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Abstract
Higher-order Voronoi diagrams and Delaunay mosaics in polygonal metrics have only recently been
studied, yet no tools exist for visualizing them. We introduce a tool that fills this gap, providing
dynamic interactive software for visualizing higher-order Voronoi diagrams and Delaunay mosaics
along with clustering and tools for exploring overlap and outer regions in the Hilbert polygonal
metric. We prove that kth order Voronoi cells are not always star-shaped and establish complexity
bounds for our algorithm, which generates all order Voronoi diagrams at once. Our software unifies
and extends previous tools for visualizing the Hilbert, Funk, and Thompson geometries.
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1 Introduction

The Hilbert metric has attracted recent interest due to its applications in clustering [17],
non-linear embeddings [18], convex approximation [1, 2], and real analysis [14]. As such,
there has been work on extending results from computational geometry to the Hilbert metric,
such as Voronoi diagrams (including farthest-point Voronoi) [9, 12,15], minimum enclosing
balls [6], and Delaunay triangulations [11]. To aid in these endeavors, software to help
visualize the Hilbert metric has been progressively developed. This began with a Hilbert ball
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visualizer [16], then some Voronoi demo software [9], which evolved into software for the Funk
and Thomson polygonal geometry [5]. We build on this foundation by providing the first
software with interactive support for dynamically visualizing higher-order Voronoi diagrams
and Delaunay mosaics in the Hilbert metric, exploring overlap and outer regions (defined in
Section 3), and step-by-step clustering on arbitrary convex polygonal domains. The software
is implemented in JavaScript, it runs interactively in the browser, and it includes a tutorial
video and brute force Voronoi mode for verification. It also maintains the features from all
previous software.

2 Higher order structures

The study of kth order abstract Voronoi diagrams started with “On the complexity of higher
order abstract Voronoi diagrams” where cells were determined by the k closest sites [7]. The
Hilbert metric does not immediately fall into the category of kth order abstract Voronoi
diagrams, but can be made to fit it by extending bisectors to infinity without the extensions
crossing. As such, there exist frameworks for efficient kth order Voronoi diagrams [7, 8].
Our visualization generates all orders at once using an edge labeling technique similar to
those used in Euclidean geometry [10]. For completeness, we begin this section by proving
two supporting lemmas that show our algorithm works. Then we present the algorithm.
Throughout, we assume that we have been given some convex polygonal region Ω with m

sides and a set of n sites S. Both proofs use a classical technique using properties of balls [13].

Figure 1 (a) First order Hilbert Voronoi (b) second order (c) final ((n − 1)th) order.

▶ Lemma 1. The circumcenter of any three sites serves as a Voronoi vertex in both the kth

and (k + 1)th order Hilbert Voronoi diagrams for some 0 < k < n − 1.

Proof. Consider the circumcenter of three sites s1, s2, s3 lying on the boundary of ball B,
with k − 1 sites of S in the ball. Perturbing B towards one of the sites will change which of
s1, s2, s3 is the kth closest site to the center of B. Perturbing and growing the ball along one
of the bisectors to include two sites will change which site is the (k + 1)st closest. ◀

▶ Lemma 2. Every bisector path between circumcenters belongs to exactly one kth order cell.

Proof. Consider the bisector between two sites s1, s2 ∈ S lying on a kth-order cell. A ball
moving along the bisector and passing through both sites contains exactly k − 1 other sites
before reaching a circumcenter with a third site. Perturbing the ball off the bisector causes it
to include either s1 or s2, shifting the center into the kth order cell of one or the other. ◀
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Our algorithm proceeds in three phases: Preprocessing computes all pairwise bisectors
and all three site circumcenters parametrized along their respective bisectors. Looping over
the bisectors lets us determine the diagram containment of the first bisector portion by
checking the distance to each site. Traversing the bisector and updating diagram containment
at each circumcenter yields a labeling of each bisector portion by the degree-order Hilbert
Voronoi diagram it is part of, allowing us to display it quickly based on user input.

In the following we implicitly use three facts from [11,12]; first, we can order the boundary
of Ω to calculate Hilbert distances in time O(log m), second we can order the boundary of Ω
to calculate circumcenters in time O(log3 m), and third, bisectors have complexity O(m).

▶ Corollary 3. Our algorithm takes time O(n2m log m + n3 log3 m + n3 log n log m) with
space O(m log m + n3 + n2m).

Proof. Preprocessing takes O(n2m log m) time to compute all bisectors and O(n3 log3 m)
time for computing all circumcenters (which we bucket by bisector). Sorting the circumcenters
along the bisectors in the buckets takes O(n3 log n).

We determine the containment of the first bisector component in O(n log n log m) time
per bisector. Then, we traverse the bisector, determining the containment of each vertex and
each bisector segment in O(n) time, since there are O(n) circumcenters along each bisector.
Since we do this for all n2 bisectors, this takes O(n2(n log n log m + n)). Our final runtime is
O(n2m log m + n3 log3 m + n3 log n log m).

The storage consists of O(m log m) to order the boundary, O(n3) for circumcenters ordered
along bisectors, and O(n2m) for the bisectors, giving us O(m log m + n3 + n2m) storage. ◀

▶ Observation 4. In the Hilbert metric, kth order Voronoi cells are not always star-shaped,
a star-shaped region has an interior point from which all others are visible via a segment.

Proof. This can be seen with the following Ω: a square with coordinates from (100, 100)
to (300, 300) and sites at (160, 284.9), (140, 170), (130, 165), (180, 285). The second-order
Voronoi generates a non-star-shaped region. This configuration is in general position. ◀

Figure 2 The red region, the Voronoi cell closest to 1 and 2, is not a star-shaped region.

We leverage our results on kth-order cells to compute the Delaunay mosaic by computing
a modified Fréchet mean (a point that minimizes the sum of distances) of the sites of each
cell, and connecting them if their cells are adjacent.

SoCG 2026
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3 Overlap and Outer Region

One notable property of the Hilbert metric is that three sites do not always have a circum-
center [9]. First we recall what it means to be a ball at infinity through two sites [11]. Then
we define the overlap and outer regions which characterize circumcenter existence.

▶ Definition 5 (Infinite Ball). Given two sites s1, s2 ∈ S, consider balls passing through them
with centers along the bisector parametrized by t ∈ [0, 1]. This yields two limit balls on the
boundary of Ω: B0(p : q) at t = 0 and B1(p : q) at t = 1. (See Figure 3.)

Figure 3 Two infinite balls along bisector through two sites (in red) generated by our software.

▶ Definition 6 (Overlap Region). Given two sites s1, s2 ∈ S, their overlap region, denoted
Z(p, q), is B0(p : q) ∩ B1(p : q).

▶ Definition 7 (Outer Region). Given two sites s1, s2 ∈ S, their outer region, denoted W (p, q),
is int Ω − (B0(p : q) ∪ B1(p : q)).

The overlap is the region between two sites s1, s2 where there is no circumcenter between
s1, s2, and p [11]. The outer region is the region that is not between the two sites where
there is no circumcenter. In our software, we give users the option to display these regions
dynamically. Users can generate these regions for any two sites, then move a third site
between them to observe the behavior of the bisectors of the three sites.

4 Clustering

In 2019, Nielsen and Sun introduced clustering in the Hilbert simplex [17]. We expand on
this by allowing users to interactively visualize clustering on arbitrary Hilbert polygonal
geometries. We provide k-means and single linkage clustering (see Figure 4).
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Figure 4 120 points in 38 clusters using single link clustering.

5 Conclusion

We have introduced the first software for visualizing higher-order Voronoi diagrams, Delaunay
mosaics, clustering, overlap and outer regions in arbitrary convex Hilbert polygonal geomet-
ries.
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