2(A) to be the second largest (in absolute
value) eigenvalue of A. Let G be an undirected multi-graph and A be its weighted adjacency
matrix. Define λ2(G) as λ2(A).

▶ Theorem 19 (Hoffman et al. [32]). For a positive constant C and p ≥ C log n
n , consider an

Erdős–Rényi graph G(n, p). Then, with probability at least 1 − O( 1
nC−1 ), we have λ2(G) =

O( 1√
pn ).

The following Lemma shows that with high probability, an Erdős–Rényi graph G(n, p) is
almost regular.
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▶ Lemma 20. Let p ≥ Cp log n
n−1 . Then for an Erdős–Rényi graph G(n, p), ∆(G)

δ(G) ≤ 1 + 1
7 with

probability at least 1 − O( 1
n2 ).

Proof. Let us fix a vertex v and consider the number of its incident edges. For each potential
edge ei, i ∈ [n − 1] let us introduce an indicator variable χi which is equal to 1 if the edge
exists and to 0 if it does not. The number of edges v has is then

∑
i∈[n−1]

χi. The expectation

of that is p(n − 1), and applying Chernoff bounds, we get the following bounds on the
degree of v

Pr

[
deg(v) ≥ (1 + 1

15)Cp log n

]
≤ exp

(
−Cp log n

675

)
≤ 1

2n3 ,

and

Pr

[
deg(v) ≤ (1 − 1

15)Cp log n

]
≤ exp

(
−Cp log n

675

)
≤ 1

2n3 .

Now, taking union bound over all vertices, we conclude that for every vertex v it holds that
(1 − 1

15 )Cp log n ≤ deg(v) ≤ (1 + 1
15 )Cp log n with probability at least 1 − 1

n2 . Thus, with
probability 1 − 1

n2 , we have that ∆(G)
δ(G) ≤ 1+ 1

15
1− 1

15
= 1 + 1

7 ◀

The next ingredient is to show that the slight perturbation of the diagonal elements of
the matrix induces only a little change in its eigenvalues.

▶ Lemma 21. Let A be an n × n adjacency matrix of a connected graph and let D be
a diagonal matrix such that Dii =

∑
j∈[n]

Aij. Let E be a n × n diagonal matrix such that

0 ≤ Eii ≤ ε for some 0 < ε < 1 and all i ∈ [n].
Then λ2(A + DE) ≤ λ2(A) + 6ε.

Proof sketch. The idea of the proof is to express A + DE as a sum of A and matrices with
the small spectral norms, and then apply a corollary of Weyl’s Theorem [49], that is, for
n × n matrices M1 and M2, it holds that

|λ2(M1 + M2) − λ2(M1)| ≤ ||M2||2

The full proof goes as follows:
Let A′ = A + DE and let D′ be a diagonal matrix such that D′

ii =
∑

j∈[n]
A′

ij . Note that

D′ = D + DE and hence (D′)−1/2 = (D)−1/2(I + E)−1/2. Entries of the (I + E)−1/2 are
of the form 1√

1+Eii
≥ 1√

1+ε
≥

√
1 − ε ≥ 1 − ε. Therefore, we can denote (I + E)−1/2 with

I − E′ where E′ is a diagonal matrix with entries 0 ≤ E′
ii ≤ ε. Now

A′ =(D′)−1/2A′(D′)−1/2

=(D−1/2 − D−1/2E′)(A + DE)(D−1/2 − D−1/2E′)
∗=D−1/2AD−1/2 − D−1/2AD−1/2E′ + E − EE′ − E′D−1/2AD−1/2+

E′D−1/2AD−1/2E′ − E′E + E′EE′

=A − AE′ − E′A + E′AE′ + E − 2EE′ + E′EE′

where to obtain ∗ we used the fact that diagonal matrices commute.
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From Weyl’s theorem, we conclude that

λ2(A′) − λ2(A) ≤ || − AE′ − E′A + E′AE′ + E − 2EE′ + E′EE′||2
≤||AE′||2 + ||E′A||2 + ||E′AE′||2 + 2||EE′||2 + ||E′EE′||2
≤||A||2||E′||2 + ||E′||2||A||2 + ||E′||2||A||2||E′||2+

2||E||2||E′||2 + ||E′||2||E||2||E′||2

Now recall that the spectral norm for a real-valued symmetric matrix is the biggest
absolute value of its eigenvalues, hence ||A||2 = 1 and ||E||2 ≤ ε, ||E′||2 ≤ ε. Thus

λ2(A′) − λ2(A) ≤ ε + ε + ε2 + 2ε2 + ε3 ≤ 6ε ◀

Finally, using Lemmas 20 and 21 alongside Theorem 19, we show that w.h.p., regularizing
an Erdős–Rényi graph G(n, p) by adding self-loops for every node to reach ∆(G) does not
ruin its expansion properties.

▶ Lemma 11. With probability at least 1 − O( 1
n2 ), for p ≥ Cp log n

n−1 , an Erdős–Rényi graph
G(n, p) can be transformed into G′ by adding weighted self-loops to the nodes so that (1) G′

is regular, (2) 1 − λ2(G′) ≥ 1
14 .

Proof. Let A be the adjacency matrix of G, D be the degree matrix of G and E be the
n × n diagonal matrix with entries Eii = ∆(G)

deg(vi) − 1. By the Lemma 20, with probability
1 − O( 1

n2 ), G has ∆
δ ≤ 1 + 1

7 and therefore, Eii ≤ 1
7 for all i ∈ [n] with probability 1 − O( 1

n2 ).
Now, to each vertex v in G, add ∆ − deg(v) self-loops to obtain a graph G′. Clearly,

G′ is ∆(G)-regular. The adjacency matrix of G′ will then be A + DE and hence, applying
Lemma 21 we deduce that λ2(G′) ≤ λ2(G) + 6

7 .
By the Theorem 19, we know that with probability 1 − O( 1

n2 ), λ2(G) ≤ C√
p(n−1)

for some

constant C, which for large enough n is less than 1
14 , thus λ2(G′) ≤ 13

14 . ◀

5 Sketching the terrain

In this section, we share insights on the multi-message broadcast problem and why it is
difficult to solve optimally. First, in Section 5.1, we sketch the proof of its NP-hardness in
the centralized setting. Then, in Section 5.2, we argue that one can not hope to design an
algorithm for a general graph that completes in Õ(D(G) + k

δ(G) ) rounds, which implies a
need for some fundamentally new techniques.

5.1 NP-Hardness
We prove that determining the optimal number of rounds for the multi-message broadcast
problem in CONGEST is NP-hard in the centralized setting. To do that, we reduce the Set
splitting problem to the multi-message broadcast.

▶ Definition 22 (Set splitting problem). Given a family F of subsets of a finite set S, decide
whether there exists a partition of S into two subsets S1, S2 such that all elements of F are
split by this partition, i.e., none of the elements of F is completely in S1 or S2.

In our reduction, for simplicity of presentation, we allow edges to have arbitrary bandwidth
instead of Õ(1), since, as we show, this can be simulated in CONGEST. In the reduction,
the initial set S corresponds to the set M of messages, and s has two dedicated children to
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Figure 1 An example of mapping a graph with arbitrary bandwidths to a graph suitable for
CONGEST.

which it can send n1 and n2 messages, respectively with n1 + n2 = k, simulating the splitting.
Deciding how to split messages between these two children is the only “smart” choice an
algorithm should make; all other nodes are just forwarding messages they receive. For the
full version of the proof, please see the full version of the paper [42].

5.2 Straightforward Lower Bounds are not Enough
It is tempting to argue for an approximation factor of an algorithm by comparing its
round complexity to two straightforward lower bounds: D(G) and k

minCut(G) . Unfortunately,
those are not sufficient as there is an instance (see Figure 2) where D(G) = O(1) and

k
minCut(G) = O(1), but the optimal answer is Ω(

√
k). As for NP-hardness, we consider a

more general model where edges might have arbitrary bandwidth, but we show that this can
be simulated in CONGEST.

To transform a graph with arbitrary bandwidths to a graph with all bandwidths equal
to 1, we do the following. The source s corresponds to a single node in the new graph. For
a node v ̸= s in the original graph, let B denote the maximal bandwidth of its adjacent
edges. In the new graph, node v then corresponds to a clique of B nodes. We call this clique
a v-clique. If in the original graph nodes v ≠ s and u ̸= s were connected by an edge of
bandwidth b, we pick (arbitrary) b nodes in v-clique, b nodes in u-clique, and draw b edges
between picked nodes to establish a perfect matching. For every edge (s, u) of bandwidth
b, we connect the new source with b arbitrary nodes of the u-clique. We call the resulting
graph the corresponding CONGEST graph.

▷ Claim 23. Consider the original graph G and its corresponding CONGEST graph G′.
Then

D(G) ≤ D(G′) ≤ 2D(G) + 1.

Proof idea. The first inequality is straightforward. We prove the second inequality by
induction on the length of the path, that is if there is a path in G from u to v of length l,
then for any nodes u′ and v′ in u-clique and v-clique respectively, there is a path between u′

and v′ in G′ of length 2l + 1. ◁

▷ Claim 24. Consider the original graph G and its corresponding CONGEST graph G′.
Then

min{minCut(G), min
v∈V (G)\{s}

size of the v-clique − 1} ≤ minCut(G′) ≤ minCut(G).
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Proof. The second inequality is straightforward. For the first inequality, note that each cut
of G′ either cuts some clique or does not. In case it does not, it corresponds to a cut in G

and has the same size. In case it does, it is at least the size of the induced cut for that clique,
which is at least min

v∈V (G)\{s}
size of the v-clique − 1. ◁

▷ Claim 25. Consider the original graph G and its corresponding CONGEST graph G′.
Together with a set M of messages, they define a multi-message broadcast problem in
generalized CONGEST and CONGEST, respectively. Let OPT(G) and OPT(G′) denote the
optimal round complexities for G and G′ respectively. Then OPT(G) ≤ OPT(G′).

Proof. Consider an execution E′ for G′ which achieves OPT. We claim that we can build an
execution E for G, such that for every round r of E′ and for every v ∈ V (G), after round r

in E, v knows all the messages that the nodes of v-clique know after round r in E′. To do so,
consider a round r and some v ∈ V (G). Let us say that nodes in v-clique in E′ in round r

receive messages M1 from the u1-clique, messages M2 from the u2-clique, and so forth for all
neighboring cliques. Then, in E ui sends Mi to v satisfying the invariant. Note that ui can
do this in terms of the bandwidth by construction of the corresponding CONGEST graph,
and in terms of knowing Mi by the invariant. ◁

We now give an example of an instance of a problem where D(G) = O(1) as well as
k

minCut(G) = O(1), but the optimal round complexity is Ω(
√

k). The graph we consider is
the corresponding CONGEST graph G′ to the graph G depicted in Figure 2.

Figure 2 An example graph G where diameter and minimum cut are not telling. Here, edge
labels denote bandwidth.

First, note that D(G) = 2, hence by Claim 23, D(G′) = O(1). Second, notice that
minCut(G) = k and the minimal maximal bandwidth of an edge adjacent to some node
in V (G) \ {s} is equal to k, therefore, by Claim 24, k − 1 ≤ minCut(G′) ≤ k. Finally, by
Claim 25, OPT(G′) ≥ OPT(G), where OPT is the optimal round complexity. Therefore, it
is sufficient to show that OPT(G) = Ω(

√
k).

We claim that Ω(
√

k) rounds are needed for v1 only to get to know M (become saturated).
For the sake of contradiction, assume that we can saturate v1 in ≤

√
k − 1 rounds. That

means that it can be saturated without using the edges (s, v√
k+1) and (v√

k+1, v√
k+2). But

if we remove those edges, minCut(s, v1) ≤
√

k, implying that the number of rounds needed
is at least k√

k
=

√
k, a contradiction.

6 Conclusion

In this work, we explored the multi-message broadcast problem within the CONGEST model.
We presented an algorithm that achieves universal optimality, up to polylogarithmic factors,
for networks modeled as random graphs and extended our results through a lifting technique
to general expander graphs, paying an additional factor of mixing time.
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Our study introduces several promising avenues for future investigation. One intriguing
direction involves developing distributed processes capable of rapidly covering graphs that also
maintain composability, that is, efficiently supporting multiple simultaneous executions under
congestion constraints. Another important direction is identifying graph properties beyond
traditional metrics such as diameter and minimum cut, which would facilitate establishing
tight lower bounds. Subsequently, algorithms matching these lower bounds could be devised,
closing the open problem of multi-message broadcast.
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