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—— Abstract

Let F be a finite family of graphs. In the F-DELETION problem, one is given a graph G and
an integer k, and the goal is to find k vertices whose deletion results in a graph with no minor

from the family F. This may be regarded as a far-reaching generalization of VERTEX COVER and
FEEDBACK VERTEX SET. In their seminal work, Fomin, Lokshtanov, Misra & Saurabh [FOCS 2012]
gave a polynomial kernel for this problem when the family F contains a planar graph. As the size
of their kernel is g(F) - K ), a natural follow-up question was whether the dependence on F in
the exponent of k can be avoided. The answer turned out to be negative: Giannopoulou, Jansen,
Lokshtanov & Saurabh [TALG 2017] proved that this is already inevitable for the special case of the
TREEWIDTH-7-DELETION problem.

In this work, we show that this non-uniformity can be avoided at the expense of a small loss.
First, we present a simple 2-approximate kernelization algorithm for TREEWIDTH-7-DELETION with
a kernel size g(n) - kS. Next, we show that the approximation factor can be made arbitrarily close
to 1, if we settle for a kernelization protocol with O(1) calls to an oracle that solves instances of
size bounded by a uniform polynomial in k. We extend the above results to general F-DELETION,
whenever F contains a planar graph, as long as an oracle for TREEWIDTH-1-DELETION is available
for small instances. Notably, all our constants are computable functions of F and our techniques
work also when some graphs in F may be disconnected.

Our results rely on two novel techniques. First, we transform so-called “near-protrusion decom-
positions” into true protrusion decompositions by sacrificing a small accuracy loss. Secondly, we
show how to optimally compress such a decomposition with respect to general F-DELETION. Using
our second technique, we also obtain linear kernels on sparse graph classes when F contains a planar
graph, whereas the previously known theorems required all graphs in F to be connected. Specifically,
we generalize the kernelization algorithm by Kim, Langer, Paul, Reidl, Rossmanith, Sau & Sikdar
[TALG 2015] on graph classes that exclude a topological minor.
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1 Introduction

Consider a finite family F of graphs. In the F/-DELETION problem we are given a graph G and
a positive integer k and we ask whether one can remove k vertices from G to obtain a graph
that is F-minor-free, that is, it does not contain any graph F' € F as a minor. This captures a
wide variety of graph problems such as VERTEX COVER, FEEDBACK VERTEX SET, DIAMOND
HiTTING SET, or d-PATH TRANSVERSAL. It is known that F-DELETION is fixed-parameter
tractable (FPT) [28] for every family F and it admits a polynomial kernel' whenever F
contains at least one planar graph [11]. This condition is equivalent to the existence of
a constant n(F) € N such that every F-minor-free graph has treewidth [5, §7] bounded by
n(F) [26]. A canonical problem that fits into this category is TREEWIDTH-7-DELETION:
remove k vertices from a graph to reduce its treewidth to 1. The arguably simplest case for
which F does not contain a planar graph is VERTEX PLANARIZATION; here the existence of
a polynomial kernel remains a major open problem [18].

What may seem like a downside of the kernelization algorithm by Fomin et al. [11] is
its non-uniformity: the size of the kernel is of the form Oz (k/*)) for some function f.
This turns out to be inevitable: TREEWIDTH-7-DELETION does not admit a kernel
of size 0, (k°M) unless NP C coNP /poly [14]. On the positive side, uniform kernels
are known for TREEDEPTH-7-DELETION with O, (k%) vertices [14] and for families F of
connected graphs that include Ks, (for any p € N) with Oz (k%) vertices [22] (cf. [10]).

Another way to obtain uniform kernelization is to restrict the input graph G to some
well-behaving graph class. There are several meta-theorems that yield linear kernels for
miscellaneous problems over the class of planar graphs [4], for every proper minor-closed
graph class [12], and even for every graph class that excludes some graph as a topological
minor [13, 19]. These approaches suffer from a different weakness though: they require
the problem in question to satisfy a certain separation condition. This translates to a
restriction that every graph in the family F must be connected. Consequently, we
could not handle deletion to graph classes such as “planar graphs of bounded face cover” or
“bounded-treewidth graphs embeddable on a torus”. In the second example, observe that the
family of minimal minor obstructions to torus embeddability includes K5 + K.

Lossy kernelization. In order to overcome known barriers against polynomial kernels [3, §],
researchers started to study a lossy variant of kernelization [23]. Intuitively, an a-approximate
kernel reduces the task of finding an approximate solution to an instance of size poly(k)
where k bounds the optimum. Here, the approximation factor a measures how much is “lost
in translation” between the two instances: a c-approximate solution is translated to an (« - c)-
approximate solution. Such lossy kernels have been studied for VERTEX PLANARIZATION [18]
and for F-DELETION with a connectivity constraint on solution [7, 24]. To capture the
difficulty of an approximation task by parameter k, solutions larger than k are treated as
equally bad and we define their cost as k + 1 [23].

Analogously to exact kernelization, one can allow the algorithm to repeatedly call an
oracle that (approximately) solves an instance of bounded size. Assuming that the oracle
processes instances of size poly(k), such an algorithm is called an (approximate) polynomial
Turing kernelization [16, 21]. A restricted model in which the number of oracle calls is
bounded by poly(k) (so, in particular, it does not depend on the input size) has been dubbed

LA polynomial kernel for a parameterized problem L is a polynomial-time algorithm that given an
instance (I, k) of L returns an equivalent one (I’, k) such that |I’| + k' < poly(k). See the book [8].



R. Sharma and M. Wtodarczyk

a lossy kernelization protocol [9]. In fact, allowing just two oracle calls unlocks technical tools
unavailable for currently known one-shot lossy kernels [9]. Whereas there are problems that
admit an exact polynomial Turing kernel and are unlikely to admit a regular polynomial
kernel [17], the current lower bound techniques do not distinguish whether the oracle is called
poly(k) times or just once [8, §21]. It is therefore an intriguing question if and how (lossy)
kernelization protocols can outperform one-shot (lossy) kernels.

Our results. In this paper we address the two raised issues that trouble the existing
kernelization algorithms for F-DELETION. First, we show that a uniform polynomial
kernelization for TREEWIDTH-7-DELETION is possible if we settle for 2-approximation. This
should be compared to polynomial-time O(logn)-approximation algorithm for TREEWIDTH-
1-DELETION [15] whereas c-approximation with an absolute constant ¢ remains elusive. Our
result extends to F-DELETION for any family F containing a planar graph, modulo the
fact that we still need an oracle solving TREEWIDTH-7-DELETION. As the oracle problem
differs from the original one, we obtain a slightly weaker result, namely a lossy polynomial
compression.

» Theorem 1 (Uniform lossy kernel). Let F be a finite family of graphs containing at least
one planar graph. Then F-DELETION admits a 2-lossy compression with Oz (k®) vertices and
of size Oz (kS). Moreover, TREEWIDTH-1-DELETION admits a 2-lossy kernel with Ox(k®)
vertices and of size O (k°).

We can improve the approximation factor from 2 to (1 + ¢) for any € > 0 by calling the
oracle in several rounds. The number of rounds, as well as the degree in the kernel size,
depend only on €. Hence we obtain a uniform lossy compression protocol with approximation
factor arbitrary close to 1 and with constant number of rounds.

» Theorem 2 (Uniform lossy protocol). Let F be a finite family of graphs containing at least
one planar graph. For any € > 0, F-DELETION admits a (1 + €)-lossy compression protocol
of call size Ox(k® + k* 1), and at most 1+ r rounds, where r =1+ [log; ,.(1)].

For the special case of TREEWIDTH-1-DELETION, there is a (1 4 €)-lossy kernelization
protocol with same call size and number of rounds.

The proofs of Theorems 1 and 2 rely on “protrusion techniques” [8, §16]. An r-protrusion
is a vertex subset X C V(G) such that (i) treewidth of G[X] is at most r and (ii) X contains
at most r vertices with a neighbor outside X. A graph G admits an (a, §)-protrusion
decomposition if there is a vertex subset Py C V(G) of size < «a so that G — Py can be
covered by o many S-protrusions (see Section 2 for formal definitions). In the proofs we
transform so-called near-protrusion decompositions [11] into true protrusion decompositions
with bounded parameters «, 8 by sacrificing small accuracy loss. The known techniques
can compress such structures in a uniform fashion as long as all graphs in the family F are
connected. To tackle the remaining cases, we prove the following lemma. Here, optz(G)
denotes the minimum size of a solution to F/-DELETION in G, i.e., an F-deletion set.

» Lemma 3 (Handling disconnected forbidden minors). Let F be a finite family of graphs.
There is an algorithm that, given a graph G with an (a, B)-protrusion decomposition and
integer k, runs in time O g(|V(G)|) and outputs a graph G' with O g(a + k) vertices such
that min(optz(G), k + 1) = min(opt=(G’), k + 1).

We remark that the factor hidden in the O(:)-notation is a computable function of (F, 3).
See Lemma 14 for a full statement tailored for lossy kernelization. As a corollary of Lemma 3
we obtain linear kernels on graph classes where one can compute an (O(k), O(1))-protrusion
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decomposition. The most general cases where such a construction is known are classes with
excluded topological minor [19]. Whereas the known linear kernels for F-DELETION require
all the graphs in F to be connected [4, 12, 13, 19], we are able to drop this assumption.

» Theorem 4 (Linear kernel on sparse graphs). Let H be a graph and F be a finite family of
graphs containing at least one planar graph. Then F-DELETION admits a linear kernel on
H -topological-minor-free graphs.

Organization of the paper. We begin with an informal exposition of our main technical
ideas in Section 3. The most of the remaining space is devoted to Lemma 3 (Section 4) which
is too technical to be covered in the overview. We prove Theorems 1 and 2 in Sections 5
and 6. Since Theorem 4 follows from Lemma 3 and previous results, it is given in the full
version of the article. The full version also contains the proofs of lemmas marked with ()
as well as background on tree decompositions and lossy kernelization.

2 Preliminaries

For any object F', the notation Op(-) hides factors depending on F. For p € N we denote
[Pl = [1,pl = {L,....p}.

» Definition 5. Let T be a rooted tree and S C V(T') be a set of vertices in T. We define
the least common ancestor of (not necessarily distinct) u,v € V(T), denoted as LCA(u,v), to

be the deepest node x which is an ancestor of both u and v. The LCA closure of S is the set
LCA(S) = {LCA(u,v) : u,v € S}.

» Lemma 6 ([8, Lem. 9.26, 9.27, 9.28]). Let T be a rooted tree, S C V(T') be non-empty,
and L = LCA(S). All of the following hold.

1. Each connected component C of T — L satisfies [Np(C)| < 2.

2. |[L|<2-|5]—1.

3. LCA(L)=L.

Protrusions. For any 8 € N, a S-protrusion in a graph G is a vertex set X C V(G) such
that the treewidth of G[X] is at most 8 and |0g(X)| < B, where Jg(X) = Na(V(G) \ X).
When G is clear from the context, we drop the subscript.

» Definition 7. For o, 8 € N, an («, 8)-protrusion decomposition of a graph G is a partition
of the vertex set V(G) = (Po, P1, ..., Py) such that:

1. max{|FPol, ¢} < a, and

2. for each i € [1,€], N[P,] is a B-protrusion, and

3. for each i€ [1,{], N(P;) C P,.

We refer to Py as the root bag of the decomposition. A protrusion decomposition is called
nice if for each i € [1,4] it holds that |[N(P;)| < 8.

» Lemma 8. An (a, 8)-protrusion decomposition (Py, Py,...,Ps) of G can be transformed
in linear time into a nice (o, B)-protrusion decomposition (Py, P, ..., P;) such that for each
i € [1,4] it holds that P; C P/.

Proof. Fix i € [1,¢]. By definition, we have that [0(N[P;])| = |[N(V(G) \ N[R])| < 8.
Suppose that v € N(P;) \ (N[F;]). Then N(v) C N[P;] and moving v from Py to P; does
not alter the set N[P;], hence N[P;] U {v} remains a S-protrusion. After performing such
an operation exhaustively for each ¢ € [1,/¢] and v € N(F;) \ d(N[P;]), we obtain a nice
(a, B)-protrusion decomposition. <
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Boundaried graphs. A ¢-boundaried graph is a triple H = (H, B, ) where H is a graph,
B CV(H) is of size t and A: [t] — B is a bijection representing a labeling function. We refer
to the set B as OH and call it the boundary of H. By V(H) we refer to V(H). Given two
t-boundaried graphs Hy = (Hy, By, A1) and Ha = (Ha, Ba, A\2), Hy & Ha denotes the graph
H obtained by first taking the disjoint union of H; and Hs and then identifying each vertex
up in By with uy € By such that A\{'(u1) = Ay ' (uz). For h € N and a graph G, h-folio(G)
is the set of all graphs on at most h vertices which appear in G as a minor.

» Lemma 9 (). There is a computable function v: N x N x N — N so that the following
holds. Let h,r,d € N and F be a family of graphs where each graph has at most h vertices.
Nezt, for a graph G and an r-protrusion X, let us denote H = (G[X],0¢(X), A), where X is
some labeling function, and H* = (G[N[V(G) \ X]],0¢(X),\). Note that G = H & H*.

Then there is an algorithm that, given G and X, runs in time Oy, q(|X|) and returns a
graph G’ with the following properties.

1. G’ is obtained from G by replacing the boundaried graph H with a |0g(X)|-boundaried
graph H, that is G' = H @ H* such that:
h-folio(F — 9H) = h-folio(H — OH)
V()| < (). A
2. Given an F-deletion set S" in G’ such that |S" NV (H)| < d, one can in polynomial time
find an F-deletion set S in G of size at most |S’|. And vice versa, an F-deletion set S in
G such that |SNV(H)| < d can be lifted to an F-deletion set S’ of size at most |S| in G'.

Additionally, suppose that Q is a fixed graph and G is Q-topological-minor free. Then the
algorithm outputs a graph G’ that is also Q-topological-minor free in time Oy, ,.q4.0(|X|).

The proof of Lemma 9 appears in the full version for completeness and follows the proof
of [13, Theorem 1.1]. Note that the key highlight of Lemma 9 is that the function ~ is
computable and the family F is arbitrary (and not necessarily of connected graphs).

3 Technical overview

We sketch the main ideas in Theorems 1 and 2 for the simplest case of TREEWIDTH-7)-
DELETION. The starting point is a near-protrusion decomposition from [11]: one can assume
that graph G is equipped with disjoint sets X,Z so that |X| = O,(k), |Z] = O,(k?),
tw(G — X) < 1, each component C of G — (X U Z) has O,(1) neighbors in Z and each
u,v € N(C) N X are highly connected. The last condition implies that for any solution S of
size < k, if {u,v} NS = () then u,v must share a bag in any tree decomposition of G — S
of width < 7. Therefore, it is safe to insert the edge uv to G. We can thus assume that
N(C)Nn X is a clique. If this clique has size > 2(n + 1) then we know that any solution must
remove at least half of its vertices. And so we can remove the entire clique by paying 2 in the
approximation factor. After applying such a reduction rule, each component C of G — (X U Z)
has O,(1) neighbors in total. This implies that N[C] forms an O,(1)-protrusion, having
both its treewidth and boundary bounded. The framework of protrusion replacement [4, 13|
allows us to replace G[N[C]] by a subgraph of constant size that exhibits the same behavior
with respect to the problem in question. The caveat is that the number of such protrusions
may be as large as k(" which is prohibitive for constructing a uniform kernel.

Uniform lossy kernel. We would like to transform the current decomposition into a
(Oy(k°), O, (1))-protrusion decomposition, where ¢ does not depend on 7. We call a compo-
nent C of G — (X UZ) simplicial if N(C) forms a clique. Because we can insert edges between
highly connected vertices in X U Z, each non-edge may appear only in a bounded number
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of sets N(C). We use this argument to bound the number of non-simplicial components
by (’),,(k’s). Let us neglect the simplicial components for a moment and let G’ denote the
graph without them. Then G’ admits a protrusion decomposition of desired form and we
can compress G’ to G” on O, (k®) vertices. This is the output of the kernelization algorithm.

It remains to provide a mechanism to lift a solution S” from G” to G. First, we note that
a solution S” can be lifted to a solution S’ of G’ using standard tools. The interesting step is
lifting S’ to a solution S in G. This is the part where the lifting step of the algorithm does
a nontrivial (yet, polynomial-time) computation exploiting a treewidth bound. Consider a
tree decomposition 7 of G’ — S’ of width 7 and a simplicial component C of G — (X U Z).
Since N(C)\ S’ is a clique, it must be covered by some bag in 7. Therefore, we can plug
G[N[C]] into T by merging a tree decomposition of G[N[C]] of width 27+ 1 and the tree
decomposition T alongside N(C) \ S’. This argument bounds the treewidth of G — S’ by
2n+1 and on such a graph we can solve TREEWIDTH-7-DELETION exactly in polynomial time.
We output the union of S’ and the optimal solution in G — 5’, resulting in 2-approximation.

Uniform lossy protocol. Improving the approximation factor below 2 requires a different
approach. We can still start with the sets X U Z as described in the beginning of this section,
and make each connected component C' of G — (X U Z) a protrusion, this time by removing a
clique in the neighbourhood of C' whose size is at least (n + 1)(1 + €)/e. The main challenge
is to bound the number of simplicial protrusions. Let Yy = X U Z. Since we now aim at
a lossy kernelization protocol, we can send G[Yp] to the oracle which outputs Y; C Yy for
which tw(G[Yo \ Y1]) < 0. Assume for simplicity that the oracle always returns an optimal
solution. Then |Y7| = opt(G[Yy]) < opt(G). And once again, we ask the oracle for a solution
Y2 in G[Yi]

Suppose first that |Y2| > (1 —¢) - [Y1]|. Observe that any optimal solution S in G satisfies
|S NY1| > opt(G[Y1]) so opt(G — Y1) < opt(G) — (1 — &) - |Y1]. A crucial observation is that
removing Y] from G allows us to construct an (O, (k°), O, (1))-protrusion decomposition.
For each simplicial component C, the set N(C) \ Y; forms a clique in the graph G[Yp \ Y1]
of treewidth < 7. But the number of cliques in a bounded-treewidth graph is linear so
we can group the simplicial components into O,,(|Ys \ Y1|) protrusions according to their
neighborhoods in Yy \ Y;. Together with O,(k®) non-simplicial components, this allows
us to compress the graph G — Y] into size O,(k°). Let S; be the solution in G — Y;
computed with the help of the oracle. Assuming |S;| = opt(G — Y1) we get |S1] + |Y1| <
opt(G) — (1 —¢) - [Y1| + |Y1| = opt(G) + € - |[Y1| < (1 +¢€) - opt(G).

Suppose now that |Ya| < (1 —¢€) - |Y1|. We continue asking the oracle for solution Y;1; in
GY;]. Let j be the first iteration for which |Y; 1| > (1—¢)-|Y;|. We repeat the same trick but
this time the set Yp \ Y; is partitioned into j subsets (Yo \ Y1), (Y1 \Y2),...,(Y;-1\Yj;), each
inducing a graph of treewidth < 7. The number of cliques in G[Yj \ Y;] can be bounded by
f(n,5) - [Yol?, allowing us to construct an (O, ;(k®W+5), O, ;(1))-protrusion decomposition.

This procedure yields a uniform kernelization protocol as long as j can be bounded. But
suppose we keep getting outcome |Yj 41| < (1 —¢) - |Y;|. Then for r = 1+ [log,_ (€)] we
obtain |Y,| < (1 —&)" 1. |Yi| = ¢ [V1] < e-opt(G). In this case we can again use the oracle
to compute a solution in G — Y;., bounding the number of protrusions by |Y5|", and merge it
with Y,., achieving (1 + ¢)-approximation. See Figure 3 on page 17 for an illustration.

In order to handle F-DELETION, we need to be more careful because inserting an edge
between highly connected vertices may no longer be safe. To this end, we introduce an
auxiliary graph which collects these inserted edges and exploit the fact that the optimum to
F-DELETION can be lower bounded by the optimum to TREEWIDTH-7-DELETION, for some
n = n(F). We need to ask the oracle for solutions to TREEWIDTH-7-DELETION over the
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auxiliary graph as well, and this is the reason why in general we end up with compression
protocol, rather than kernelization protocol. Whereas the standard protrusion replacement
technique suffices to finish the construction when all the graphs in F are connected, dealing
with the general case requires one more tool.

Handling disconnected forbidden minors. There are two known ways to compress pro-
trusions in the presence of disconnected graphs in F. First, one can consider an annotated
version of F-DELETION, where some vertices are marked as undeletable [4], but this requires
the oracle to solve a significantly harder task. Secondly, one can take advantage of a certain
well-quasi-order over boundaried graphs [11] but this involves a non-constructive argument
and results in factors that a priori may be an uncomputable function of F. Besides, both
approaches are insufficient to construct a linear kernel in Theorem 4.

To visualize the issue, consider F' = K4 + C5 and an («, 8)-protrusion decomposition
(Py, P1,...,Pp) of a graph G. It may be the case that G[P;] is Ky-free for some i € [1, ¢] but
it contains a lot of minor models of Cs. Depending on whether a solution to F-DELETION
hits all the copies of K, outside P, it may need to remove either none or a very large number
of vertices in P. In fact, such a problem does not admit finite integer indez [19], a property
crucial for protrusion replacement [4, 13].

Observe however that if G[P;] contains a disjoint packing of k 4+ 1 minor models of C,
then we already know that no solution of size < k can make the graph Cs-minor-free, so it
should “focus” on hitting the K4-minors. There is a caveat though: it might be the case
that the only minor model of K4 in G intersects each model of Cs and so K4 + C5 already
does not appear as a minor. In order to circumvent such error-prone corner cases, we refine
an (a, 8)-protrusion decomposition to one with dichotomy property. It states that for every
connected graph F on at most h vertices (where h is the maximum graph size in F) either
F' does not appear as a minor in G — Py or F has a large “private” collection of protrusions
in which it appears. This property implies that any optimal solution S can use only Or (1)
vertices from each protrusion, mimicking the missing separation property. Intuitively, the
aforementioned collections justify that any solution S of size < k& must focus on hitting
minors that do not appear in G — Py, and so it does not make sense to remove too many
vertices from a single protrusion. Consequently, the constructive protrusion replacement
by Garnero et al. [13] can be adapted to compress protrusions in a decomposition with the
dichotomy property.

To construct a decomposition with dichotomy property we generalize the packing/covering
duality for connected minor models in bounded-treewidth graphs [25]. In our case however
we do not pack models of a single graph F but we consider a family of connected graphs F’
and in each step of a greedy procedure we need to choose one graph F' € F’ to be packed,
without spoiling the invariants for the remaining graphs from F’. The details are technical
and we omit them here.

4  Protrusion replacement for disconnected forbidden minors

In this section we collect ingredients to prove Lemma 14 which is a generalization of Lemma 3.
We begin with two crucial definitions. We write 2[4 to denote the power set of [1,].

» Definition 10 (Minor packing). Let ¢ € N and F be a finite family of graphs. We say that
a protrusion decomposition (Po, Py, ..., P;) of G admits an (F,c)-minor packing if there is a
mapping I: F — 204 such that:

1. for each F € F, |I(F)| =,

2. for each F € F, i € I(F), it holds that F <, G[P}],

3. for each distinct Fy, Fy € F, the sets I(Fy),I(F3) are disjoint.

78:7

STACS 2026



78:8

Protrusion Decompositions Revisited

» Definition 11 (Dichotomy property). Let k,h € N and H$*™ denote the family of all con-
nected graphs on at most h vertices. We say that a protrusion decomposition (Py, Py, ..., Pp)
of graph G has (k, h)-dichotomy property if it admits an (F,k + h)-minor packing, where
F CHSe™ is the family of connected graphs that belong to h-folio(G — P).

We prove that any protrusion decomposition can be modified to satisfy (k, h)-dichotomy
property. After initializing F = H{°"", we consider each graph from F and as long as
G — Py contains an F-deletion set S of size Oy, g(k) for some F' € F, we insert Sp into Py
and remove F' from F. More precisely, we first compute the LCA-closure for Sg in a tree
decomposition of G — Py to preserve the invariants of a protrusion decomposition. When we
cannot proceed, each remaining graph F' € F must have a large packing of disjoint minor
models in G — Fy. Note that these models can intersect for different F. We give a greedy
procedure that scans a tree decomposition of G — Py bottom-up and marks bags that allow
us to separate a new protrusion containing a model of F' (see Figure 2 on page 12). We also
care to keep the set of marked bags closed under LCA, so that we end up with a protrusion
decomposition of G — Py with an (F, k + h)-minor packing. Finally, we merge it with the
protrusion decomposition of G.

» Lemma 12. Suppose G admits an («, 8)-protrusion decomposition (Py, Py,...,P;). Then
it also admits a nice (oo + Op p(k), On,p(1))-protrusion decomposition with (k, h)-dichotomy
property. Furthermore, this new decomposition, together with the corresponding minor
packing, can be constructed in time O g(|V(G)|) given the old one.

The proof of Lemma 12 is technical and we defer it to Section 4.1 to keep the focus of the
current section. We now explain how dichotomy property ensures that an optimal F-deletion
set can remove only a bounded number of vertices from each protrusion.

» Lemma 13. Suppose G admits a nice («, 8)-protrusion decomposition (Py, Py, ..., Pp) with
(k, h)-dichotomy property and let F be a family of graphs of mazimum size h. Next, suppose
that G has an F-deletion set S of size < k. Then G has an F-deletion set S with the property
that for each i € [1,¢] we have ISNP|<B-(h- [H5e™ | + 1) and 15| < 1S].

Furthermore, one can compute §, given G, S and (Py, Py, ..., P;), in polynomial time.
Moreover, every minimum F-deletion set in G has the described property.

Proof. Let Hg C H7°™ be the family of those connected graphs on at most h vertices that
appear as minors in G — Py. Due to (k, h)-dichotomy property, for each H € Hq there is a
collection I(H) C [1, 4] of size k+ h, such that for i € I(H) we have H <,,, G[P;] and the sets
I(H) are disjoint for distinct graphs H from H¢. Since |S| < k, for some h indices i € I(H)
the set P; is disjoint from S. Let us denote this subset as Jy C I(H). Consequently, for
each H € Hg we have |Jg| = h, the sets Jy are pairwise disjoint, and for each i € Jy it
holds that H <,, G[P;] and P; NS = ), Note that >y [Ju| < b [Hi™|.

Suppose that there exists j € [1, /] for which |[SNP;| > - (h-|H™|+1). W.lo.g. we
will assume that j = 1. Let S be obtained from S by (1) removing S N Py, (2) inserting
N(Py), (3) inserting N(P,) for every i € Jy, H € Hg (see Figure 1). Note that |5 < |S]
because the given protrusion decomposition is nice.

We will now prove that S is also an F-deletion set. Suppose not, and let F' € F be a
graph appearing in G — S as a minor. Let Fy, ..., F., c <h, be the connected components
of F'. Note that some of them may be isomorphic. Consider a minor model ® of F' in G — S
for which the number of F; appearing in P; is minimized. More precisely, we minimize
the number ¢’ of indices j € [¢] for which ®(V(F};)) € P;. Observe that P; is a union of
connected components of G — S so if ®(V(F})) intersects Py then it must be fully contained
in P;. If ¢ =0 then F is a minor of G — (P, U §) But this is an induced subgraph of G — S,
which is F-minor-free by assumption, so this is impossible.
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Figure 1 Illustration to Lemma 13 for F' being a disjoint union F} + F} + F5 + F3 and F = {F}

Top left: An F-deletion set S is marked with black discs. The gray areas correspond to those
P; which belong to I(F1),I(F»). Their neighborhoods in Py are sketched as well. Each P; in the

corresponding family contains a minor model of the graph drawn in brown and is disjoint from S.

Top right: S is obtained from S by removing S N P; and adding the vertices marked with squares. A
potential minor model ® of F' in G — S is drawn in blue. It places one copy of Fi inside P;. Bottom
right: A new model ®' of F is obtained from ® by moving the image of F; to an unused component
in I(F1). But this model is also present in G — S which leads to a contradiction.

Consequently, the minor model @ places ¢ > 1 connected components of F inside Pj.

Assume w.l.o.g. that this is the case for F}. Aiming at contradiction, we want to modify ® to
place F outside Py, without affecting the models of remaining F}, j > 1. Since F} <,,, G[P]
it follows that F} € Hg. Recall that for each i € Jp, it holds that SN P; = () (because
SN P =0) and N(P;) C §. Since each F; is connected, ®(F;) can intersect at most one
P, for i € Jp,. Next, |Jp,| = h and ¢ < h, so there is some i € Jp, for which P; is disjoint
from all ®(F}), j > 1. Therefore, we can move the model of F} from P; to P;, obtaining a
model &’ of F in G — S with ¢ — 1 components contained in P;. This contradicts the choice
of the model ® and, consequently, contradicts the assumption that F' <,, G — S. Hence S is
a valid F-deletion set.

We can repeat this process to reduce the intersection of S with each P; because the
described modification to S never adds new vertices from any P;. A single refinement step
can be implemented in polynomial time using any polynomial-time algorithm for minor
testing, for example [27, 20], which also yields an algorithm to construct S. Observe that if
G has an F-deletion set of size at most k, then every minimum F-deletion set S in G must
satisfy |S N P;| < 8- (h-|H°™| + 1) as otherwise we could find a smaller F-deletion set. <

We can now combine Lemma 13 with Lemma 9 to compress each P; in a protrusion
decomposition to a constant size. It is crucial that Lemma 9 preserves the h-folio of G[P;]
therefore the dichotomy property is maintained after the replacement. The last point of the
lemma statement refers to the solution cost capped at k 4+ 1, which will be convenient in the
design of a lossy kernelization protocol.
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» Lemma 14. Let k,h € N and F be a family of graphs of mazximum size h. There is
an algorithm that, given a graph G with an (o, B)-protrusion decomposition, runs in time
O1,.8(IV(G)|) and returns a graph G' on Oy, g(a+k) vertices such that min(opt »(G), k+1) =
min(opt(G'), kK +1).

Furthermore, given an F-deletion set S’ in G', one can in polynomial time lift it to an
F-deletion set S in G, satisfying

val(]g%“iL (9) val‘(%?%(S’)
Opt]—‘-DEL((G7 k)) N Opt]:—DEL((G/’ k/)) .

Proof. We apply Lemma 12 to construct a nice (@, f)-protrusion decomposition
(Po, P, ..., Pp) with the (k, h)-dichotomy property, where @ = a + Oy, g(k) and B = O 5(1).
Let d := 3 - (h-|Hs*™| + 1). We will iteratively replace each protrusion induced by Ng[F;]
with one of constant size using Lemma 9. Below we describe this process for P;.

We fix some labeling A of 0¢(Ng[P1])) and replace the boundaried graph H = (G[N[P,]],

o~

N(P1),A) with a boundaried graph H of size O, Ed(l) € O 5(1). Denote the new graph G’

and let P] be the set of vertices put in place of P;.

> Claim 15. Suppose that optz(G) < k. Then opt(G’) < optz(G).

Proof. By Lemma 13 there exists an optimal F-deletion set S in G such that |S N P| < d.
Lemma 9 guarantees that such an S can be translated to an F-deletion set in G’ of size at
most |S]. <

>> Claim 16. The protrusion decomposition (Py, Py, P, ..., P;) of G’ admits (k, h)-dichotomy
property.

Proof. Lemma 9 ensures that h-folio(H — 9H) = h-folio(H — OH) which can be rewritten
as h-folio(G[Py]) = h-folio(G’'[P]]). If P; contributed a minor model to the minor packing
corresponding to (k, h)-dichotomy property, it can be replaced by a minor model of the same
graph in G'[Py]. <

> Claim 17. Suppose that optz(G’) < k. Then optr(G) < optz(G’). Furthermore, given
an F-deletion set S’ in G’ of size < k, one can in polynomial time lift it to an F-deletion set
S in G of size at most |S’].

Proof. The previous claim allows us to apply Lemma 13 to graph G’ and S’. Given S’ we
can in polynomial time find an F-deletion set S in G’ of size < |S'| for which |S N P}| < d.
By applying Lemma 9 we can lift S to a solution in G of size at most |§| < |9’|. By taking
S’ to be an optimal F-deletion set in G’, we infer that optz(G) < opt2(G’). <

Claims 15 and 17 imply that min(optz(G), k + 1) = min(optz(G’), k + 1) and provide a
mechanism to lift a bounded-size solution from G’ to G while preserving its size. Claim 16
ensures that we preserve the (k, h)-dichotomy property in the new protrusion decomposition
of G’, so we can repeat this process to replace each P;. Application of Lemma 9 takes time
linear in the size of the protrusion being replaced, so the total running time is linear.

We now justify the final inequality for lifting solutions. Recall that when S is a feasible
F-deletion set in G then val@%‘"(S) = min{|S|, k+ 1} and opt r_py ((G, k)) is the minimum
over val(};;,k%L(S’). In these terms, we have optr.pg (G, k)) = optrpe ((G', k). Suppose
first that |S’| > k so val@],?%(S’) = k 4+ 1. Then we simply return S = V(G) for which
val’/-PE(S) = k + 1 and the inequality holds. Otherwise, |S’| < k. We use the lifting

(G,k)
algorithm described in Claim 17 to compute a solution S in G so that |S| < |S’| and we have
[S] [S’]

Py e (G = opty e (TR <



R. Sharma and M. Wtodarczyk

4.1 Proof of Lemma 12

We first summon the known packing-covering duality for bounded-treewidth graphs.

» Proposition 18 ([25, Lemma 3.10]). Let 8,¢ € N and G, F' be graphs, such that tw(G) <
and F is connected. Then either G contains a packing of £ disjoint minor models of ' or
there is a set S C V(G) of size at most (8 + 1) - £ such that G — S is F-minor-free.

Furthermore, for fized F' there is a linear algorithm that outputs one of these two objects,
when given a corresponding tree decomposition of G.

The following lemma utilizes the LCA-closure in a tree decomposition to cover a given
vertex set S by the root bag of a protrusion decomposition.

» Lemma 19 (k). Let 8 > 1, G be a graph of treewidth at most 3, and S C V(G). Then
there exists a nice (2(8+1)-|S], 2(8+1))-protrusion decomposition (Py, Py, ..., P,) of G with
S C Py. Furthermore, (Py, P1, ..., P,) can be computed in linear time when a corresponding
tree decomposition of G is given.

9

Next, we will need a mechanism to refine a protrusion decomposition by another one,
while preserving an (F, ¢)-minor packing.

» Lemma 20 (k). Let F be a family of connected graphs, ¢ € N, (P, P1,...,P,) be a
nice (o, B1)-protrusion decomposition of a graph G, and (Qo, @1, ..., Qq) be a nice (v, B2)-
protrusion decomposition of G — Py with an (F,c)-minor packing. Then G admits a nice
(a1 + 20 - Ba, B1 + B2)-protrusion decomposition with an (F,c)-minor packing, whose root
bag is Py U Qq. Furthermore, the new decomposition and its minor packing can be computed
in linear time.

The following lemma shows that if we have a sufficiently large packing of F-minors in a
bounded-treewidth graph, for every F' € F C H{°", then we can choose a large subset from
each packing, so that together all the picked minor models are disjoint.

» Lemma 21. Let h € N, F C H*™, G be a graph such that tw(G) < 5 and for each
F € F there is a disjoint packing of 6(5+ 1) - |H°™|- (k+ h) minor models of F' in G. Then
there exists a nice (O g(k), 28 + 2)-protrusion decomposition (Qo,Q1,...,Qe) of G with
an (F,k 4+ h)-minor packing. Furthermore, (Qo,Q1,...,Q¢) and the corresponding minor
packing can be constructed in time Oy, g(|V(G))).

Proof. Consider a binary tree decomposition (T, x) of G of width < 3, rooted at some node 7.
It can be constructed in linear time [2]. For a subset C' C V(T') let x(C) = x(C)\x(V(T)\C)
be the set of vertices appearing only in the bags from C. We will describe a procedure that
scans T bottom-up and marks two disjoint sets M, L C V(T), both initialized as empty.
Intuitively, a node will be marked (and added to M) when it is a deepest node below which
we can still find a minor model that can be added to the minor packing, and L will form
the LCA closure of M. When we add a new node to M or L, we will create new connected
components C' of T'— (M U L) not containing r. To some of these components we will assign
F € F such that F' <,,, G[x(C)]. We will refer to the number of components assigned to F'
as the score of F. We say that F' is completed when its score reaches k + h. After the i-th
step we shall maintain the following invariants.
1. The set M; U L; comprises i nodes and L; is contained in @(MZ)
2. The sum of all scores equals | M;|.
3. Let C7 denote the connected component of T'— (M; U L;) that contains r. For every
connected component C of T'— (M; U L;) different from C7, it holds that |N(C)| < 2.
4. For each F € F either F is already completed or G[x(C!)] contains a packing of
3(8+1) - (2/Hs°™| - (k + h) — i) minor models of F.
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Clearly, the invariants hold for ¢ = 0, before the first iteration. We will never increase
a score of F' that has been already completed so the algorithm terminates when |M;| =
|F|- (k+h). As |M; U L;| < |[LCA(M;)| < 2|M;| (Lemma 6), it follows that the algorithm
will perform at most 2|F| - (k + h) < 2|H$*™| - (k + h) iterations.

Consider the i-th iteration, 1 <14 < 2|F| - (k + h), and suppose there are still some not
completed graphs in F. Consider ¢t € V(T) that is not equal or descendant of any t' € M;UL;.
For such ¢t let C! C V(T) denote the set of those nodes which are descendants of ¢ but
not equal to or a descendant of any ¢’ € M; U L;. We look for the deepest node t € V(T)
for which G[x(C?)] contains a minor model of some F € F that is not yet completed. By
invariant (4), such a node ¢ must exist because for each not completed F' there is a packing
of at least 3(8 + 1) models of F in x(C!) whereas x(r) can intersect at most 5 + 1 of them,
so t = r satisfies the criteria.

We consider two scenarios. First suppose that there are some t1,t5 € M; for which
t = LCA(t1,to) is descendant of ¢t and £ does not belong to L; U M;. Choose such f that is
deepest and update L; 1 = L; U {t}, M;,1 = M;. In the second scenario, when there is no
such #, we set M; 1 = M; U{t}, Lyy1 = L;. By the choice of ¢, in the latter scenario we have
created a new component C of T — (M; U L;), not containing r, for which F' <,,, G[x(C)].
Note that C' can be chosen as a single component of T — (M; U L;) because F' is connected.
Then we assign F' to C. See Figure 2 for an example.

Figure 2 Illustration to Lemma 21. The bags corresponding to nodes from M; are drawn in
blue and those from L; are drawn in brown. The already collected minor models, assigned to some
components, are yellow. Left: A bag of ¢ selected in the i-th iteration and a minor model of some
F € F below t have blue borders. The first scenario does not trigger so t is added to M;. This
creates a component C (light yellow) of T'— (M; U L;) to which we assign F. The component C]
has gray background. Right: In this situation there is £ below ¢ that is LCA of two nodes from M;_;.
We do not add ¢ to M; but instead £ is inserted to L;. We do not increase any score in this scenario.

We need to justify that all the invariants are preserved. The first two are clear.

To show invariant (3), we inspect the two scenarios. In first one, we have chosen the
t = LCA(ty, o) for some t1,t, € M; that does not yet belong to L; U M;. Suppose that one
of the created components of T — (M; U L;) below # has more than two neighbors. Then
it has at least two neighbors different from #. Let s, so € M; U L; denote these neighbors
and let 3 = LCA(s1,52). Note that 8 must be a descendant of £. By invariant (1), there are
s}, sh € M; such that 8 = LCA(s}, s}) as well. This contradicts the choice of  because §
satisfies the same condition and is located deeper. The same argument works in the second
scenario. If some component of T'— (M; U L;) created below ¢ has more than two neighbors,
then ¢ must have a descendant § with the same property, hence it is the first scenario that
must have occurred.
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To advocate invariant (4) we show that for every not-yet-completed F' € F the number
of disjoint minor models of F in x(CF) can decrease only moderately. Let M denote the
initial disjoint packing of 6(3+ 1) - |H$°™| - (k + h) minor models of F' in G. Let MI C MF
denote the subfamily of those minor models which are entirely contained in x(C]). We aim
to show that |M[, || > [MF| —3(8 + 1); this will imply invariant (4).

Let us fix F' € F and let t € V(T') be the node chosen in the i-th iteration, in any of the
two scenarios. Recall that we work on a binary tree decomposition so t has either one or
two children; w.l.o.g. assume there are two of them: t¢1,ts. Furthermore, let C7, Cy be the
connected components of CT — {t} that contains ¢i, ¢z, respectively. Let U C V(G) induce a
minor model from M\ MZ%, . Suppose that M C x(C}). Because we have not chosen ¢;
in the i-th iteration, U must intersect x(¢1). Similarly, if U C x(C2) then U must intersect
x(t2). If neither of these cases hold, U must intersect x(t) because G[U] is connected. Since
Ix(®) U x(t1) U x(t2)] < 3(8+ 1) and the considered minor models are disjoint, we infer that
IMEN\ ME | <3(8+1). Hence invariant (4) is preserved.

Having completed all F' € F, the process stops. Let j denote the number of the last
iteration, let M = M;, L = LCA(M). Invariant (2) implies that |M| = |F|- (k + h). By
invariant (3) we know that L\ L; C C7, that is, we do not add any new vertices to L that
would intersect a component of T'— (M; U L;) to which we have assigned some F € F. We
define Qo = U, x(t); this set has at most 2(3+1) - [M| < 2(8+1) - |H;>"™| - (k + h) vertices.
By Lemma 6 the neighborhood of each connected component of G — Qg is contained in
at most two bags of (T, x), so it contains at most 2(8 + 1) vertices. For each F' € F we
gather the components of T' — L assigned to F. For each such component C' we add the set
Qc = xX(C) to the protrusion decomposition. This gives us the (F,k + h)-minor packing.
Using LCA-closure, the remaining components of T'— L can be grouped into < 2|L| sets,
each with neighborhood in at most two nodes. This concludes the proof. |

We are ready to prove the Lemma 12 and thus complete the proof of Lemma 14.

Proof of Lemma 12. Let k =6(3+1) - |H5e™| - (k4 h). Due to Lemma 8 we can assume
that (Py, P, ..., Py) is nice, i.e., for i € [1,£] we have |[Ng(P;)| < 3. Initialize H! = H5o"™,
ar =a, B1 = B, and P! = (Py, P1,..., P), P! = Py. In the i-th iteration we will remove
one set from H’ and construct a new protrusion decomposition P**! with a root bag denoted
as P!, We will maintain an invariant that G — P’ is F-minor-free for each F' € H5" \ H'.

In the i-th iteration, 7 > 1, we apply Proposition 18 for every F' € #*, the graph G — P0
and £ = k. Suppose that for some F' € H this call returns a vertex set S of size < (B+1) -k
for which G — (P? U Sr) is F-minor-free. Then we apply Lemma 19 to the graph G — P?
and set Sp to compute a nice (2(5+ 1) -k, 2(B + 1))-protrusion decomposition of G — P?
whose root bag contains Sp. Next, we apply Lemma 20, disregarding the parameter F, to
transform it into a nice (a1, Bir1)-protrusion decomposition P+ of G whose root bag
P+ contains S and P'. We can estimate ;11 = a; +2(8+1)2 % and Biv1 = Bi+2(B8+1).
We set Ht! = H*\ {F} and the invariant is preserved.

Let j denote the iteration number at which this process stops. Let F = H?. We have
J<|HS™ +1so o =a+ Opp(k) and 5; = Op p(1). If F = () then we are done so let us
assume otherwise.

Since the process has stopped, Proposition 18 guarantees that every F' € F has a packing
of k& disjoint minor models in G — P7. Hence the requirements of Lemma 21 are satisfied
with respect to the graph G — P?. Applying the lemma gives us a nice (O}, 5(k), 28 + 2)-
protrusion decomposition Q of G — P? with an (F, k + h)-minor packing. Finally, we apply
Lemma 20 with respect to P;, Q, and the constructed (F, k + h)-minor packing for Q. As a
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result, we obtain a nice (a + Op g(k), Op g(1))-protrusion decomposition R of G with an
(F,k + h)-minor packing. Furthermore, the root bag of R contains P’. Therefore G — P is
F-minor-free for each F' € H°" \ F and so the above minor packing yields (k, h)-dichotomy
property. <

5 Uniform 2-lossy polynomial compression algorithm

In this section we prove Theorem 1. Several reduction rules from the section will also come
in useful in Section 6. Throughout Sections 5 and 6, we assume that the family F contains
a planar graph. Fix an arbitrary Fpianar € F which is a planar graph. The Grid Minor
Theorem implies that for any F-deletion set S of G, the treewidth of G — S is bounded in
terms of |V (Fpianar)| [26]. We shall denote by 1 = n(F) the upper bound on the treewidth
of an F-minor-free graph.

Following the convention from [23], we consider solution cost capped at k + 1, i.e., we
measure the cost of an F-deletion set S in G as val(g,k)(S) := min{|S|,k + 1}. This ensures
that the parameter k captures the difficulty of an instance (G, k). We refer the reader
to [23] and the full version of this article for more details on lossy kernelization and lossy
reduction rules.

Our kernelization algorithm (and protocol) starts by constructing a near-protrusion
decomposition of V(G) as done in [11, Lemma 25]. The construction is [11] is randomized
because it relies on a randomized constant-factor approximation algorithm for F-DELETION.
This step, and hence the entire construction of [11, Lemma 25], can be made determin-
istic by using the deterministic constant-factor approximation for F-DELETION from [15,
Corollary 1.1].

» Lemma 22 ([11, Lemma 25] together with [15, Corollary 1.1]). There is a polynomial-
time algorithm that given an instance (G, k) of F-DELETION, when F contains a planar
graph, either reports correctly that (G, k) is a no-instance of F-DELETION, or computes
X,Z CV(G), XNZ =10 such that:

1X| = 0,(k), |Z] = 0,(k3), X is an F-deletion set of G,

for each connected component C of G — (X U Z), [Ng(C)NZ| <2(n+1), and

for each connected component C of G — (X U Z), and distinct u,v € Ng(C) N X, there

are at least k + 1+ 2 vertez-disjoint paths from u to v in G.

Throughout the rest of this section, X, Z stand for the sets returned by Lemma 22 for
input (G, k). We now design a (1 + €)-lossy strict reduction rule that bounds the size of the
neighborhood of each connected component of G — (X U Z).

» Lossy Reduction Rule 1. Let ¢ > 0 and let C' be a connected component of G — (X U Z)
such that |Ng(C)N X| > % In this case the reduction algorithm takes as input an
instance (G, k) of F-DELETION and outputs the instance (G' :== G — (Ng(C)NX), k' :=
k —|Ng(C)Nn X|) of F-DELETION.

The solution lifting algorithm takes as input instances (G, k), (G', k') and a set " C V(G’)
and outputs the set S C V(G), where S := 5" U (Ng(C) N X).

We prove that such a reduction rule is a a (1 + €)-lossy strict reduction rule, that is,
vaLlJGT'EEL (S) valg}n'”’;, (8"
: 3 §max{(1+e) o }

opt.F-DEL(G’k ’ optF»DEL(GI7k,) :

» Lemma 23 (k). Lossy Reduction Rule 1 is a (1+ €)-lossy strict reduction rule.
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After an application of Lossy Reduction Rule 1, some vertices from X may get deleted.
But the remaining set X, together with Z, still satisfies the properties of Lemma 22 in the
resulting graph. We keep the variable X to denote this set in the new graph.

» Lemma 24 (). When Lossy Reduction Rule 1 is no longer applicable, then there is an
(a, O(n/€))-protrusion decomposition (Py, Py, ..., Pp) of G for some o, where Py := XUZ and
for each i € [1,4], P; is a connected component of G — (X UZ). Furthermore, (Po, P, ..., P;)
can be computed in polynomial time.

Let (Py, ..., Py) be the protrusion decomposition obtained from Lemma 24. We now define
the augmented graph Geioy of G which is a supergraph of G on the same vertex set as G, and
which is obtained by additionally adding the edge set {uv : u,v € Py, there exist at least k +
7 + 2 internally vertex-disjoint paths from u to v in G} in G.

» Lemma 25 (%). The following two (in)equalities hold:
1. OptTw—n—DEL((Gu k)) = optTw—n—DEL((Gflow k)),
2. Opt}'—DEL((Gv k)) > optTW—n—DEL((Gflom k))

We partition {Px,..., P} into two groups based on the neighborhood of P; in G¢10y. Let
Psimp = {P; : Ge1ou[N(P;)] is a clique or N(FP;) is empty}, which we call the set of simplicial
parts of the protrusion decomposition. Let Pron-sinp be the set of remaining parts, referred to
as non-simplicial parts. Note that we cannot simply discard P; for which N(P;) = () in the
case of F-DELETION when F contains disconnected graphs. Observe that when u,v € Py
and uv € F(Gsioy) then {u,v} can belong to at most k + n + 1 sets N(P;).

» Lemma 26 (%). |Puon-simp| = Oy (k).

We show that ignoring the simplicial parts yields a 2-lossy compression reduction rule. To
this end, we need an algorithm solving /-DELETION exactly on bounded-treewidth graphs.

» Proposition 27 ([1, Theorem 4]). When F is a finite family of graphs and contains at least
one planar graph, then F-DELETION can be solved in time 207 ®718%) . on an n-vertex
graph of treewidth tw.

» Lossy Reduction Rule 2. Suppose we are given an instance (G, k) of F-DELETION with
the corresponding protrusion decomposition (Py, Py, ..., Py). The reduction algorithm outputs
(G" = Gaow[V(G) \Upiepsimp P, K :=k).

The solution lifting algorithm takes a solution S’ of the TREEWIDTH-n-DELETION problem
on the instance (G',K'). It computes an optimum-sized F-deletion set S” of G — S’ in
Ofm(no(l)) time using the algorithm of Proposition 27 (we arque in Lemma 28 that this is
possible). It then outputs S := S"US" as a solution on F-DELETION for the instance (G, k).

Specifically, we prove that the simplicial parts can be added to G’ — S’ while keeping the
treewidth bounded by O(n). Hence S” can be computed in polynomial time.

» Lemma 28 (%). Lossy Reduction Rule 2 is a 2-lossy compression reduction rule.

After the exhaustive application of Lossy Reduction Rule 1 and 2, it only remains to
bound the size of each part in Ppon-gimp, Which can be done using Lemma 14. The formal
proof of Theorem 1 is given next.

» Theorem 1 (Uniform lossy kernel). Let F be a finite family of graphs containing at least
one planar graph. Then F-DELETION admits a 2-lossy compression with Oz (k®) vertices and
of size Oz (kS). Moreover, TREEWIDTH-1-DELETION admits a 2-lossy kernel with Or(k®)
vertices and of size O (k°).
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Proof. We describe a polynomial time 2-lossy compression algorithm below. Given an
instance (G,k) of F-DELETION, first compute a near-protrusion decomposition on the
instance (G, k) in polynomial time using Lemma 22. This gives sets X, Z with the properties
listed in Lemma 22. Set e = 1 and for each connected component C of G — (X U Z), it checks
whether Lossy Reduction Rule 1 is applicable. Let (G, k1) be the instance returned by the
reduction algorithm of Lossy Reduction Rule 1 at the end of its exhaustive application. From
Lemma 24, G* has an (o, O(n))-protrusion decomposition (P, ..., P) for some (unbounded)
a and |PRy| = O, (k?).

Let Paon-simp be the set of non-simplicial parts of (Pi,...,FP;). From Lemma 26,
|Paon-sinp]| = On(k®). Run the reduction algorithm of Lossy Reduction Rule 2 on the
instance (Gle1oq[V(G1)\ UPiGPSmP P;], k1) of F-DELETION. It returns an instance (G2, k1) of
TREEWIDTH-7-DELETION such that G? has an (O, (k®), O(n))-protrusion decomposition. Let
(G3, k1) be the instance returned by the algorithm of Lemma 14 on input (G2, k;). Observe
that k1 < k. From Lemma 14 the number of vertices of G® is bounded by Ox(k%). Observe
that if G® indeed has an at most k-sized vertex set whose deletion results in a graph of
treewidth at most 7, then treewidth of G® has to be at most k + 1. Thus, the number of
edges of G, and hence the size of G2, is at most (k + ) times the number of vertices of G3.
Thus, the size of G2 is Ox(k%), otherwise G* has no k-sized solution.

For any f > 1, run the p-compression oracle for TREEWIDTH-n-DELETION on the
instance (G2, k1) and let S3 be the returned S-approximate solution of the instance (G2, k)
of TREEWIDTH-7-DELETION. The algorithm of Lemma 14 provides a lifting algorithm
that, in polynomial time, outputs a B-approximate solution Sy for the instance (G2, k;) of
TREEWIDTH-7-DELETION. Given the S-approximate solution S, for the instance (G2, k1) of
TREEWIDTH-7-DELETION, from Lemma 28, the solution lifting algorithm of Lossy Reduction
Rule 2, outputs a 2 - -approximate solution S; for the instance (G, k;) of the F-DELETION
problem. Finally since Lossy Reduction Rule 1 is a (1 + €)-lossy strict reduction rule and
€ = 1, using the solution lifting algorithm of Lossy Reduction Rule 1 and S7, one can obtain
a 2-approximate solution for the instance (G, k) of F-DELETION. Clearly, in the special case
of TREEWIDTH-7-DELETION the above constitutes a 2-lossy kernelization algorithm. |

6  Uniform (1 + €)-lossy polynomial compression protocol

This section is devoted to the proof of Theorem 2. Assume that we are given an instance
(G, k) of F-DELETION, € > 0, and an (a, O(n/e))-protrusion decomposition (Py, Py,..., Pp)
of G from Lemma 24, for some unbounded «, with |Py| = O, (k®). Recall that the parts
{P1,..., Py} of this protrusion decomposition were partitioned into two sets: Pginp (simplicial
parts) and Pyon-simp (nOn-simplicial parts). Lemma 26 estimates |Puon-simp| as Oy (k®).

» Lemma 29. Consider ¢ > 0 and 3 € N. Let r = 1+ [log, . (%)]. There exists a
polynomial-time protocol which has access to a [-approximate kernelization oracle O for
TREEWIDTH-7-DELETION of capacity |Py|, and when given (Gsiou[FPol, k) as input, it makes
at most r calls to the oracle O, and outputs a partition of Py = (Qo,-..,Q.), such that
1. for each i € [1,r], treewidth of Gs104[Qi] s at most n (Q; is allowed to be empty), and
2. a. |Q0| < (1 + 6) B OptTw—n—DEL((GfIOW[QOL k)) or

b. |Qo| <€- 8- OptTw-n-DEL((GfIOW[PO]7 k)).

Proof. We design an iterative procedure with at most r steps. See Figure 3 for a visualization.
Initialize Qo := Py and for each ¢ € [1,7], set Q; := (). Let S; be the set returned by the oracle
O on input (Gs10w[Fo], k). Then S} is a S-approximate solution to the instance (Gg1o4[Fo], k)
of TREEWIDTH-7-DELETION, and so [S1| < 3 - optyy., pe. ((G[FPo], k))-
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Figure 3 Tllustration to Lemma 29. The protocol starts by finding a S-approximate solution S7 to
the TREEWIDTH-n-DELETION problem in G[FPy]. Then Q) is the set obtained after deleting Si from
Py; note that tw(G[Qo]) < n. It then repeats the process of finding a solution to the TREEWIDTH-7-
DELETION problem inside the old solution S1 and continues doing so until the obtained new solution
is a large fraction of the previous solution. Afterwards, Lossy Reduction Protocol 3 removes the
final solution from the graph and compresses the remaining graph using Lemma 32.

In each iteration, we maintain the following invariants: (i) (Qo, @1,..., Q@) is a partition
of Py, (ii) for each i € [1, 7], the treewidth of Gt164[Q;] is at most 7, and (iii) at the end of

the j-th iteration, |Qo| < (ﬁ)J ' |Sy].

In the j-th iteration, j € [1,7], the protocol calls the oracle O on the instance (Gti104[Q0], k)
and receives a J-approximate solution S; to TREEWIDTH-7-DELETION on (Gs1ou[Qo); k).
Then [S;| < B optry. pe ((Grrow[Qo]; k). It proceeds with the following case distinction.
1. If |Qo] < (1+4¢€)-|Sj]|, then the protocol terminates and outputs the partition (Qo, ..., Q)

which satisfies condition (2a).

2. Otherwise, |Qo] > (1 +¢€) - |S;|. In this case, we set Q; := Qo \ S;. Clearly, the treewidth

of Gs1ou[@;] is at most 7. Next, we set Qg := 5.

We now verify that the invariants are satisfied. Clearly (Qo, @1, .., Q) is a partition

of Py and the treewidth of each Gsioy[Q:], @ € [1,7], is at most n. If j = 1 then the

invariant (iii) holds trivially. Otherwise, due to case distinction, the size of Qo drops by

7j—1
factor (1 + €), implying |Qo| < (1i6> [S1]-

If the first case occurs before the r-th iteration, then we are done. Otherwise, the protocol

r—1
terminates after the r-th iteration. The invariant (iii) implies |Qo| < (%ﬂ) |S1]. Substi-
tuting the definitions of  and Sy yields condition (2b): |Qo| < €-8-0ptry._ ) pe. ((Gtr0u[Fo], k))-

<
We argue that one can remove @)y from the graph while paying a small loss in accuracy.

» Lossy Reduction Protocol 3. Let (G, k) be an instance of F-DELETION where Lossy Reduc-
tion Rule 1 has been exhaustively applied. Let (Py, ..., Py) be the protrusion decomposition of
(G, k) from Lemma 24. Let (Qo,Q1,-..,Qy) be the partition of Py obtained from Lemma 29,
on input (Gr1ow[Po], k). The reduction protocol outputs (G’ := G — Qo, k' := k — |Qo]).-
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The solution lifting algorithm takes as input the instances (G, k), (G', k') and S’ CV(G")
which is a B-approzimate solution for the instance (G', k') of F-DELETION and outputs
S:=5"UQo as a solution for (G, k) of F-DELETION.

» Lemma 30 (*). Lossy Reduction Protocol 3 is a (1 + €)-lossy reduction protocol.

On the other hand, discarding @) allows us to bound the number of simplicial parts. For
this, we first need to bound the number of cliques in a graph of bounded treewidth.

» Proposition 31. An n-vertex graph of treewidth tw has O(2* - tw - n) distinct cliques.

Proof. An n-vertex graph G of treewidth tw has a tree decomposition of width tw and
O(tw - n) nodes [5, Lemma 7.4]. Since each clique of G is contained inside some bag of this
tree decomposition [6, Lemma 12.3.5], the number of distinct cliques are at most 2*¥+! times
the number of nodes in a tree decomposition. |

» Lemma 32. After the application of Lossy Reduction Protocol 3, the number of distinct
cliques in Ge1oy[Po] is Oy (K3"), where r is as defined in Lemma 29.

Proof. Let (Qo,Q1,...,Q,) be the partition of Py obtained from Lemma 29. After the
application of Lossy Reduction Protocol 3, we can assume that Qg = §). Recall that for each
i € [1,7], treewidth of Gs10y[Q;] is at most 7. From Proposition 31, the number of distinct
cliques in Gr104[Qs] is O,(|Qi]) < O4(|P]) < O, (k?). Therefore, the number of distinct
cliques in Giou[Po)] is at most [[_, O, (k®) = O, (k*"). <

» Theorem 2 (Uniform lossy protocol). Let F be a finite family of graphs containing at least
one planar graph. For any e > 0, F-DELETION admits a (1 + €)-lossy compression protocol
of call size Ox(k® + k3" +1), and at most 1 +r rounds, where r =1+ [logy, (1)].

For the special case of TREEWIDTH-1-DELETION, there is a (1 + €)-lossy kernelization
protocol with same call size and number of rounds.

Proof. Fix any € > 0. We describe a polynomial time (1 + €)-lossy compression protocol of
capacity O, (k") + O, (k") and 1 + r rounds. For any 3 > 1 it has access to 3-kernelization
oracles for F-DELETION and TREEWIDTH-7-DELETION of capacities O, (k%) + O, (k3" 1).

Given an instance (G, k) of F-DELETION, first compute a near-protrusion decomposition
on the instance (G, k) in polynomial time using Lemma 22. This gives sets X, Z with the
properties listed in Lemma 22. For each connected component C of G — (X U Z), it checks
whether Lossy Reduction Rule 1 is applicable. Let (G',k;) be the instance returned by
the reduction algorithm of Lossy Reduction Rule 1 at the end of its exhaustive application.
From Lemma 24, G* has an («, O(n/e€))-protrusion decomposition (P, ..., ) for some
(unbounded) a and |Py| = O, (k?). Run Lossy Reduction Protocol 3 on the instance (G, k1)
to compute (G2, ky).

Consider the augmented graph G% . of G?. The number of P;, i € [1,/], those neighbor-
hood in G%,., is non-empty and not a clique is bounded by O, (k7) from Lemma 26. For
the remaining P;, we partition them into sets such that each part in a fixed set has the
same neighborhood in G%,, and any two sets have distinct neighborhood in G%,,,. Let the
resulting sets be Ri,...,R,. Note that for each i € [1,r]|, N[R;] is an O(n/e)-protrusion in
G and Ngz (R;) is a clique in G3,,,. From Lemma 32 we infer that p = O, (k*"). Then G?
has a (4, 7)-protrusion decomposition, where § = O, (k°) + O, (k*") and v = O(n/e).

Let (G2, k3) be the instance obtained from Lemma 14 on input (G2, ky), with Ox(9)
vertices. If G® has a k-sized solution then the treewidth of G is at most k + 7 and therefore
the number of edges of G* is at most Oz (k - §). Finally run the S-kernelization algorithm
for the problem F-DELETION on the instance (G2, k3). Let S3 be a B-approximate solution
for the problem F-DELETION on the instance (G2, k3).
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Using the polynomial-time algorithm of Lemma 14, compute a S-approximate solution S
for the instance (G2, k2) of F-DELETION. We use the solution lifting algorithm of Lemma 30
with So: let S be the corresponding (1 + €) - S-approximation solution obtained for the
instance (G, k) of F-DELETION. Finally, the solution lifting algorithm of Lemma 23 takes
S7 and gives a (1 + €) - B-approximation solution for the instance (G, k). <

7 Conclusion

We have presented new techniques to turn a near-protrusion decomposition into a protru-
sion decomposition (by sacrificing accuracy) and to process the latter in the presence of
disconnected forbidden minors. A main follow-up question is whether one really needs
multiple calls to the oracle to obtain a uniform (1 + £)-approximate kernel for TREEWIDTH-
7-DELETION (and other cases of F-DELETION). In other words, can we improve the uniform
lossy kernelization protocol to uniform lossy kernelization? Secondly, our protocol requires
the oracle to handle instances of size (’),776(k:f (#)) for some function f. Can we obtain a lossy
kernel/protocol that is uniform also with respect to €?
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