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—— Abstract

We study a preferential attachment model G. The graph G is generated from a finite initial graph
by adding new vertices one at a time. Each new vertex connects to h > 1 already existing vertices,
and these are chosen with probability proportional to their current degrees. We are particularly
interested in the community structure of G%, which is expressed in terms of the so—called modularity.
We prove that the modularity of G is, with high probability, upper bounded by a function that tends
to 0 as h tends to infinity. This resolves a conjecture of Prokhorenkova, Pratat, and Raigorodskii
from 2016.

As a byproduct, we obtain novel concentration results (which are interesting in their own right)
for the volume and edge density parameters of vertex subsets of G?. The key ingredient here is the
definition of a function u, which serves as a natural measure for vertex subsets, and is proportional to
the average size of their volumes. This extends previous results on the topic by Frieze, Pérez-Giménez,
Pratat, and Reiniger from 2019.
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1 Introduction

Real-world networks, ranging from social and information networks to biological and techno-
logical infrastructures, often exhibit a rich community structure. Detecting and analyzing
such communities has far-reaching applications: identifying groups of common interest in
social media, classifying spam and misinformation, retrieving related content, uncovering
proteins with similar biological functions, optimizing large-scale infrastructures, improving
network visualization, etc. [19, 28].

To model these networks mathematically, preferential attachment graphs have become
one of the main paradigms. Their early forms appeared as random recursive trees [22, 35].
However, the in-depth study of preferential attachment models was initiated in 1999 by the
work of Barabdsi and Albert [3], who indicated the applications of such graphs in network
modeling. The preferential attachment model was subsequently formally defined and analyzed
by Bollobés, Riordan, Spencer, and Tusnady [8], and Bollobds and Riordan in [6, 7]. It relies
on two mechanisms: growth (the graph is growing over time, gaining a new vertex and a
bunch of h > 1 edges at each time step) and preferential attachment (an arriving vertex is
more likely to attach to other vertices with high degree rather than with low degree), for a
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precise definition check Section 2. Its degree distribution as well as diameter often fit in with
the ones spotted in reality [15, 28]. Nevertheless, an experimental study shows that, unlike
real networks, it lacks apparent community structure.

Quantifying community structure itself is a subtle task. Among the many measures
proposed, modularity, introduced by Newman and Girvan in 2004 [28, 29], has emerged as
a central metric. The vertices of a graph with high modularity may be partitioned into
subsets in which there are much more internal edges than we would expect by chance (see
Definition 1). Nowadays, modularity is widely used not only as a quality function judging
the performance of community detection algorithms [19], but also as a central ingredient of
such algorithms, like in the Louvain algorithm [5], the Leiden algorithm [36] or the Tel-Aviv
algorithm [13]. Early theoretical results on modularity were given for trees [2] and regular
graphs [24]. For a summary of results for various families of graphs check the appendix
of [26] by McDiarmid and Skerman from 2020. More recent discoveries include [9] by Chellig,
Fountoulakis, and Skerman (for random graphs on the hyperbolic plane), [20] by Lasoni and
Sulkowska (for minor-free graphs), [21] by Lichev and Mitsche (for 3-regular graphs and
graphs with a given degree sequence), or [32] by Rybarczyk (for random intersection graphs).

Despite being so widely used in practice, modularity still suffers from a narrow theoretical
study in the families of random graphs devoted to modeling real-life networks. The first
results for the well-known and most studied random graph, the binomial G(n, p), were given
by McDiarmid and Skerman just in 2020 [26]. It is commonly known that G(n,p) is a
poor fit to real networks [19]. Preferential attachment models perform here much better.
Prokhorenkova, Pralat, and Raigorodskii opened the preliminary study on modularity of a
standard preferential attachment graph in [30]. They obtained non-trivial upper and lower
bounds, however, the gap to close remained big. They conjectured that the modularity of
such a graph with high probability tends to 0 with A (the number of edges added per step)
tending to infinity (see Conjecture 3). In this paper we prove their conjecture, confirming the
supposition that a standard preferential attachment model might have too small modularity
to mirror well the behavior of real networks.

As a result, we derive new and interesting concentration results for the volume and edge
density parameters of a given subset of vertices in the preferential attachment graph. To this
end, we introduce a new function p, which serves as a natural measure for vertex subsets,
and is proportional to the average size of their volumes. These findings are noteworthy on
their own and could have potential applications to other problems related to the model in
the future. They extend previous results from [12] by Frieze, Pérez-Giménez, Pralat, and
Reiniger (see lemmas 3 and 4 therein), which were utilized in the context of Hamilton cycles
in the preferential attachment model.

In the following section we give the formal definition of the preferential attachment model
and state the main result. Section 3 is devoted to presenting the results regarding the volume
and the edge density parameters of subsets of vertices in GI. Section 4 is technical, it
contains several facts and auxiliary lemmas used in the latter parts of the paper. In Section 5
we derive concentration results stated in Section 3. These results are used in Section 6 to
prove the main theorem about vanishing modularity in the standard preferential attachment
graph. Section 7 contains concluding remarks.

2 Model and main result

Let N denote the set of natural numbers, N ={1,2,3,...}. For n € Nlet [n] = {1,2,...,n}.
For functions f(n) and g(n) we write f(n) ~ g(n) if lim, o f(n)/g(n) = 1. We say that
an event £ occurs with high probability (whp) if the probability P[] depends on a certain
number n and tends to 1 as n tends to infinity.
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All of the graphs considered in this paper are finite, undirected, and loops and multiple
edges are allowed. Thus a graph is a pair G = (V, E), where V is a finite set of vertices and
E is a finite multiset of elements from V() U V2 with V*) being a set of all k-element
subsets of V. Let e(G) = |E| and for S,U C V set eg(S) = |[{e € EN(SM U S?)| and
ec(S,U)={ee E:enS#0AenU # 0}|. The degree of a vertex v € V in G, denoted
by degq(v), is the number of edges to which v belongs but loops are counted twice, i.e.,
degg(v) =2{e € E:vcenec VU +{e€ E:vecenec VA}. We define the
volume of S C V in G by volg(S) = >, .gdegs(v). By the volume of a graph, vol(G), we
understand volg (V). Whenever the context is clear we write e(S) instead of e¢(.5), e(S,U)
instead of eq(S,U), deg(v) instead of degq(v) and vol(S) instead of volg(S).

We focus on a particular random graph model, called here simply the preferential
attachment graph (consult [3, 6, 15]). Given h,n € N, we construct a preferential attachment
graph G” in two phases. In the first phase we sample a particular random tree T},,, whose
vertices are called mini-vertices. (We call Ty, a tree, however it might be disconnected, and
loops, i.e. single-vertex edges, are allowed in T},,.) Next, the appropriate mini-vertices of
Thy are grouped to form vertices of G”. Let us describe this procedure in detail.

Phase 1. We start the whole process with 77 which is a graph consisting of a single mini-
vertex 1 with a single loop (thus the degree of vertex 1 is 2). For ¢ > 1, the graph Ty is
built upon T} by adding a mini-vertex (¢+ 1) and joining it by an edge with a mini-vertex
1 according to the following probability distribution:

dEth(S)
P(i:s):{ 2641 for 1<s<t
T for s=t+1.

Note that we allow a newly arrived vertex to connect to itself. We continue the process
until we get the random tree T},,.

Phase 2. A random multigraph G is obtained from T}, by merging each set of mini-vertices
{h(i—=1)+1,h(i —1)+2,...,h(i — 1) + h} into a single vertex i for i € {1,2,...,n},
keeping loops and multiple edges.

Note that if G? = (V, E) then V = [n], |V| = n and |E| = hn. Since we will refer very
often to the number of edges of G%, it will be also denoted by M, i.e., M := hn. Given G?,
by GI', where ¢ € [n], we understand the subgraph of G induced by the set of vertices [t].

Our main goal is to upper bound the graph parameter called modularity for G". Tts
formal definition is given just below.

» Definition 1 (Modularity, [29]). Let G be a graph with at least one edge. For a partition A
of V' define a modularity score of G as

N [dS) (vol(S)?
mod4(G) = " (e@ B (vom)) ) |

ScA

Modularity of G is given by
mod(G) = max mod 4 (G),

where mazximum runs over all the partitions of the set V.

Conventionally, a graph with no edges has the modularity equal to 0. A single summand
of the modularity score is the difference between the fraction of edges within S and the
expected fraction of edges within S in a certain random multigraph on V' with the expected
degree sequence given by G (see, e.g., [18]). It is easy to check that mod(G) € [0,1).

STACS 2026
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Non-trivial lower and upper bounds for the modularity of G obtained by Prokhorenkova,
Pralat and Raigorodskii in [30] are the following.

» Theorem 2 ([30], Theorem 4.2, Section 4.2). Let G! = (V, E) be a preferential attachment
graph. Then whp by n — oo

mod(G") = Q,(1/Vh)
and whp by n — oo

mod(G") < 1 —min{5(G")/(2h),1/16},

e(S,V\S)

where §(Gh) = min
() scva<isi<iviz 19l

is the edge expansion of G

Applying the results for the edge expansion of G by Mihail, Papadimitriou and Saberi
from [27] to the upper bound one obtains that whp mod(G?) < 1 — O(1/h). Indeed, the gap
between the upper and the lower bound remained big. The authors stated the following two
conjectures suggesting that the upper bound could be improved.

» Conjecture 3 ([30]). Let G be a preferential attachment graph. Then whp by n — oo
mod(Gh) 222 ¢

» Conjecture 4 ([30]). Let G be a preferential attachment graph. Then whp by n — oo
mod(G") = ©,,(1/Vh).

In this paper we present a much better upper bound for the modularity of G than the
one from Theorem 2 when h is large, resolving, in the positive, Conjecture 3. Conjecture 4
still remains open. The main result of the paper may be presented as follows.

» Theorem 5. Let G! be a preferential attachment graph. Then for every ¢ > 0, whp by
n — oo

)

h
where
f(h) = 6gy(h) +4V2In2 — gy (h)*/Vh
with

1
gy(h) = 6\/21n2(91nh+81nz)+ (2/3)In2 + 2.

» Remark. Note that f(h) ~ 3v2In2vInh as h — oo thus f(h)/vh — 0 as h — co. The
value of f(h)/v/h drops below 1 for h > 810.

» Corollary 6. Let G" be a preferential attachment graph. Then whp by n — oo

3.54vInh + 0.62 4 19.49
Th .

» Remark. The value 2:24vIn hj}%62+19'49 drops below 1 for h > 847.

mod(Gh) <

» Remark. Some new results on the fact that mod(G”) is whp separated from 1 by a constant
even for small values of h can be found in [23].
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3 Volume and edge density

When talking about G = (V, E) we will very often refer to its corresponding random tree
Thn = (V,E). Recall that V = [n], V = [hn] and |E| = |E| = hn =: M. For S C V the
corresponding set of its mini-vertices in V will be denoted by S, thus |S| = h|S|. For i € [n]
and S C V let S; = SN [i], in particular S,, = S. Analogously, for i € [M] and S C V set
S; = SN [i], in particular Sp; = S. Note that for S C V we have volgn () = volr, (S) and
e (S) = e, (9).

When working with modularity we need to have a control over egr (S) and volgn (S),
where S C V. Those values depend a lot on the arrival times of vertices from S. To capture
this phenomenon we define a special measure p : 2V — [0, 00), where 2" stands for the set of
all subsets of V.

» Definition 7 (Measure p). Let G* = (V,E) be a preferential attachment graph and
Thn = (V,E) its corresponding random tree. Let S C V thus S C V is the set of its
corresponding mini-vertices. Associate S with the set of indicator functions

;541 i ies
Ylo if ¢S,

where i € [M] (whenever the context is clear we write §; instead of 55) Define a function
p:2Y —[0,00) as follows:
~ \f
n(S) = N Z5j Cj-1
J=1
with ¢; = 512llf0rj>1and00f1

» Remark. Let G* = (V,E) be a preferential attachment graph, S C V and t € [M].
Note that

We use the measure p to express the following novel concentration results for volgn (9),
ean(5), and egn (S, V'\ S), where S is an arbitrary subset of V.

» Theorem 8. Let G = (V, E) be a preferential attachment graph and Th, = (V,E) its
corresponding random tree. Then for every e > 0 whp by n — oo

M

v

where gy(h) = £/2In2(9Inh + 8In2) + (2/3)In2 + 2.

vSCv ]vo1(5) — VM u(8)| < (1 +€)gw(h)

» Theorem 9. Let GI be a preferential attachment graph and Th, = (V, E‘) its corresponding
random tree. Then for every e > 0 whp by n — oo

VS SV [elS) — (S < (1+ e)ae ()

where
ge(h) =

with

2In2

gy (h)
2

1
gy(h) = 6\/21112(91nh+81nz) +(2/3)In2 + 2.

76:5
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» Theorem 10. Let G! be a preferential attachment graph and Ty, = (177 E) its corresponding
random tree. Then for every e > 0 whp by n — oo

VS CV ’e(S, VA S) — 2u(8) (VM — N(S))] <(1+e) (‘;’gv(h) ++2In 2) %

where

gv(h) = %\/21n2(91nh+81n2)+ (2/3)In2 + 2.

To grasp the intuition hidden behind the above concentration results, it is helpful to
know that there is a relation between the structure of the graph T}, and the structure of a
random graph G on the vertex set [M] in which every edge {i,;} (for i,j € [M]) is present
with probability 1/(2+/25), independently of the other possible edges (in particular, a loop at
vertex i is present with probability 1/(27), consult Section 4 in [7] by Bollobds and Riordan).
We will see that, for any set S, the values (S) and p(S)? are closely related to the expected
value of vols(S) and es(S), respectively.

Let S C [M]. The number of inner edges of S in G, eé(g), satisfies

ZZf Zzz ZQ\[Z2f 221

zGSJGS
J#z
2 2
1 1 1
= — — — = — +O(InM).
257) "Xm | Zas) TomM
€S i€ i€S

Analogously one shows that the number of edges between S and [M]\ S, es(S,[M]\ S),
fulfills

. ~ 1 1
Eleq (S, [M]\ S)] =2 227\/5 Z T\/{

/
e

S~—
@]
=
@
&
e,
0
o

o)}
[¢]
=
2

1%
~ 1 1
E[vols ()] = 2 > 57 (22% +O(In M).

We will see later (consult Lemma 14) that the value of /7¢; is asymptotically close to
1/+/7 thus the measure y is constructed in such a way that u(S) mimics the behavior of
Yics 2%6 in G. In particular p({i}) ~ z%ﬂ for 4 > and p([M]) ~ VM. Therefore

we may expect that in T}, we will get e(S) = u(9)?, e(S,V\ S) ~ 2u(S) (VM — u(S)) and
vol(3) = 2/ u(S).

4  Auxiliary lemmas

The current section gathers all technical lemmas needed in the latter parts of the paper.

The concentration results presented in Section 3 and proved in Section 5 are based on
two variants of the Azuma-Hoeffding martingale inequality. The first one is standard. We
state it as it appears in [16] by Janson, Luczak and Rucinski.
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» Lemma 11 (Azuma-Hoeffding inequality, [1, 14]). If Xo, X1,..., X, is a martingale and
there exist by, ..., b, such that |X; — X;_1| < b; for each j € [n], then, for every xz > 0,

22
PIX,, > Xo + z] < exp .
Z] 1 J
The second one is Freedman’s inequality. We state it below in the form very similar to
the one presented in Lemma 2.2 of [37] by Warnke (one may consult also [4] by Bennett and
Dudek).

» Lemma 12 (Freedman's inequality, [11]). Let Xo, X1,..., X, be a martingale with respect
to a filtration Fo C F1 C ... C Fp. Set Ay = max;cp)(X; — X;-1) and Wy, = Zle Var[X; —
Xi—1|Fi—1]. Then for every A >0 and W, A > 0 we have

/\2
> W, <W, A, < Al < ST amreEerd
P[3k € [n] X) > Xo+ AW < ,Ak_A]—eXp{ 2W+2A)\/3}

Next, we present bounds for the values of ¢; and an upper bound for the function u(g),
both introduced in Definition 7. These results will be referred to very often later on. They
are derived using Stirling’s approximation.

» Lemma 13 (Stirling’s approximation, [31]). Let n € N. Then

n\" 1 n\" 1
2 (7) I < V2 (f) L
™ B exp { on 1 } <n: < ™n . exp 1on

» Lemma 14. For j > 1 let ¢; = [[_, =1, Then

1 1 1 1
= . <ol
eXp{ 8j 4~144j2} N RN~

Proof. By Stirling’s approximation (Lemma 13) we get

0TI 2i-1_ () _ 1 1 2 1

= = —= Xp{ — — .

oo W Tz = U P2 T 12j 1 1) T VA
1 1 1

29541 = 1295 144(25)2°

Analogously, since

Cj>

S S N <
= /rj 24j 414472 125 Vaj PUT8 41442 [
» Lemma 15. Let G? be a preferential attachment graph and Ty, = (V, E’) its corresponding
random tree. Let alsot € [M] and S C V. Then

n(Sy) < Vit+ %

Proof of Lemma 15. By Lemma 14 we get

VT < VTl 1 VT L t
<—E < = 75 <X 4= —_d iy
*2j:10]1*2+2,2 —1°-72 "27 \[Jf\er «

Vi

Lemmas 16, 17, and 18 are auxiliary calculations for expressions involving the volumes of
subsets of V' (however the reader might not notice the connection with volumes at this point).
They will be directly used in Section 5 in the proof of Theorem 9 stating the result on the
concentration of egn (S) for S C V. For the proofs check the full version of this paper [33].

STACS 2026
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» Lemma 16. Let G be a preferential attachment graph and T, = (f/ E) its corresponding

n—oo

random tree. Fiz S CV and let to € [M] be such that to = to(n) 2= co. Then

M 5 M
i:;H 51 fz Sici_1)® 4+ O(In M).

» Lemma 17. Let G be a preferential attachment graph and T, = (V, E) its corresponding
random tree. Fiz S CV and let tog € [M] be such that tg = to(n) 27 ~. Then

M - & M i—1

2y —1 SZ‘, ™

E 6%% == 5 E (Sicl‘fl E 6]‘0.]‘71 + O(lnM + tO)
i=to+1 i=1 j=1

» Lemma 18. Let G be a preferential attachment graph and T, = (V, E) its corresponding
random tree. Fix S CV and let tg € [M]. Then for any constant C > 0

M .
cti—-1) _C
2 < (M —tg).
,Z sy Szt
1=to+1

5 Edge density and volume results for GZ

In this section we use martingale techniques to prove theorems 8, 9, and 10 stated in Section 3,
i.e., we derive concentration results for vol(S), e(S), and e(S,V '\ S) for an arbitrary subset
S CV in G!. A series of results will lead us to Corollary 22 which implies, as a special case,
Theorem 8. We start with analyzing the volumes.

» Lemma 19. Let G! be a preferential attachment graph. Consider the process of con-
structing its corresponding random tree Tp, = (V,E). Fix S CV and for t € [M] let
Zt = VOth (St) Set

t
Zt = CtZt — Z(Sjcj,l

Jj=1

(recall that 0; and c; were introduced in Deﬁmtwn 7). Let F; be a o-algebra associated with
all the events that happened till time t. Then Zl, ZQ, .. ZM is a martingale with respect to

the filtration F1 C ... C Fpr. Moreover, fort € [M — 1]
. N 2 A 1
|Zt+1 — Zt| S — and Var[(ZHl Zt)|ft]

Vot T A4r(t+ 1)

» Remark. The formula for Z; was inspired by the martingale constructed in Lemma 4 of [12]
by Frieze, Pratat, Pérez-Giménez, and Reiniger. The Frieze et al’s martingale, in contrast to

§ 1 ) Zy, and therefore addressed

only those sets of mini-vertices that formed compact 1ntervals By introducing the second

ours, consisted only of the first term, thus of ¢; Z; = (H

term, i.e., by subtracting Z;Zl djcj—1, we are able to handle all types of sets, including those
scattered throughout the entire interval [1, M].

Proof. Let t € [M — 1]. Recall that when mini-vertex (¢ + 1) arrives, it may also connect to
itself. Therefore, conditioned on Fi,

. . 5
Juos = {Zt + 01 + 1 with probability Z’;{thfl

Zi 4+ 0111 otherwise.

(1)
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Additionally, since ¢; = ¢gy1 - %7 we get
t+1 7. 46 t+1
5 t t+1
E[Zt+1|]:t] = ]E |:Ct+1Zt+1 — Jz_:l(sjcj',l .Ft:| = Ct+1 (Zt + 5t+1 + 2t + 1 ) Zé Cj 1
t+1
2t + 2
= Ct41 2t+1 Zt+5t+1 Z(S Cj— 1—CtZt 25 Cj— 1—Zt,
thus Zl, ey Zu is a martingale with respect to the filtration F; C ... C Fj;. Next, since
Ct+1 = G - giié
N N 2t +1
|Zt+1 - Zt| = |Ct+1Zt+1 — iy — 5t+10t| =ct| =21 — Lt — 5t+1
2t 42
Zit1
= o1 — Zy) — ) .
¢t |(Zisr +) <2t—|—2+ t+1

Note that (Z;41 — Z;) € {0,1,2}. Moreover, the volume of S;11 in Ty11 may be at most
2t + 2. Thus Z; 41 < 2t + 2, which also implies that (Z‘“ + 5t+1) € [0,2]. Now use Lemma

2t+2
14 and the fact that |a — b| < max{a,b} for non-negative a,b to get

N N 2
| Zis1 — Zy| < 200 £ —.

vt
By the fact that Z1,..., Zy is a martingale with respect to the filtration Fy C ... C Fay,
c = giﬁ cey1 and by ( ) we also have

Var((Zir1 — Z4)|Fi) = B[(Ze1 — Z)*|Fe] = El(cr41Ze41 — c2Zy — Gpy1ce)?|F

2
2t 42
= C?+1 ]E (Zt+1 2t n 1 (Zt + §t+1)> ]:t‘|
2
2t+ 2 Zt + 5t+1
:C§+1 <(Zt+§t+1+]- 2t+1(Zt+5t+1)> T_’_l
2 +2 2 Zi+ 8e1
Zi+ 9 Zi+ 9 1—-—
+<t+ t+1 — 2t+1(t+ t+1)) ( 2% 11
2
s, (Dl (p Aty cGa o L
2t+1 2t+1 4 dr(t+1)
where the last inequalities follow from the fact that Z‘Qﬁ_”f L €[0,1] and Lemma 14, respect-
ively. |

The next proof utilizes the following well-known approximation.

> Lemma 20 (See [17]). Let n € N and H, = Y;_; . Then H, =Inn+ v+ 5 —
where v 2 0.5772 is known as Euler-Mascheroni constant and 0 < oy, < 1/(8n?).

Qn,

» Theorem 21. Let G" be a preferential attachment graph and Ty, = (\7, E) its corresponding
random tree. Fiz S CV and let t € [M]. Then for every € > 0, for sufficiently large t and
for sufficiently large n we get

P Uvolﬂ (S0) = 2Viu(S)| = (1 + €)9v(h)% <227 (/2R

where gy(h) = £1/2In2(9Inh + 8In2) + (2/3)In2 + 2.
(Recall that p(Sy) was introduced in Definition 7).

76:9
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Proof. Throughout the proof we refer to the process of constructing the random tree Tj,,.
For t € [M] let F; be a o-algebra associated with all the events that happened till time ¢.
Fix e > 0, set to = [t/h] and for j € {tg,to + 1,...,t} consider

J
Zj = Cij — E (51'01‘,1,
i=1

where Z; = volr, (S'j) and ¢;’s and §;’s are as in Definition 7. By Lemma 19 we know
that Z,,...,Z; is a martingale with respect to the filtration 7, C ... C F; such that

\Zj — Zj,1| < — and Var[(Zj — Zj,1)|]-'j,1] < ﬁj. Therefore
max (2 - Zy1) < 2 2__(140(1/1))
X =i =
jettorioaty 0 TV S it — 1) /w(t/h)

and, by Lemma 20,

¢ L1 1 1 1
3 Var((Z; — Z-1)|Fj] < ; I S 4 )+ e

Jj=to+1

= Elnh—i—O(l/t).

Applying Freedman’s inequality (Lemma 12) to Zy,,..., Z; with A = m(l + O(1/t)),
W = Inh+O0(1/t) and A = RO /iR where gy (h) = gv(h) — 2, we get

(22 2, + L2 ]

(1+2)%gv (h)? :
< _ I L
=P T2 I mh 01/t + 2 2(1 + e)gu()(1 + O(1/1))

(L+e/2)%gv(h)* ¢
= e"p{;lnh+ 5(1+¢/2)gv(h) 'h}’

where the last inequality holds for sufficiently large ¢t and n. One can verify that

(14¢/2)*gy(h)?

%lnh—ﬁ— %(1""5/2)@\;(11) >(14+¢/2)In2

thus for sufficiently large ¢ and n we get

P {ZAt > Z + (1 —i—\E/);v(h) \/%] < o—(l+e/2)t/h. 2)

A A 1+ a h . .
Let us now analyze the complementary event {Zt < Zi, + %\/t/ h}. It is equi-
valent to

’f N (1+2)gv(h)
{CtZt — Zéicifl < gLy — Z(sicifl + Tvv t/h}
i=1 i=1

which is

t to _
1 ct 1 1 (1+¢)gv(h)
Ly — — E (51 i— <27, — = E 51 i— ——"\/t/h ;.
{ boa i=1 ars o i=1 . Ct VT /
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By the definition of 1(S;), Lemma 14 and Lemma 15 we have

t
1 2 ~ -
— E 0;ci—1 = ——pu(Sy) < 2\/£p(5t)eé+4-1i4t2
Ct 4

=1

Ve
= 2/iu(S)(1 + O(1/1) = 2v/iu(S,) + O(1). (3)
Note that Z;, < 2tp, therefore by Lemma 14
Cto - ﬁ
?tzto <2Vt (1 4+ O(1/t)) = N o(1), (4)

and, again by Lemma 14,

LULODW i < (14 2wt (1+01/0) = (1 + gyl 1= +00). )

Thus by (3), (4) and (5) we get that the event {Z < Zyy + w\/t/h} implies

~ 2t _ t
{zt — 2Viu(S) < 5 U em) e 0(1)}

which, by (2), for sufficiently large ¢ and n, gives (recall that gy (h) + 2 = gy(h))

- - t
P |voln (31) — 2Vin(31) 2 (1+ e)gv(h) 7= < 2rtiveri, (6)
Vh
To get the opposite bound we repeat the reasoning for the martingale —ZO, R -7 (check
the full version of this paper for the details [33]). <

» Corollary 22. Let G" = (V,E) be a preferential attachment graph and Ty, = (V, E) its
corresponding random tree. Then for every € > 0 we have

P {Vi € {llogyn],...,n} VS CV |volgn(S;) — 2V'hi p(Spi)| < (1+ 6)9\}(]1)5% =1-o0(1),

where gy(h) = $/2In2(9Inh + 8In2) + (2/3)In2 + 2.

Proof. Fix & > 0. Recall that volgn (S;) = volr,,(Sh;). For S CV and i € {|logyn],...,n}
define the event £g; as follows

S e hi
Esi= {‘VOIT;“;(SM) — ZMN(SM) <(1+ 5)9\}(}1)7}.
Vh
For i € {|logyn],...,n}, by Theorem 21 and the union bound, for sufficiently large n we have
P[3SCV &S] <2022 (4e/Di = 9. 9= (/20

Indeed, note that i iterates over the vertices of G and at time i there are 2° possible
configurations for S;, thus also for Sp;. Next, again by the union bound, for sufficiently large
n we get

n

P [Ji € {[logyn],...,n} EISQVE&] < Z 9.9 (/2)i

i=[logy n]
9 . 9—¢llogy n| 2
< ~ :
- 1-2"¢ (1—-2"%)ns
which implies
P[Vi € {|logyn|,...,n} VS CV &s,] =1—o(1). <
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Note that considering only ¢ = n in Corollary 22 we get the statement of Theorem 8,
which finishes its proof.

Now we will again use martingale inequalities which, together with concentration results
for volumes from Corollary 22, will lead to the proof of Theorem 9. Consider the process
of constructing the random tree Ty, = (V,E). Let S CV and j € {1,...,M}. The result
stated in Corollary 22 gives the concentration of the volumes of S’ at time j only for j = hi,
where i € {|logyn],...,n}. In particular, it says nothing about the concentration of the
volumes of the sets S;”_HC, where k € {1,2,...h — 1}, at time hi + k. Such intermediate
concentrations will be needed to prove Theorem 9, i.e., to draw a conclusion about the
concentration of the number of edges within S. We derive those intermediate concentrations
in Lemma 23.

» Lemma 23. Let G! = (V,E) be a preferential attachment graph and Th, = (V,E) its
corresponding random tree. Then for every € > 0 we have

< (1+ £)gu(h)—=

P [Vt e {|logyn|h,...,M}¥S CV ‘voth (S;) — 2Vt u(S;) \/ﬁ}

=1- 0(1)3

where gy(h) = $/2In2(9Inh +81In2) + (2/3)In2 + 2.

Proof. Fix € > 0. Define the events H and V as follows

"= {\ﬁ e {|logynlh,...,MIVS CV ’voth(St) - 2\/12#(&)‘ <(1+ s)gv(h)\;ﬁ}

Vz{ijih such that ¢ € {|logyn],...,n}VSCV

‘VOlT ) — 24/ (S, ‘ (14+¢/2)gy(h )\jﬁ}

By Corollary 22 we know that P[V] = 1 — o(1) thus it is enough to show that the event V
implies the event H.

Assume that V holds. For t € [M]and S C V let Z; = volr, (S;). Consider all j = ih where
i€ {|logogn|,...,n—1}and let k € {1,2,...h—1}. By the fact that /1 + k/j = 1+0(1/5),
d¢ € {0,1}, Lemma 14 and Lemma 15 we get

J+k
2V5+ kp(Sik) = 2/VT+E/5 [ n(S) + D decea
t=j+1

j+k

<27 (1+0(1/5)
Vi j sz;rl %E

= 2V +0(1/v/))) ( ) +00/V5)) =2v/7u(S;) +0(1)

Therefore, if V holds, then for all j = ih where ¢ € {|logyn],...,n — 1}, for all S C V, and
for all k € {1,2,...,h — 1}, for sufficiently large n on one hand,

Zik > Z; > 2[5 u(S)) — (1 + 5/@91}(@%
> 90V/j 1 ku(Sjar) — O(1) — (1 + e/2>gv<h>jj;
jtk

J+ku(Sitke) — (1 +e)gw(h) Th
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and on the other hand

Zin < 2+ 2h S 20T p(55) + (1+ /2)gu(h) 2= + 20
- % Jjt+k
34k p(Sie) + (1+ E)QV(h)W-
Thus for sufficiently large n the event V implies the event H, therefore P[V] = 1—o(1) implies
P[H] =1 — o(1) and the proof is finished. <

Now, we move on to the concentration of the number of edges within subsets of V.

» Lemma 24. Let G" be a preferential attachment graph. Consider the process of constructing
its corresponding random tree Tp, = (V,E). Fiz S CV and fort € [M] let X; = e(S;) and
Fi be a o-algebra associated with all the events that happened till time t. For j € {2,..., M}
set D; = E[X; — X;_1|F;_1] and define

t
X=X, — ZDj.
j=2
Then Xl, Xg, . ,XM s a martingale with respect to the filtration F, C ... C Fpr. Moreover,
forte{2,...,M}
|Xt - Xt71| < 6.
Proof. Let t € {2,..., M}. Note that

E[X; — Xi1|Foo1] = E[X; — Xoo1 — Dy| Fi]
— E[X; — X;1|Fio1] — E[E[X; — Xo 1| Fi1]|Foi]
= E[X; — Xy 1| Fea] — E[X; — Xy 1| F4] =0,
thus Xh - ,XM is a martingale with respect to the filtration F; C ... C Fy;.

Now, for t € [M] let Z; = volr,(S;). Recall that when the mini-vertex ¢ arrives it may
also connect to itself thus for ¢t € {2,..., M} we have

Zi_1+1
Dy =E[X, — Xy 1| Fi1] = 5t”—1
Therefore
. . Zi1+1
|XtXt_1||XtXt_1Dt|‘tht_lét;tl_l‘

Zy1+1
< Xy —Xi1,60——— 3 <6
_max{ t t—1,0t 2% 1 }_ ts

where we used the fact that 0 < X; — X;_1 < &, Z;_1 <2t —2 thus 0 < 6t2t 1 < 4y and
|a — b|] < max{a, b} for non-negative a, b. <

» Lemma 25. Let G" be a preferential attachment graph and Ty, = (f/7 E’) its corresponding
random tree. Fort € [M] and S C V let Z; = volr,(S;). Then for to € [M] divisible by h
and for every e > 0 we have
M
1+1 M
e(S) — ( (Sto/n) + Z i 21_1 >‘<Be\/ﬁ

P|v¥SCV =1-o(1),

i=tg

where B. = /(1 +¢)21In2.
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Proof. Throughout the proof we again refer to the process of constructing the random tree
Thn. For t € [M] let F; be a o-algebra associated with all the events that happened till
time t. For S C V let X; = e, (5}) and D; = E[X; — X;_1|F:—1]. Fix & > 0 and for
j€{to,to+1,...,M} and S C V consider

X;=X;-Y D
i=2
By Lemma 24 we know that Xto, . ,XM is a martingale with respect to the filtration

Fiy C ... C Fas such that [X; — X; 1| < §;. Moreover

M M
Y= 6<M.

Jj=to Jj=to

Thus applying Azuma-Hoeffding inequality (Lemma 11) to Xto, ..., X with bj =4, and

T = Ef,whereB =/ (1 +¢)2In2 we get

" . M (1+¢)2In2-M?/h _ n

P {XM > Xy, + BE\/E} < exp {— I =g~ (+e)n, (7)

Let us now analyze the event {X M Xto + B, f} It is equivalent to
M to M

{XJV[ - ;Di > Xy — ;Dz‘ +Ba\/ﬁ}

which is
M
M
{XM > X, + _; D + Bsﬂ}
i=tg+1
and, by the definition of D; (check the proof of Lemma 24),
+1 M
Xy > X 5l p M
{ M to+z % 1 + s\/ﬁ}
i=to+1
Thus, by (7), we get
M Zia+1 M
P| Xy — | X 52— ) > B.—=| <270+,
[M<to+z 21_1> VAR (8)
i=to+1

Acting analogously for the martingale —Xto, ..., =X we get the opposite bound (check the
full version of this paper for the details [33]). <

We are ready to prove Theorem 9.

Proof of Theorem 9. Throughout the proof we again refer to the process of constructing
the random tree Tj,,. Fix e > 0. For t € [M] and S C V let X; = eTt(S't) and Z; = volr, (5',5)
For to = h|log, n| we define the events H, £ and V as follows

H= {vs CV le(S) - u(S)? <1 +€)gg(h)\]>4ﬁ},

i—1 1 M
e(S) - (sm/h Zag_ﬁ )’ f}

&= {VS cVv
i=to+1

V:{Vte{to,.. M}VSCV|Zt—2\[MSt|<(1+Egv

S\
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where B. = /(1 +¢)2In2. By lemmas 23 and 25 we know that P[ENV] =1 —o(1). Thus it

is enough to show that the event £ NV implies the event H.
Assume that £ NV holds. By lemmas 16, 17, and 18, for any S C V, as tg = O(In M),

M

S

i\/f: 2V — 1p(Sie 1)+ f: 5i(1+€)9v(h)i71

we can write
2t —1 ) 2i—1
i=to+1 i=to+1

M
z 1+1
T ;
M M i—1
v )2 T (I+¢e)gy(h) M —to
§§Z(5CZ 1 —1—52 0iCi— 125c] 1]+ 5 Th +O(In M)

i=to+1

M
< u(8ar)? + % > W(Z,l_ 5+ (1+ sgg"(h) M\/{O +O(In M)

+O0(InM),

where the last inequality follows from Lemma 14, the fact that §; € {0,1}, and the fact that

2 .
~ ) \/’TT M ﬁ 2 M ) M 1—1
lU‘(SM) = 9 Z(;ici—l = 72 Z(5ici_1) +22 5ici—125jcj—1
=1 =1 =1 Jj=1

Analogously, again by lemmas 16, 17, and 18, for any S C V we can get

O TE ) e S S
, o1 < -1 , i
i=to+1 7,:t0+1 1=to+1 i=to+1
~ 14+¢e)gy(h) M —t
> j(Sar)? = - O(ln M).

Note that for any S C V' we have e(S;,/5) < to and recall that ¢y = h|log, n]. Thus for all
S C V, for sufficiently large n we may write (recall that £ NV holds)

e(S) < to + BE% +u§ 4 Egg"(h) M\/_Eto +O(In M)
<8+ (VB4 ST 5 (14 e ()

where the term O(ln M) + t¢ vanishes after the second inequality as the factor /1 + € from
B is replaced by (1 + ¢). Analogously we get

e(8) > ~B. AL 4 (g - LW WI M o 60 0y 5 (812 — (14 2)ge () 2L

—B: .

- W 2 vh Vh
This means that for sufficiently large n, the event £ NV implies the event #. Thus P[ENV] =
1 —o(1) implies P[H] = 1 — o(1), and the proof is finished. <

Mimicking the reasoning from the proofs of Lemma 24, Lemma 25, and Theorem 9 one can
prove Theorem 10. We leave it without the proof details as this would be very repetitive.
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6 Modularity of G" vanishes with h

Recall that the main result of the paper (Theorem 5) states that the modularity of a
preferential attachment graph G" is with high probability upper bounded by a function
tending to 0 with h tending to infinity. The whole current section is devoted to its proof.

The first step in the proof of Theorem 5 follows from an interesting general result on
modularity by Dinh and Thai.

» Lemma 26 ([10], Lemma 1). Let G be a graph with at least one edge and let k € N\ {1}.
Then

k
< — .
mod(G) < 1 Aﬂnj);kmodA(G)

In particular,

d(G) <2 da(Q).
mod(G) <2 max mod,(G)

» Corollary 27. Let G = (V, E) be a graph with at least one edge. Then

(a8 o).

mod(G) < 4 - max
SCV

Proof. Consider 2-element partitions of V. We have

max mod4(G) = max (
A Al=2 A={5,V\5}

e(S)  vol(S)?
=2-mex (G(G) - vol(G)2> '

The conclusion follows by Lemma 26. (Note that for S =V the argument of the maximum
equals 0 thus the bound is non-negative.) |

e(S)  vol(S)? N e(V\S) VOI(V\S)2>
e(G) vol(G)? e(Q) vol(G)?

The above corollary frees us from considering all the partitions of V' when analyzing modu-

larity of G”. We can simply concentrate on upper bounding the values of (e?(cfﬁg) - V\;?E(Cfg ;)
over all S C V. To do so, we use the concentration results for e(S) and vol(S) obtained in

Section 5.

Proof of Theorem 5. Fix ¢ > 0 and let gg(h) = QVT(h) +v21In2. Let us define the events H,
& and V as follows

= {moa(h < LI,

&= {VS CVe(S) <u(S)?+(1 +€)gg(h)\]\/%},

V= {vs C V vol(S) > 2vVMpu(S) — (1 +5)gv(h)%} .

By Theorem 8 and Theorem 9 we know that P[E N V] =1 — o(1). Thus it is enough to show
that the event £ NV implies the event H.
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Assume that €NV holds. Recall that e(G?) = M and vol(G!) = 2M. For any S C V we
may write

e(S) vol(5)%  4Me(S) — vol(S)?

e(Gh)  vol(Gh)2 — 4M?
2 2
Ve <4Mu(§)2+4(1+6)gg(h)]\\;fﬁ - (2\/Mu(5*) - (1+€)gy(h)\]\//fﬁ> )
_ (49ge() | SO+ )gv(h) (1 +2)gv(h)?
Vh VaIh an

(1+€) (92 (h) + gv(h) — 9w (n)2/(4VR))
< )
. Vh

where the last inequality follows from Lemma 15 and is valid for sufficiently large n. By Co-
rollary 27, for sufficiently large n we obtain

e(S) vol(9)?2
(e(Gﬁ) - VOl(Gﬁ)Q)

_0+9) (49 (0) + 49w (k) = v (W*/VE) (14 )4 ()

mod (G") < 4 - max
SCV

B Vh vh
We got that for sufficiently large n the event €NV implies the event H thus P[ENV] = 1—0(1)
implies P[#] = 1 — o(1) and the proof is finished. <

We finish by proving Corollary 6.

Proof of Corollary 6. The corollary follows from Theorem 5 by considering f(h) = 6gy (h) +
4v/21n 2 instead of f(h) in the upper bound (note that 3v/2In2 < 3.54, (8/9)In2 < 0.62 and
4In2 + 12 + 4v/21n 2 < 19.49). <

7  Concluding remarks

We showed that the modularity of a preferential attachment graph G is, with high probability,
upper bounded by a function of the order ©(v/Inh/v/h). This proves Conjecture 3 but means
that Conjecture 4, saying that modularity of G? is, with high probability, of the order
O©(1/v/h), still remains open. Note that the term ©(1/v/h) can also be seen as @(1/\@),
where dj, states for the average vertex degree in G”. Such behavior of modularity has already
been reported in other random graphs. For G, , being a random r-regular graph it is known
that whp mod(G,,.) = ©(1/+/r) (see [25]). For binomial random graph G(n,p) it is known
that mod(G(n,p)) = ©(1/,/np) when np > 1 and p is bounded below 1 (see [26, 34]). These
might be premises supporting Conjecture 4.

To the best of our knowledge, this paper provides the first concentration results for vol(S),
e(S), and e(S,V '\ S) in G", where S can be an arbitrary subset of V. The analogous results
obtained so far, e.g. in [7], [12] or [30] always addressed “compact” subsets of vertices, i.e.,
sets of the form {i,i+1,+2,...,5}. (In Lemma 4 of [12] the authors investigate the volume
of any set S C [t] of size 1 < k < ¢ at time ¢ but in fact in their proof the volume of S is
upper bounded by the volume of the k “oldest” vertices in [¢], i.e., the volume of the set [£].)
In this paper more accurate analysis was possible thanks to introducing indicator functions
&2 in Definition 7. We believe that the proof methods leading to results obtained in Section 5
might help in the future to get bounds for edge expansion or conductance of G” that are
stronger than those currently known.
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