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Abstract
We study the problem of finding a fair linear scoring function over (numerical) attributes for top-k
selection, ensuring fairness through a proportional representation constraint on the protected group.
Existing algorithms do not scale efficiently, particularly in higher dimensions. Our hardness analysis
shows that in more than two dimensions, no algorithm is likely to scale efficiently with respect to
dataset size, and the computational complexity is likely to grow rapidly with dimensionality. However,
the hardness results also provide key insights guiding algorithm design, leading to our two-pronged
solution: (1) For small k, our analysis reveals a gap in the hardness barrier. By addressing various
engineering challenges, including achieving efficient parallelism, we turn this potential of efficiency
into an optimized geometry-based algorithm delivering substantial performance gains. (2) For large
k, where the hardness is robust, we employ a practically efficient optimization-based algorithm
which, despite being theoretically worse, achieves superior real-world performance. Experimental
evaluations on real-world datasets then explore scenarios where worst-case behavior does not manifest,
identifying areas critical to practical performance. Our solution achieves speedups of up to several
orders of magnitude compared to the state of the art, an efficiency made possible through a tight
integration of hardness analysis, algorithm design, practical engineering, and empirical evaluation.
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1 Introduction

Selecting a subset of items from a large dataset based on specific criteria is critical for
decision-making. Each item is typically assigned a score derived from its attributes, and the
top-scoring items are selected. A scoring function determines these scores, typically a linear
one that weights and sums the attribute values by importance. The problem of selecting the
k highest scoring items from a dataset of n items (k ≤ n) is called Top-k Selection.

Given the rise of automated decision-making software, ensuring fairness in tasks like top-k
selection has become crucial. Among different ways of quantifying fairness (e.g., [21, 50, 52]),
a common one is based on proportional representation: Each item has categorical attributes
(e.g., gender, race, ethnicity), and one or a combination of them is considered sensitive. A
specific value of this sensitive attribute denotes membership in a minority or historically
disadvantaged group, often referred to as a protected group. The aim is to select a top-k
subset where the protected group’s proportion mirrors its proportion in the entire dataset.

Many applications seek top-k selections that are both fair and high-quality, often achieved
by applying proportional fairness constraints. Prior work (e.g., [51, 13, 49]) typically applies
these constraints after scores are determined, which might result in group-dependent selection
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criteria and thus, potential legal risks (e.g., Ricci vs. DeStefano [42]). A fair scoring function
from the outset is thus preferable. Moreover, one may also wish to find such a function
within a subset of scoring functions. For instance, one may start with an existing, unfair
scoring function and seek a “nearby” fair one, where attribute weights do not vary by a
lot. Even knowing that no such nearby function exists can be informative, revealing some
negligence in the original design. Consider the following variation of the example from [6]:

▶ Example 1. A college admissions officer designs a scoring function based on applicants’
normalized GPA (g) and SAT score (s), initially setting f(c) = 0.5×g +0.5×s and admitting
the top-500 applicants. However, this may yield only 150 women whereas the fairness
constraint is that at least 40% women should be admitted, possibly due to a gender disparity
in the SAT score [44]. To meet the fairness constraint while preserving the explainability, the
officer searches for a nearby fair scoring function with weights in the range of [0.45, 0.55].
An algorithm may find a fair function f(c) = 0.55 × g + 0.45 × s; if no such function exists,
it reports failure, indicating the equal-weight design may be unsuitable. The officer may then
adjust the design and, with the algorithm’s help, obtain a fair function f(c) = 0.6×g +0.4×s.

Prior work has explored finding such fair scoring functions [6], but existing algorithms scale
poorly with dataset size and worse with dimensionality. Since the general fairness constraints
considered in [6] may introduce additional overhead, we focus on the simplest possible one on
top-k selection, which ignores the relative rankings within the top-k (as in Example 1). For
such a simple fairness constraint, do we have better algorithms that are efficient for large,
high-dimensional datasets in practice, preferably running in O(n · polylog(n)) time?

NP-hardness
(Theorem 13)

Constraint Relax.
(Corollary 11)

k-Generalization
(Theorem 8)

Curse of Dim.
(Corollary 6)

3SUM-hardness
(Theorem 4)
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Figure 1 The structure and interplay of key results and components in this work. Solid arrows
denote the primary workflow and direct influences, while dashed arrows indicate feedback.

Our contributions. To answer this question, we conduct an end-to-end, integrated study
combining hardness analysis, algorithm design, practical engineering and empirical evaluation
into a unified framework that yields an efficient solution. While some of the components may
be of independent interest, their primary significance in this work lies in their interconnection.
Our two-pronged solution, as well as many insights, emerge from the integration (see Figure 1).

Related work. Fair top-k selection under proportional fairness constraints has been widely
studied [51, 31, 13, 6, 49] (see [52] for a review). Most existing work uses a single attribute or
a fixed scoring function. Ref. [6] instead searched for a linear scoring function (i.e., a weight
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vector) satisfying the fairness constraints while minimizing angular distance from a given one.
Their method supports various fairness constraints but scales poorly with dataset size and
dimensionality (see Section 4.2). Besides applying fairness constraints, ref. [35] introduced
alpha-fairness – a metric capturing disparities between protected group proportions in the
top-k subset and the entire dataset – and methods to find a weight vector optimizing this
metric. However, their approach lacks a formal runtime analysis, still scales poorly, and
breaks ties arbitrarily which may be unsuitable for fairness considerations (see Section 5.1).

2 Preliminaries

In the Fair Top-k Selection problem, we are given a set, C, of candidates (or items), where
each candidate c ∈ C has d scoring attributes and one sensitive attribute. The scoring
attributes are represented by a point p(c) = (p1, p2, . . . , pd) ∈ Rd, and the sensitive attribute
by a label A(c) ∈ {G1, G2, . . . , Gm}. The label G1 denotes the protected group. Following [52],
we also use Gi to denote the subset of candidates with A(c) = Gi, particularly for i = 1.

We consider the class of linear scoring functions defined by a weight vector w =
(w1, w2, . . . , wd), where each wi ≥ 0 (a common assumption [46, 12, 6]). The score of
a candidate c is computed as f(p(c)) = w · p(c) =

∑d
i=1 wipi. Since ties may occur, the top-k

subset for a given w may not be unique. We consider all top-k subsets and regard w as fair
if any of its top-k subsets satisfies the fairness constraint. This is embodied as follows:

▶ Definition 2. For a given w and an integer k ≤ n, a subset τw
k ⊆ C is a top-k subset if

|τw
k | = k and for any pair of candidates that c ∈ τw

k and c′ ∈ C \ τw
k , w · p(c) ≥ w · p(c′).

We now formalize our notion of fairness. Let τw
k denotes a top-k subset for w. Let LG1

k

(resp., U G1
k ) denote the desired lower (resp. upper) bound on the number of protected group

candidates in τw
k , ideally near k · (|G1|/n). Then, w is a fair scoring weight vector if

LG1
k ≤ |τw

k ∩ G1| ≤ U G1
k . (1)

Finally, one may wish to limit the search for a fair weight vector to a subset of the weight
vector space. We denote this subset by V and describe it via a set of l linear inequalities.
Without loss of generality, we further assume ||w||1 =

∑d
i=1 wi = 1 (recall wi ≥ 0). Then, V

can be effectively regarded as a subset of Rd−1. Formally, we define our problem as follows:

▶ Problem 3. We are given a set of n candidates with d scoring attributes and one sensitive
attribute. Each candidate, c, has a point p(c) in Rd and a label A(c) ∈ {G1, G2, . . . , Gm}. We
are also given a non-negative integer k ≤ n, non-negative integers LG1

k and U G1
k , and a subset

V of the weight vector space described by l linear inequalities. The goal is to find a real-valued
weight vector w = (w1, w2, . . . , wd) ∈ V , where wi ≥ 0 for all i and ||w||1 = 1, such that

LG1
k ≤ |τw

k ∩ G1| ≤ U G1
k .

Although our formulation allows p(c) to be in Rd, in practice, scoring attribute values
are typically normalized to [0, 1]d, as they are equivalent via uniform translation and scaling.

3 Hardness

Known algorithms for the Fair Top-k Selection problem [6] do not scale well with the dataset
size, especially in higher dimensions. We establish (conditional) lower bounds that shed light
on this limitation. In particular, we focus here more on the practical implications of these
hardness results (Remarks within the section), rather than on their proofs ([11, Section 3]).

SoCG 2026
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3.1 Hardness results in fixed dimensions
We show that for any fixed dimension, d ≥ 3, the Fair Top-k Selection problem is 3SUM-
Hard [47, 22], hence is unlikely to be solvable in O(n2−δ) time for any constant δ > 0.
Furthermore, based on a result in [20], we show that the problem is unlikely to be solvable
in O(nd−1) time for any d ≥ 3. All our conditional lower bounds are established for a special
case of the problem, where k is approximately n/2, G1 contains only one candidate, and
LG1

k = U G1
k .

For the 3SUM-hardness, it is known that deciding whether three points in a given set in
R2 lie on a line (a.k.a point collinearity problem) is 3SUM-Hard [22]. By a reduction from
the collinearity problem to the Fair Top-k Selection problem, we show the following:

▶ Theorem 4 (3SUM-hardness). For any d ≥ 3, Fair Top-k Selection cannot be solved in
O(n2−δ) time for any constant δ > 0, assuming the 3-SUM hypothesis.

▶ Remark 5. For large datasets, practical efficiency typically requires algorithms with run
times O(n · polylog(n)). However, our reduction suggests that such an efficient algorithm is
unlikely to exist for general problem instances in dimensions d ≥ 3.

The point collinearity problem is a special case of the Affine Degeneracy problem in Rd:
deciding whether d + 1 points lie on a hyperplane. Using a similar approach we have:

▶ Corollary 6 (Curse of Dimensionality). For any constant d ≥ 3, Fair Top-k Selection in Rd

is at least as hard as the Affine Degeneracy problem in Rd−1.

▶ Remark 7. In a certain decision tree model, all algorithms for the Affine Degeneracy
problem require Ω(nd) time [20]. This suggests a lower bound of Ω(nd−1) for Fair Top-k
Selection in Rd for d ≥ 3. However, the reduction only applies if d is a constant, since the
number of constructed instances also grows exponentially with d (see Section 3.3).

3.2 Hardness results for more general cases
The conditional lower bounds in fixed dimensions are established using a special case of the
problem. Here, we show that our conditional lower bounds also hold when the value of k,
the number of candidates of G1, and the fairness constraint are more general and realistic.

We begin with definitions of key concepts. For a point set S ⊆ Rd, a point q ∈ Rd is a
dominated (resp. dominating) point of S if for any point p ∈ S, qi < pi (resp. qi > pi) for all
1 ≤ i ≤ d. For any non-negative weight vector, a dominated (resp. dominating) point has a
lower (resp. higher) score than any point in S. We say a candidate c is a dominated (resp.
dominating) candidate of a candidate set C if p(c) is a dominated (resp. dominating) point.

With these concepts, we first consider a general k value. Suppose that we have an efficient
algorithm that can only handle k = βn, where 0 < β < 1 is a fixed constant. We show that
it can also be applied to solve the instance in Corollary 6 efficiently.

▶ Theorem 8 (k-Generalization). Given a polynomial-time algorithm for Fair Top-k Selection
with k = βn, where 0 < β < 1 is a fixed constant, one can solve the Fair Top-k Selection
with k = (n − 1)/2 − d + 1 in the same asymptotic run time.

Proof. Since k is expected to be small in practice, we consider the case βn < (n−1)/2−d+1
first. We construct C ′ from C by adding dominated candidates, making the size of C ′ to be
(n − 1)/2β − (d − 1)/β. Then, we run the algorithm for Fair Top-k Selection with k = βn

on C ′. Given the size of C ′, we have k = (n − 1)/2 − d + 1. Since all candidates in C ′ \ C
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are dominated ones, none of them will be in the top-k subset for any k ≤ n. So, the top-k
selection result will only contain candidates in C. The reduction takes O(n) time with β

being a constant. The case βn > (n − 1)/2 − d + 1 can also be similarly handled. ◀

▶ Remark 9. This reduction extends the lower bounds in Section 3.1 to a broad range of k

where k = βn. However, for a sufficiently small k (e.g., k = O(polylog(n))), the reduction
breaks down as C ′ requires adding too many candidates, causing it to take more than O(n)
time. This reveals that the previous lower bounds may not be applicable for a small k.

Next, we consider a larger number of candidates of G1 and more general fairness constraints.
Consider a dataset with two groups, where n1 and n2 denote the number of candidates of G1
and the other group. By adding both dominated and dominating candidates, we have:

▶ Theorem 10 (Group-balancing). Given a polynomial-time algorithm for Fair Top-k Selection
with n1 = n2 = n/2 and LG1

k = U G1
k = k ·(n1/n) = k/2, one can solve the Fair Top-k Selection

with n1 = 1 and LG1
k = U G1

k = 1 in the same asymptotic run time.

Theorem 10 still has a restriction on the fairness constraint that LG1
k = U G1

k . By carefully
manipulating the number of dominated and dominating candidates, we are able to show:

▶ Corollary 11 (Constraint Relaxation). Given a polynomial-time algorithm for Fair Top-k
Selection with LG1

k = k · (n1/n) − σL and U G1
k = k · (n1/n) + σU , where σL and σU are

non-negative integers, one can solve the Fair Top-k Selection with n1 = 1 and LG1
k = U G1

k = 1
in the same asymptotic run time.

▶ Remark 12. Intuitively, relaxing the fairness constraint should make the problem computa-
tionally easier. However, our reduction suggests that this is unlikely to be the case, as better
algorithms imply a violation of the lower bounds established in Section 3.1.

3.3 Hardness result in arbitrary dimensions
Corollary 6 suggests a possible extension to arbitrary dimensions, since Affine Degeneracy is
NP-hard in arbitrary dimensions [20]. However, a direct extension fails because the reduction
requires generating 2d−1 Fair Top-k Selection instances to circumvent the non-negativity of
the weight vector. To resolve this issue, we use an alternative problem, Maximum Independent
Set, for the reduction, starting from its binary integer programming formulation [36].

▶ Theorem 13 (NP-hardness). Fair Top-k Selection is NP-hard in arbitrary dimensions.

▶ Remark 14. The failure to extend Corollary 6 under non-negativity may appear to reveal
a gap in the hardness barrier. Moreover, this non-negativity appears to permit efficient
mathematical optimization techniques (Section 5.2), which typically operate outside the
decision-tree model (Corollary 6). However, our NP-hardness result shows that such methods
may not work efficiently for the worst case. Notably, the relaxation technique, essential to
many efficient solvers for our formulation (Section 5.2), also plays a key role in the reduction.

4 From hardness results to algorithm design

As stated, our two-pronged solution is guided by the hardness results. Here, we examine
these insights in details. Also, we examine the case of small k that is critical to our solution.

SoCG 2026
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4.1 Implications for algorithm design
Our hardness results, starting from restricted cases, show that the problem becomes hard
to solve for d ≥ 3 (Remark 5) and demonstrate the curse of dimensionality (Remark 7).
Extending these results to more general cases yields key insights for algorithm design:

Small k Opportunity. The reduction technique used in Theorem 8 breaks down for a
sufficiently small k (Remark 9). This suggests the potential of a more efficient algorithm
by explicitly leveraging k in the design.
Large k Practicality. The hardness of the problem is robust for a large k, making
the existence of worst-case efficient algorithms unlikely. Therefore, designing efficient
algorithms for large k should focus on real-world performance.
Fairness Relaxation Pitfall. Relaxing the fairness constraint may appear to make
the problem easier, making an algorithm that starts with a loose constraint and gradu-
ally tightens it seems attractive. However, such relaxation does not reduce worst-case
computational hardness (Remark 12), limiting its value.
Non-negativity Trap. With the failure to extend Corollary 6, non-negativity of variables
(weights) and most coefficients (scoring attribute values) appears to open the door to
efficient mathematical programming techniques (Remark 14). However, our NP-hardness
result shows that this non-negativity may not yield runtime improvements.

Drawing on these insights, we arrive at a two-pronged solution: a theoretically grounded
algorithm for a small k, and a practically efficient algorithm for a large k. Next, we
demonstrate that the lower bounds are indeed breakable for a small k.

4.2 The case of small k

The Fair Top-k Selection problem can be solved by the algorithms in [6], which run in
O(n2(k + log n)) (improvable to O(n2 log n)) for d = 2 and O(n2d+2) for a constant d ≥ 3.
In contrast, our algorithm explicitly incorporates k, allowing it to run fast when k is small.

Like [6], our algorithm employs a dual transformation, but we adopt a different one given
in [12, 48] that is better suited to our setting. Let p = (p1, p2, . . . , pd) be p(c) of a candidate
c ∈ C. We transform p into a hyperplane H(p) defined by (x1, x2, · · · xd are variables)

(p1 − pd)x1 + (p2 − pd)x2 + · · · + (pd−1 − pd)xd−1 − xd + pd = 0. (2)

Given the dual transformation, k-level and cell can be defined accordingly ([11, Section 4.2]).
One important property of the k-level is that if a hyperplane has a cell that is part of the
(k − 1)-level, then the primal point corresponding to the hyperplane is the kth point for some
weight vectors, since there are exactly k − 1 hyperplanes lying “above” in the xd dimension.

We now proceed to the algorithm. Assume the (k − 1)-level is constructed and cells adja-
cencies are identified, with hyperplanes in general position (i.e, no more than d hyperplanes
intersect at a point), and ties in top-k selection broken arbitrarily. Our algorithm first finds
an arbitrary weight vector t ∈ V and locates a (k − 1)-level cell intersected by the downward
ray induced by t. Next, we obtain the corresponding top-k subset and count the number of
candidates of G1 in the top-k subset, nG1

k , and test it against LG1
k and U G1

k . If the fairness
constraint is satisfied, we output t. If not, we traverse the (k − 1)-level by visiting adjacent
cells. For each newly visited cell, we test if its projection onto the first d − 1 coordinates
intersects V . If it is, we update the nG1

k as the top-k subsets of adjacent cells differ in at most
one candidate. We maintain the nG1

k during the traversal and whenever the top-k subset
changes, test nG1

k against LG1
k and U G1

k . The algorithm stops when either a fair weight vector
is obtained from a (k − 1)-level cell or all relevant (k − 1)-level cells have been visited.
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For the runtime analysis, leveraging known results of the k-level [37, 1, 24, 15], along
with an application of an efficient convex polyhedra intersection algorithm [7], we have:

▶ Theorem 15. In fixed dimensions, Fair Top-k Selection can be solved in O(nk1/3 log n)
time for d = 2 and in O(nk3/2 log4 n) time for d = 3, both with l = O(n). In d ≥ 4
dimensions, it can be solved in O(n⌊d/2⌋k⌈d/2⌉) (expected) time with a sufficiently small l.

▶ Remark 16. Notice that the algorithm relies on assumptions that do not fully align with the
problem setting (Section 5.1). With careful refinements and thorough analysis, one can show
that the bounds still hold. However, as the algorithm chiefly illustrates the key component for
breaking the lower bounds, its full resolution is deferred to the practical context (Section 5.1).

5 Practical algorithms

The k-level-based algorithm above builds on theoretically efficient algorithms for constructing
the k-level, yet few have been empirically evaluated. Moreover, existing studies of a related
algorithm show worse empirical performance than simpler heuristics [2, 25]. To make it
practical, we identify key engineering challenges and present corresponding solutions. For
large k, our algorithm design principle shifts from theoretical guarantees to practical efficiency.
As a result, we present an algorithm based on mixed-integer linear programming (MILP).

5.1 Practical k-level-based algorithms

We identify three key engineering challenges for k-level-based algorithms to become practical:
Space Overhead. The k-level-based algorithm constructs the entire k-level, whose
structural complexity may grow quickly with n and d. For large datasets, it may exhaust
internal memory, requiring much slower external-memory solutions. Yet users may seek a
fair weight vector within a small, explainable region, making a full k-level unnecessary.
Hardware Utilization. A prior theoretically efficient algorithm [25] exhibits bad
memory performance, which contributes to its slow run time in practice. Moreover, many
algorithms are not naturally parallelizable and cannot exploit modern multi-core systems.
Bridging the theory-practice gap for parallel algorithms is even more challenging [9].
Tie-breaking. Most theoretical algorithms for constructing the k-level assume general
position (limiting ties among candidates) and break ties arbitrarily for simplicity. How-
ever, for the fair top-k selection, tie-breaking can affect the number of protected group
candidates selected, impacting fairness. In our problem setting, an algorithm must be
designed to account for all possible tie-breaking outcomes when evaluating fairness.

Next, we present practical k-level-based algorithms, focusing on our methods addressing
these challenges. (Tie-breaking will be revisited in Section 5.2 for the MILP-based algorithm.)

5.1.1 2-D k-level-based algorithm

Our algorithm in 2-D is an adaptation of an algorithm in [14] (briefly outlined in [8]). The
algorithm is a sweep-line algorithm using two kinetic priority queues, S1 and S2, to keep
track of the k-level cell. Viewing the x-coordinate of the sweep-line as “time”, S1 (resp.
S2) contains the k (resp. n − k) lines lying above (resp. below) at the time instant. The
algorithm proceeds by processing internal queue events or updating queues during the sweep.

SoCG 2026
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Space overhead. We note that in this algorithm, S1 actually maintains the top-k subset
during the sweep. Instead of explicitly constructing the (k − 1)-level, one can simply check
whether the top-k subset induced by S1 satisfies the fairness constraint. Even better, following
the theoretical algorithm (Section 4.2), one can use a variable to keep track of the number of
lines of G1 in S1. The space usage reduces to O(n) by avoiding the explicit construction.

l5

l4

l3

l2

l1

0 1t 0.5

l1
0.4

l1
0.4

l1 l2

l3
0.5

l3
0.5

l3 l4

l5

Figure 2 Maximum kinetic tournament tree (right) for lines (left) at x = t. We augment the tree
with the replacement operation, which can be implemented by substituting the target line (i.e., l1 in
this example) at the leaf level and propagating updates along the path to the root.

Hardware utilization. Our low-level optimizations focus on the kinetic priority queue, a
critical component for the real-world performance (see discussions in Section 6.2.1). In [14],
fully dynamic kinetic priority queues are used, which may exhibit bad memory performance.
However, observe that the sizes of S1 and S2 are fixed throughout the sweep; to correctly
update them, one only has to replace the minimum (resp. maximum) element of S1 (resp. S2)
with the maximum (resp. minimum) element of S2 (resp. S1) at the “time” instant of crossing.
We use the kinetic tournament tree [8] for implementing the kinetic priority queue, in which
this replacement can be done in O(log n) time (see Figure 2). Since the tree configuration
is fixed, we further flatten trees into linear arrays for better cache performance, using a
pre-order traversal layout. (Other layouts [29] might work better but are not explored.)

l1

l2

l3

0 1t

(a)

l1
l2
l3

l4
l5

l5
l4

l3
l2
l1

0 1t

(b)

Figure 3 (a) Three lines intersect at x = t. The tie is broken by perturbing x to x = t + ϵ.
This, in fact, sorts the lines by their slopes, and orders l3 ahead of l1 and l2 for a max-queue.
(b) For k = 3, we have l1, l2 ∈ S1 (red) and l3, l4, l5 ∈ S2 (blue) before the intersection. For correct
configurations of S1 and S2 at x = t + ϵ, one can exchange l1 for l5 and l2 for l4 between S1 and S2.

Tie-breaking. The algorithm in [14] assumes no more than two lines intersect at a point.
To resolve this issue, we apply the symbolic perturbation [19], which provides a tie-breaking
rule that compares the slopes of lines (see Figure 3a). Also, pairs of lines to exchange are
carefully identified for correctly updating S1 and S2 (see Figure 3b). However, the top-k
subset induced by the resulting S1 is only one of the tie-breaking outcomes. To correctly
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account for all tie-breaking outcomes, we collect all intersecting lines at this “time” instant
(including duplicates) by a guided tree traversal. Each intersecting line can be found with an
additional O(log n) cost. To avoid enumerating all possible top-k subsets, we compute tight
lower and upper bounds on the number of G1 members and use these bounds to test fairness.

5.1.2 Multi-dimensional k-level-based algorithm
Our multi-dimensional algorithm adapts the method in [4], later implemented in [5] for
rank-regret minimization. Although not as fast as the best theoretical algorithm, it may
be better at exploiting modern multi-core systems as suggested in [4]. However, no parallel
implementation currently exists. Starting from a cell and its top-k subset, the algorithm
explores adjacent cells by testing potential top-k subsets, formed by swapping one top-k
element with an outsider. The test can be done by finding a separating hyperplane via a
linear program. This enables enumeration of all valid top-k subsets in a breadth-first manner.

0 0.2 0.4 0.6 0.8 1

0

0.5

1

0

0.5

1

V

Figure 4 (k−1)-level (triangular mesh) and V (dashed region on the x-y plane) in 3-D. Testing cell
intersection is equivalent to finding a point w in V whose downward-directed ray from (w1, w2, +∞)
hits the cell (triangle). The constraints (points in V ) can be incorporated into the linear program.

Space overhead. We incorporate weight vector space constraints (i.e., V ) into each linear
program, restricting it to find only weight vectors within V when testing a potential top-k
subset (see Figure 4). This approach reduces the number of cells (i.e., top-k subsets) visited
during the traversal, and thus space usage, especially when V only defines a small region.

Hardware utilization. Notice that the algorithm can be regarded as a breadth-first search
algorithm on a graph, where each cell is a node and each edge connects a pair of adjacent
cells. Therefore, a method for parallel BFS can be applied. However, since the graph is not
known explicitly and finding an adjacent node can be expensive, efficient but sophisticated
level-synchronous parallel algorithms (e.g. [34, 41]) may be difficult and less beneficial to
adapt. Here we take a simpler approach by distributing jobs for finding adjacent nodes. Each
thread independently takes a job for testing whether the given potential top-k subset is valid.
If it is, it generates subsequent jobs. We use a global job queue for parallel job distribution.
To reduce synchronization costs, a lock-free queue with relaxed FIFO ordering [30] (and a
memory reclamation scheme [10]) is used, since a strict FIFO order is not needed. To keep
track of the processed top-k subsets, we use a lock-free hash table [40]. Since the table size
increases monotonically, we use an insertion-only table with memory reclamation disabled
for further reducing runtime overhead. Notably, our lockless approach improves efficiency
but introduces subtle implementation issues. For example, preventing premature thread
termination requires carefully accounting for dequeue and emptiness-check linearization
points [27] (specifically, under the restricted out-of-order specification [26]) of the job queue.
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Tie-breaking. We modify linear programs to allow points lying on the hyperplane rather than
enforcing strict separation. This approach enables the algorithm to enumerate all possible
top-k subsets, as a top-k subset with ties (typically) corresponds to a lower-dimensional cell
(see [11, Section 5.1.2]). In the extreme case, the run time will increase by a lot, but this rarely
occurs in practice. Nevertheless, we still trade some efficiency for ease of implementation.

5.2 Mixed-integer linear programming-based algorithm

For a large k value, our focus becomes designing a practically efficient algorithm, which results
in an algorithm based on MILP. We note that MILP is NP-hard and all known algorithms
run in exponential times in the worst case. However, in practice, an MILP solver can be
quite fast, and it was shown that an MILP-based algorithm is efficient for finding a linear
scoring function for the reverse top-k query [16], making it an approach worth considering.

For simplicity, assume without loss of generality that each scoring attribute value is in
the range of [0, 1]. We define a indicator variable δc ∈ {0, 1} for each candidate c satisfying

−1 ≤ w · p(c) − λ − δc ≤ 0 (3)

for any given weight vector w and a cut-off value λ ∈ [0, 1]. δc encodes the top-k subset
membership of c for a (w, λ) pair defining a separating hyperplane (see [11, Section 5.2]).

To ensure a value of λ will be infeasible unless it yields k candidates with δc = 1, the
constraint

∑
c δc = k is applied. Moreover, the fairness constraint can be encoded as follows:

LG1
k ≤

∑
A(c)=G1

δc ≤ U G1
k . (4)

Finally, constraints on the weight vector (i.e., V ) can also be easily incorporated. We arrive
at a MILP with a weight vector, a cut-off value, and n indicator variables as its unknown
variables. Finding a fair weight vector becomes finding a feasible solution to the MILP.

Now, let us revisit the “Non-negativity Trap” (see Section 4.1). In our MILP formulation,
all variables (w, λ and δc) and most of the coefficients (p(c)) are non-negative. The main
issue is the negative coefficient of λ, which prevent direct adaptations of the techniques such
as those in [3, 43]. While one might hope to circumvent this inconvenience, our NP-hardness
result show that the problem may be fundamentally intractable in the worst case. This also
suggests that the practical success of the MILP-based algorithm is largely heuristic.

For our implementation, we use Gurobi [23] – a state-of-the-art, mathematical program-
ming tool – to solve the MILP. This solver also exploits parallelism to enhance performance.

Tie-breaking. The tie-breaking consideration has already been embodied in our MILP
formulation which naturally addresses it. Notice that if w · p(c) = λ, δc is free to choose its
value. If the top-k subset is not unique for a weight vector, all possible top-k subsets will be
considered in the MILP. The fairness constraint is applied to further restrict values of δc.

6 Experiments

We present experimental results on real-world datasets, including both run times and quality
evaluations. We conclude with key observations and discussions of algorithm selection.
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6.1 Experimental setup
In our experiments, a weight vector wo is provided as an input. If wo is unfair, the algorithm
is run to find a “nearby” fair weight vector wf . More formally, for a given unfair wo, one aims
to find a fair wf such that |wf

i − wo
i | ≤ ϵ for all 1 ≤ i ≤ d, where ϵ is user-specified parameter

that limits the allowable deviation. A failure is reported if no such fair wf exists. We used
two real-world datasets, COMPAS (n = 7214, 2 ≤ d ≤ 6) [38] and IIT-JEE (n = 384 977,
2 ≤ d ≤ 3) [28], with preprocessing as needed. 2draysweep and ATC+ from [6] were
implemented as baselines, with several enhancements incorporated. By default, k = 50, with
ϵ = 0.1 for d = 2 and ϵ = 0.05 for d ≥ 3. See [11, Section 6.1] for the full experimental setup
and https://github.com/caiguangya/fair-topk for the code, data, and container [33].

6.2 Runtime experiments
Since our main focus is execution speed, we start with runtime experiments and highlight
speedups from better hardware utilization that also enable more informed comparisons [32].

6.2.1 Runtime experiments for 2-D datasets

10 20 50 70 10010−4

10−3

k

T
im

e
(s

)

k-level-based
Baseline

(a) COMPAS, varying k.

50 70 100 200 50010−2

10−1

100

k

T
im

e
(s

)

k-level-based
Baseline

(b) IIT-JEE, varying k.

0.2 0.4 0.6 0.8 1.010−3

10−2

10−1

100

n (ratio of full size)

T
im

e
(s

)

k-level-based
Baseline

(c) IIT-JEE, varying n.

Figure 5 Runtime experimental results for 2-D datasets.

Varying k. As shown in Figures 5a and 5b, our k-level-based algorithm consistently outper-
formed the baseline, achieving over 40x speedups on the larger dataset (IIT-JEE). Notably, its
performance remained stable as k increased. In fact, the line-sweeping step only contributed
a small fraction of the total run time in our experiments. The algorithm [14] we adapted is
output-sensitive, running efficiently when the actual k-level complexity is low. Moreover, it
is known that the best known complexity of the k-level in 2-D, i.e., O(nk1/3) [18], might not
be a tight one [45], and the “average” complexity can be significantly lower [17].

Varying n. Figure 5c shows run times with n controlled by sampling 20%–100% of the
IIT-JEE dataset. For the baseline, the run time increased mildly as n increased, performing
better than its worst-case time complexity would suggest. However, our algorithm was still
substantially faster. Comparing two algorithms side-by-side, both exchange orders of lines
during the sweep, but the baseline considers all pairs, while our k-level-based approach uses
kinetic tournament trees to skip many exchanges, directly reducing their number. Since
many tree operations incur an O(log n) overhead, efficient implementation becomes critical.
The experiments reveal an area where an efficient implementation should focus, and our
optimizations (Section 5.1.1) addresses this need effectively (Section 6.2.3), enhancing the
algorithm’s performance in scenarios where the worst-case behavior does not manifest.
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6.2.2 Runtime experiments for multi-dimensional datasets
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Figure 6 Runtime experimental results for multi-dimensional datasets (3 ≤ d ≤ 6).

Baseline comparison. In higher-dimensional experiments, the baseline regularly failed to
finish within the time limit, so a smaller value of ϵ was used. As shown in Figure 6a, for the
IIT-JEE dataset (d = 3), our MILP-based and k-level-based algorithms achieved 3598x and
4222x speedups, respectively. For the COMPAS dataset (d = 6), we had to further lower the
value of ϵ, and our algorithms were five orders of magnitude faster. Due to the inefficiency of
the baseline, subsequent experiments report only the run times of our two algorithms.

Varying k. As shown in Figures 6b and 6c, the MILP-based algorithm outperformed the
k-level-based one for larger k, especially on the higher-dimensional dataset (COMPAS), while
the k-level-based algorithm was faster for smaller k and lower dimensions (IIT-JEE). These
results align with known bounds on the k-level complexity for d ≥ 3. Unlike in 2-D, the
multi-dimensional k-level algorithm’s run time is more dependent on k, as each top-k subset
will generate O(nk) linear programs. Notably, the MILP-based algorithm also performed well
on the lower-dimensional dataset (IIT-JEE) despite a larger number of (indicator) variables.

Varying n. As shown in Figures 6d and 6e, the run time of the k-level-based algorithm
generally increased as n increased. However, some anomalies appeared since a larger n does
not always yield more k-level cells, especially when only part of the k-level is explored. The
MILP-based algorithm showed more stable run times despite increasing variable count.

Varying d. Figure 6f shows run times with d controlled by selecting subsets of COMPAS
scoring attributes after preprocessing. The run times of both algorithms increased significantly
as d increased. For the k-level-based algorithm, this aligns with the known results of k-level
structural complexity. Besides, the O(d!n) cost of the linear programming algorithm [39]
we used also contributed to the run time increase. The MILP-based algorithm also showed
significant slowdown, despite the number of variables only increasing by 1 as d increased by 1.
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Figure 7 Performance gains from better hardware utilization, measured by total run time.

Notably, for d = 3, the k-level-based algorithm was slower than the MILP-based algorithm –
unlike what we observed on the IIT-JEE dataset with the default k = 50 (Figure 6c). We
note that this 3-D dataset created by selecting three attributes contains many candidates
with identical scoring attribute values, which exposed the tie-breaking inefficiency in our
implementation. However, since this lower-dimensional dataset is derived from a higher-
dimensional one, it may contain fewer scoring attributes than intended to distinguish each
candidate. Therefore, the slowdown is more likely an artifact rather than a real-world issue.

6.2.3 Hardware utilization

Memory access. Figure 7a shows the performance gains from optimizing the tournament
tree of the 2-D k-level-based algorithm. We compared optimized and unoptimized versions,
with the latter approximating a fully dynamic tournament tree while avoiding self-balancing
by inserting new nodes into vacancies left by deletions. Our experimental results show notable
speedups of 2.54x and 6.80x respectively, highlighting the benefits of our optimizations.

Parallelism. Figure 7b shows the efficiency of our parallel implementation of the multi-
dimensional k-level-based algorithm. k and ϵ were default unless specified. Our implementa-
tion showed strong parallel scalability up to 128 threads, achieving speedups of 102x and 83x
over the (stand-alone) sequential implementation on COMPAS and IIT-JEE, respectively.

6.3 Quality evaluation experiments

The quality was evaluated using the following metrics: (1) Found/Unfair ratio: the ratio
between the number of input unfair weight vectors and found fair ones. (2) w difference:
the average L1 distance between wo and wf . (3) G1 proportion: the average G1 candidate
proportion in the top-k subset derived from wf . (4) Utility loss: the average relative utility
difference between the top-k subset derived from wo and wf . (See [11, Section 6.3].)

Table 1 shows the experimental results. We note that the k-level-based algorithm achieved
better results for the w difference and utility loss. In fact, these two metrics are related, as a
closer wf to wo typically yields a top-k subset with high-utility candidates. Our k-level-based
algorithm naturally favors “nearby” weight vectors due to its breadth-first search approach
with wo as the starting point, while the MILP-based algorithm does not directly leverage wo.

6.4 Observation summary and algorithm selection

We summarize key experimental observations and discuss algorithm selection based on them.
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Table 1 Outcome quality evaluation for COMPAS dataset (k = 50).

ϵ
Fairness

constraint
Found/Unfair

ratio
w difference G1 proportion Utility loss

k-level MILP k-level MILP k-level MILP

0.05
[34%, 66%] 19/39 0.149 0.211 66.0% 65.7% 0.476% 1.210%
[40%, 60%] 8/44 0.144 0.213 59.8% 59.5% 0.449% 1.328%
[44%, 56%] 6/47 0.155 0.202 55.3% 55.6% 0.718% 1.319%

0.025
[40%, 60%]

3/44 0.088 0.090 60.0% 59.3% 0.121% 0.142%
0.05 8/44 0.144 0.213 59.8% 59.5% 0.449% 1.328%
0.075 18/44 0.247 0.308 59.9% 59.7% 2.416% 3.187%

2-D. The k-level-based algorithm is the preferred method, with following key observations:
Run times remained stable across k for both datasets, suggesting that k-level structural
complexity may have limited impact on run time in real-world 2-D scenarios.
Varying n experiments indicate that the k-level-based algorithm’s advantage over the
baseline may stem from the use of the kinetic priority queue that directly reduces the
number of pairwise line exchanges, rather than the worst-case run time improvement.

In particular, building on the second observation, our implementation of the k-level-based
algorithm was purposely engineered to further improve the performance (Figure 7a).

Multi-dimensions. By our algorithm design principle (Section 4), determining a threshold
value of k is crucial. However, some previous discussions may not apply here, as our concern
shifts to real-world performance. For real-world datasets, we have following key observations:

The k-level-based algorithm outperformed the MILP-based algorithm for a small k, but
its run time grew more rapidly with k, unlike its stable performance in 2-D.
Run times of both algorithms increased dramatically with dimensionality d, with the
k-level-algorithm increasing more rapidly, partly due to the LP algorithm used.
The k-level-based algorithm performed better on the IIT-JEE dataset but worse on the
3-D COMPAS dataset with k = 50 (Figures 6c and 6f), likely due to an artifact exposing
an inefficiency in our implementation for tie-breaking.

For algorithm selection, the first two observations suggest that as d increases, the threshold
value of k at which the MILP-based algorithm becomes superior is likely to decrease. However,
the last one suggests that performance comparisons between the two can be influenced by the
underlying data distribution. Precisely defining a threshold value of k remains non-trivial,
as the performance of the MILP-based algorithm is inherently heuristic. Nonetheless, our
experimental results still indicate that this threshold is inversely correlated with d.

7 Conclusion

We presented an integrated study on finding a fair linear scoring function for top-k selection.
Our hardness analysis established the theoretical foundation and guided the algorithm design,
leading to our two-pronged solution: A k-level-based algorithm for small k and a MILP-based
algorithm for large k. Practical engineering then addressed implementation challenges to
ensure the solution works in practice. Finally, empirical evaluation explored real-world
scenarios, identifying areas critical to practical performance. (See Figure 1 for the roadmap.)
Our result is a practically efficient solution that is significantly faster than the state of the
art, accompanied by many insights which we believe can inform future studies.
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