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—— Abstract

The close relationship between Conjunctive Queries (CQs) and Constraint Satisfaction Problems
(CSPs) has long been known. Nevertheless, apart from decomposition methods, research on efficient
query evaluation or constraint solving algorithms has developed rather independently. In this article,
we illustrate how search algorithms originating from the CSP community can be fruitfully applied
to query evaluation — either by further developing the original search algorithms or by combining
them with query decomposition methods. It turns out that the resulting approaches may indeed
lead to lower time and/or space complexity than previous query evaluation methods.
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1 Introduction

Conjunctive Queries (CQs, for short) are arguably the most fundamental class of (relational)
queries. Consequently, the optimization of CQs has been a major topic in DB theory
and systems research. Finding an optimal query evaluation plan is a highly non-trivial
(in fact, intractable) problem. A particular challenge consists in avoiding the explosion
of intermediate results. For acyclic CQs (ACQs, for short), Yannakakis’ algorithm [36]
guarantees that intermediate results never exceed the combined size of input and output. In
recent time, implementations of Yannakakis’ algorithm have found their way into mature
research prototypes and industrial-strength database management systems [7, 35, 6, 26].
In general, we cannot expect all CQs to be acyclic. However, extensive analyses [8, 27, 13]
of queries in benchmarks and query logs have shown that the majority of those queries
are “almost acyclic”. Various types of query decomposition methods (with associated
width-measures) have been proposed to transform such CQs into ACQs. Among the most
thoroughly studied decomposition methods are tree decompositions (TDs) [31], (generalized)
hypertree decompositions (GHDs and HDs, respectively) [17, 2], and fractional hypertree
decompositions (FHDs) [20]. The associated width measures, that allow us to formalize the
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notion of “almost acyclic” CQs are tree-width (tw), (generalized) hypertree-width (ghw and
hw, respectively), and fractional hypertree-width (fhw). Note that decomposition methods for
query evaluation have been successfully implemented in several research prototypes [1, 32, 25].

The main “freedom” of query evaluation algorithms based on one of these decompositions is
how to compute and materialize the subquery corresponding to each bag of the decomposition.
Using some worst-case optional join (WCOJ) method is often considered as optimal. A basic
and very intuitive form of WCOJ algorithm is the so-called Generic Join [29]. Assume the
upper bound N on the size of the database. Then the time and space complexity of using
an (optimal) FHD is essentially O(N**) (data complexity). While this bound on the time
complexity may be satisfactory, such a space complexity may actually be not acceptable.

Space is a critical bottleneck in query evaluation across diverse hardware settings. Modern
in-memory databases suffer significant performance degradation when forced to spill to
disk [33]. Similarly, tensor algebra programs, often modeled as Sum-Product Queries
(SPQs, for short), are frequently executed on GPUs where high-bandwidth memory is
scarce; the cost of data movement between GPU and CPU can easily dwarf computation
time [30, 19]. Furthermore, in resource-constrained environments like embedded devices,
memory limits are strict and must be respected [21, 22]. In all these contexts, the existing
space-complexity bounds of current query evaluation techniques are insufficiently tight for
practical optimization.

Now a natural question arises: can we do better? That is, can we improve the time and
space requirements of query evaluation or, at least, improve one without deteriorating the
other. Here, we are particularly interested in the question whether we can improve the space
complexity of previous query evaluation approaches without (significantly) compromising
the time complexity.

CQs have long been known to be closely related to Constraint Satisfaction Problems
(CSPs) [24]. In fact, on the logical level, both correspond to first-order formulas restricted to
the connectives 3, A and excluding V,V,—. The above mentioned decomposition methods
have actually been equally studied and applied in both areas. However, other than that,
both areas have developed their own techniques. Here, we follow mostly Rina Dechter’s
book [11], where “constraint networks” [10] (corresponding to Boolean CQs) as well as
“probabilistic networks” and “cost networks” (which can be captured by scalar SPQs) have
been studied. In [11], decomposition-based methods are referred to as “inference-based”.
They are contrasted with the other important paradigm in the CSP-community, namely
“search-based” methods.

In their basic form (so-called “OR-search”), search algorithms work by branching into
possible instantiations of one variable after the other. This search is realized by nested loops
which, for each variable, iterate through the possible values. By exploring one instantiation of
each variable at a time, the space consumption is proportional to the number of variables and,
therefore, constant when considering data complexity. A more sophisticated approach is an
“AND/OR-search”, which exploits the fact that, after instantiating some variable(s), possible
instantiations for other variables may be investigated independently. While OR-search is
guided by an order on the variables (i.e., in which order to inspect possible instantiations),
AND/OR search is guided by a tree structure, reflecting the independence of variables
conditioned on their common ancestors. Here, we concentrate on pseudo-trees, which were
introduced in [15] and studied in detail and further developed in [11]. As was observed

n [12], Generic Join, which realizes the “attribute”- (= “variable-”) at-a-time” paradigm,
corresponds to the less sophisticated OR~search.

The following example will help to illustrate some of the characteristics of the classes of
query plans mentioned so far, namely tree decompositions, Generic Join, and pseudo-trees.
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Tree decomposition: Generic Join: Pseudo-tree:
fora... forc...
0. 1‘4 ~ o - l‘) Mater?al%ze Q[ABC] ford... fora...
NG Materialize Q[CDE] forc... ford...
B E Intersect on C' ford... ford...
fore... fore...
§ = (N¥2),T = (N*?) §=(),T=(N"?)  8=(1),T=N"?

Figure 1 Query with 3 different plans (Example 1).

» Example 1. Consider the query
Q() «+ E1(A,B) AN Ey(B,C)NE3(C,A) NEy(D,E) N Es(E,C) N Eg(C, D)

over some database D of size N. In Figure 1, we graphically display this query and show
three different query plans:
The first one evaluates @ by using a tree decomposition with bags ABC and CDFE in a
straightforward way. That is, we first evaluate and materialize the subqueries restricted
to the bags (in time and space O(N3/2), where the exponent corresponds to the fractional
edge cover number of the triangle query, and then intersect the two results on C.
The next plan applies the Generic Join algorithm. Here, we have to fix a variable order —
say A, B,C, D, E — and then proceed in nested loops. Since we inspect for each variable
only one value at at time, the space consumption is constant (data complexity). The
time complexity is O(N°/2), where the exponent corresponds to the fractional edge cover
number p*(Q) of the query Q.
The last plan uses a pseudo-tree with root node C and then branches into A, B and D, E,
respectively. Here we make use of the fact that, for every value of C', we may evaluate the
subqueries restricted to A, B, C' and to C, D, E independently. We thus achieve O(N?3/2)
time complexity, while the space complexity is still constant.

Our goal is to study both decompositions and search-based methods as well as the
relationship between them. To this end, we first recall properties of these methods individually
and then study their combination. In particular, we look at what is gained in terms of
time and/or space complexity, when using pseudo-tree-based algorithms for evaluating the
subquery at each bag of a (tree) decomposition. We thus analyze various classes of query
plans in terms of data complexity. As “yardstick”, we consider their space and time exponents.
More specifically, we will say that a query plan II in a given class of query plans has space-time
exponent e(IT) = (s(II), ¢(II)), if the “canonical” evaluation algorithm executing the query
plan IT has space complexity O(N*™) and time complexity O(N*D), where N is a bound
on the size of the database. For instance, as fundamentally different approaches we have
Generic Join plans IT with e(IT) = (0, p*(Q)) and plans IT using a (tree) decomposition and
WCOJ to evaluate and materialize the subqueries at each bag with e(II) = (fhw(Q), fhw(Q)).
That is, the space complexity of Generic Join plans is clearly optimal, while plans based on
a decomposition plus WCOJ are, in general, superior in terms of time consumption.

The focus of this article will be on illustrating the key ideas of various classes of query
plans by means of examples. Formal proofs of all results mentioned here can be found in [12].
To keep things simple and in the interest of clarity, we will concentrate on CQs and, in
particular, Boolean CQs. We note that, in [12], the more general case of SPQs over some
semi-ring K and with output variables is studied.
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The remainder of this article is structured as follows: After introducing some basic
definitions and results in Section 2, we revisit query plans based on decompositions in
Section 3. In Section 4, we will study several variants of pseudo-trees. The combination of
decompositions and pseudo-trees will then be discussed in Section 5. We conclude with a
summary and an outlook on future work in Section 6.

2 Preliminaries

In this paper, we focus on Conjunctive Queries (CQs), which correspond to select-project-
join queries in the Relational Algebra. W.l.o.g., we restrict ourselves to CQs of the form
Q=nx(Ri<...x Ry,). Here we assume that equi-joins are replaced by natural joins via
appropriate renaming of attributes. Moreover, we assume that selections applying to a single
relation have been pushed immediately in front of this relation and the R;’s are the result of
these selections. Alternatively, we denote CQs in Datalog-style notation and write them as

Q(X) « /\Ri(Xi)- (1)

Q@ is a Boolean CQ), if X is the empty set. Recall that, from a logical point of view, CQs
and Constraint Satisfaction Problems (CSPs) are, the same. Hence, our discussion equally
applies to CSPs.

By slight abuse of notation, we write R; both, to denote a relation (in a Relational
Algebra expression) and a relation symbol (in Datalog notation). We denote (sets of)
variables (also called attributes) by capital letters A, B,C,... (X,Y,Z,...) and (tuples of)
domain values by lowercase letters a,b,c,... (x,y,2,...). We will also refer to variables
as attributes when this is more appropriate. We write var(Q) and atoms(Q) to denote the
set of variables in @ and the set of atoms in @, respectively, i.e., var(Q) = |-, X; and
atoms(Q) = {R:(X;) | 1 <i <m}. If X,Y are two sets of variables and € dom™, then
we denote by x[Y] the projection of  on the variables X N'Y. Throughout this paper we
fix an infinite domain dom and we write adom; to denote the (finite) set of domain values
actually occurring in attribute A; in the given database D, i.e., the active domain of A;.

Unless mentioned otherwise, we consider set semantics. Then the semantics of @ in
Eq. (1) on a database D is the relation [Q]” C dom™ defined as

[Q]” := {x € dom™ | there exists y € dom""(@\X gt for every i, (z,y)[X,] € RPY.

Sometimes, we will switch to bag semantics. Then the semantics of @ in Eq. (1) on a
database D is a mapping [[QHD: dom™ — N, which assigns to every x € dom™ the
cardinality [{y € dom"™(@\X | for every i, (z,y)[X;] € RP}|. We will mostly consider
Boolean queries and, in this case, under bag semantics we have to count the number of tuples
x € dom"(?) that satisfy the right hand side of Eq. (1). We may omit the superscript D
when it is clear from the context, and simply write R;, [Q].

Let Y C wvar(Q) be a set of variables. A fractional edge cover of Y (with respect
to Q) is a weight function w: atoms(Q) — [0,1], such that, for every variable A € Y,
Yinex, WRi(X;)) > 1. The fractional edge cover number of Y, denoted p*(Y'), is the
minimum value of ), w(R;(X;)) attainable by fractional edge covers w of Y. Due to [4], we
know that [D]?"(¥) is an upper bound on the number of tuples y € dom?Y that satisfy the
query Q restricted to the variables Y1,

! Formally, we mean that for every R; there has to exist an x; € R; such that x; Y] = y[Xi].
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A CQ is called acyclic (an ACQ, for short), if it has a join tree, i.e., a labeled tree (T, \)
with node-labeling function A such that (1) for every relation R; there exists exactly one
node u of T with A(u) = R; and (2) A satisfies the so-called connectedness condition, i.e.,
if some attribute A occurs in both relations A(u) and A(v) for two nodes u,v of T, then A
occurs in the relation A\(w) for every node w on the path between u and wv.

Yannakakis [36] has shown that ACQs can be efficiently evaluated (that is, essentially,
linear w.r.t. the input+output data and linear w.r.t. the size of the query) via 3 traversals of
the join tree: (1) a bottom-up traversal of semi-joins, (2) a top-down traversal of semi-joins,
and (3) a bottom-up traversal of joins. Formally, let u be a node in T with child nodes
Ui, ..., u; of uand let relations R, R;,, ..., R;, be associated with the nodes u, uy,...,ux
at some stage of the computation. Then we set

(1) R=((Rx Ri;) x Ri,)--+) x Ry,
(2) Ri; = Ri; x R for every j € {1,...,k}, and
(3) R=(((ReaRyy) b Ryy) -+ ) b Ry,

in the 3 traversals (1), (2), and (3). The final result of the query can be read off from the
resulting relation associated with the root r of T'. Importantly, in case of a Boolean CQ, only
the first bottom-up traversal of semi-joins is needed: a Boolean CQ evaluates to true, iff this
bottom-up traversal yields a non-empty relation at the root r of T

In this paper, we examine the data complexity of evaluating CQs with various types of
query plans, i.e., we measure the space and time complexity as exponentials w.r.t. an upper
bound N on the number of tuples in the given database D. We consider a query plan I1
for a query @ as a structure that is associated with a specific algorithm for evaluating @,
e.g., in case of an ACQ @, we may consider a join tree as a query plan, which is associated
with Yannakakis’ algorithm. We denote a class of plans by C, e.g. all tree decompositions,
and the plans of C for a query @ as C(Q). Each plan II is associated with a space exponent
s(II) and a time exponent t(II). The latter bounds the associated algorithm’s runtime by
O(|D|*™M). The former bounds the space used by the algorithm by O(|D[*("), excluding the
space required to store the input relations. We refer to these jointly as space-time exponents
e(I1) = (s(ID), ¢(I1)).

» Definition 2 (Plan Domination). Let I1;,IIy be two plans for the same query Q. We say
IT; improves over Iy, or that II; dominates Iy, denoted 11y < g, if t(I11) < t(Ilp) and
s(Ily) < s(Ily). We say that Iy strictly dominates Ilo, denoted Iy < Ila, if Iy < Ilo but not
vice versa. We may write 11y = Ila, if both 111 <,II5 and I1; > 15 hold.

A class of plans C; improves over (dominates) another class Ca, denoted C1 = Ca, if for
every query @, it holds that V1Iy € Co(Q), 3111 € C1(Q) such that 111 = IIs. We say that Cq
strictly dominates Cy, denoted C1 < Ca, if C; = Cy holds but not vice versa. We may write
Cy =Cs if both C; = Cy and C1 = Co hold.

3 Decompositions Reuvisited

Several forms of decompositions have been proposed to make use of structural properties of
the query in the quest for efficient query evaluation algorithms. The most fundamental form
are tree decompositions (TDs, for short). They were originally introduced for graphs [31]. In
case of queries (notably CQs), the underlying structure is best captured by hypergraphs. In
principle, we could therefore associate with every hypergraph a graph and define TDs of a
hypergraph as TDs of the corresponding graph. We prefer to define TDs (and, based on TDs,
the other forms of decompositions studied here) directly for CQs without taking the detour
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via the underlying hypergraph and an associated graph. Our notion of TDs corresponds to
the definition of the TD via the “primal graph” of the hypergraph, i.e., the graph whose
vertices are identical with the vertices of the hypergraph and two vertices are adjacent in the
graph if they jointly occur in some hyperedge. This is arguably the most common way of
defining the TD of a hypergraph and, ultimately, of a CQ, but not the only possible way,
e.g.: in [9], TDs defined via the so-called “incidence graph” were considered.

» Definition 3. For a given CQ Q, a tree decomposition (TD, for short) of Q is a tuple
(T,x) where T = (V,E) is a directed tree and x: V — 2" (@) s a node-labeling function
that assigns a set of variables to every node, satisfying the following conditions:

1. for every R;(X;) € atoms(Q), there exists a node v € V with X; C x(v);

2. for every A € var(Q), the nodes v with A € x(v) form a connected subset of V.

The sets x(v) are called bags. The width of a TD is the maximum size of its bags minus 1,
i.e., width(T,x) = max,(|x(v)|) — 1. The tree-width tw(Q) of a CQ @ is defined as the
minimum width attainable by a TD of Q, i.e., tw(Q) = min(z (width(T, x)). Note that,
usually, TDs are considered as undirected trees. However, since we want to use TDs as
query plans, it is more convenient to consider TDs as directed trees, since we will ultimately
evaluate a (Boolean) CQ by a bottom-up traversal of the tree.

A straightforward way of evaluating a CQ @ by making use of a TD is to compute and
materialize, for every node v, the query restricted to the variables in the bag x(v) to turn
the CQ into an ACQ and then to apply Yannakakis’ algorithm. Hence, the principal source
of complexity when using a TD for query evaluation are the subqueries @V corresponding to
each bag. Clearly, there is a choice as to what plan we use to compute the subqueries Q".
The most naive evaluation consists in associating with each bag with variables X, ,..., X,
the relation obtained by computing the query restricted to those atoms which are covered by
x(v) and extending the result to the variables not contained in the subquery by allowing
these variables to take any value from their active domain. That is, for every node v € V,
we compute the subquery QY = (Nielv RZ-) X (XjeJ’U adomj), where the index sets IV
and JV are defined as IV = {i | X; C x(v)} and J* = {4, | 4; € x(v) and Fi € I with
X; € X}, respectively. We can then transform @ into an equivalent ACQ D,y Q¥ and
evaluate this ACQ by applying Yannakakis’ algorithm to it. The space and time exponents
of this approach are essentially (tw(Q) + 1, tw(Q) + 1) (cf. [10]).

A Dbetter evaluation strategy was proposed in [17] by extending TDs to hypertree decom-
positions (HDs, for short):

» Definition 4. For a given CQ Q, a hypertree decomposition (HD, for short) of Q is a tuple

(T, X\, x) where (T,x) is a tree decomposition and X: V — 2090"5(@) js another node-labeling

function that assigns a set of atoms to every node, satisfying (in addition to the properties of

TDs according to Definition 3) the following conditions:

3. for every u € V, the atoms in A(u) are an integral edge cover of x(u), i.e., x(u) C
var(A(u));

4. for every u € V, the so-called “special condition” holds, i.e., let T,, denote the subtree
rooted at u, then (U,ep, x(v)) Nvar(Au)) € x(u).

The width of an HD is the maximum size of its A-labels, i.e., width(T, A, x) = max,(|A]).
The hypertree-width hw(Q) of a CQ @ is defined as the minimum width attainable by an HD
of @, i.e., hw(Q) = min(y y ) (width(T, ), x)). Note that the fourth condition in Definition 4
was introduced in [17] only to make the problem of deciding, if hw(Q) < k holds, tractable for
fixed k£ > 1. When using an HD for query evaluation, this condition is irrelevant. If we drop
the fourth condition, we get Generalized Hypertree Decompositions (GHDs, for short) with
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generalized hypertree-width, denoted ghw(Q) as the associated width measure [2]. Clearly,
GHDs generalize HDs and ghw(Q) < hw(Q) holds for every CQ Q. The downside of GHDs
is that even deciding if ghw(Q) < 2 for given query @ holds, is NP-complete [18, 16].
Bounded hw and bounded ghw generalize acyclicity in that ACQs are precisely the CQs
with hw = ghw = 1. In order to turn a CQ with given HD or GHD into an ACQ, we just
need to join the relations in the A-label and project the result to the y-label for every node

v € V. That is, for every v € V, we compute the subquery QY = 7,y (NRi(Xi)GA(fu) RZ-).

The resulting ACQ P,y Q" can then be evaluated by applying Yannakakis’ algorithm. We
thus get the space-time exponents (hw(Q), hw(Q)) and (ghw(Q), ghw(Q)), respectively [17].

A further refinement of this technique was proposed in [20] by introducing fractional
hypertree decompositions (FHDs, for short):

» Definition 5. For a given CQ Q, a fractional hypertree decomposition (FHD, for short)

of Q is a tuple (T,7,x), where (T,x) is a tree decomposition and v: V — [0,1]otoms(@),

satisfying (in addition to the properties of TDs according to Definition 3) the following

condition:

3. for every u € V, v(u) is a fractional edge cover of x(u), i.e., y(u): atoms(Q) — [0, 1],
such that, for every A € x(v), >o; acr.(x,) (V) (Ri(X5)) = 1.

The width of an FHD is defined as the maximum weight of its y-labels, i.e., width(T,~, x) =
max, (), 7(v)(Ri(X;))). The fractional hypertree-width fhw(Q) of a CQ @ is defined as

the minimum width attainable by an FHD of Q, i.e., fhw(Q) = min(p 5 ) (width(T,~, x)).

In order to turn a CQ with given FHD into an ACQ, we need to evaluate the query

restricted to the variables in x(v) for every v € V, ie., Q"(x(v)) = Air; Ri(X; N x(v)).

By using a WCOJ method such as Generic Join [29], the maximal output size and the
time for evaluating such a query Qv over a database D is O(|D P*(X(”))). The resulting
ACQ P,y QY can then be evaluated by Yannakakis’ algorithm, leading to the space-time
exponents (fhw(Q), fhw(Q)) [20].

For every CQ @, we clearly have fhw(Q) < ghw(Q) < hw(Q) < tw(Q)+1. Hence, treating
a TD as an FHD and evaluating the subqueries at each bag by some WCOJ techniques in
order to turn @ into an ACQ), is optimal among the decomposition methods discussed in this
section. As mentioned, e.g., in [11], one can even do better space-wise. More specifically,
it suffices to materialize only the subqueries restricted to the variables in the intersection
between the bags at a node and its parent. To each vertex v € V of a TD (T, x), we thus
associate a query as follows. Let Y := x(v) and Z" := x(v) N x(parent(v)) or, if v is the
root node, then Z" := (). Then we compute, in a bottom-up traversal of the TD, the queries

Q'(Z") « NR(XinY)A N\ QU(zZ").
i=1 we child(v)
Using a WCOJ method such as Generic Join for evaluating each of these subqueries, we
end up with the space-time exponents (7', x) = max(,, er(r) " (X(u) N x(v)) and t(T, x) =
max,cy () p*(x(v)). The latter is equal to fhw(T, x), if (T, x) is the TD underlying an FHD
of minimum width.

4 Pseudo-Trees

In this section, we discuss pseudo-trees [15, 11] together with several extensions. It will turn
out that WCOJ algorithms such as Generic Join [29] can actually be seen as a special case
of pseudo-tree-based algorithms. We therefore revisit Generic Join (GJ)) query plans first.
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4.1 Generic Join

The Generic Join (GJ) algorithm [29] fixes an arbitrary order on the variables Ay, ..., Ay
of a given CQ @ and computes iteratively partial assignments y; = (a1,...,a;) on Y; =
(A1,... Aj), for all 0 < j < k. It starts with the empty assignment yo := () and, in k
nested loops, it extends it to one variable after the other, as follows. Assuming a partial
assignment y;_1 = (a1,...,aj-1), the j'th nested loop iterates through all values a; in
Mi:a,ex, BilAjly;j-1] to extend y;_1 to a partial assignment y; = (a1,...,a;-1,a;). Here,
we write R;[A;|y;_1] to denote the set of values of attribute A; in relation R; restricted to
those tuples that coincide with y,_; on all attributes in X; N {A44,..., 4;_1}. GJ computes
the intersection above in time proportional to the smallest set, for example, by iterating over
the smallest set and probing (using hash tables) in all the other sets.

» Definition 6. A Generic Join Plan of a query Q is a total order on its variables, 11 =
(Ay,...,Ag). We denote by GJ (resp. GT(Q)) the set of all Generic Join plans (of
Q). In case of a Boolean query Q, the space-time exponents of any I € GJ(Q) are
e(Il) = (0, p™ (var(Q)))-

» Theorem 7 ([29]). Let Q be a Boolean query. If 11 € GT(Q), then we can compute [Q]
based on I in space and time given by e(Il). Concretely, the space used is O(|D|°) (i.e.,
constant), and the time spent is O(|D|P" (vo7(@)),

4.2 Basic Form of Pseudo-Trees

Pseudo-tree-based algorithms improve upon GJ-algorithms by making use of the fact that
the instantiation of some variables may split the query into disconnected parts that can be
evaluated separately. This means that some of the inner loops of the G 7 algorithm can be
executed in parallel rather than in a nested fashion. This idea is illustrated by the following
simple example:

» Example 8. Consider the 3-path query Q() < R1(A4, B) A R2(B, C). The bag semantics of
Q() is obtained as Y, ; .cqom F1(a,0) - R2(b, ¢). By slight abuse of notation, we are writing
R;(z,y) for the indicator expression 1, (z,y), which takes the value 1 if R; contains the
tuple (z,y) and which is 0 otherwise. GJ proceeds in 3 nested loops, e.g., for the variable
ordering (A, B,C'), GJ computes the expression Y >, > . Ri(a,b)Ra(b, ¢), with runtime
O(|R1] - |R2]), i.e., the time exponent is p*(Q)) = 2. A pseudo-tree based algorithm, in
contrast, iterates over B first, then performs two independent loops that iterate over A and
C respectively; this corresponds to the expression ), (3>, Ri(a,b)) - (>, Ra(b,¢)), and the
runtime is O(|R;| + |Rz]), i.e., the time exponent is 1. Structurally speaking, the loops of

GJ can be described as a path A=B—¢ while the loops of the pseudo-tree based algorithm

are tree-structured where B is the root and A, C are its children, i.e., A—B—=c.

To formally define and analyze pseudo-tree algorithms, we introduce the following notation:
For a directed tree T'= (V, E) and A € V', we denote by anc(A) the set of ancestors of A
excluding A, and write ane(A) = anc(A) U {A}. Similarly, we write desc(A) and desc(A) for
the set of descendants of A, without and with A respectively.

» Definition 9 ([15, 11]). A pseudo-tree (PT) of a query Q is a directed tree P = (V, E), such
that every atom R;(X;) is contained in a branch: formally, 3A € V' such that X; C anc(A).

» Definition 10. The class of query plans PT(Q) of a query Q consists of pseudo-trees
P of Q. In case of a Boolean query Q, the space-time exponents of any P € PT(Q) are

6(P) = (OamaXAEUar(Q) p*(W(A))
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Pseudo-tree plans strictly dominate GJ plans, i.e. PT < GJ, because any variable order
of a GJ can be converted into a linear PT A; — Ay — -+ — Ag, and the two plans have
the same space-time exponents, thus PT =< GJ. On the other hand, the 3-path query in
Example 8 shows that G A PT. Indeed, while PT-plans still require constant space, their
time exponent is no longer given by the fractional edge cover number of all variables but by
the maximum fractional edge cover number over all branches in the given pseudo-tree.

» Theorem 11. Let Q be a Boolean query. If P € PT(Q), then we can compute [Q] based
on P in space and time given by e(P). Concretely, the space used is O(|D|%) (i.e., constant),
and the time spent is O(|D[*")) with t(P) = max scar(Q) p* (@C(A)).

Theorem 11 is based on an algorithm that simply uses a loop structure that mimics the
pseudo-tree P. That is, the top-most loop iterates through the possible values a; for the
variable at the root R = root(P). Then, there is an independent nested loop for each child
of R and so on .... Reconsidering the query used in Example 1, the pseudo-tree-based loops
arising from the pseudo-tree A—25 —C¢=D—F arc the ones depicted in Figure 1. Importantly,
the loops proceed as GJ does. That is, at the loop for some A € var(Q), the loops above it fix
a partial assignment y € dom®*Y) which is then extended by a value a € ;. aex, RilAly]
to the partial assignment (y,a). Iterating over the smallest of these sets and probing in the
other, the time at A is determined by p*(anc(A)) (over all y).

4.3 Pseudo-Trees with Caches

We now consider the extension of pseudo-trees by caches to store intermediate results and
avoid their recomputation. A cache is a data structure that maps from a set of keys to a set

of values. As is illustrated in the next example, caches make a time-space trade-off possible.

» Example 12. To motivate caching, consider the 4-path query Q() <~ R(A,B) A S(B,C) A

T(C, D) under bag semantic, and consider the linear PT A—B—C—p , where A is the root.

The runtime of this plan is given by the AGM bound [3], O(N?). Intuitively, this query plan
corresponds to the summation Y, (3, R(a,b) - (3=, S(b,c) - (34T (c,d))))?. We note that
the subexpression M¢(b) :=>__.S(b,c)->_,T(c,d) is independent of a, and, by caching the
values M¢(b), we can avoid recomputing this expression for different values a. Similarly,
we can cache Mp(c) := )" ,T(c,d). By adding caches, we can trade space for time. In our

example, filling the cache Mp(-) for all possible values of ¢ requires at most linear time.

Likewise, filling the cache M¢(-) for all possible values of b can be done in linear time, i.e.:
we have to iterate through all tuples S(b, ¢) but, due to caching, we only need to iterate once
through all tuples T'(c, d). Hence, the two caches Mo and Mp decrease the runtime of the
PT given above from O(N?) to O(N), while the space increases from O(1) to O(N).

Suppose that we want to store the results for possible extensions of partial solutions to the
attribute A in a cache M 4. The key of My is called the context of A, defined as follows.

» Definition 13 ([11]). The context of a variable A € V is defined as
con(A) = {B € anc(A) | 3C € desc(A), s.t. B,C € X; for some atom R;(X;) of Q},

and the closed context of A is con(A) = con(A) U{A}.

2 As in Example 8, we are writing R;(x,y) for the indicator expression 1, (z,%), which takes the value 1
if R; contains the tuple (z,y) and which is 0 otherwise.
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The main property of con(A) is that the subquery corresponding to the subtree (of the
pseudo-tree) rooted at A does not depend on the instantiation of all ancestors of A but only
on the instantiation of the variables in con(A). Therefore, we can cache these values in a cache
M 4 with key con(A), whose values are subsets of dom* (equivalently, mappings dom?® — B)
or mappings dom” — N for set and bag semantics, respectively. Hence, the type of this
cache is M4: dom®™) — (domA — B) or My: dom®™4) (domA — N), respectively,
which is equivalent to M4 : dom®™ ) s Bor M 4: dom®™™ ) s N , respectively. Therefore,
the space usage of the cache M, is given by p*(con(A)) as each cached tuple satisfies the
query @ restricted to variables com(A).

To determine the time spent by the algorithm at node A, suppose that some B € anc(A)
uses a cache, and let B be closest to A with this property. Moreover, suppose that we want
to extend a partial solution to the attribute A for some instantiation x of anc(A) and later
for another instantiation y of anc(A). Further, let x[con(B)] = y[con(B)]. Then, x[anc(B)]
and y[anc(B)] must have both resulted in a cache miss at B. However, this only happens the
first time the partial instantiation x[anc(B)] is considered. Thus, x[anc(B)] and y[anc(B)]
must be the same partial instantiation and we can essentially ignore anc(B) \ con(B) in
the computation of the time spent at A. Let [A, B] C anc(A) be the variables along the
path connecting A to B. Put differently, at A the values of the variables con(B) U [A, B] are
unique and they are the only variables of ancé(A) relevant to the time consumption by the
loop at A.

» Example 14. Let us compute the space-time usage of plans for the 5-path Q() <«
Ri(A,B) A--- AN Ry(D, E) for three different cache setups. We always use the linear PT
A=B—C—D—E. Without a cache, we simply compute >_, , Ri(a,b)>°.--->_, Ra(d,e)
with O(1) space and O(N?) time usage. The worst time usage is at F and given by
p*(anc(E)) = p*(A...E) = 3. With a cache at C, we compute }_, , Ri(a,b)Mc(b) and
Mc(b) =", Ra(b,c) >4 Rs(c,d) Y, Ra(d,e) with O(N) space and O(N?) time usage. The
worst time usage is again given at E but computed as p*(con(C)U|[E, B]) = p*(B...E) = 2.
Lastly, when we add caches at D and E as well, we compute >, , Ri(a,b)Mc(b), Mc(b) =
Yo Ra(b,e)Mp(c), Mp(c) = >, Rs(c,d)Mg(d), and Mg(d) = >, Ra(d,e), resulting in
O(N) space and O(N) time usage.

We are now ready to define a pseudo-tree with caching and its space-time exponents:

» Definition 15. A pseudo-tree with caching (PTC) of a query Q is a pair (P,C), where
P=(V,E)isa PT of Q, and C CV is a subset of the variables for which we add a cache.
We require root(P) € C.

» Definition 16. The class of query plans PTC(Q) of a query Q consists of pseudo-trees
with caching (P,C) of Q. If Q is a Boolean query, then the space and time exponents of a
PTC(Q) plan (P,C) are defined as:

s(P, €) == max p*(con(4)), ¢(P,C):= A% P (con(Ba) U[A, Bal),

where B, := min(C Nanc(A)), i.e., the node in anc(A) closest to A with a cache.
Pseudo-trees with caches strictly dominate pseudo-trees, i.e. PTC < PT, because a
PTC(Q)-plan with no caches (i.e., C = {root(P)}), is simply a PT(Q)-plan. On the other

hand, we have PT A PTC, since the space-time exponents of the P7 C-plan for the 4-path
query shown in Example 12 are not attainable with a P7 -plan.

» Theorem 17. Let Q) be a Boolean query. If (P,C) € PTC(Q), then we can compute [Q]
based on (P, C) in space O(|D|*PC)) and time O(|D|"F©)).
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A
B 1‘9 Al
A—B c 7% A ¢ AB|
m \ D |BC
F E D c D—E 1‘5 B|D
Figure 2 Query QA. Figure 3 Query Q. Figure 4 PTCR for Q..

4.4 Pseudo-Trees with Caching and Resets

We have seen how the addition of caches reduces the time exponent while increasing the space
exponent of a pseudo-tree. Now we describe pseudo-trees with caching and resets, PTCR,
which allow for a finer trade-off between space and time. The basic principle was introduced
in [11], while a complexity analysis and further improvements were presented in [12].

» Example 18. To motivate resetting caches, consider the query Q. () in Figure 2 with

bag semantics and the PT A=B—C—D—E—F . Adding caches to E, F' leads to space-time
exponents of (1.5,2). For example, the cache Mg for variable E has key con(FE) = ABD,
and its space usage is given by p*(ABD) = 1.5. When extending a partial solution abed to
attribute E, the result is stored in Mg(abd). Later, if ¢ has changed while abd are the same,
the result can be retrieved from the cache. Note that, once the value of a or b changes, we
can safely discard (or reset) all entries Mg (ab—), because the values abc are processed in
lexicographic order. We can, therefore, reduce the space of the cache by only keeping cached

entries whose keys agree on AB — essentially only storing the results for different values of D.

This decreases the space usage of Mg to p*(D) = 1, and similarly for the cache Mp. With
this “reset” improvement, @~ can be computed with space-time exponents (1,2).

In Example 18, resetting the cache did not increase the time complexity. However, this is
not true in general. For example, if we drop the edge AFE from the query QA(), then the
context of attribute E becomes con(E) = BD. If we now drop B from the cache, then we
will increase the time required when extending partial solutions to attribute F, as can be
seen as follows: B may take a value b, then we reset the cache when B takes a new value b';
but then it can take the value b again, when A has changed. Thus, dropping B from the
cache key may require us to redo some work. This increases the time complexity and it also
complicates the time analysis of the algorithm. We describe now this technique in general.

» Definition 19. A pseudo-tree with caching and resets (PTCR) of a query Q is a pair
(P,C), where P = (V| E) is a pseudo-tree and C is a function C: V — N.

Fix a variable A € V, and let its context be con(4) = {Ai,...,A,}; recall that
con(A) C anc(A). We order con(A) such that A; is closest to the root and A, is closest
to A. The function C in Definition 19 indicates how many variables from con(A) will be
stored simultaneously. If k := min(C'(A), |con(A)|), we partition con(A) into conlnst(A) U
conSto(A), where conlnst(A) := {A1,..., Ap_1} is the instantiated context and conSto(A) :=
{An—k+1,..., A} is the stored context. The keys of the cache M4 will always agree on
conlnst(A) but may differ on conSto(A). Any change of a variable in conlnst(A) invalidates
(resets) M4. We use a bar to indicate the partition of con(A4): in Example 18, if C(E) = 1,
then we write con(E) = AB|D. If C(A) = 0 then it is equivalent to A having no cache.
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A basic algorithm for handling resets described in [11] is as follows. Each variable A has
a cache M4 with key con(A), and an instantiated tuple conlnsty € dom®™™"4) storing
the last value of conlnst(A). When trying to extend a partial solution y to A, we first
check whether conlnst, = y[conInst(A)]. If yes, the cache can be used like in Section 4.4.
If not, then the cache M4 has to be reset. However, this algorithm is not optimal, as
we explain next.

» Example 20. Consider the Boolean query Q. () in Figure 3 with bag semantics and the
PTCR (P, C) in Figure 4. The figure also shows the partitions of each context. For example,
con(E) = B|D, means that conlnst(E) = B and conSto(E) = D, and therefore the keys of
its cache Mg(BD) always agree on B; on the other hand, D has a full cache Mp(BC). To
determine the time complexity at variable F, we need to reason about how often the cache
Mp is reset due to B changing its value. We can do this in two ways. Either we notice that
the only ancestor of B is A and, thus, the number of attempts to extend partial solutions
to E with a new B is bounded by p*(AB). Or, we notice that D has a fully stored cache
Mp(BC), and extensions to E are only tried with unique BC' pairs, yielding the bound
p*(BC).

These bounds can be reduced to p*(B) by computing the cache Mp(BC) eagerly. When
trying to extend a partial solution abc to D for the first time, D will ignore the values bc,
and instead it fills its cache Mp(BC) entirely with all values of BC': it iterates over all
distinct values be of BC' for the subquery Q[BC)] restricted to BC' and stores the result for
every value d of D (which includes the iteration over the values of E) in Mp(bc). D traverses
the subquery Q[BC] by grouping on B (e.g., by sorting it lexicographically), so that the
same B-values occur consecutively, e.g. bici,bico,bics, bacy, ... When B changes from bq
to ba, E resets its cache, but there is no loss of work, because b; will never be seen again;
this is similar to the argument in Example 18. The number of cache resets is reduced® to
p*(B). This example was simple, because D had no instantiated variables, conlnst(D) = (J;
the general case requires the technical Definition 21 below. Notice that filling the cache
eagerly is a significant extension of GJ and all its implementations in practice [34, 14], where
the values of AB... are examined in strict lexicographic order, e.g. a1b1, a1bs, asby, asbs . ..
Instead, we expect the values of B at F in sorted order by, b1, bo, bo, b3, . ..

In general, to extend query evaluation based on PTC to PTCR, we use the following;:

» Definition 21. For a PTCR (P,C') and variable A € V(P), we define the (closed) relevant
(instantiated) ancestors Ta(A), ra(A), ria(A) — where con(A) C Ta(A) C anc(A), con(A) C
ra(A) C anc(A), and (for conInst(A) # 0) conlnst(A) C ria(A) C anc(min(conlnst(A))) —
recursively as follows:

ria(A) = {;ﬁl(parent(A)) N anc(min(conlnst(A))) conlnst(A) # g’

conlnst(A) = 0,
ra(A) = ria(A) U conSto(A), Ta(A) = ra(A) U {A}.

Intuitively, the instantiated relevant context ria(A) determines the number of resets of
the cache M4: on one hand, it contains the instantiated context conlnst(A). Clearly, for
every different value combination of the attributes in conlnst(A), we have to fill the cache
M 4 again from scratch. On the other hand, when the ancestors of conlnst(A) take different

3 In this simple example, we have p*(AB) = p*(BC) = p*(B) = 1. Hence, the improved algorithm does
not reduce the runtime but the dependency. However, when also considering the time required to iterate
through the E-loop, we get p*(BE) =1 < p*(ABE) =2 and < p*(BCE) = 1.5.
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values, then conlnst(A) may later take the same value combination again. Thus, the total
number of cache resets of M4 depends on the possible value combinations of conlnst and
the possible number of repetitions of the same value combinations of conlnst. To bound this,
ria(A) lies between conlnst(A) and their ancestors (anc(min(conlnst(A)))), and crucially

ancti) that “arrive” at A come

satisfies the property that the partial instantiations y € dom
in lexicographic order even when projected onto ria(A). Hence, we can use p*(ria(A)) to
determine the number of cache resets.

As we have alluded to before, maintaining this lexicographic order does not come for free
but requires the caches to be computed eagerly. That is, if we inductively assume ria(A) to
come lexicographically, then go through conSto(A) lexicographically, and then also go though
A lexicographically, then 7a(A) is given to each child lexicographically. The problem with the
naive approach (i.e., the lazy computation) is that an ancestor of A between conlnst(A) and A
may potentially destroy the lexicographic order in which conSto(A) should be processed and
is passed to the children. Referring to Example 20, when trying to extend partial solutions to
D, we have ria(D) = (). We, therefore, iterate only once over all values bc of [Q[BC]]. Hence,
the —bcd partial assignments (BC'D = 7a(D)) arrive at E lexicographically. The cache Mg
at F is only reset when b changes, i.e., the relevant variables are ria(E) = BCD N AB = B.
Thus, to bound the time spent at E we can use p*(7a(E)) = p*(BDE) = 1.5.

We next define the class of query plans PTCR together with their space-time exponents:

» Definition 22. The class of query plans PTCR(Q) for a query Q consists of PTCR (P, C)
of Q. If Q is a Boolean query, then the space and time exponents of a PTCR(Q) (P,C) are
defined as:

s(P,C) = Arenﬂ();) p*(conSto(A)), t(P,C)= AIenva();) p*(ra(A)).
» Theorem 23. Let Q be a Boolean query. If (P,C) € PTCR(Q), then we can compute [Q]
based on (P, C) in O(|D[*P)) space and in O(|D|* ) time.

4.5 Pseudo-Trees Using Recursion to Reorient Sub-Trees

We now present a final extension of pseudo-trees termed recursive pseudo-trees RPT in [12].
They are motivated by the following observation: In a PTCR-algorithm based on the PTCR
(P,C), for an attribute A with C(A) # 0 and where a cache miss occurs, we evaluate, for
every instantiation ys, of the stored context conSto(A), the subquery of @ restricted to the
variables desc(A) and cache the result in M4. The results (over all ys,) then make up the
cache M 4(con(A)). Hence, actually, we can see M4 (con(A)) as a query itself where we have
simply already fixed some variables (also some of con(A) are fixed). Intuitively, we aim to
solve the subquery

Ma(con(A)) + Q[7a(A) U desc(A)]

but where the values of ria(A) are fixed to some partial assignment y,i,. Hence, it only
remains to go though the variables conSto(A) U desc(A). The PTCR-based algorithm does
exactly this and proceeds as follows: First, it iterates through the variables in conSto(A) and,
then, it proceeds to the variables in desc(A) according to (P, C). The variables in conSto(A)
are thus processed in the order they are given as ancestors of A in P. While intuitive, this is
an arbitrary decision. One could instead simply use a different PTCR, (P’,C") — imposing a
different order on the remaining variables conSto(A) U desc(A) — to compute this subquery.
Effectively, we fill the cache using a different PTCR and see this as replacing the subtree of
(P, C) rooted at A with the new sub-plan (P, C").
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Figure 5 Query Qo. Figure 6 An RPT for Qo.

» Example 24. To motivate the use of different PTCRs to fill the caches, consider the
Boolean query Qo () given in Figure 5 with bag semantics. As there are many 5-cliques, our
aim is to achieve time complexity 2.5 and minimize the space complexity. Note the structure
of the query: L is connected to everything, S = LDE and S; = LHG are the minimal
non-trivial separators, and Ky = LBDC, Ky = LFEG,K3 = LHJI are three 4-cliques which
each extend in two ways to a 5-clique — IC; together with A or F, as well as Ky together with
D or H, and K3 together with G or K. Thus, a natural way of evaluating (), would be to
start like a PTCR plan. That is, we start with a path o: L — F — E — G of nested loops
and then branch to the separators S1: D and Sp: H separately.

Let us focus on the left branch where we continue with, say, C. At this point, we need
a cache to not increase the time complexity beyond 2.5. We set the size of the cache to 2
(the space complexity will be 1 but the cache contains 2 variables), thus get the context
partition con(C) = LIED. Now we would have to fill the cache for the possible values of
conSto(C) = ED that fit to the current value [ of L, and then solve the remaining query on
A, B,C. Thus, the query to solve is

Mc(l,E,D) « Q[l, A, B,C, D, E|

This can be done by a loop structure that first extends [ to values bdc and then loops
through A and FE independently. Such a loop structure will take time O(N?-%) and space
O(N) including the loop over the values . Naturally, the right branch can be taken care
of symmetrically. Thus, we have arrived at an algorithm with the desired space and time
consumption. However, note that this algorithm is not the result of a PTCR plan as this is
not the way how a PTCR algorithm would have filled the cache of C' (no matter how we
complete the PTCR). Crucially, we have inverted the order of E and D to fill the cache.

Figure 6 depicts an RPT that follows the same idea of the sketch of an algorithm above.
That is, the RPT starts out as a PTCR (solid edges) but where a different PTCR is used
to fill the caches at C and J. To that end, these sub-parts (the gray parts) are replaced
by the PTCRs attached with dashed edges. The red L indicates the fixed inputs that the
new PTCRs have to take into consideration and the blue ED (resp. GH) are the output
variables of the subquery.

The definition of recursive pseudo-trees and the analysis of their time complexity are
quite involved. We, therefore, omit them here and refer the interested reader to [12]. Suffice
it to mention that RPT plans strictly dominate P7CR plans, which is seen as follows: We
clearly have RPT X PTCR, since RPT-plans without recursion are simply P7TCR plans.
On the other hand, we have PTCR A RPT, as illustrated in Example 24.
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5 Combining the Two Worlds

Having discussed query plans based on decompositions in Section 3 and based on various
variants of pseudo-trees in Section 4, we now consider their combination. That is, we study
classes of query plans which, on one hand, use tree decompositions and, on the other hand,
use query plans from some class C for evaluating the subqueries in each bag. We denote
the resulting class of query plans as TDC. More specifically, we will have a closer look at
the classes TDY7, TDP7, TDP7C and TDP7CR | which combine tree decompositions with
plans in the classes GJ, PT, PTC, and PTCR, respectively, from Section 4.

5.1 Tree Decompositions and Generic Join

We have already observed in Section 3 that the space-time exponents of TDY7 plans are
S(Tx) = maX(uuyescr) o (x(w) X (v)) and 4T, x) = maxuey(r) p* (x(v)); the time exponent
is equal to the fractional hypertree-width of the query, if (7T}, x) is the TD underlying an
FHD of minimum width. We, therefore, concentrate here on a comparison with other classes
of query plans. Of course, the relationship TDC < C holds for any class C of query plans,
since we can simply consider the trivial tree decomposition consisting of a single bag. Below
we show that PT and 7D are incomparable.

» Theorem 25. The classes PT and TDY of query plans are incomparable, i.e., PT £
TDY and TDY £ PT.

Proof Sketch. To show PT £ TDY, we revisit the 4-path query Q() < Ri(A, B) A
Ro(B,C) A R3(C, D) from Example 12 under bag semantics. We have seen that a PT-plan
can evaluate this query with space-time exponents (0,2). Now consider a TD with three
bags x(u) = {AB}, x(v) = {BC}, x(w) = {CD}, where u is the root. Then a TDY’-plan
achieves space-time exponents (1, 1). Clearly, time exponent 1 is not feasible with a P7T-plan.

On the other hand, to show TDY7 £ PT, consider again the 3-path query from Example 8.
We have seen in Example 8 that it can be evaluated by a PT-plan with space-time exponents
(0,1). A T DY -plan cannot achieve this, since it either has time exponent = 2 (for a TD
with a single bag) or space exponent 1 (for a TD with 2 bags). <

5.2 Tree Decompositions and Pseudo-Trees with or without Caching

In Theorem 25, we have established the relationships PT £ TDY and TDY7 £ PT.
Together with the trivial relationship 7D"7 < TD9 | we thus also have TD?7T < TD97 .
Actually, in [12], even a slightly stronger result was shown: recall from Example 8 that
not only GJ A PT holds, but, for the 3-path query, a PT-plan can even achieve a strictly
smaller time exponent without increasing the space exponent. Similarly, there exists a (more
involved) query, for which the optimal time exponent with a TDY7 plan can be improved by
a TDPT plan without increasing the space exponent. For details, see [12].

Below, we present two results on PTC-plans: on one hand, even with decompositions,
PTC dominates TDYY. On the other hand, if we combine tree decompositions with PTC-
plans for evaluating the subqueries at the bags (i.e., we have plans in the class TDPTC), we
do not get an improvement over TDPT—plans.

» Theorem 26. The class PTC dominates TDYY | i.e., PTC < TD .

Proof Sketch. Given a plan II := (T, x) € TDY, we construct a plan Iy := (P,C) € PTC
such that Iy < II. Note that, by slight abuse of notation, we denote query plans in TDIY7 by
only writing the TD and not explicitly specifying the query plan for every bag x(v). In case
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Figure 7 Query Q n.

of GJ this is justified since any variable order leads to the same time exponent, namely the
fractional edge cover number p*(x(v)). The construction is based on the variable elimination
procedure for a tree decomposition [23], and proceeds by induction on the number of bags
in T. If T has a single bag, then II is essentially a GJ plan, and the claim follows from
PT 2GJ.

Otherwise, let v be a leaf of T', let p := parent(v), and let {A;,..., Ar} == x(v) \ x(p),
i.e., the set of variables that occur in v but nowhere else. Let Z be their neighbors, i.e.,
Z := {B | 3 atom R;(X;),3j, s.t. A;,B € X;}. Then, Z C x(v) N x(p) must hold. Let
Q' be the query obtained from @ by removing all variables A1,..., A, and adding a new
atom R(Z), i.e., Q' + Qvar(Q)\ {A1,..., Ax}](X) A R(Z). Clearly, the plan IT' = (7", x)
obtained from II by removing the leaf v is a TD97-plan for Q. Hence, by the induction
hypothesis, II' can be converted to a PTC plan I, = (P’,C’) such that I, < IT'. All
variables Z belong to a branch of IIj, (because of the atom R(Z), that we have “artificially”
included into @’). Construct the pseudo-tree P from P’ by adding a branch A;-As----- Ay
as a child of the last variable in Z. Finally, define IT; := (P,C U {A1}) (only A; receives a
cache). It can be checked that ITy < II: for the space exponent, note that con(A4;) = Z is
the only additional cache in Iy compared with II. By Z C x(v) N x(p), its space exponent is
not bigger than p*(x(v) N x(p)). For the time exponent, we note that filling the cache at A
(by considering query @ restricted to Z U {4, ..., Ax}) does not require more time than
evaluating the subquery of @ restricted to the bag x(v) 2 Z U {A1,..., Ax}. <

Recall from Theorem 25 that P7 and 7D are incomparable. Together with the
trivial relationship P7C < PT, we may conclude from Theorem 26 the strict domination
relationships PTC < PT and PTC < TDY.

The crucial step in the proof of Theorem 26 was to eliminate one node v from the
tree decomposition and to cover the interface between this node and its parent by a newly
introduced cache. In the next theorem, we essentially proceed in the opposite direction: given
a TDP7C we want to eliminate a cache at some variable A in the PTC-plan for evaluating
the subquery corresponding to a bag at a node v in the tree decomposition. Now, the crucial
step is to split the bag at node v into two bags (one with the variables at the subtree rooted
at A plus its cache and one with the remaining variables of the bag but again adding the
cache at A). The details are worked out in [12]. We thus get:

» Theorem 27. The class TDFT dominates TDP7C, i.e., TDPT < TDP7C. Therefore,
TDPT = TDP7¢ and TDTT < PTC.

5.3 Tree Decompositions and Pseudo-Trees with Caching and Resets

In the previous section, we have seen that combining TDs with P7T-plans for the subqueries
at the bags dominates the combination of TDs with G.7-plans. On the other hand, replacing
PT-plans by PTC-plans for the subqueries at the bags of a TD does not allow for further
improvements. The natural next question is as to whether the use of the yet more powerful
PTCR-plans in combination with TDs has the potential for further improvements. In this
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section, we give a positive answer to this question indirectly. More specifically, we illustrate
that PTCR-plans and TD”7 -plans are incomparable. Together with the trivial domination
relationship 7D7 7R < PTCR, we may then conclude that 7DT7R < TDP7 holds.

» Theorem 28. The classes PTCR and TDT7 of query plans are incomparable, i.e.,
PTCR £ TDP7 and TDFT £ PTCR.

Proof Sketch. For PTCR £ TD"7, we use the query Q~() depicted in Figure 2 and the
PTCR given in Example 18, with space-time exponents (1,2). Because no edge separates
the query, any TD with 2 or more bags uses super-linear space, and a single bag is equivalent
to a PT, which takes more than quadratic time.

For TDPT £ PTCR, we use the query Q~n() depicted in Figure 7 and a TD with
three bags ABCDE, DEFGH, and GHIJK. Its space-time exponents are (1,2): the space
exponent is clear by considering the intersections by DFE and GH between neighboring bags;
for the time exponent of the first bag, we could, for instance, use a PT starting with path

A-B-C and then branching into D and E, respectively. Then both branches have p* = 2.

The subqueries at the other two bags are evaluated analogously. On the other hand, it can
be shown that the best PTCR for the query Q () has space-time exponents of (1.5,2) or
(1,2.5). This result, presented in [12], was obtained by a computer-assisted exhaustive search
for PTCR-plans. <

5.4 Tree Decompositions and Pseudo-Trees with Recursion

We now also briefly look at the combination of TDs with RPT -plans for the subqueries
at the bags. It turns out that this may lead to a further improvement compared with
TDFTCR plans. Actually, even RPT-plans without combining them with TDs strictly

dominate TDF7 R _plans. We first show that 7DF7¢R 2 RPT holds.
» Theorem 29. The class TDP7R does not dominate RPT, i.e., TDFTCR A RPT.

Proof Sketch. To prove TDFT¢R £ RPT, we revisit the Boolean query Q depicted in
Figure 5. As was discussed in Example 24, this query can be evaluated by an RPT-plan
with space-time exponent (1,2.5). However, using a computer-assisted exhaustive search of
the plan space PTCR, it was verified in [12] that there is no plan PTCR (P, C) with a space
exponent of s(P,C') < 1 and time exponent of ¢(P,C) < 5/2. Since there is also no linear
separator in this query, this implies that the same holds for TDFTCR, <

Finally, we mention that the combination of RPT-plans with TDs does not provide
further improvements compared with pure RPT-plans, i.e., RPT < TDRPT holds. For
details, see [12]. Together with the trivial domination relationship 7D*”7 < RPT, we thus
get RPT = TDRPT. Moreover, by TDRPT < TDPTER and Theorem 29, we get the strict
domination relationship RPT < TDFTCR,

6 Conclusion

We have recalled query plans based on decomposition techniques, which have received a
lot of attention in the database community, and query plans based on pseudo-trees and

their extensions, which have been primarily studied in the constraint satisfaction community.

Moreover, we have shown that techniques from both areas can be fruitfully combined by
considering tree decompositions and applying pseudo-tree techniques to the subqueries at
the bags of the decompositions. The comparison of the various query plans in terms of
space-time exponents yields the domination relationships depicted in Figure 8.
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Name Class of Query Plans Based
\ /Thm. 26 On:
PTC gJ Generic-Join
PT Pseudo-Tree
/ Thm. 27 PTC Pseudo-Tree with Caching
Thm. 28 ,Thm. 27 PTCR  Pseudo-Tree with Caching and
‘—’ TDPT¢ Reset
.-) RPT  Recursive Pseudo-Tree
L"' \" "’ A TD¢ Tree-Decomposition, with a
TDPTCR N ‘.‘ query plan from C applied to
each bag
lThm. 29
RPT «—— TDRPT
2 T

Figure 8 [12] Classes of query plans, ordered by their space-time exponents: lower classes have
smaller exponents and are better. An arrow C2 — C; means that every plan in C2 can be mapped to
a plan in C; with space-time exponents at least as good; in particular, C1 < C2 (see Definition 2).
A missing arrow, i.e. C2 # C1, means C1 A C2. In particular, all downward arrows indicate strict
domination. The depicted graphs are examples of Boolean queries with binary predicates that
separate the classes; the colors represent maximal cliques.

As far future work is concerned, the widest open field is the lack of lower bounds — both in
terms of space and time exponents: We have recalled several classes of query plans together
with their “canonical algorithms”, which lead to upper bounds on the space-time exponents.
There are no formal proofs that these space-time exponents are optimal for the respective
classes of query plans. More generally, we are lacking concrete space-time tradeoffs for
(conjunctive) query evaluation, and there is little to built on in the literature. For example,
the set difference and distinct element problems have been proven to have a lower bound
ST = Q(n?) [5, 28]. However, these results are too weak to constrain query evaluation, since
even acyclic CQs require at least a quadratic space-time product.
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