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—— Abstract

In the permutation Mastermind game, the goal is to uncover a secret permutation ¢*: [n] — [n]
by making a series of guesses 1,...,mr which must also be permutations of [n], and receiving
as feedback after guess m: the number of positions i for which ¢*(i) = m¢(i). While the existing
literature on permutation Mastermind suggests strategies in which m; and 711 might be widely
different permutations, a resurgence in popularity of this game as a TikTok trend shows that humans
(or at least TikTok influencers) use strategies in which consecutive guesses are very similar. For
example, it is common to see players attempt one transposition at a time and slowly see their score
increase. Motivated by these observations, we study the theoretical impact of two forms of locality in
permutation Mastermind strategies: ¢x-local strategies, in which any two consecutive guesses differ
in at most k positions, and the even more restrictive class of wg-local strategies, in which consecutive
guesses differ in a window of length at most k. We show that, in broad terms, the optimal number of
guesses for local strategies is quadratic, and thus much worse than the O(nlgn) guesses that suffice
for non-local strategies. We also show NP-hardness of the satisfiability version for £3-local strategies,
whereas in the ¢2-local variant the problem admits a randomized polynomial-time algorithm.
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1 Introduction

The classical game of Mastermind, and its many variations, have received significant attention
from computer scientists and mathematicians since the 1970s [1,4,6,11,12,15,17,19]. However,
it is only in the last couple of years that the permutation black-peg Mastermind variant has
reached internet virality through a TikTok challenge often named “bottle match challenge”
or “color match challenge”. The goal of the challenge is to guess a secret permutation of
colored bottles, based on guesses that also consist of permutations of an equivalent set of
colored bottles. To each guess, a different player that we will call codemaker, responds with
the number of positions for which the guess matches the secret permutation. In the TikTok
trend, the secret permutation is hidden from the player under a table or a box, but visible
to the viewer throughout the game (see Figure 1). Perhaps the success of the trend can
be explained by paraphrasing filmmaker Alfred Hitchcock: suspense is not about a bomb
exploding on scene, but rather about the audience watching people talk about trivial matters
while a bomb ticks underneath their table.

After observing a variety of TikTok influencers play permutation Mastermind, a common
aspect of their strategies came to my attention: they usually only permute a couple of bottles
between guesses. In contrast, the best known upper bound for permutation Mastermind, which
takes O(nlgn) guesses for n bottles, is based on guessing uniformly random permutations [17],
? Bernardo Subercas.eaux; .
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(231564) (235164) (231546) (123645) (123456)

by =1 by =3

Figure 1 Tllustration of a game of permutation Mastermind for n = 6 from TikTok [13]. Guesses
are labeled by treating the secret permutation as the identity ¢* := (123456).

and thus almost all bottles are permuted between guesses on average.! My initial hypothesis
was that these “local” strategies, which permute only a small number of bottles between
guesses, are natural for humans since it might be easier to keep track of the information
throughout the game. This is reminiscent, for instance, of the analysis of Mastermind with
constant-sized memory, by Doerr and Winzen [5]. This paper aims to take the only reasonable
course of action after TikTok has started to appropriate our well-studied game of Mastermind:
to study a theoretical model of these local strategies and their implications both on the
number of guesses required to win the game, and on its computational complexity.

1.1 Preliminaries

Before stating our main results, let us briefly formalize the problem at hand and present
some of the best bounds known for the general case of permutation Mastermind.

Permutation Mastermind. Let n > 2 and S,, be the symmetric group, or in other words,
the set of permutations [n] — [n] together with the composition operation. A secret code is
a permutation ¢* € S, chosen by the codemaker. In round t, the codebreaker plays a guess

7, € S, and receives the black-peg score?

b(me,0%) = |{i € [n] : m(i) = o™ (i) }|.

An adaptive strategy is a function that maps the transcript ((7r1, b1),. .., (m—1, bt,l)) to the
next guess m € S,,. A static (non-adaptive) strategy is a fixed list of guesses (7y,...,7r)
chosen in advance. In the adaptive setting, a guess 7m; wins the game for the codebreaker if
m = o*. In the static (i.e., non-adaptive) setting, after the codebreaker announces their fixed
list of guesses (1, ...,77), the codemaker responds with the scores b(my,0*),...,b(7r, 0*),
after which the codebreaker gets to do one last guess to potentially win the game [9].

Locality notions and Cayley-Mastermind. We consider two different forms of locality,
defined next based on the notation D(w, o) := {i € [n] : (i) # o(i)} for the set of indices
in which two permutations differ. For any k > 2, we will say a strategy is £;-local if for
every two consecutive guesses m; and 71 made by the strategy in any transcript, we have
|D(7y, me41)] < k. For a permutation 7 € S,,, we call the set D(m,id,,) := {i € [n] : w(i) # i}
the support of .

! Recall that a uniformly random permutation has a single fixed point in expectation.
2 The name comes from the original physical version of the game, in which black pegs were used to indicate
the number of correct positions guessed.
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A strategy is wy-local if for every two consecutive guesses m; and 741 it holds that
max(D (7, mp41)) — min(D(my, mep1)) < k— 1.

Intuitively, this means there is some “window” I := {i,i+1,...,i+ k — 1} such that m41
differs from m; only within that window (i.e., D(m¢, meq1) C I).

In the static case, we will assume that the last guess after receiving the scores is free of
locality restrictions.

Our notions of locality are a particular case of playing Mastermind on a Cayley graph.
Given a set of generators I' of S,,, we can define the I'-Permutation-Mastermind game
in which the codemaker chooses a secret vertex of the Cayley graph Cay(S,,T"), then the
codebreaker guesses an arbitrary starting vertex vg, and for ¢ > 1, the codebreaker must guess
a vertex v; adjacent in Cay(S,,T) to v;_;. Equivalently, a vertex v; such that v; ' v, € T.
Naturally, we can define in turn a I'-strategy for the standard permutation Mastermind as
one that always plays according to the rules of the I'-Permutation-Mastermind game. For
example, for any k > 2, we define L%k) as the set of all permutations in §,, whose support
has size at most k. A strategy of permutation Mastermind is then said to be £;-local if its
consecutive guesses differ in at most k positions, or equivalently, if it plays on the Cayley
graph Cay(Sy, lek)). We purposely present this more general version of the definition to
motivate a natural direction of future research: studying permutation Mastermind under
other sets of generators.

Query complexities. Let A(n) be the minimum T such that there exists an adaptive strategy
that determines o* within 7" guesses in the worst case. Let S(n) be the analogous minimum
for static strategies. For local versions, define: A;(n, k), Ay(n, k), Se(n, k), Sw(n,k) as
the minimum worst-case number of guesses among adaptive/static strategies subject to the
corresponding locality constraint (¢ or wy). The main previous results that contextualize
our work are summarized in Table 1.

Table 1 Best-known asymptotic query complexities for permutation Mastermind.

Function Lower bound Upper bound

A(n) Q(n) [16,20]  O(nlgn) [16,20]
S(n) Q(nlgn) 9] O(nlgn) [17]

1.2 Our Contributions

We prove the following results.

» Theorem 1. For the {y-local setting, we have ”22763” < Ag(n, k) < ”21%(1 +o(1)).

» Theorem 2. In the {-local static setting, we have

n? — (1 + o(1))n3/2
k

-1
< Se(n, k) < 28nlgn - [ZJ .

» Theorem 3. For the wy-local setting, we have Sy, (n,2) = O(n?).

Our lower bounds are graph-theoretic in nature, and interestingly, they are based on giving
the codebreaker even more advantage in order to simplify the analysis; we consider generous
codemakers that reveal exactly which of the permuted positions of some guess is correct.

FUN 2026
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A similar setting was studied by Li and Zhu [18], who considered the more general case of
Mastermind with “Wordle” feedback. Our upper bounds for Theorem 1 and Theorem 2 are
based on simulating the best known upper bounds without locality restrictions. The upper
bound of Theorem 3, in turn, uses a similar strategy to that of [18].

Finally, we prove a hardness result, showing that processing the feedback received is not
easy even if each guess was a single transposition from the previous one. It was first proved
by de Bondt [3] that standard Mastermind, which includes the white-peg score, is NP-hard.
Independently, Stuckman and Zhang [21] provided a different proof. Then, Goodrich [11]
extended the result to only black-peg score feedback. We take these results further by proving
hardness in the permutation variant, and even on the /3-local setting. In contrast, for the
{y-local setting, we show the problem can be solved in randomized polynomial time, leveraging
an algorithm for perfect matchings with parity constraints from Geelen and Kapadia [8].

» Theorem 4. The satisfiability problem for permutation Mastermind in the {3-local setting
is NP-hard. In other words, given a transcript ((w1,b1),..., (7, bt)), where each pair of
consecutive guesses differs in at most 8 positions, it is NP-hard to decide whether there exists
a secret o* such that b(m;,0*) = b; for every 1 <i < t. In turn, for the l3-local setting there
is a randomized polynomial-time algorithm.

2 Adaptive Lower Bound on ¢;-local Strategies

This section is devoted to proving the lower bound of Theorem 1. The main object we will
handle in the proof is a bipartite graph representing the potential secrets o* compatible with
the information seen thus far. It will be convenient for this proof to think of o* as a string
of length n over an alphabet ¥ := {s1,...,8,}, so that positions of o are just integers in
[n] :={1,...,n} but the elements of o have a different type, . This way, we think of o* as a
function from [n] to X. To any o: [n] — X, we associate a bipartite graph B, := ([n|UX, E),
where a pair {i,s;} € E if and only if o(i) = s;. Note that these graphs B, are perfect
matchings.

Recall that b(m,0) = |{i € [n] : w(i) = o(4)}| is the black-peg score of a guess. Let
b=1(k,o) be the set of all guesses 7: [n] — X such that b(r,0) = k.

Then, given a sequence of guesses IT = (7q, ..., ), to which the codemaker has answered
B := (b1,...,b), and some 7: [n] — X, we say 7 is compatible with (II, B) if b(m;, w) = b;
for 1 <i<t.

» Definition 5 (Graph of possible secrets). Given a sequence of guesses 1 = (m1,..., ), to
which the codemaker has answered B := (b1,...,b:), we define the graph of possible secrets

P, = U B,.
o is compatible with (II,B)
As a degenerate case, Py is the complete bipartite graph between [n] and 3.

The following observation is immediate, but will be useful to translate our problem into
a graph-theoretic one.

» Observation 6. Given a sequence of guesses Il = (w1, ..., m), to which the codemaker has
answered B := (by,...,b;), the codebreaker can be certain of the secret permutation o if and
only if Py has a unique perfect matching.

We now prove that, for a graph P; to have a unique perfect matching, it needs to be
missing a significant number of edges. We will make use of the following folklore observation
(illustrated in Figure 2):
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Cycle C = (z1,y1, %2, Y2, 3, Y3, T1)
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Figure 2 Illustration of the proof for Observation 7. Edges of the original matching M are colored
red, and edges in E(C) \ M are dashed blue. Gray edges are not part of the matchings, and the
resulting matching M’ is colored green.

» Observation 7. If a finite bipartite graph B has minimum degree at least 2, it cannot have
a unique perfect matching.

Proof. If B has no perfect matchings, the statement holds trivially. Thus, let M be a perfect
matching of B. For each vertex u, let M (u) denote its neighbor in the matching M, and
D(u) denote one neighbor of u via an edge not in M, chosen arbitrarily, which must exist
since u has degree at least 2. Now let ug be any vertex, and construct a walk ug,u1,... by

o {M(ui_l) if 7 is odd

D(u;—1) otherwise.

Since B is finite, some vertex appears twice in this walk. Let u; = u with j < k, chosen
so that all intermediate vertices are distinct. Then the subwalk u;,u;11,...,u; forms a
simple alternating cycle C, which necessarily has even length. Consider the matching
M’ = MAE(C). For vertices not in C, M’ agrees with M. Each vertex of C is incident to
exactly one edge of M and one edge of E(C)\ M, so it is matched by exactly one edge in
M'. Thus M’ is a perfect matching. Since C' contains edges not in M, we have M’ # M,
contradicting the uniqueness of M. <

We now use Observation 7 to show a much stronger condition implied by having a unique
perfect matching.

» Lemma 8. Let B= (X UY, E) be a balanced bipartite graph with n :=|X| =1Y|. Then,
if B has a unique perfect matching, |E| < (”;rl)

Proof. Let f(n) be the maximum number of edges of a balanced bipartite graph with 2n
vertices that has a unique perfect matching. We trivially have f(1) = 1. For n > 2, we claim
that f(n) < f(n — 1) + n. Before proving the claim, let us see that it is enough to conclude,
since then, using induction we will have

f(n) < <Z>+nw+n (n;l)

Now, to prove the claim, we consider an arbitrary balanced bipartite graph B,, on 2n vertices
with a unique perfect matching and such that |E(B,)| = f(n). Let § be the minimum
degree in B,, and note that § = 1: since B,, has a perfect matching we have § > 1, and
by Observation 7 we have 6 < 2. Let u € V(B,,) be a vertex of degree 1, and v its only
neighbor. It must be the case that v and v belong to opposite sides of the bipartition,
and thus if we consider the graph resulting from B,, by removing vertices u and v, we get

39:5
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Figure 3 The half graph Hs, with (g) = 15 edges. Its only perfect matching is highlighted in
orange.

a balanced bipartite graph B’ on 2(n — 1) vertices. Moreover, {u,v} must belong to the
(unique) perfect matching of B,,, and therefore any perfect matching of B’ would extend (by
adding {u,v}) to a perfect matching of B,,, and thus B’ must also have a unique perfect
matching. Therefore, |E(B’)| < f(n — 1). On the other hand,

|E(B')| = |E(Bn)| — degp, (v) — (degp, (u) — 1) = |[E(By)| — degp, (v) > |E(By)| — n.
We thus have
fn) = BBy < [EB)+n< f(n—1)+n,

concluding the claim. <

The tightness of Lemma 8 is witnessed by half graphs H,, (see Figure 3), which include
the edge {4, s;} if and only if ¢ < j. The uniqueness of a perfect matching in H,, can be easily
seen by induction, noting that vertex n has degree one, and upon removing n together with
its neighbor s,, we are left exactly with H, 1, for which the inductive hypothesis applies.

2.1 Generous and Supergenerous Codemakers

Perhaps paradoxically, I found that proving lower bounds on permutation Mastermind with
locality becomes easier if we give more power to the codebreaker, but in a way that makes
the game simpler.

Namely, while a normal codemaker will give |B, N B,+| as feedback (i.e., the number
of correctly guessed positions), we will consider a generous codemaker that gives the set
B, N B, as feedback. Note that, any strategy against a generous codemaker can be used
against a standard codemaker without any loss, since from B, N B, the codebreaker can
compute | By N By+|.

In the original form of the game, each guess m; can be described as well by E; := B, \By,_,,
the set of newly guessed edges. Except for the first guess, which tests n edges, each guess 7,
tests at most k edges in the ¢; setting. We will define a supergenerous codemaker as one
that allows the codebreaker to guess individual edges one by one, giving generous feedback
to each (i.e., revealing whether it is correct or not), but only accounting 1 guess per each k
individual-edge guesses. Naturally, if we prove a lower bound of ¢ individual-edge guesses
against a supergenerous codemaker, then (t — n)/k guesses are necessary against a standard
codemaker.

2.2 Finishing the proof of Theorem 1’s lower bound

» Lemma 9. Let k > 2. Then, any deterministic adaptive strategy in the Ly -local model
2 -
requires 276‘3" guesses.
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Proof. We consider an adversarial supergenerous codemaker. The adversary will keep a
graph G;, with Gy := K, 5, and upon receiving a guess e; for ¢t > 1, it will answer yes
if and only if e; belongs to all perfect matchings of G;_1. If it answers no, the adversary
sets Gy < Gi_1 \ e, and otherwise Gy + Gi_1. Let S; be the set of all perfect matchings
compatible with the answers given until time ¢ (including to guess e;), and Sy = PM(K,, ,,)
the set of all perfect matchings of K, ,. Then, by construction, we have that the adversary
says yes to an edge e; if and only if e; € M for every M € S;_;.

Let PM(G:) be the set of all perfect matchings in G¢. We will prove by induction that
St = PM(Gy) for every ¢t > 0. For t = 0 it holds trivially since both sets include all possible
matchings. For ¢ > 1, we consider two cases. First, if the adversary said no to guess ey,
we have

PM(G;) = PM(Gi—1) \ {M € PM(Gy_1) : e, € M},

and similarly, §; = S;—1\{M € S;_1 : e; € M }. But by the inductive hypothesis we then have
S =PM(Gi—1) \ {M € PM(G;i_1) : e, € M} = PM(GY).

On the other hand, if the adversary answered yes, we have by definition

St:St_l\{MIMESt_l andeth}

=85-1\9=8_ (Since the answer to e; was yes)
= PM(G¢-1) (inductive hypothesis)
= PM(Gy). (Since Gy = G¢_1 as the answer to e; was yes)

We have thus proved that Sy = PM(G;). Now, observe that by definition the codebreaker
can only win when |S;| = 1. But this implies |PM(G})| = 1, and by Lemma 8, this implies
|E(Gy)| < ("F1). But |E(Gy)| = |E(Go)| — t, from where we get

218G - 1EG = - BGo) =t~ (") = ().

Therefore, the lower bound we get against a standard codemaker is at least

t—n} (Z)—n:n2—3n.
k k 2k

3 Lower Bound for the Static Variant

This section is devoted to the static version of permutation Mastermind with locality
considerations. Recall that in this variant, the codebreaker must reveal a fixed sequence of
guesses 71, . . ., 7 upfront, subject to the locality constraints, after which they will receive
the black-peg feedback by, ...,br, and then finally make their final guess that must equal
the secret permutation ¢* in order to win. The final guess is not subject to the locality
restrictions.

The main ingredient of our lower bound is a classic result on extremal graph theory
(see [22] for a modern presentation).

» Theorem 10 ([7,14]). The mazimum number of edges an n-vertex graph can have without
containing a Ko 5 is (3 + o(1))n3/2. Moreover, the mazimum number of edges on a Ks o-free
bipartite graph with n vertices on each side is (1 + o(1))n3/2.

39:7
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Figure 4 Illustration of the obstacle introduced by a K32 for uniquely determining ¢*. On the
left, tested edges are colored light gray, while untested edges are colored black, except for those
forming a K52 which are highlighted.

For this proof we will consider a simpler graph than in Section 2. Let Uy := ([n] x X, E})
be the bipartite graph where an edge {4, s;} is present if and only if no guess m, with r <t
has m,(i) = s;. Intuitively, U; corresponds to the untested matching edges up to time t.
Now, we will prove the relevance of K s-subgraphs. For this, let us say the static part of
a strategy, 71, ..., 7, is sufficient, if for every secret o*, the only permutation compatible
with the transcript ((71,b(71,0%)),..., (7p,b(wr,0%))) is exactly o*. Naturally, the static
part of any correct static strategy must be sufficient.

» Lemma 11. Ifmy,... 7 is the static part of a correct static strategy, then Ur is Ko o-free.

Proof. Suppose for a contradiction that Ur contains a K5 o consisting of the four edges

{issa} i sy} s} {ds sy}

An illustration with a concrete example is depicted in Figure 4. Now, let ¢* be an ar-
bitrary permutation such that o*(i) = s, and ¢*(j) = s,. From ¢* we define now the
permutation o by

Sy ifk=1
ol (k) =< s, if k=j

o*(k) otherwise.

In other words, o' is the matching obtained from ¢* via the alternating 4-cycle corresponding
to the K 2. Now, note that for any guess m; we have b(m;, 0*) = b(m;, of). Indeed, let k € [n]
and we prove by cases that o*(k) = (k) if and only if of (k) = 7 (k):
If k & {i,j}, then o*(k) = o'(k), and thus the claim holds.
If k € {i,5}, then by construction we have o*(k) € {ss, s, } as well as o7(k) € {54, s, }-
But by definition of Uz, we have m(k) & {sz, sy}. Therefore neither o*(k) = m(k) nor
ol (k) = m (k).
We thus have that b(m;, 0*) = b(m;, ol) for any guess m;, which implies both o* and o' are
compatible with transcript ((mw1,b(71,0%)),..., (71, b(7r,0*))), and thus m,..., 77 is not
sufficient. |

Our lower bound is now a direct consequence of the previous lemma and the quantitative
bounds on K o-free graphs.
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_ /
» Theorem 12. For any k > 2, we have S¢(n, k) > M

Proof. Consider a correct strategy whose static part is 71, ..., 7. Note that before the first
guess we have |E(Up)| = n?. The first guess tests n edges, so |E(U;)| = n? —n, and after
this special first guess the /;-locality condition implies for 2 < t < T that

|EU)| 2 |E(Ui-1)| — k.

Therefore, |E(Ur)| > |E(U1)| — kT = n?> —n — kT. Now, since the static strategy is
correct, we must have that Up is K3 o-free, and by Theorem 10 it must hold that |E(Ur)| <
(14 o(1))n?/2. Combining our inequalities, we have (14 0(1))n®/? > n? —n — kT, from where
T> "27(1++W, thus concluding the proof. |

4 Diameter-Based Upper Bounds

In this section we prove the upper bounds for Theorem 1 and Theorem 2 by a rather direct
simulation adaptation of the O(nlgn) upper bounds of [17,20]. In a nutshell, it suffices to
show that we can pay O(n/k) to simulate regular guesses in the ¢;-local model. This idea
generalizes to the following lemma.

» Lemma 13. Let T be a set of generators for S,,. Let Sr(n) denote the minimum number
of guesses for a correct static strategy for the T'-Permutation-Mastermind game, and Ar(n)
denote the minimum number of guesses in the worst case of an adaptive strategy. Then,

Sr(n) < S(n) - diam(Cay(S,,I')) and Ar(n) < A(n) - diam(Cay(S,,T))

Proof. We write the proof in terms of the static setting, but the adaptive one is identical. Let
T1,--.,Ts(n) be a correct static strategy for the standard permutation Mastermind. Then,
for each 1 < i < S(n), write (m;_1) " !m; as a word w; := *yy) . .%Ej)
r;. Then, by definition of the diameter r; < diam(Cay(S,,T")). Now, construct the guess

sequence

over I' that minimizes

2 3 S n
= 7r1'y£ ). .fyﬁ?'yi ). .fyg’) . 'ﬁ ™) '75“55,L>))’

which is I'-Permutation-Mastermind strategy, and has size at most

S(n)
1+ Z r; < 14 (S(n) — 1)diam(Cay(S,,I")) < S(n) - diam(Cay(S,,I)). <
i=2

We now prove a tight bound on the diameter of the Cayley graph corresponding to the
li-local setting.

» Lemma 14. Fiz k > 2. Recall that L%k) is the set of permutations with support on at most
k elements. Then,

diam(Cay(S,,, L)) < [Z_ H .

Proof. Since Cay(S,, lek)) is a Cayley graph and thus vertex transitive, it suffices to upper
bound the distance between the identity permutation id,,, and an arbitrary permutation 7.

Let M := D(w,id,) = {i € [n] : 7(i) # i} be the support of m, and let m := |M]|.

Letting dist := dist , we will prove by induction on m that the stronger statement

ay(Sn,L4)
dist(id, 7) < [%—‘ holds for any .

39:9
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If m = 0, then # = id,, and the bound holds. Otherwise m > 2, since m = 1 is not
possible. If m < k, then 7 € LS{“), so dist(id,,, 7) = 1, which agrees with the bound.

Assume now that m > k. We will construct v € L) such that |ID(y~im,id)| < m—(k—1),
and then invoke the inductive hypothesis.

Write 7 as a product of disjoint cycles C1,...,C), and for each nontrivial cycle C; fix
any cyclic ordering of its elements. By listing the elements of the nontrivial cycles in these
cyclic orders (cycle by cycle), we obtain a sequence vy, ..., vy, that enumerates M with the
property that for every 1 < j < m, either 7(v;) = v;41, or else v; is the last element of its
cycle (in which case 7(v;) is the first element of that same cycle and hence appears earlier in
the list).

Let T :={v1,...,vr} be the first k elements of the previously obtained sequence, and
observe that for every € T'\ {v;} we have 7(z) € T indeed, if x = v; with j < k, then
either m(x) = v;41 € T, or x is the last element of its cycle and m(x) is the first element of
that cycle, which also lies in T'.

Since 7 is injective and 7(T \ {vx}) C T, the set (T \ {vx}) has size k — 1, so there is a
unique element y € T\ 7(T \ {vi}). Define v € S,, by

m(x) fxzeT\ {u},
v(z) =14y if = wy,
T otherwise.

By construction, v only moves elements of T, so v € L%k ), Moreover, for every x € T'\ {vy } we

have (y~17)(z) = v Y(m(z)) = v 1 (y(x)) = x, so v~ r fixes all elements of T\ {v;}. Since

T C M, these are k — 1 indices that were moved by 7, and thus |D(y~ 17, id,)| < m—(k—1).

Now, since 7 =y - (y"'m) and v € L) we have
—(k-1))—-1 -1
diSt(idnaﬂ') <1+ diSt(idn,q/_lﬂ-) < 1+ ’7(7’)’1 (k — 1)) —‘ _ ’71’2]{;’1_1—‘ ’

where the second inequality is the inductive hypothesis. This completes the induction.

Finally, since m < n, we conclude that for every 7 € S,,, we have dist(id,,, 7) < [Z—j—l ,

and hence diam(Cay(Sn7L§Lk))) < {%—‘ <

» Proposition 15 (Upper bounds). In the static £y-local model,

n—1

and in the adaptive €i-local model,

n?lgn
p (1+0(1)).

Ag(n, k‘) <

Proof. Larcher, Martinsson, and Steger proved that S(n) < 28nlgn [17], and thus combin-
ing Lemma 13 and Lemma 14 directly yields the first result.

On the other hand, El Ouali et al. [20] proved that A(n) < (n—3)[lgn] + 5n — 1. Again,
combining Lemma 13 and Lemma 14 yields the result. <
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5 Window Locality

In this section we consider the wg-local model. Intuitively, one would expect this more
restrictive model to require many more guesses than the ¢i-local model. However, perhaps
surprisingly, showing a good separation result is one of the questions we will leave open.

Let us start by remarking that diameter-based upper bounds, as in Section 4, cannot
help us here, since in the wy-local model the diameter is Q(n?/k?) as we show next.

» Proposition 16. Let Wy, be the set of permutations w € Sy, for which there exists an index
such that w(j) =j forj & {i,i+1,...,i+k —1}. Then,

diam(Cay(Sn, Wi)) > m > % (%)2

> fnz/ﬂ

Proof. Consider the permutation 7' : 4 — n-+1—i, and let us prove that dist(rf, id,,) > RO

For this, define the function é: S, — N by 6(7) := > I, | (i) — i|. Note that 4(id,,) = 0,
whereas

n n 2
S(r) =Y "In+1—i—il=> |n+1-2i= Pﬂ
i=1 i=1

where the last equality can be seen by splitting the sum into two parts depending on whether
the argument of the absolute value is positive or not.
To conclude, it suffices to show that, for any © € S;, and w € Wy, we have

§(wr) — 8(m) < k(k — 1). 1)

e dict (ot i [n/2] : i : : [n®/2]
Indeed, if dist(n',id,,) < weoT) e could write 77 as wiws ... wiid, with ¢ < REST) and

w; € W, for all 4. But then we would have

¢
S(rt) = Zé(wi cownidy) = 0wy ... wiidy) < t-E(k—1) < [n?/2],
i=1
which contradicts the fact that §(nf) = [n2/2]. We now prove (1). let I, be the interval

{i,...,i+ k — 1} from the definition of W}, in which w is potentially different from id,,, and
then observe that

d(wm) = Z |w(m (i) — il
= Y m@)—il+ > () —il

i (i) €1 i (2) €Ly,
= Y @) —il+ Y lw((@) = (@) + (x(i) — )]
i (i) €1 i (3) €Ly,
< Y Im@ =il Y wE@) — @)+ Y |w(@) ~ il
i (i) €1 i (1) €Ly, i (i) €L,
=8(m+ Y |w((i) - (i)
i (i) €L,

But by definition of W}, we have that w(I,) = I, and thus |w(j) — j| < k=1 for j € 1.

Therefore,
O(wm) < 6(m) + Z (k—=1)=0(m) + k(k—-1),
i (i) €Ly,
which proves (1) and thus concludes the proof. <
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Algorithm 1 CONVEYORBELT(n).

1t+1

2: m < id > initial guess

3: for m =1 to n do > repeat a full left-to-right pass n times
4: '~

5: for i =1 ton — 1 do > adjacent transposition (i i+ 1)
6: swap 7' (7) and 7' (i + 1)

7: Ty < 7

8: t—t+1

Naturally, the diameter of the Cayley graph yields a lower bound on A, (n, k), but in this
case such a bound is weaker than the one we get from the trivial inequality Ay(n, k) < A, (n, k),
combined with Theorem 1.

While using the diameter bound between guesses of a normal permutation Mastermind

n3lgn

strategy would only yield an O ( = ) upper bound, we show that O(n?) is always a valid

upper bound for S,,(n, k), and it holds already for k = 2. Since the diameter lower bound
immediately shows Sy, (n,2) = Q(n?), we focus on proving the upper bound of Theorem 3.

» Proposition 17. We have S,,(n,2) = O(n?).

Proof. First, let us assume the codemaker is generous, in the sense of Section 2, and thus
reveals after every guess which of the k = 2 changed positions is correct. We will then show
how to get rid of this assumption with only a constant overhead.

We will now use the following “conveyor belt” strategy (see Algorithm 1): take the
sequence of n — 1 adjacent transpositions (12),(23),...,(n —1n) and repeat it n times. For
example for n = 4, this strategy guesses:

1. (1234) 6. (3421)
2.(2134) 7.(3412)
3.(2314) 8.(4312)
4.(2341) 9.(4132)
5.(3241) 10. (4123)

The nice property of this sequence of adjacent transpositions is that each element goes
through every position, and thus, since the codemaker is generous, after this sequence of
guesses, the codebreaker will know exactly what the secret permutation is. More formally,
for each value 1 < m < n (line 3 of Algorithm 1), the first element of 7’ right after line 4 is
m, and it will be at position 2 < j < n after exactly 5 — 1 guesses. Thus, the exact position
of m must be revealed by the generous codemaker on that pass.

After having identified the position of each element, the codebreaker knows the target
permutation, and can reach the secret permutation through a shortest path. Using the
well-known identity diam(S,, W2) = (3), the codebreaker will reach the secret permutation
in O(n?) guesses.

Now, it only remains to show how to simulate the generous codemaker with only a
constant factor overhead. For this, consider for example that for n = 3 the last guess was
(123) and we now want to guess (213) but receiving generous feedback. We will do the
sequence of guesses: (123) — (132) — (312) — (321) — (231) — (213). Intuitively, the
scores received throughout this sequence will uniquely determine the “generous” feedback for
the guess (213). More in general, we will replace each transposition (i i+ 1) by 6 guesses that
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traverse the 6 possible permutations of {i,i + 1,4+ 2} (or {¢ — 1,4, + 1} in case i = n — 1).
The fact that going through the 6 permutations allows us to determine if any of the 3
cycled elements should go into one of the 3 positions of the cycle can be checked via finite
computation. Indeed, the following Python3 code is enough:

import itertools

; possible_masks = list(set(itertools.permutations([0,0,1,2,3], 3)))

1

5

6

8

9

guesses = list(itertools.permutations([1,2,3]))

results = {}

7 for pm in possible_masks:

results [pm] = []
for g in guesses:
results [pm].append(sumn(l for m, g in zip(pm, g) if m == g))
for pml, pm2 in itertools.combinations(possible_masks, 2):
assert results[pml] != results[pm2]
To conclude the proof, we observe that the strategy is indeed static. |

6 The Complexity of Locality

This section is dedicated to proving Theorem 4. We will start by proving NP-hardness of
the permutation variant without considering the locality restriction, and then show how a
modification of the proof yields hardness even in the ¢3-local setting. We will conclude the
section by proving that in the ¢s-local setting there is a randomized polynomial algorithm.

Our reduction is from Monotone-1-in-3-SAT, where the input is a 3-CNF formula with only
positive literals, and the goal is to decide if some assignment of its variables assigns exactly 1
literal per clause to true. A more formal description is presented below. Interestingly, the first
proof of NP-completeness of Mastermind was a reduction from 1-in-3-SAT (non-monotone) [3],
but our construction is different.

PROBLEM : Monotone-1-in-3-SAT

INPUT : A 3-CNF formula ¢ := /\:7;1 C;, over variables z1,...,x,, with each clause
Ci = (x(ll) vl v Jréi)), and each my) e{x1,...,zn}.
OUTPUT : YEs, if there is an assignment 7: {z1,...,2,} — {0,1} such that for every

clause C; we have 7 (a:ﬁ”) +7 (a:é”) +7 (a:y)) = 1. NO otherwise.

» Theorem 18 ( [10], see [2]). Monotone-1-in-3-SAT is NP-complete.

Now we present the Permutation-Mastermind-SAT problem.

PROBLEM : Permutation-Mastermind-SAT

INPUT : A sequence of permutations m1,...,7mr € S,, and a sequence of black-peg
scores (b1,...,br) € {0,...,n}.
OUTPUT : YES, if there is some permutation ¢* € S,, such that b(m,0*) = by for each

1 <t <T. NO otherwise.

» Theorem 19. Permutation-Mastermind-SAT is NP-complete.

Proof. Membership is trivial, since it suffices to guess ¢* € S,,. For hardness, we reduce
from Monotone-1-in-3-SAT. Let ¢ := A", C;, over variables z1,...,2,, be an input in-
stance of Monotone-1-in-3-SAT. Then, we set N = 3n, and we will construct an instance
of Permutation-Mastermind-SAT over Sy.

39:13
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The first guess will be simply the identity m; := idy, and the score is b; := 0. This
enforces that the secret permutation o* holds ¢*(¢) # i for each 1 < i < N. In order to
define the next guesses we will need some notation. For each 1 < ¢ < n, let us define the block
B; := (3i — 2,3i — 1, 3i). Intuitively, the first part of our construction will enforce that in
the secret permutation o* = (s1 $2...5x), we have {s3,_2,83i—1,$3:} = {3i —2,3i — 1,3i},
meaning that the secret permutation is only permuting within blocks of 3 elements.

Using notation & for concatenation, we can define the identity permutation idy € Sy as
Bi®Bs---® B,,. Now, for each 1 <i < j <n and o € S3, we define the permutation

’yihj’o' = Bl@@Bz_l@U(B])@@B]_l@J(Bl)@@Bn
For example, if n =4, and o = (132), then
Y1,3,0 = O’(Bg)@BQEBO’(Bl)@B4 = (7984561321011 12)

Let o01,...,06 be an arbitrary enumeration of S3. We now introduce 6(3) new guesses,
corresponding to the permutations 7; j.o, for 1 <i < j <nand 1 <k < 6. The score for
each of them will be 0.

> Claim 20. Any permutation ¢* compatible with the scores for the 1 + 6(72‘) guesses made
thus far satisfies

V1<i<n, {o*(3i—2),0%3i—1),0%(3i)}={3i— 2,3 —1,3i}.

Proof. Assume the condition fails for some 1 < ¢ < n. Then, some element of {o*(3i —
2),0%(3i — 1),0*(3i)} belongs to a block B; for j # i. Let us assume i < j.* Then, for
some k it must be the case that guess 7; ; -, gets score at least 1, which contradicts the
compatibility assumption with the received scores which are all 0. <

We therefore have that the secret permutation ¢* must be of the form
oW (B)®c?(By)@-- @™ (B,),

where each (¥ is a permutation with no fixed points. In particular, the only two possibilities
in Sz are a := (231) and § := (312). Intuitively, we will have ¢(*) = « if variable 2; should
be assigned to true in ¢, and § if it should be assigned to false.

Concretely, for each clause C := (z, V xp V x.) with a < b < ¢, we create a permutation

e =B1® - ©Bs1@a(By) ®Bay1© - D(By) @ Da(Be) D@ By.

The score given to each of these guesses will be 3.
We are now ready to prove the correctness of the reduction. Let my,...,7mp with T' =
1+ 6(3) 4+ m, and by, ...,br be the sequence of guesses and scores of our construction.

> Claim 21. If p is a YEs-instance for Monotone-1-in-3-SAT, then (71, ..., 7r), (b1,...,br)
is a YEs-instance for Permutation-Mastermind-SAT.

Proof. Let 7 be the satisfying assignment for ¢ which witnesses its membership in Monotone-
1-in-3-SAT. Then, let o* be the permutation ¢ (B;) @ ¢? (By) @ - -- @ ¢ (B,,) where

, if 7(xz;) =1
a(’):{a if 7(z;)

[ otherwise.

3 Otherwise we implicitly do i := min(3, 5), j = max(i, j).
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It suffices to check that all scores on o* are as constructed. First, since both a and £ have no
fixed points, we indeed have b(idy,c*) = 0. Let us write o[i| := (o(3i — 2),0(3i — 1), 0(3i))
for the i-th block of a permutation o.

Then, we claim that b(v; j,»,0*) = 0 for every 1 < i < j < n and o € S3. Indeed, for
Ee{l,...,n}\{i,j}, we have v, ; ,[k] = By, whereas o*[k] is either a(B}) or B(By), and
in either case b(7; ;- [k],0*[k]) = 0. For k € {4, j}, we also have that o*[k] is either a(Bj) or
B(Br), whereas v; j o [k] = o(B; jy\{x}), and thus b(v; ;.0 [k], o*[k]) = 0.

Finally, for each clause C, we claim that b(w¢, 0*) = 3. Indeed, by assumption, there is
exactly one variable x; € C such that 7(z;) = 1, so 0¥ = a, and thus 7¢[i] = a(B;) and by
construction o*[i] = a(B;), so b(mci],o*[i]) = 3. If the other variables of C' are z; and zy,
then for any ¢ & {i, j, k} we have nc[¢] = By, whereas o*[{] is either a(By) or 5(By), and
in either case b(wc[f], 0*[¢]) = 0. For £ € {4, k} we have 7(x¢) = 0 by assumption, and thus
o*[€] = B(By), whereas ¢ [f] = a(By), and again b(ma[¢], 0*[¢]) = 0. <

To complete our proof, we prove the other direction of the reduction.

> Claim 22. If (my,...,77), (b1,...,br) is a YEs-instance for Permutation-Mastermind-SAT,
then ¢ is a YEs-instance for Monotone-1-in-3-SAT.

Proof. Assume there is some o* compatible with the transcript (m1,...,77), (b1,...,br).
Then, based on Claim 20, we have for each 1 < i < n that o*[i] = ¢(*)(B;) for some ¢(¥) € Ss.

Because m; = idy and by = 0, all the o must have no fixed points. But on S3 the only
two permutations without fixed points are exactly a:= (231) and 8 := (312). Therefore,
o € {a, B} for each 1 < i < n. Now, define the assignment 7: {z1,...,z,} — {0,1} by

(z2) 1 ifo® =q
T\T;) =
0 otherwise.

Now, let C':= (x4 V xp V 2.) be an arbitrary clause in ¢. Then, since guess m¢ got score 3,
we have that

b(e(Ba), 0*[a]) + b(a(Bs), o [b]) + b(a(Be), 0™[c]) = 3. (2)

However, for each g € {a,b,c}, we have 0*[g] = a(By), in which case b(a(By),0*[g]) = 3 or
o0*[g] = B(By), in which case b(a(By),c*[g]) = 0. Thus, the only way to satisfy Equation (2)

is that for exactly one g € {a,b,c}, 0(9 = o, and thus 7 satisfies exactly one variable of C.

<
Since the reduction clearly takes polynomial time, this completes the proof. |

We will now show that the construction above can be adapted so that each pair of
consecutive guesses differs in a fixed number of positions. The main difficulty is that, while
the sequence of guesses 71, ..., 7 from the proof of Theorem 19 could be “interpolated” by
a series of transpositions between each m; and w11, the reduction needs to construct scores
for these intermediate guesses as well, and it must do so in such a way that does not require
knowing what a satisfying assignment (if there is any) looks like.

PROBLEM : k-Local-PM-SAT

INPUT : A sequence of permutations 7i,..., 7 € Sy, where each w41 := m 0 wey1, for
some permutation w1 of support size at most k, and a sequence of black-peg
scores (b1,...,br) € {0,...,n}.

OUTPUT : YES, if there is some permutation ¢* € S, such that b(m¢,0*) = b: for each
1 <t <T. NO otherwise.
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» Theorem 23. 3-Local-PM-SAT is NP-complete.

Proof. Membership is again trivial since it suffices to guess o* € S;,. For hardness, the proof
is very similar to that of Theorem 19, also via a reduction from Monotone-1-in-3-SAT, but we
will need some non-trivial modifications. Once again, if the input instance ¢ has n variables,
we will construct an instance of 3-Local-PM-SAT over Sy for N := 3n. The first guess will
again be the identity idy with a score of 0, implying the secret permutation must not have
any fixed points. Then, similarly to the proof of Theorem 19, we will construct guesses and
scores enforcing that

VI<i<n, {0"(3i—2),0%(3i —1),0%(3i)} = {3i — 2,3i — 1,3i}. (3)

This part can be done in fact under the stronger f>-local restriction. It suffices to take every
pair of indices 1 < ¢ < j < 3n such that [i/3] # [7/3] (i.e., ¢ and j belong to different blocks
of size 3), and guess the permutation J; ; defined by

k ifk¢{ij}
dijk)y=1<1i ifk=j
itk =i

The associated score of each guess §; ; will be 0, and after each such guess, we will guess
again the identity permutation idy with a score of 0, before making the next guess d;/ ;.
This stage makes O(n?) guesses, and indeed guarantees Equation (3) since any position in
B, :={3i —2,3i — 1,3i} is guessed in every position outside of B; and receives a score of 0.
Now, we turn our attention to the clause guesses. Let C = (x; V x; V ) be a clause in ¢,
with ¢ < j < k. Our goal is to make the guess

e =B1® - @B 1®a(B;)®Bi 1P Pa(Bj)®---Da(Br)®--- B B,.

However, we will have to “walk” to such a guess by permutations of support size at most 3.
Let us show an example for n = 4, with the clause C' = (z1 V 23 V x4). For ease of notation,
we will identify the identity permutation with b1bs . .. b12, and highlight in blue the permuted
elements of each guess.

b1babs babsbg b7bgbg b1ob11b12
b7babz babsbe biobgbg b1b11b12
brbgbs babsbs b1ob11bg b1b2bi2
b7bsbg babsbs biob11b12 b1b2bs
bgbobr babsbg b1ob11b12 b1b2bs
bgbobr babsbs b11b12b10 b1b2bs
bgbgb7 bibsbe b11b12b10 b2b3by
babob7 babsbg bgb12b10 b11b3b1
babsbr babsbs bsbobio b11b12b1
babsby babsbe bsbobr b11b12b10

Naturally, this sequence of permutations can be inverted to obtain back the identity. More
formally, let us introduce notation «(i, 7, k) for the permutation that applies a@ € S3 to
positions i, j, k, and similarly, we define (4, j, k). Then, the sequence of guesses corresponding
to a clause C' = (z; V x; V ) is:
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Table 2 Correctness of the sequence of clause guesses.

(e, 6@ ®) ‘ (v,,) (v, 8) (o, B,0) (a,3,8) (Bya,)  (B,a,68)  (B,8,a) (8,8,08)

b1b2bs babsbs brbsbg 0 0 0 0 0 0 0
bababs b7bsbg b1bsbg 0 0 0 0 0 0 0 0
babsbs brbgbg b1babg 0 0 0 0 0 0 0 0
babsbs b7bgbg b1b2bs 0 0 0 0 0 0 0 0
bsbebs brbsbg b1babs 0 0 0 0 0 0 0 0
bsbeba bsbobr b1babs 0 0 0 0 0 0 0 0
bsbeba bgbobr babsby 0 0 0 0 0 0 0 0
bgb@b;; b5b9b7 bgbgbl 3 2 2 1 2 1 1 0
babsbs bsbsbr bsboby 6 4 4 2 4 2 2 0
babsby bsbeba bgbobr 9 6 6 3 6 3 3 0

a(3i —2,3j — 2,3k — 2),
a(3i—1,3j — 1,3k — 1),
(31,35, 3k),

(3i —2,3i — 1,30),

(3] - 273] - 173])7
a(3k — 2,3k — 1, 3k),
B(3i—2,3j — 2,3k — 2),
B(3i—1,3 — 1,3k — 1),
B(3i, 37, 3k).

WeoeNoORWNH
Q0

Their corresponding scores are: (0,0,0,0,0,0,1,2,3). Consecutive “clause gadgets” can be
chained by appending the inverse walk back to idy between clauses, with the corresponding
scores. We now make the main claim for the correctness of the reduction.

> Claim 24. A permutation o* is compatible with the scores constructed thus far if and
only if we have

o* = J(1)(31) ® 0(2)(32) PP J(n)(Bn)

where each 0¥ is either a := (23 1) or 8 := (312), and for each clause (z; V z; V x3) € ¢,
exactly one of ¢(9, ¢ (%) equals a.

Proof. The first part is direct from Equation (3) and the fact that the identity guess idy has
a score of 0, since « and 3 are the only permutations in S5 without fixed points.

The second part can be checked mechanically. It suffices to consider clause (z1 V z3 V 3)
without loss of generality, and for each of the 8 possibilities for (¢, ¢(?), ¢()), observe that
the only ones that give the scores (0,0,0,0,0,0,1,2,3) are those with exactly one «. This is
shown in Table 2, and concludes the proof of the claim. <

Having proven Claim 24, we will proceed to prove the correctness of the reduction.

> Claim 25. If ¢ is a YEs-instance for Monotone-1-in-3-SAT, then the sequence of guesses
and scores (71, ...,7r), (b1,...,br) constructed above is a YEs-instance for 3-Local-PM-SAT.

Proof. Let 7 be the satisfying assignment for ¢ which witnesses its membership in Monotone-
1-in-3-SAT. Then, let 0* be the permutation

0(1)(31) ) 0(2)(32) DB g(n)(Bn)
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() {a if 7(x;) =1
g =

[ otherwise.

Then, by Claim 24 we have that o* is compatible with (7q,...,77), (b1, ..., br), thus proving
it is a YEs-instance for 3-Local-PM-SAT. <

> Claim 26. If (my,...,7r), (b1,...,br) is a YES-instance for 3-Local-PM-SAT, then ¢ is a
YEs-instance for Monotone-1-in-3-SAT.

Proof. Directly by Claim 24 it suffices to take the assignment 7 that assigns each x; to 1 if
o = a, and to 0 otherwise. <

Since the reduction can clearly be constructed in polynomial time, we conclude the
proof. |

Finally, we show that 2-Local-PM-SAT can be solved in randomized polynomial time, by
formulating it as a search over perfect matchings with parity constraints. In particular, we
consider the following problem.

PROBLEM : t-Dimensional Parity Perfect Matching

INPUT : A G = (V,E), a weight function w: E — Z»°, a function v: E — F5, a
constant ¢ € F5, and a number r € Z.

OUTPUT : A perfect matching M of G such that w(M) := ) _, w(e) = r, and such that

ZEEM v(e) = c.

» Theorem 27 ([8, Thm. b5.6]). There is a randomized algorithm that solves the t-
Dimensional Parity Perfect Matching problem, over instances on n vertices, in time O(n% g% n-
maX.cp(q) w(e)), with probability of success 1 — o(1).

Strictly speaking, the algorithm of Geelen and Kapadia [8] is intended for minimizing
w(M), but this is only done in step 3 of their evaluation algorithm, where the minimum
exponent of the variable z is considered; by considering the term including 2" instead, from
the same polynomial, we obtain the form of Theorem 27.

» Theorem 28. 2-Local-PM-SAT is in RP, and in particular, can be solved in time O(n" 1g* n)
with success probability 1 — o(1).

Proof. Let (my,...,mr)and (by,...,br) be an instance of 2-Local-PM-SAT over S,,. Then, as
in Section 2, we identify a permutation o € S,, with the perfect matching B, := {{z, o(i)}:
i € [n]} in the complete bipartite graph K, ,,, and note that b(m;, o) = |By, N By|.

We can assume without loss of generality that the transcript contains no consecutive
guesses being equal, i.e., m 11 # 7, since otherwise we can remove the consecutive duplicates
from the transcript without altering satisfiability. Because of the £s-locality restriction, for
each t € [T — 1] there is a (unique) transposition wy1 = (a; by) such that m11 = 7 0 wiy.
Let uy := m¢(at), and v := m(bt), and define the four edges

etl = {ag, ut}, 6% = {bs, v }, ftl = {ay, v}, ft2 = {by, u }.

Then By, ABx,,, = {e;, €7, f, f2}, and only these two positions can change their contribution
to the black-peg score when passing from 7y to m¢y1. Let Ay := by — by, Letting By« be the
matching associated to a secret permutation o* compatible with the scores (if any exists),
shows:
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Ay =2 {ftl»ff}gBa*7
Ay = -2 <= {e},e}} C B,
Ar=1 <= |Be n{f}, ff}] =1 and By N{ef, e} =0,
Ay =-1 <= |B,- N{ef.ef}| =1 and B, N {f}, f2} =0,
Ay =0 <= B,.N{ele2 fL A =0.

Consequently, we will construct an instance of perfect matching with the following constraint
sets: a set F of edges that must necessarily be present in the secret perfect matching B+, a
set N of edges that must necessarily not be present in the secret perfect matching B+, and
a set C of pairs of edges such that for every pair C € C, exactly one of the edges in C' must
be present in the secret perfect matching B,». These sets of constraints are constructed
by Algorithm 2.

Algorithm 2 Construct Constraint Sets C, F, N.

LC+0,F+ 0N+

2: fort=1toT —1do

3: if A; =2 then

" F FUL 1)
5: N +— N U{el,e?}
6: else if A; = —2 then
7: F « FU{e},e?}
8: N%Nu{ftlvff}
9: else if A; =1 then
10: N +— N U{e},e?}
L CeCcUl{fh
12: else if A; = —1 then
13: N — NU{fh 2}
14: C+«+ CU{{et, e?}}
15: else if A; =0 then
16: | L N%Nu{ftlvftaetlve%}

By the previous analysis, we have the following observation.

» Observation 29. There exists a secret permutation o* compatible with the transcript
(71,...,mr), (b1, ..., br) if and only if K, ,, has a perfect matching M* such that:

1. |M*N By, | =0,

2. [M*NN|=0,

3. for everye e F, IM*N{e}| =1,

4. for every pair of edges C € C, IM*NC| = 1.

We will now show how to decide the existence of such a matching M* by reducing to

the ¢-Dimensional Parity Perfect Matching problem. First, we define the edge weight function
w: E(Kp,) — Z79 as follows:

n ifeeN,
w(e): =11 ifeg N and e ¢ By,

0 otherwise.
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Now, note that, for any perfect matching M of K,, ,,, we have

w(M) == 3 w(e) =n- [MAN|+|(M\N)\ By,

ec M

from where (i) if |[M NAN| > 0, then w(M) > n, and (ii) if |[M NN| = 0, then w(M) =
n— |M N Bg,|.

Therefore any perfect matching M of K, , satisfies conditions 1 and 2 of Observation 29
if and only if w(M) =n — b;.

Now, let ¢t := |C| + |F|. Let C4,...,Cy, be an arbitrary enumeration of C, and ey, ..., ef
an arbitrary enumeration of F. For each 1 < i <, let e; € IF§ denote the i-th standard basis
vector. We now define a label function v: E(K, ,) — F5 by

f
’Y(e) = ( Z ei) + <Z €itm * ]l[e—ei]> . (4)
7 s.t. eeC; i=1

We are now ready for the main claim that will prove the theorem. Let us write 1 for the
vector of all ones in Fj.

> Claim 30. There exists a secret o* compatible with the transcript (71, ..., 77), (b1,...,br)
if and omly if K, , has a perfect matching M such that y(M) := > ., 7v(e) = 1 and
w(M)=n—b;.

Proof. We have shown above that a matching M of K, , satisfies conditions 1 and 2
of Observation 29 if and only if w(M) =n — b;.

Now we show that M satisfies conditions 3 and 4 if and only if v(M) = 1. Let us use
notation v[j] for the j-th coordinate of a vector v, and we will show that v(M)[j] = 1 for
je{l,...,m+ f}. We consider two cases:

(Case 1: j € {m+1,...,m+ f}). In thiscase, j =i+m for a unique i € {1,..., f},

so only the second sum of (4) is non-zero, so we have

YM)[F] = Y~ Ljemey = M 0 {ei}] mod 2 = [M N {ei}],
eeM
from where v(M)[j] =1 if and only if M N{e;}| =1 (i.e., condition 3. holds for e;).

(Case 2: j € {1,...,m}). In this case, only the first sum of (4) is non-zero, so
we have

Y(M)[j] = Z Z Li=; = Z leec; = |M N Cj| mod 2,

eeM 1 s.t. eeC; ec M

from where y(M)[j] = 1 if and only if |[M N C}| is odd. But since |C;| = 2, the only
possibility is |[M N C;| = 1. Thus, v(M)[j] = 1 if and only if condition 4 holds for C;.
This concludes the proof. <

Applying Theorem 27 to the instance (G, w,~,1), and then using Claim 30, we conclude
the proof. The final runtime results from the fact that max. w(e) = n. <
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