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Abstract
We review two algorithms which allow to build a factorized representation of the answers set of join
queries. In a nutshell, the representation builds a circuit representing the answers set of a join query
by starting from atomic relations and iteratively combine them by either constructing the Cartesian
product or the disjoint union of previously computed relations. The first one can be seen as the
trace of the celebrated Yannakakis algorithm, building the answer set from the inputs to the output
of the circuit while the second adopts a top-down approach which can be seen as a generalization of
the exhaustive DPLL algorithm, originally designed to solve the #SAT problem.
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1 Introduction

From the seminal paper by Codd [19], it has been quite clear that organizing data as relations
is a powerful abstraction, leading to a clear and intuitive separation of the data itself, its
structure and how it can be queried. In a way, a query can be seen as a succinct way of
specifying a relation. Yet, this succinctness comes at the price of making the relation harder
to manipulate and most of the time, one ends up materializing it, which can be costly [18],
before using the results. A notorious result by Yannkakis identified a class of queries for
which this materialization was not necessary to decide whether the query has at least one
answer, namely, the class of acyclic queries [50] (called acyclic scheme in the original paper),
a large body of work has focused on finding other tractable tasks that can be efficiently
solved on acyclic join queries, beyond simply deciding whether it has at least one answer. For
example, it has been observed that one can efficiently enumerate the answers of an acyclic join
query [7], compute their number [44], aggregates the answer over different semirings [1, 31]
etc. Following the line of research on factorized databases [42, 43, 40] having its root in the
field of knowledge compilation [23, 40] which focuses on efficient representations of knowledge
bases, we argue in this paper that this tractability can be seen as the fact that the answer sets
of acyclic queries can be efficiently represented in a factorized, yet tractable data structure,
namely, a relational circuit.

This paper contains notes related to my invited ICDT lecture. It aims at giving an
introduction to relational circuits (see Section 3.1), how to use them (see Section 3.2) and how
to construct them (see Section 4), either by adapting Yannakakis algorithm (see Section 4.1)
or by using an algorithm originally designed for solving #SAT (see Section 4.2). We then
explore the consequences of these constructions regarding several known tractability results
from the literature(see Section 5). It does not aim at giving full formalization and voluntarily
stays high level. We also tried to give many pointers to related literature but many other
relevant and interesting results and research are still unfortunately missing.
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3:2 Building Relational Circuits

2 Preliminaries

Tuples and relations. We let DX to be the set of mapping from a set X of attributes to
a set D called the domain. An element τ ∈ DX is called a tuple over attributes X and
domain D. For τ ∈ DX , we let attr(τ) =def X to be the attributes of τ . Given a set of
attributes Y , we let τ |Y to be the tuple defined over attributes Y ∩ attr(τ) and defined as
τ |Y (y) = τ(y) for every y ∈ Y ∩ attr(τ). If τ1, τ2 are two tuples such that τ1|Z = τ2|Z where
Z = attr(τ1) ∩ attr(τ2), we say that τ1 and τ2 are consistent and write τ1 ≃ τ2. In this case,
we let τ1 ▷◁ τ2 to be the tuple defined over attr(τ1) ∪ attr(τ2) as (τ1 ▷◁ τ2)(x) = τ1(x) if
x ∈ attr(τ1) and (τ1 ▷◁ τ2)(x) = τ2(x) otherwise. We write τ1×τ2 when attr(τ1)∩attr(τ2) = ∅
to insist on the fact that they have disjoint attributes. We write tuple between angle brackets
and with a list of couples of the form x/d where x is an attribute and d a domain value,
meaning that the tuple assigns value d to x. For example τ =def ⟨x/1, y/2, z/1⟩ is the tuple
over attributes {x, y, z} such that τ(x) = τ(z) = 1 and τ(y) = 2. We denote by ⟨⟩ the empty
tuple (that is, the only tuple whose attributes are ∅, and the identity of ×).

A relation R ⊆ DX on attributes X and domain D is a set of tuples. We extend notations
of tuples to relations: we define attr(R) =def X to be the attributes of R, the projection of R

over attributes Y to be the relation over X ∩Y defined as R|Y := {τ |Y | τ ∈ R}. The natural
join of two relations R and S is defined as R ▷◁ S := {τ ▷◁ σ | τ ∈ R, σ ∈ S, τ ≃ σ}. Again,
if attr(R) ∩ attr(S) = ∅, we write R× S instead of R ▷◁ S. In this case, we say that R× S

is the Cartesian product of R and S. Observe in this case that |R× S| = |R| × |S|. Given
two relations R, S ⊆ DX over attributes X, we write R ∪ S for the union of relations R and
S, seen as sets of tuples. Now when R ⊆ DX and S ⊆ DY are not defined over the same
attributes, we define the extended union of R and S over domain D, denoted by R ∪̄D S, to
be R×DY \X ∪ S ×DX\Y . We simply write R ∪̄ S when D is clear from context. Given a
relation R over attributes X and τ a tuple over attributes Y , we denote by R/τ the relation
over attributes X \ Y containing the tuple σ such that σ × τ |Y ∩X ∈ R. Despite the notation
being non standard, we think it is natural: the “/” symbol here is to be interpreted as the
inverse of the Cartesian product ×.

Join and conjunctive queries. In this paper, we focus on join queries (also known as full
conjunctive queries or quantifier-free conjunctive queries). A join query is traditionally
defined only over relation names, and the content of each relation, the data, is defined outside
of the query itself, in a database. To ease notations and concepts, we slightly deviate from
this point of view in this paper and we define a join query Q = R1(X1), . . . , Rm(Xm) as a
finite list of relations, called the atoms of Q, R1 ⊆ DX1 , . . . , Rm ⊆ DXm over a finite domain
D and finite sets of attributes X1, . . . , Xm.

The variables of a join query Q are defined as var(Q) =def
⋃m

i=1 Xi. A join query Q

implicitly represents a relation over attributes var(Q) and domain D which is defined as
performing the natural join of each relation it contains. Formally, we define the answers set
ans(Q) of Q as ans(Q) =def {τ ∈ Dvar(Q) | ∀i ∈ [m], τ |Xi

∈ Ri} ⊆ Dvar(Q).

We consider two notions of sizes for join queries, inherited from the original separation
between the logical layer and the data layer. The query size of Q, denoted by |Q| is defined
as

∑
R∈Q | var(R)|. The query size does not take into account the content of the relation, but

only their structure. The data size of Q, denoted by ∥Q∥, is defined as
∑

R∈Q | var(R)| · |R|.
The data size is sensible to the number of tuples in each relation, while the query size only
depends on the number of relations and their arities.
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A conjunctive query is defined as a pair (Q, Z) where Q is a join query and Z ⊆ var(Q)
is a subset of attributes of Q called the free variables of Q. We often simply write it as
Q(Z) = R1(X1), . . . , Rm(Xm) to make the free variables explicit. The answers set ans(Q(Z))
is defined as ans(Q)|Z , that is, {τ |Z | τ ∈ ans(Q)}. We extend the query size and data size
to conjunctive queries, where |Q(Z)| is defined as |Q| and ∥Q(Z)∥ as ∥Q∥.

Model of computation. We use the word-RAM model of computation where registers
contain O(log n) bits, where n is the size of the input and arithmetic operations over two
registers can be done in constant time. Observe that in this model, we can perform arithmetic
operations and comparisons over integers bounded by nc in polynomial time in c (actually,
in time O(c log c)) [29]. In the case of join queries over variable X and domain D, we will
often use numbers of size up to |D||X| (for example, when counting tuples), which means
that this number can be manipulated in time O(|X| log |X|). Using radix sort, we can also
sort m such values or tuples in time O(|X| · (|D|+ m)) [20, Section 6.3]. In other words, we
can sort the tuples of a relation R in time linear in |R| · | var(R)|.

3 Relational Circuits

In this section, we introduce a succinct way of describing relations using circuits whose
syntactic properties make them suitable for further analysis.

3.1 Main definitions
From a general point of view, a relational circuit is a circuit whose inputs are labeled by
atomic relations and gates are functions building new relations from its input relations. In this
setting, we can see a join query Q = R1(X1), . . . , Rm(Xm) as a flat relational circuit, with
relations Ri being inputs of a single ▷◁-labeled gate. We show how one can use factorization
and syntactic restrictions to design representations that are both succinct and tractable.

Join circuits. We start with a very general definition that serves as a starting point before
restricting it into more interesting classes of circuits. A {▷◁, ∪̄}-circuit C on attributes X

and domain D is defined as a labeled direct acyclic multi-graph (that is, there may be more
than one edge between two vertices of the graph) with one distinguished vertex called the
output of C and denoted by out(C). The vertices of the underlying DAG of C are called
gates. If two gates g, g′ are connected by a directed edge g → g′, we say that g is an input of
g′ and that g′ is an output of g. The gates of C are labeled as follows:

Every gate g without input (that is, without any incoming edge) is called an input of the
circuit and is labeled by either ⊥, ⊤ or x/d for some attribute x ∈ X and domain value
d ∈ D. If g is labeled by ⊤ or ⊥, we say that g is a constant input.
Every other gate (that is, every gate with at least one input) is labeled by either ∪̄ or ▷◁.

The attributes attr(g) of a gate g of C are defined to be the set of attributes appearing
in at least one input of the subcircuit rooted at g. In other words, attr(g) = ∅ if g is labeled
by ⊤ or ⊥, attr(g) = {x} if g is labeled by x/d for some d ∈ D, and attr(g) =

⋃k
i=1 attr(gi)

if g1, . . . , gk are the inputs of g.
Each gate g computes a relation rel(g) ⊆ Dattr(g) defined inductively as:
If g is an input then: either it is labeled by ⊥ and rel(g) = ∅, or by ⊤ and rel(g) = {⟨⟩},
or by x/d then rel(g) = {⟨x/d⟩}.
If g has input g1, . . . , gk and is labeled by ▷◁ then rel(g) = rel(g1) ▷◁ . . . ▷◁ rel(gk).
If g has input g1, . . . , gk and is labeled by ∪̄ then rel(g) = rel(g1) ∪̄ . . . ∪̄ rel(gk).
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3:4 Building Relational Circuits

The relation rel(C) computed by C is defined as rel(C) := rel(out(C)) × DX\Z where
Z = attr(out(C)). If X is not made explicit, we simply let rel(C) = rel(out(C)).

The size |C| of a {▷◁, ∪̄}-circuit is defined as the number of edges of its underlying graph.
Sometimes, the size of circuits is defined as the number of gates, but this definition is often
less natural. Indeed, an algorithm visiting every edge of the circuit is linear in the size of
the input but no necessarely linear in the number of gates in the circuit since there may be
O(N2) edges in a circuit with N nodes.

The family of {▷◁, ∪̄}-circuits is not interesting from a complexity point of view as
they are more general than join queries. We now restrict {▷◁, ∪̄}-circuits in order to find
representations of relations that are more tractable than join queries.

Cartesian products. The main syntactic restriction that we impose on relational circuits
is the following: in a {▷◁, ∪̄}-circuit, we say that a ▷◁-gate g is a Cartesian product gate, or
×-gate for short, if attr(g1) ∩ attr(g2) = ∅ for every distinct input g1, g2 of g. Observe that
in this case, if g1, . . . , gk are the inputs of g, then rel(g) = ×k

i=1 rel(gi). A {×, ∪̄}-circuit is a
{▷◁,∪}-circuit where every ▷◁-gate is a ×-gate. Obviously, given a {▷◁,∪}-circuit C, we can
check whether it is a {×, ∪̄}-circuit in time O(|C| · |X|) by computing attr(g) for every g.

Union gates. Another useful restriction regarding relational circuits is to restrict how
∪̄-gates are operating. Indeed, ∪̄-gates are cumbsersome to use because they force us to keep
track of the attributes of each gate and to be explicit about the domain. We hence define a
{×,∪}-circuit as a {×, ∪̄}-circuit such that for every ∪̄-gate g with input g1, . . . , gk, we have
attr(g1) = · · · = attr(gk). In this case, one can easily check that rel(g) =

⋃k
i=1 rel(gi).

Disjoint unions. While {×,∪}-circuits allow for enumeration, one can observe that they
do not allow to efficiently compute statistics on rel(C). Indeed, one can easily see that it
is #P-hard to compute |rel(C)| when C is a {×,∪}-circuit given on the input, by a direct
reduction to the problem #DNF, though, if one is interested in approximation, this problem
admits an FPRAS [36]. The hardness of counting mainly stems from the fact that unions
of relations in the circuit may overlap, which makes the cardinality of the union hard to
estimate.

To avoid it, we need an extra property: given a {×,∪}-circuit C, we say that a ∪-gate g

with inputs g1, . . . , gk is deterministic1 if for every i < j ≤ k, we have rel(gi)∩ rel(gj) = ∅. In
this case, observe that

⋃k
i=1 rel(gi) is a disjoint union, denoted by

⊎k
i=1 rel(gi). A deterministic

∪-gate will be denoted by ⊎. As for union, we also have ⊎̄D to denote the union of relations on
different attributes but having no common tuple on their shared attributes. A {×,⊎}-circuit
is then a {×,∪}-circuit where every ∪-gate is deterministic.

Given a {×,⊎}-circuit, we can now compute |rel(C)| with O(|C|) arithmetic operations
using a straightforward dynamic programming, see Section 3.2 for details.

Decision-gates. One can see that checking whether a given ∪-gate is deterministic is not
easy. Indeed, it is a semantic property on the relation computed by each gate and not an
easy-to-check syntactic property. In practice, we know that a ∪-gate is deterministic because
the algorithm which built the circuit formally guarantees that this is the case. While in some

1 We keep here the usual terminology from knowledge compilation [22] and from seminal work on factorized
databases [43], though the naming is slightly misleading, as it is not deterministic in the usual sense.
“Unambiguous” would be a better term.



F. Capelli 3:5

cases, determinism may depend on complex reasons, in every algorithm we will describe in
this document, determinism is ensured because some attribute x has a different value in
each subcircuit. To model this very specific case, we introduce the notion of decision-gate: a
decision-gate g is a gate labeled by a variable x and each incoming edge e of g is labeled
by a value de ∈ D. Moreover, if e1 = g1 → g, . . . , ek = gk → g are the incoming edges
of g respectively labeled by d1, . . . , dk, then for every i < j, di ̸= dj and x /∈ attr(gi).
We define rel(g) =

⊎k
i=1{⟨x/di⟩} × rel(gi). Clearly, by definition, we could rewrite every

decision-gate with k incoming edges using only ⊎-gates and ×-gates2 and at most 3k edges,
hence decision-gates is only a useful syntactic sugar. A {×, dec}-circuit C is a circuit whose
every gate are either Cartesian products or decision-gates.

Ordered {×, ∪}-circuitdec. Different paths of decision-gates in a {×, dec}-circuit may use
different order. For example, we could have a path testing variable x then y then z and
another path testing x then z then y. That said, the algorithm we give in Section 4 will always
test variables in the same order, and we will actually use this fact to recover some results
on direct access. Let π = (x1, . . . , xn) be an order on X. We say that a {×, dec}-circuit on
attributes X respects order π if for every decision-gate g labeled by xi and g′ an input of g,
we have attr(g′) ⊆ {xi+1, . . . , xn}.

We observe here that some ⊎-gates are not decision-gates. For example, let g0, g1 be
gates such that rel(g0) = {⟨x/0, y/0⟩, ⟨x/1, y/1⟩} and rel(g1) = {⟨x/0, y/1⟩, ⟨x/1, y/0⟩}, then
a ∪-gate with input g0, g1 is deterministic because rel(g0) only contains tuples with an even
number of ones and rel(g1) with an odd number of ones but it cannot be seen as a decision-gate
since both x and y can take values 0 and 1 in rel(g0) and in rel(g1). In this case, determinism
is witnessed by a parity argument. Actually, this idea forms the base of the argument to
show that {×,⊎}-circuit are exponentially more succinct than {×, dec}-circuit [9].

▶ Example 1. We illustrate the previous definitions on Figure 1. We give two circuits
computing the same relation R(x, y, z) = {⟨x/1, y/1, z/1⟩, ⟨x/2, y/1, z/2⟩, ⟨x/2, y/3, z/2⟩}.
Observe that the output of the first circuit is a ∪-gate which is not a ⊎-gate because the
relation computed by its two input gates both contain the tuple ⟨x 7→ 2, y 7→ 1, z 7→ 2⟩. The
second circuit only has decision-gates.

Constants elimination and smoothing. While we can be flexible on the syntax of relational
circuits, useless gates may induce complexity. In particular, constant gates (⊥-gates and
⊤-gates) may induce hidden costs. We observe that we can remove them in the circuit with
a linear time procedure as follows: we remove every input of ×-gates labeled by ⊤ and every
input of ∪-gate labeled by ⊥ without changing the relation they compute. We also replace
a ×-gates with a ⊥-labeled input by a ⊥-gate and a ∪-gate with a ⊤-labeled input by a
⊤-gate. Each change reduces the size of the circuit by at least one, hence applying these
transformations iteratively finishes and returns a circuit without constant gates.

We also observe here that {×, ∪̄}-circuits may also be transformed into {×,∪}-circuit in
time O(|X| · |C|): we can indeed precompute attr(g) for every gate of C and, for each ∪̄-gate
g of C with input g′, we can add a ×-gate g′′ between g′ and a circuit computing D∆i where
∆ = attr(g) \ attr(g′) and plug g′′ into g instead of g′. This operation is known as smoothing
in knowledge compilation [23] and can sometimes be costly if the number of variables is high.
One can avoid it in some cases [46, 4]. In this work, the algorithm we will present naturally
build {×, dec}-circuit so we will not focus much on {×, ∪̄}-circuit nor {×, ⊎̄}-circuit.

2 Observe that for this, we need the condition that x /∈ attr(gi).
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Figure 1 A {×, ∪}-circuit and a {×, dec}-circuit computing the same relation R(x, y, z) =
{⟨x/1, y/1, z/1⟩, ⟨x/2, y/1, z/2⟩, ⟨x/2, y/3, z/2⟩}.

3.2 Tractable tasks

In this section, we show how we can exploit properties of relational circuits to get insights on
the relation they compute. This approach is akin to the one used in knowledge compilation [23]:
for each class of circuits, we try to understand the tractable tasks and their complexity.

Enumeration. Given a {×,∪}-circuit C on attributes X and domain D, one of the first
tasks one can do is to list every tuple of rel(C). To measure the complexity of such algorithm,
it is customary to analyze the time spent between two outputs of the algorithm, which we
call the delay. Sometimes, we need to precompute some values on the circuit before starting.
This time will be accounted for as preprocessing time.

It is easy to see that we can find a tuple in rel(C) in time O(|C|) by inductively constructing
for each g, a tuple τg in rel(g) for every gate g in the circuit, or report that rel(g) = ∅. But
we can even output every tuple in rel(C) with delay O(|X| · |C|) as follows. The main idea
is to observe that giving a tuple τ over Y ⊆ X and x ∈ X \ Y , we can find in time O(|C|)
the subset D′ ⊆ D such that D′ is the set of domain values for which τ × ⟨x/d⟩ can be
extended to a full tuple of rel(C). This can be done by plugging every variable in Y to
their value (ie, replace input y/d by ⊤ if d = τ(y) and by ⊥ otherwise) and every input in
z ∈ X \ (Y ∪ {x}) by ⊤. It gives a {×,∪}-circuit on variable {x} whose computed relation is
exactly D′. By propagating constants in the circuit in time O(|C|), it simplifies to a circuit
where D′ can be read directly as the remaining input of the form x/d. This is enough to
implement a flashlight search to enumerate rel(C) by constructing each tuple one variable
at a time, without never exploring partial tuples that cannot be extended to full solutions:
we start by computing every possible values D′ that x1 can take in rel(C), then pick d ∈ D′

and find every value of x2 can take when x1 is set to d etc. This method ensures that every
partial tuple we built can be extended to a full tuple in rel(C). Once such a tuple is found,
we backtrack to the last variable for which it remains at least one unexplored value. Between
two outputs, we do at most |X| oracle calls to the previously describe procedure, hence a
delay of O(|C| · |X|). This method can even be extended to the case where one wants to
output the tuples by increasing weights, see [3] for details.
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The delay of this algorithm may be too high to recover the existing enumeration bounds
from the database literature, as we would like to have a complexity that only depends on the
number of variables of C. We show that in the case of {×,⊎}-circuit, we get better bounds.
Indeed, to enumerate rel(g) when g is a ⊎-gate with inputs g1, . . . , gk, one only needs to
successively enumerate rel(gi) for every 1 ≤ i ≤ k. The delay is thus max di where di is the
delay to enumerate rel(gi). To enumerate rel(g) where g is a ×-gate with input g1, . . . , gk,
we enumerate one tuple from rel(g1), then every tuple from rel(g2)× · · · × rel(gk). The delay
between two outputs is

∑
i di since it is the time needed to find the first tuple. If we again

ensure that each ×-gate has no trivial input, we can show that the delay is O(nh) where h

is the depth of the circuit and n the number of variables. Observe that in the worst-case,
the depth h could be of the order of |C|. We can however always rewrite into a circuit with
depth at most n by ensuring the every ⊎-gate has no other ⊎-gate as input. Doing it naively
may however increase the size of the circuit quadratically. Amarilli, Bourhis, Jachiet and
Mengel proposed a work-around in [4] to quickly find the gates that could be reached from a
⊎-gate in linear time allowing for enumeration with delay O(n) after linear preprocessing.

Observe that in the particular case of {×, dec}-circuit, the previous algorithm directly
gives O(n) delay as long as for every ×-gate g with input g1, . . . , gk, we have attr(gi) ̸= ∅,
which can be ensured with linear time preprocessing by simply removing constants in the
circuit.

Counting. Given a {×,⊎}-circuit, we can now compute |rel(C)| with O(|C|) arithmetic
operations using a straightforward dynamic programming. For each gate g, we compute
|rel(g)| inductively: if g is an input, then |rel(g)| = 0 if g is a ⊥-gate and |rel(g)| = 1
otherwise. If g is a ×-gate with input g1, . . . , gk , then |rel(g)| =

∏k
i=1 |rel(gi)|. If g is a

⊎-gate with input g1, . . . , gk then |rel(g)| =
∑k

i=1 |rel(gi)|. Hence, we can compute |rel(C)|
with O(|C|) arithmetic operations. For every g, |rel(g)| does not exceed |D||X|, where D

is the domain of C and X its attributes. Hence, each number can be stored in at most
|X| registers in a RAM machine, and each arithmetic operation can be performed in time
O(|X| log |X|), resulting in a final complexity of O(|X| log |X| · |C|). For {×, ⊎̄}-circuit, we
have a similar result but we need to precompute attr(g) for every gate g. If g is a ∪̄-gate, we
have |rel(g)| =

∑k
i=1 |rel(gi)| · |D|δi where δi = | attr(g) \ attr(gi)|.

Sampling. Interestingly the previous algorithm can be leveraged into a uniform sampling
algorithm. Assume |rel(g)| has been precomputed for every gate g of C. If one wants to draw
a tuple τ ∈ rel(g) uniformly, we can do this simple procedure:

If g is a ⊥-gate, then fail (this case should not happen unless rel(C) = ∅).
If g is a ⊤-gate or a gate labeled by x/d, then return the only tuple in rel(g).
If g is a ⊎-gate with input g1, . . . , gk, then draw 1 ≤ i ≤ k with probability |rel(gi)|

|rel(g)| and
uniformly sample in rel(gi).
If g is a ×-gate with input g1, . . . , gk then return τ1×· · ·×τk where τi is sampled uniformly
from rel(gi).

In the case of {×,⊎}-circuit, without further assumptions, we can show that this procedure
runs in time O(|X| · h) where h is the depth of the circuit, that is, the longest path from
the output to an input of C. If C is a {×, dec}-circuit and if we have removed trivial inputs
from ×-gate (that is, for every ×-gate g, attr(g) ̸= ∅), then we can show that this procedure
runs in time O(|X|).
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3:8 Building Relational Circuits

Direct Access. We can go one step further and compute a numbering on rel(C) so that we
can efficiently access rel(C)[i], as if it was a table. This kind of algorithm have been called
“direct access algorithm” [8, 16, 25, 17, 14]. We define an order on rel(C) by inductively
defining, for every gate g of C, a one-to-one mapping Ig : rel(g) → [0, Ng − 1] where
Ng = |rel(g)|. We call Ig an index on rel(g). We first assume for every gate g, its input
g1, . . . , gk are listed in some arbitrary order. We now define the index functions inductively.

If g is an input, not labeled by ⊥, we define Ig(τ) = 0, for τ the only assignment in rel(g).
If g is a ⊎-gate with input g1, . . . , gk, let τ ∈ rel(g). We define Ig(τ) =

∑j−1
i=1 Ni + Igj (τ)

where Ni = |rel(gi)| for every i ≤ k and j is the only value in [k] such that τ ∈ rel(gj). In
other words, we order rel(g) by first taking every tuple from g1, then g2 etc.
If g is a ×-gate with input g1, . . . , gk, let τ ∈ rel(g). Let τi = τ |attr(gi) and Ni = |rel(gi)|.
We by τi ∈ rel(gi) for every i ≤ k. We define

Ig(τ) =def

k∑
j=1

Igj (τj)
k∏

i=j+1
Ni,

that is Ig(τ) is the rank of (Ig1(τ1), . . . , Igk
(τk)) in [N1]× · · · × [Nk] ordered lexicograph-

ically.

Interestingly , we can revert this indexing structure. Indeed, given I ∈ {0, . . . , |rel(g)|−1},
we can efficiently compute I−1

g (I), that is, the tuple τ ∈ rel(g) such that Ig(τ) = I. Indeed,
assume we have precomputed, for every ⊎-gate g with input g1, . . . , gk and j ≤ k, the value
lj =

∑j
i=1 |rel(gi)| and stored them in an ordered table Lg = [l1, . . . , lk]. We also precompute

|rel(g)| for every ×-gate g.
First assume g is a ⊎-gate and let I ≤ |rel(g)|. To find the Ith tuple of rel(g), we

need look for the smallest j such that lj ≤ I which can be done via a binary search with
O(log k) = O(log |C|) comparisons, each comparison being on integers smaller than |D||X|.
Then we inductively output the I−1

gi
(I − lj) tuple of gi.

Now assume g is a ×-gate with input g1, . . . , gk and let I ≤ |rel(g)|. We are looking for
τ = τ1 × · · · × τk ∈ rel(g1)× · · · × rel(gk) such that

I =
k∑

j=1
Igj (τj)

k∏
i=j+1

Ni,

where Ni = |rel(gi)| has been precomputed already. Observe that Igk
(τk) = I mod Nk

since every other term of the sum can be divided by Nk. Similarly, Igk−1(τk−1) = (I/Nk)
mod Nk−1 where I/Nk is the quotient of the division of I by Nk. We similarly have Igj

(τj) =
(I/

∏k
i=j+1 Ni) mod Nj . Hence we can compute inductively τj as I−1

gj
((I/

∏k
i=j+1 Ni)

mod Nj).
Hence, after a precomputation step of O(|X| · |C|), we can, on input I, fail if I >

|rel(C)|, and otherwise, output τ = I−1
out(C)(I) with O(h|X| log |C|) comparisons or arithmetic

operations on integers smaller than |D||X|, where h is the depth of C. Hence, in total time
O(h|X|2 · (log |X|) · (log |C|) · (log |D|)).

This direct access algorithm has interesting consequences. It allows to enumerate rel(C)
in a uniformly chosen order, or, equivalently, perform sampling without replacement: we
sample or randomly enumerate values in {1, . . . , |rel(C)|}, and output the corresponding
tuple in rel(C). This can be done efficiently by adapting the Fisher-Yates shuffle algorithm
in a lazy way, as in [17].

We again get better complexity bounds for {×, dec}-circuits. Indeed, in this case, we can
bound the arity of ⊎-gates (in the form of decision-gates) by the size of the domain D and
we can show that we can recover the Ith element of rel(C) with O(|X| log |D|) arithmetic
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operations because each recursive call is done on gates having strictly less attributes, hence
a total time of O(|X|2 · (log |X|) · (log |D|)). More interestingly, if the circuit respects order
(x1, . . . , xn), then we can actually solve the direct access problem for the lexicographical
order induced by (x1, . . . , xn) on DX with a slightly more involved access technique that can
still be executed with O(|X| log |D|) arithmetic operations and comparisons. Indeed, in this
case, given a tuple τ over attributes {x1, . . . , xk} with k ≤ n, we can find how many tuple
from rel(C) are smaller than τ in the lexicographical order. We can use it to build the Ith

element of rel(C) by discovering it one variable at a time, using counting queries to find the
value of the next variable with a binary search, see [14] for details.

We conclude this section by summarizing the results we will use the most in the context
of databases:

▶ Theorem 2. Given an ordered {×, dec}-circuit C on attributes X and domain D respecting
order π, we can:

Enumerate rel(C) with preprocessing O(|C|) and delay O(|X|),
Compute |rel(C)| in time O(|X| · |C|),
Uniformly sample τ ∈ rel(C) after preprocessing O(|X| · |C|),
Find the Ith element of rel(C) according to the lexicographical order induced by π in time
O(|X|2 log |X| log |D|) after O(|X| · |C|) preprocessing.

3.3 Previous work
Factorized databases. Relational circuits originated under the name factorized databases
in the seminal paper by Olteanu and Závodný [42]. In this document, we decided to use the
name relational circuits to describe the object used to represent the relation, in contrast to
the term factorized databases which, in our opinion, describe a set of techniques covering,
in particular, the notion of relational circuit. In this work, the class of {×,∪}-circuits
appears under the name factorized representation with definitions, or d-representations, while
{×,⊎}-circuit have been introduced as deterministic d-representations. In [43], the definition
explicitly enforces unions to be defined over gates having the same attributes. We decided to
deviate from the original terminology because we think that {×,∪}-circuit is more natural
than d-representation and it allows to be more precise on the syntactic restriction we want
to enforce on the circuit, where the term d-representation is too general.

We want to clearly distinguished in this paper between the syntactic properties of relational
circuits and the algorithm constructing the circuits. This is why, in this work, we decided
to separate the notion of relational circuits that simply represent relations, sometimes with
specific semantics or syntactic restrictions, and how such relational circuits are produced.

NNFs and Relational circuits. Syntactically restricted Boolean circuits have been used
for representing Boolean functions since the 80s, at first through the lens of ordered binary
decision diagrams [13] (which can be seen as {dec}-circuits) and then later generalized to
restricted Boolean circuits under the name Decomposable Negation Normal Form (DNNF) [23,
21, 22] with decomposable ∧-gates, corresponding to ×-gates, and deterministic ∨-gates,
corresponding to ⊎̄-gates on domain {0, 1}. The similarity of knowledge compilation and
factorized databases has been observed in [40] but the connections between classes of circuit
is not covered. We provide a comparison in Table 1 using the circuit notations from the
previous sections and the main classes studied in knowledge compilation. Previous work have
been using DNNF in many areas of computer for enumeration by encoding database queries
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3:10 Building Relational Circuits

Table 1 Rosetta Stone of Tractable Circuits.

KC Relational circuits

NNF circuit {▷◁, ∪}-circuit if smooth, {▷◁, ∪̄}-circuit otherwise.

DNNF circuit {×, ∪}-circuit if smooth, {×, ∪̄}-circuit otherwise.

d-DNNF circuit {×, ⊎}-circuit if smooth, {×, ⊎̄}-circuit otherwise.

dec-DNNF circuit {×, dec}-circuit if smooth, {×, dec}-circuit otherwise.

FBDD {dec}-circuit if smooth, {dec}-circuit otherwise.

answers into DNNF [4, 3], probabilistic databases by representing the Boolean provenance a
query with DNNFs [41, 10, 9, 48], for computing Shapley scores [6, 11], see [5] for a more
detailed introduction on the applications of circuits in databases.

We do not include definitions of the Boolean counterpart of relational circuits and
refer to [23]. that one can also recover them by simply taking the corresponding class of
relational circuit and specializing them over domain {0, 1}: indeed each line illustrates the
correspondence between a Boolean circuit and relational circuits as follows: when considering
circuits on the right column on domain D = {0, 1}, it corresponds exactly to the Boolean
circuit on the left.

The correspondence actually works both ways: for non-binary domain D = {d0, . . . , dk−1},
we can encode D with bitstrings over b = ⌈log k⌉ bits by representing di with the binary rep-
resentation of i over b bits. Hence, given a {▷◁,∪}-circuit C over attributes X = {x1, . . . , xn}
and domain D = {d0, . . . , dk−1}, we can convert it into an NNF over variables X̃ =
{x0

1, . . . , xb−1
1 , . . . , x0

n, . . . , xb−1
n } by replacing every input ⟨xi/dj⟩ by a circuit over variables

x0
i , . . . , xb−1

i accepting only the assignment encoding j in binary. This can easily be done by
{dec}-circuit of size 2b. It can be encoded in any NNF subclass from Table 1, showing that
every relation circuit on attributes X and domain D from the right column can be naturally
casted into an NNF from the left column with an additional increase of at most |X| log |D|
increase.

We conclude this section by observing that most relational circuits, with relevant syntactic
restrictions, can be understood as automaton on finite language. For example, ordered {dec}-
circuits correspond to finite state automaton without loop, hence on a finite language, while
Context-Free grammar could be associated to restricted {×,∪}-circuit where ×-gates are
only allowed to split variables according to some total order. Other syntactic restriction of
{×,∪}-circuit not presented in this paper can also be shown to correspond to tree automaton.
These connections have been studied in [33, 2].

4 Algorithms for Building Circuits

Now that we have introduce relational circuits as a handy way of representing relations,
we turn our attention on two main algorithms to build them. The first one can be seen as
revisiting the celebrated Yannakakis Algorithm [50] while the second one is a generalization,
to the database setting, of the exhaustive DPLL algorithm [45] which has originally been
devised for solving #SAT, but which is known to implicitly build decision-DNNF, the
Boolean counterpart of {×, dec}-circuit [30] and which is used in practice by many knowledge
compilers such as d4 [35] or (a modification of) SharpSAT-TD [34, 32].
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4.1 Bottom-up compilation and Yannakakis Algorithm
Yannakakis algorithm has originally been devised to check for consistency of acyclic database
schemes in time linear in the size of the data [50], which is the same as checking whether
an acyclic join query has at least one answer. It has quickly been observed that the same
idea allows to also efficiently find every answer of the acyclic queries [7] or count them [44].
In this section, we explain how it could also be used as a way of constructing an ordered
{×, dec}-circuit computing ans(Q) of size linear in ∥Q∥ for any acyclic join query Q.

A join query Q = R1(X1), . . . , Rm(Xm) is acyclic if there exists a tree T , called a join
tree, such that:

The vertices of T are in one to one correspondence with R1, . . . , Rm, and for a node t of
T , we let Rt be the relation labeling it.
For every variable x ∈ var(Q), {t | x ∈ var(Rt)} is connected in T (we call this property
the connectedness of T ).

It is known that we can decide whether Q is acyclic and if so, construct a join tree of Q in
linear time in |Q| [47]. Yannakakis algorithm exploits the properties of join tree to propagate
just the right information along it, in order to decide whether ans(Q) is empty or not. In the
rest of this section, we generalize this algorithm into a circuit construction establishing:

▶ Theorem 3. Let Q be an acyclic join query. We can construct a {×, dec}-circuit C

computing ans(Q) of size O(∥Q∥) in time O(poly(|Q|) · ∥Q∥). Moreover, C respects an order
π on var(Q).

Circuit construction. Let Q be a join query and T a join tree for Q. Assume T is rooted
at an arbitrary node, and let t be a node of T . We let Tt be the subtree of T rooted in
t and Q≤t to be the join query whose atoms are exactly the atoms appearing in Tt. The
crux of Yannakakis algorithm is the following observation: if t1, t2 are two children of t, then
var(Q≤t1) ∩ var(Q≤t2) ⊆ var(Rt). Indeed, every path from Tt1 to Tt2 must go through t.
Hence if x appears on both side, by connectedness, it must be in var(Rt) too.

Let t1, . . . , tk be the children of t in T . An answer σ of Q≤t have the following shape:
Projected over var(Rt), they must be equal to some tuple τ in Rt.
Projected over var(Q≤ti

), they must be an answer of Q≤ti
that extends τ .

In other words, an answer of Q≤t is of the form τ×τ1×· · ·×τk where (τ×τi)|Vi ∈ ans(Q≤ti)
where Vi = var(Q≤ti

). In other words, we have established:

ans(Q≤t)/τ = ans(Q≤t1)/τ × · · · × ans(Q≤tk
)/τ. (1)

If we further develop each term of the previous Cartesian product and if we let ∆i =
var(Rti

) \ var(Rt), we have: µ

ans(Q≤ti)/τ =
⊎

σ∈Rti
,σ≃τ

(ans(Q≤ti)/σ)× σ|∆i
. (2)

In the original Yannakakis algorithm, these relations are used to dynamically maintain the
following information: does Q≤t have an answer extending τ ∈ Rt? Indeed, Equation (1)
tells us that Q≤t has an answer extending τ if and only if for every i ≤ k, Q≤ti

has an
answer extending τ , which by Equation (2) is equivalent to the fact that Q≤ti

has an answer
extending σ for some σ ∈ Rti

with σ ≃ τ . In Yannakakis algorithm, the latter has been
precomputed and hence, we can quickly decide in time O(k · | var(Rt)|) whether Q≤t has an
answer extending τ for every τ . When the algorithm reaches the root r of T , Q≤r = Q and
we can decide whether Q has an answer.
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3:12 Building Relational Circuits

But Equations (1) and (2) can also be seen as a way to build ans(Q≤t)/τ for every τ ∈ Rt

from the relations ans(Q≤ti
)/σ for every σ ∈ Rti

, by using decision-gates and one Cartesian
product gate. The circuit is build in a bottom-up fashion from the leaves of T to its root.
We build a circuit having the following property: for each node t of T and τ ∈ Rt, there is a
gate vτ

t computing ans(Q≤t)/τ . If t is a leaf of T , Q≤t only has one atom Rt. Hence, for
every τ ∈ Rt, ans(Qt)/τ = {⟨⟩} is the relation containing only the empty tuple. Hence, we
define vτ

t as a ⊤-gate.
Now if t has children t1, . . . , tk, we let τ ∈ Rt. We first create gates to compute

ans(Q≤ti
)/τ . By Equation (2), we can build a tree of decision-gates on attributes ∆i, rooted

in a gate wτ
i whose leaves correspond to assignment σ∆i

for every σ ∈ Rti
such that σ ≃ τ .

Each leaf is connected to the gate vσ
ti

that has been inductively constructed and computes, by
induction, ans(Q≤ti)/σ. By Equation (2), wτ

i computes ans(Q≤ti)/τ . Now, we simply define
vτ

t as a Cartesian product gate ×k
i=1 wτ

i , and by Equation (2), it computes ans(Q≤t)/τ .
To be efficient, observe that if τ1, τ2 ∈ Rt and τ1|var(Rti

) = τ2|var(Rti
), then ans(Q≤ti

)/τ1 =
ans(Q≤ti)/τ2, hence we can use wτ1

i for both, without duplicating the gates.
At the root r of T , we have for every τ ∈ Rr, a gate vτ

r computing ans(Q)/τ . We hence
add a tree of decision-gates rooted in a gate vr whose leaves correspond to τ for every τ ∈ Rr

and plug it to vτ
r directly. Gate vr computes ans(Q) and we choose it to be the output of C.

▶ Example 4. We illustrate the previous algorithm on the example given on Figure 2.
In this example, we assume we have performed the construction in the subtrees rooted
in t1 and t2 respectively. Hence, we have constructed gates v100

t1
, v121

t1
, v200

t1
, v221

t1
and

v114
t2

, v113
t2

, v213
t2

, v302
t2

, v401
t2

corresponding to every tuple of Rt1 and Rt2 respectively. The
only common attribute between Rt and Rt1 is x1 which has been grayed in the figure. Hence,
the first step of the construction starts by grouping every tuple in Rt1 having the same
projection on x1 and build a decision tree for them. In the example, it means that we group
⟨x1/1, x3/0, x4/0⟩ and ⟨x1/1, x3/2, x4/1⟩ together and hence built a decision tree for the
relation {⟨x3/0, x4/0⟩, ⟨x3/2, x4/1⟩}. This decision tree is depicted on the bottom left corner
of Figure 2. Observe its leaves are connected to v100

t1
and v121

t1
respectively. The same is

done for ⟨x1/2, x3/0, x4/0⟩ and ⟨x1/2, x3/2, x4/1⟩ but we connect the leaves to v200
t1

and v221
t1

.
Observe that we built twice the same decision tree because the tuples of Rt1 where x1 = 1
projected on x3, x4 are the same as the tuples of Rt1 where x1 = 2 projected on x3, x4. Yet,
we do not identify the subtree because below they may have used x1 in different ways.

We proceed similarly with Rt2 . Observe that in this case, despite having we have 4
distinct values of x1 in Rt2 , we only construct decision-trees for three of them because the
case x1 = 4 has no possible extension in Rt.

Now, for each τ ∈ Rt, we introduce a Cartesian product gate and connect it to the
corresponding decision-gates below. For example, for τ = ⟨x1/1, x2/0⟩, we introduce the
×-gate v10

t whose inputs correspond to the roots of the previously constructed decision-tree
for tuples of Rt1 and Rt2 where x1 = 1. Observe in this case that v10

t and v12
t have the same

inputs, this is where the factorization happens.
Observe that the case x1 = 3 is interesting because it both has corresponding tuples

in Rt and Rt2 but not in Rt1 . In this case, we know that ans(Q≤t)/⟨x1 7→ 1⟩ = ∅ because
Rt1/⟨x1 7→ 1⟩ = ∅. Hence, we set v30

t to be a ⊥-gate and the root of the join tree corresponding
to ⟨x5 7→ 0, x6 7→ 2⟩ is dangling in the circuit and will never be used. This is a typical case of
the over computation performed by many dynamic programming algorithm: we precompute
some values that may have relevance locally but not later in the circuit. The same happens
to the tuple where x1 = 4. Neither Rt nor Rt1 has such tuples, hence, we have a dangling
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Figure 2 Local construction of Yannakakis style compilation algorithm. See Example 4.

tuple again (observe that in this case, we do not even construct the decision-tree). Observe
that we can always postprocess the circuit C in O(|C|) = O(∥Q∥) to remove dangling gates
and ⊥-input propagating constants and removing gates without outputs.

Finally, if t is also the root of the join tree, then it remains to project out the attribute
x1 and x2 in the circuit, which is done in the last layer of the circuit.

Properties of the circuit. A careful analysis reveals that the number of gates in this circuit
is bounded by 2 · ∥Q∥+ 1 and can be built in time O(poly(|Q|) · ∥Q∥).

Moreover, if we are consistent in the ordering used to built every tree of decision-gates,
we can see that the resulting circuit is ordered. It can actually be made to respect any
completion to a total order of the following partial order: given x ∈ var(Q), let tx be the
last node of T such that x ∈ var(Rtx). That is, no ancestor of tx contain x. Then for
x, y ∈ var(Q), we write x ⪯T y if and only if ty is below tx in T . It defines a partial order on
var(Q) that intuitively corresponds to ordering the variables from their order of appearance
from the root of T to its leaves. Let (x1, . . . , xn) be an order on var(Q) completing ⪯T into a
full order. Then, in the construction previously described, we can force the circuit to respect
order (x1, . . . , xn). For example, in Example 4, the circuit respects order (x1, . . . , x6), but
also (x1, x2, x5, x6, x3, x4).

Beyond acyclic join queries. If a join query Q is not acyclic, we can still use Yannakakis
algorithm but with worse guarantees. We first have to generalize the notion of join tree. A
tree decomposition T of Q is a tree such that every node of T is labeled with Bt ⊆ var(Q)
and such that for every atom R of Q, there exists t such that var(R) ⊆ Bt and such that for
every x ∈ var(Q), the set {t | x ∈ Bt} is connected in T . Now let Qt be the join query whose
atoms are R|Bt

for every atom R of Q such that var(R) ∩Bt ̸= ∅ and let Rt = ans(Qt). We
define Q∗ to be the join query whose atom are {Rt | t ∈ T }. By definition, T is a join tree of
Q∗, hence Q∗ is acyclic and has the same answers as Q and we can use Yannakakis algorithm
to build a {×, dec}-circuit computing ans(Q) and of size O(∥Q∗∥). We can always normalize
T to have at most O(n) nodes where n = | var(Q)|, hence ∥Q∗∥ = O(n ·maxt |Rt|). Hence,
if we know that |Rt| ≤ U and if we can compute Rt in time O(U), then we can construct a
{×, dec}-circuit computing ans(Q) in time poly(|Q|) · |U |.

The challenge is now to find a relevant upper bound U on |Rt| = |ans(Qt)|. The first idea
is to bound the number of atoms covering Qt. Indeed, assume Qt contains k atoms whose
union of variables is equal to var(Qt) = Bt, then |ans(Qt)| ≤ ∥Q∥k and we can compute the
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join of these k atoms and filter the tuples not in ans(Qt) in time O(∥Q∥k). The number of
atoms of Q needed to cover Bt is called the cover number ρ(Bt) and the hypertree width
htw(Q, T ) of Q with respect to T [27] is defined as maxt ρ(Bt). From what precedes, we can
hence construct a {×, dec}-circuit computing ans(Q) in time poly(|Q|) · ∥Q∥htw(Q,T ).

We can actually relax the covering notion into a fractional version of it, offering better
size guarantees and, using appropriate join algorithms[38, 49, 37, 39, 15], the corresponding
time complexity, leading to the more general notion of fractional hypertree width fhtw(Q, T )
of Q with respect to T [28] allowing to construct a {×, dec}-circuit computing ans(Q) in time
poly(|Q|) · ∥Q∥fhtw(Q,T ).

We now explain how to handle a conjunctive query Q(Z). After having compiled a
{×, dec}-circuit for Q, we can project every attributes that are not in Z. This is possible in
any {×,⊎}-circuit by replacing, for every y /∈ Z, every input labeled by y/d with ⊤. However,
doing so comes at the price of loosing determinism, that is, the resulting circuit is now a
{×,∪}-circuit, which does not support model counting nor would it give constant delay
enumeration. This is not surprising, as it is known that enumerating or finding the number of
answers of acyclic conjunctive queries may not be doable with linear preprocessing [7, 24]. The
increased complexity from join to conjunctive queries mostly comes from how the free variables
interact with the other. We have a similar phenomenon with ordered {×, dec}-circuit: indeed,
assume that var(Q) \ Z appears at the end of the order, then projecting them preserves
determinism, which leads to a smaller ordered {×, dec}-circuit representing ans(Q(Z)), hence
the tractability results of Q transfer to Q(Z).

From the point of view of tree decompositions, this assumption on the order respected
by the circuit translates informally into the fact that, in the tree decomposition, the “free
variables should be above the projected variables”. This can be formalized as the notion of
free-connex tree decomposition [7], where there is a connected subset of nodes of T whose
variables are exactly the free-variables. Given a free-connex tree decomposition of fractional
hypertree width k of a conjunctive query Q(Z), the previous paragraph shows that we can
construct a {×, dec}-circuit computing ans(Q(Z)) in time poly(|Q|) · ∥Q∥k. Another way of
seeing this is that from a free-connex tree decomposition, we can construct an acyclic join
query Q∗ with ans(Q∗) = ans(Q(Z)), by proceeding similarly as before. The free-connexity
ensures that we are able to project out variables in var(Q) \ Z.

4.2 Top-down compilation and Exhaustive DPLL
We now explain another algorithm that can be used to construct an ordered {×, dec}-circuit
computing ans(Q). It can be applied to any query but if Q has fractional hypertree width k,
then using the right variable ordering will construct the circuit in time poly(|Q|) · ∥Q∥k.

The algorithm is based on a recursive procedure which picks a variable x, add a decision-
gate on x, and for every value d ∈ D, recursively computes ans(Q)/⟨x/d⟩. To avoid blow-up,
we add two ingredients: (i) caching, where at each recursive call with parameters (Q, τ), we
detect whether there already exists a gate in the circuit computing ans(Q)/τ , (ii) connected
component analysis, where we detect if ans(Q) = ans(Q1)× · · · × ans(Qk), in which case, we
create a Cartesian product gate and recursively construct circuits for Q1, . . . , Qk.

To be efficient, we need to perform caching in a syntactic way only. We formalize it
as follows: let τ be a tuple of Y ⊆ var(Q). If there exists an atom R of Q such that
R/τ = ∅, then no answer of Q extends τ . In this case, we say that τ is inconsistent
with Q. Otherwise, if var(R) ⊆ Y , then ans(Q)/τ is the same as ans(Q′)/τ where R has
been removed from Q′. We hence denote by Q/τ = (Q′, τ |Y ′) where Q′ is the join query
obtained by removing every atom R in Q such that var(R) ⊆ Y and Y ′ = Y ∩ var(Q′).
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For example, if Q = R(x1, x2)S(x2, x3)T (x3, x4) and τ = ⟨x1/1, x2/2⟩ ∈ R, then Q/τ =
(S(x2, x3)T (x3, x4), ⟨x2/2⟩) because R has been removed from Q and x1 is no longer a
variable in the remaining query. Because of this, instead of writing Q/τ as a couple, we
simply write S(2, x3)T (x3, x4). Observe that if τ ′ = ⟨x1/2, x2/2⟩ ∈ R, then Q/τ = Q/τ ′ and
ans(Q)/τ = ans(Q)/τ ′. This kind of equivalence can be check purely syntactically, hence
in time poly(|Q|). For this reason, once we have build a gate v in the circuit computing
ans(Q)/τ , we cache v with key Q/τ . Hence, if at some point, another recursive call on (Q′, τ ′)
happens and Q/τ = Q′/τ ′, then we can directly pull v from the cache instead of redoing the
same computation.

Connected components analysis is also a purely syntactical analysis of the query. Given a
join query Q and a tuple τ over variable Y , we consider the graph whose vertices are the
atoms of Q/τ and there is an edge between two atoms if they share a variable not in Y (that
is, not yet assigned by τ). If this graph has more than connected components C1, . . . , Ck, it
splits Q into Q1, . . . , Qk and τ into τ1, . . . , τk such that Q = Q1, . . . , Qk, τ = τ1 × · · · × τk

and ans(Q)/τ = ans(Q1)/τ1 × · · · × ans(Qk)/τk.
We now describe the Exhaustive DPLL algorithm. It takes as input a join query Q′,

a tuple τ and an order π = (x1, . . . , xn) on var(Q′) and returns a gate v in an ordered
{×, dec}-circuit respecting π such that v computes ans(Q′)/τ .
1. If Q′ is inconsistent with τ , then return a ⊥-gate. It is correct since ans(Q′)/τ = ∅.
2. If τ assigns every variable of Q′, then return a ⊤-gate. It is correct since ans(Q′)/τ = {⟨⟩}.
3. If Q′/τ is mapped in the cache to a gate v, then return v. It is correct since by induction,

the cache is correct and hence v computes ans(Q′)/τ .
4. Otherwise, split Q′/τ into connected components {Q1/τ1, . . . , Qk/τk}:

a. If k > 1: create a ×-gate v and for i = 1, . . . , k, let vi ← DPLL(Qi/τi, π) which
recursively constructs a gate vi computing ans(Qi)/τi. Add vi as an input of v. Now
v computes ×k

i=1 ans(Qi)/τi = ans(Q′)/τ which is what desired. The algorithm then
updates the cache to map Q′/τ with v and returns v.

b. If k = 1: let xi be the smallest variable in Q′ according to π that is not set by
τ . We add a new decision-gate v on variable xi. For every d ∈ D, we let vd ←
DPLL(Q′/τd, π) where τd = τ × ⟨xi/d⟩ to recursively construct a gate vd computing
ans(Q)/τd and add an edge labeled by d between v and vd. By definition, v computes⋃

d∈D ans(Q′)/(τ × ⟨xi/d⟩) = ans(Q′)/τ . The algorithm updates the cache to map
Q′/τ with v and returns v.

On input (Q, ⟨⟩, π), Exhaustive DPLL clearly outputs an ordered {×, dec}-circuit respecting
π and computing ans(Q).

▶ Example 5. We now give an example3. We consider Q = R(x0, x1), S(x0, x2), T (x1, x3)
with R, S, T given on Figure 3. With π = (x0, x1, x2, x3), DPLL(Q/⟨⟩, π) produces the circuit
given on Figure 3. Each gate is labeled by the number of recursive call which produced it.
For example, v1 is produced by the first recursive call on input (Q/⟨x0/1⟩, π). Observe that
Q/⟨x0/0⟩ = R(0, x1), S(0, x2), T (x1, x3) has two connected components: the first one being
R(0, x1), T (x1, x3) and the second one being S(0, x2). Hence a ×-gate is created and linked
to the result of the first recursive call producing circuits rooted in v2 and v7.

The edge between v11 and v4 is also interesting because it corresponds to a cache hit. In-
deed, the recursive call producing v11 is done with parameters Q1/⟨x0/1⟩ = R(1, x1), T (x1, x3).
Since there is exactly one connected component, a decision-gate on x1 is created and a recurs-
ive call with input Q1/⟨x0/1, x1/0⟩ = T (0, x3) is made, leading to the creation of the circuit

3 An interactive version of this example can be found at https://florent.capelli.me/algorithms/dpll/
with others.
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Figure 3 The circuit produced from Example 5.

rooted at v12. Then, another recursive call is made with input Q1/⟨x0/1, x1/1⟩ = T (1, x3)
which is the recursive call which produced v4 since it had parameters Q1/⟨x0/0, x1/1⟩ =
T (1, x3). Hence, v4 is directly upon reading the cache after call with parameter Q2.

The size of the circuit produced by DPLL(Q/⟨⟩, π) mostly depends on π. Interestingly,
if Q is acyclic with a join tree T and π is chosen as for Yannakakis, that is, by ordering
the variables from the root of T to its leaves, then DPLL(Q/⟨⟩, π) produces a circuit of size
poly(|Q|) · ∥Q∥, matching the guarantee of the top-down construction of Yannakakis. This
is because once every variable in the root r of T have been set, it splits Q into as many
connected component as r has children in T . Moreover, if t is a child of T in r and if two
assignments of the variables in r have the same value over the variables in node t, then a cache
hit will occur. In a way, we can see Exhaustive DPLL as a mean of constructing a similar
circuit as Yannakakis but from the output to the inputs of the circuit, while Yannakakis
approach goes from the inputs to the output.

If π is extracted from a tree decomposition T of Q whose fractional hypertree width is
k, then DPLL(Q/τ, π) produces a circuit of size poly(Q) · ∥Q∥k, see [14] for details, as the
analysis is a bit convoluted. Observe that for running DPLL(Q/⟨⟩, π), we do not need to
know the tree decomposition, this comes handy only in the complexity analysis. In a way, π

is the decomposition. We can hence use π to measure how good it is with respect to Q. This
actually corresponds to characterization of fractional hypertree width in terms of elimination
orders, see [26, 1, 12] for details.

The version of Exhaustive DPLL described above has however an annoying limitation:
when branching on a variable x, we brute force over every possible value d ∈ D. Some
of these calls will directly return ⊥. This leads to a factor of |D| in the time needed to
construct the circuit, that is, we construct the circuit in time |D| · poly(Q) · ∥Q∥k for an
order π induced by a decomposition of width k. There are two ways of shaving this factor.
We can either use a more involved algorithm to explore only relevant values for variable x,
adapting ideas from worst-case optimal join, such that leapfrog join [49]. Another simpler
way is to use the binarization technique described in Section 3.3 to reduce the domain to a
domain of size 2 while having |X| log |D| variables, hence leading to a construction in time
log |D| · poly(Q) · ∥Q∥k as in [14]. We observe however that the binarization technique is also
an implicit way of reducing the number of candidates which can also be used in the design of
worst-case optimal join algorithm [15].
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Finally, we observe that Exhaustive DPLL is flexible: we can handle more than just
join queries, as long as we have a recursive way of representing a query whose answer are
ans(Q)/τ and a caching mechanism. In particular, we have used it in [14] to compute ordered
{×, dec}-circuit representing the answer set of join queries with negated atoms. In this
setting, we want to solve a join query but remove answers that satisfy some relations, that
we see as negated atoms. It is straightforward to adapt exhaustive DPLL to this kind of
queries: we can simply define Q/τ as before, but also removing negated atoms ¬R from Q

for which τ cannot be extended to a tuple in R.

5 Fine-grained consequences

We conclude this paper by spelling out the consequences of the tractability of ordered
{×, dec}-circuit from Theorem 2 and the circuit construction from Section 4. In this section,
we let Q(Z) be a conjunctive query and T a free-connex tree decomposition of Q of fractional
hypertree width k. We recover the constant delay enumeration of [7] after poly(|Q|) · ∥Q∥k

preprocessing by constructing the circuit for Q(Z) during the preprocessing phase and
then enumerating the tuple with delay O(|Z|), which is constant in data complexity. We
similarly recover (an extension of) the result from [44] by simply returning |rel(C)| after
having constructed C: the construction of C takes time poly(|Q|) · ∥Q∥k while computing
|rel(C)| takes O(|X| · |C|) = poly(|Q|) · ∥Q∥k. The direct access algorithm from [16, 12] is
also recovered directly since after building the circuit, the access time is O(poly(|X|) log |D|),
hence, in data complexity, it corresponds to O(log |D|) from earlier result. DPLL allows to
generalize to join queries with negations, see [14].

Finally, we observe that we could have mentioned that the counting algorithm outline in
Section 3.2 could be generalized where inputs are labeled with semiring elements and then
aggregated over it, allowing to solve FAQ or AJAR types of queries over the circuit with
complexity similar to [1, 31], as long as we remain compatible with its underlying order.
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