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Abstract
Recent research on computing the diameter of geometric intersection graphs has made significant
strides, primarily focusing on the 2D case [14, 11, 8] where truly subquadratic-time algorithms
were given for simple objects such as unit-disks and (axis-aligned) squares. However, in three or
higher dimensions, there is no known truly subquadratic-time algorithm for any intersection graph of
non-trivial objects, even basic ones such as unit balls or (axis-aligned) unit cubes. This was partially
explained by the pioneering work of Bringmann et al. [5] which gave several truly subquadratic lower
bounds, notably for unit balls or unit cubes in 3D when the graph diameter ∆ is at least Ω(log n),
hinting at a pessimistic outlook for the complexity of the diameter problem in higher dimensions. In
this paper, we substantially extend the landscape of diameter computation for objects in three and
higher dimensions, giving a few positive results. Our highlighted findings include:
1. A truly subquadratic-time algorithm for deciding if the diameter of unit cubes in 3D is at most

3 (Diameter-3 hereafter), the first algorithm of its kind for objects in 3D or higher dimensions.
Our algorithm is based on a novel connection to pseudolines, which is of independent interest.

2. A truly subquadratic time lower bound for Diameter-3 of unit balls in 3D under the Orthogonal
Vector (OV) hypothesis, giving the first separation between unit balls and unit cubes in the
small diameter regime. Previously, computing the diameter for both objects was known to be
quadratic hard when the diameter is Ω(log n) [5].

3. A near-linear-time algorithm for Diameter-2 of unit cubes in 3D, generalizing the previous
result for unit squares in 2D [5].

4. A truly subquadratic-time algorithm and lower bound for Diameter-2 and Diameter-3 of
rectangular boxes (of arbitrary dimension and sizes), respectively.
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1 Introduction

Computing the diameter of sparse graphs is quadratic hard: under the Strong Exponential
Time Hypothesis (SETH), there is no O(n2−ε) algorithm for distinguishing diameter 2 vs. 3
of graphs with n vertices and Õ(n)1 edges [19]. That is, the trivial algorithm for computing
the diameter by doing BFS from every vertex is essentially optimal. Since then, the major
research focus has been on substantially beating the BFS-based algorithm for structural
families of graphs, especially planar/minor-free graphs and geometric intersection graphs.
For planar/minor-free graphs, truly-subquadratic algorithms were known [6, 15, 13, 16, 8].
For geometric intersection graphs, the complexity of computing the diameter remains poorly
understood, due to the sheer diversity of geometric objects underlying the graphs and the
fact that geometric intersection graphs can have Ω(n2) edges.

The pioneering work of Bringmann et al. [5] studied the diameter of intersection graphs
of several types of objects. In dimension three and above, they considered (axis-parallel)
hypercubes2 and balls. Let Diameter-∆ be the problem to decide if a given input graph
has diameter at most ∆ or at least ∆ + 1. They showed that it is quadratic hard to solve:
(1) Diameter-2 for hypercubes in R12 under the (3-uniform 6-)Hyperclique Hypothesis; (2)
Diameter-3 for (not necessarily axis-aligned) unit segments and equilateral triangles in R2

under the Orthogonal Vector (OV) Hypothesis; and (3) Diameter-Ω(log n) for unit balls
and unit cubes in R3, and axis-parallel line segments in R2, all under the OV Hypothesis.

The hardness results can be interpreted as indicating that the radius-∆ neighborhood balls
of each geometric shape class are sufficiently complex and expressive, capable of encoding
the hard instances used in various fine-grained reductions. One possible way to quantify the
complexity of the set system of neighborhood balls is the notion of VC-dimension. Given a set
system (U , F) with a ground set U and a family F of subsets of U , its VC-dimension is the
cardinality of the largest S ⊆ U such that S is shattered by F – for every S′ ⊆ S, there is some
X ∈ F such that X ∩ S = S′. We say that a graph G has distance VC-dimension at most d if
the set system of radius-r neighborhood balls (VG, {Nr[v]}r≥0) has VC dimension at most d.
Planar graphs (more generally, minor-free graphs) [12, 4, 17, 13, 16] and intersection graphs
of pseudo-disks [1, 14, 11] both have bounded distance VC-dimension, whereas intersection
graphs of unit segments and equilateral triangles do not. Recently Chan et al. [8] gave
truly-subquadratic-time diameter algorithms for squares and unit-disks in the plane – both
shapes being pseudo-disks, thus with finite distance VC-dimension. Together, these results
hinted at finite VC-dimension as an overarching property for fast diameter computation.

We undertake a comprehensive study of computing diameter on geometric intersection
graphs. Our results are presented in a pair of papers. While the companion paper [9]
focuses solely on the 2D case, this paper is devoted to three or higher dimensions. In
the higher-dimensional case, there is no known truly-subquadratic-time algorithm for any
non-trivial type of objects, even for basic ones such as unit balls or unit cubes. Upper bound
techniques for the 2D cases [5, 14, 11, 8] heavily rely on planarity in various places, most
notably in bounding the VC dimension using the non-planarity of K5 [14, 11, 8]. These
planarity-specific techniques, in addition to the negative results by Bringmann et al. [5], hint
at a pessimistic outlook for the complexity of diameter problems in higher dimensions.

1 Õ(·) hides polylogarithmic factors in n.
2 In this paper, hypercubes and boxes are axis-parallel by default, unless noted otherwise.
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Table 1 Previous and new time bounds for deciding whether an intersection graph of geometric
objects has diameter at most ∆. All hypercubes/boxes are axis-aligned. New results are shown in
bold. Conditional lower bounds marked “(OV)”, “(3H6)”, and “(combK4)” assume the Orthogonal
Vectors hypothesis, the 3-uniform 6-hyperclique hypothesis, and the combinatorial 4-clique hypothesis,
respectively, where the latter is for combinatorial algorithms (all upper bounds are obtained from
combinatorial algorithms). See the full version for definitions. “2D Paper” refers to the companion
paper in the pair [9].

Graph class Lower bound Upper bound

Unit balls 2D

O∗(n2−1/18) for general ∆ [8]
O∗(n2−1/9) for ∆ = O(1) [8]

Õ(n4/3) for ∆ = 2 (2D Paper [9])
Ω∗(n2) for general ∆ (OV) [5]

3D Ω∗(n2) for ∆ = 3 (OV) (Thm. 9)
dD Ω∗(n2) for ∆ = 2 & d = 7 (combK4) (Thm. 5)

Unit
hypercubes

2D

O(n log n) for ∆ = 2 [5]
O∗(n7/4) for ∆ = O∗(1) [14]
Õ(n2−1/8) for general ∆ [8]

O∗(n) for const. ∆ (2D Paper [9])
Õ(n) for ∆ = 2 (Thm. 3)

3D Ω∗(n2) for general ∆ (OV) [5] Õ(n2−1/13) for ∆ = 3 (Thm. 3)
4D Ω∗(n2) for ∆ = 3 (OV) (Thm. 5)

Ω∗(n2) for ∆ = 2 & d = 12 (3H6) [5]
Ω∗(n2) for ∆ = 2 & d = 10 (3H6) (Thm. 5)

dD Ω∗(n2) for ∆ = 2 & d = 6 (combK4) (Thm. 5)

Cubes
2D O∗(n2−1/12) for general ∆ [8]

Ω∗(n2) for general ∆ (OV) [5]
3D Ω∗(n2) for ∆ = 3 (OV) (Thm. 3) Õ(n2−1/5) for ∆ = 2 (Thm. 7)

Boxes 2D Ω∗(n2) for ∆ = 3 (OV) (Thm. 3) Õ(n7/4) for ∆ = 2 (Full ver.)
3D Õ(n2−1/6) for ∆ = 2 (Thm. 7)

▶ Question 1. Does a truly-subquadratic-time algorithm for computing the diameter exist
for any natural class of geometric intersection graphs in 3D or higher dimensions?

As a starting point, the hardness landscape for unit cubes seems peculiar. Recall that
Bringmann et al. [5] showed that in 12D, distinguishing diameter 2 versus 3 is already
quadratic hard (under the Hyperclique Hypothesis). However in 3D, the quadratic hardness
does not kick in until ∆ ≥ Ω(log n). Duraj, Konieczny, and Potępa [14] solves the 2D case
in time Õ(∆n7/4) for Diameter-∆, which was later extended by [8] to solve Diameter in
Õ(n2−1/8) time for general ∆. What about unit cubes in 3D? The same question can be
asked about unit balls, which typically behave similarly to unit cubes.

▶ Question 2. What is the complexity landscape of Diameter-∆ for unit cubes and unit
balls in constant dimensions? Do radius-∆ neighborhood balls of their intersection graphs
have bounded VC-dimension, in particular in 3D?

1.1 Our Contributions
We provide a comprehensive study on basic objects in higher dimensions; our results are
summarized in Table 1. As corollaries, we make significant progress towards Question 1 and
Question 2. Below, we discuss each of the contributions in more detail.

SoCG 2026



29:4 Charting the Diameter Computation Landscape of Intersection Graphs in 3+D

Unit cubes versus unit balls. Our first result is a separation between unit (hyper)cubes and
unit balls: Diameter-3 for unit balls is hard, whereas Diameter-3 for unit cubes admits a
truly subquadratic-time algorithm.

▶ Theorem 3. There is no O(n2−ε) algorithm for Diameter-3 for unit ballsunit balls in R3 under
the OV hypothesis for any ε > 0, while for unit cubesunit cubes in Rd for d ≥ 3, Diameter-3 and
Diameter-2 can be solved in Õ(n2−1/13) and Õ(n) time, respectively.

Our lower bound for Diameter-3 of unit balls is by reducing from Diameter-2 of sparse
tripartite graphs G = (A ∪ B ∪ C, E), which is quadratic hard under the OV hypothesis.
Our first idea for the reduction would be to create a unit ball for each vertex in A ∪ B ∪ C,
as well as a unit ball for each edge in E. We encode edges in the original graph G by
intersection: a vertex u ∈ A ∪ B ∪ C is incident to an edge uv ∈ E if and only if the unit balls
corresponding to u and uv intersect. Then a length-2 path a → b → c in G will correspond
to a length-4 path LaM → LabM → LbM → LbcM → LcM in the intersection graph, where LxM is
the unit ball corresponding to (a vertex or an edge) x. With this idea, we could obtain
hardness of Diameter-4. To obtain a lower bound for Diameter-3, we do not create unit
balls for the middle set of vertices B; the path would then be LaM → LabM → LbcM → LcM. The
difficulty is to guarantee that LabM only intersects LbcM, not Lb̃cM for some other vertex b̃ ∈ B;
in the Diameter-4 case, this is enforced by the ball LbM. Here, we achieve the guarantee
by introducing an angle parameter δ to control the intersections of the balls and prevent
unwanted edges from being added. See Section 2.

The algorithms for Diameter-2 and 3 for unit cubes in Theorem 3 are perhaps most
interesting. First, we show that the VC-dimension of the 2- and 3-neighborhoods of 3D
unit cubes is bounded by a constant. Here we depart from existing techniques for the 2D
case [14, 11, 8], which rely on the non-planarity of K5. In a small region, unit cubes behave
like orthants, and so the intersection between unit cubes corresponds to a dominance relation.
We divide the sequence of dominance relations on the length-2 and length-3 path into a
number of special cases, bound the VC-dimension of each by 1 or 2 via direct arguments, and
then bound the overall VC-dimension by combining subsystems together. See Section 3.1
and Section 4.1 for details.

Our VC-dimension bound, in combination with existing techniques [8], is enough to
imply truly-subquadratic-time algorithms for Diameter-2 and Diameter-3, but because of
large constants, the running time would be awfully close to quadratic (about O(n1.99999992)
for Diameter-3). We further build on the proof ideas to give ultra efficient algorithms:
In the case of Diameter-2, because the subsystems from various cases actually all have
VC-dimension 1, we are able to use orthogonal range searching, in combination with divide-
and-conquer, to achieve near-linear time. (Large constants appear in the logarithmic factors,
instead of in the main polynomial factor.) For Diameter-3, because the subsystems from
various cases actually turn out to be special kinds of 2-dimensional systems corresponding to
pseudoline arrangements, we are able to use known range searching techniques, in combination
with a grid approach, to achieve a more reasonable running time Õ(n2−1/13). (We find it
surprising that pseudolines turn out to be relevant for a problem about 3D unit cubes!) The
technical details are intricate, as we need to work with abstract pseudolines that are only
implicitly represented via certain oracles. See Section 3 and §4 of full paper for details.

Our constant bound on the VC-dimension of the 2- and 3-neighborhoods of 3D unit
cube graphs suggests an intriguing open question of independent interest to combinatorial
geometers: do r-neighborhoods similarly have bounded VC-dimension for all constant r > 3?



T. M. Chan, H.-C. Chang, J. Gao, S. Kisfaludi-Bak, H. Le, and D. W. Zheng 29:5

▶ Conjecture 4 (VC-Dimension of Unit-Cube Graphs). There exists a function f such that
the VC dimension of (V , {Nr[v]}v∈V ,r≥0) is at most f(r), where Nr[v] is the r-neighborhood
of v in the unit cube graph G = (V , E).

Combining with [8], Conjecture 4 would imply that unit-cube graphs of constant diameter
admit a truly-subquadratic-time algorithm for computing diameter, which is a natural class
of intersection graphs motivated by Question 1.

Unit-hypercubes in 4+D. Next, we show that Diameter-3 is quadratic hard for unit
hypercubes in 4D. Therefore, there is no longer a meaningful separation between unit
hypercubes and unit balls in dimension 4. When the dimension is even higher, say at
least 6D, we can get hardness results for Diameter-2, under the 3-uniform 6-hyperclique
(3H6) hypothesis or combinatorial 4-clique (combK4) hypothesis, by refining Bringmann
et al.’s previous proof [5] which required 12 dimensions. We also rule out near-linear time
combinatorial algorithms in 4D under the combinatorial boolean matrix multiplication (BMM)
hypothesis. See Section 2 of full paper for details.

▶ Theorem 5. Let ε ∈ (0, 1) be any given parameter. There is no O(n2−ε) algorithm for:
1. Diameter-3 for unit hypercubes in R4unit hypercubes in R4 under the OV hypothesis.
2. Diameter-2 of unit balls in R7unit balls in R7 under the CombK4 hypothesis.
3. Diameter-2 for unit hypercubes in R6 and R10unit hypercubes in R6 and R10 under CombK4 / 3H6 hypotheses, resp.

▶ Theorem 6. Let ε ∈ (0, 1) be any given parameter. There is no combinatorial O(n3/2−ε)
algorithm for Diameter-2 of unit hypercubes in R4unit hypercubes in R4 under the combinatorial BMM hypothesis.

Cubes and boxes. In 2D, the intersection graphs of (non-unit) squares admit a truly
subquadratic-time algorithm for computing the diameter (of any value) [8]. In 3D, we show
that for (non-unit) cubes, Diameter-3 is quadratic-hard; this, along with the algorithms
in Theorem 3, gives a separation between cubes and their unit counterparts. In contrast,
we show that Diameter-2 of (non-unit) cubes is solvable in truly-subquadratic time. Even
for the more general case of 3D boxes, we also obtain a truly-subquadratic-time algorithm.
(Note that this result is new even for 2D rectangles!) Instead of relying on VC-dimension,
this subquadratic algorithm uses a different, grid-based approach. Grid-based approaches
have been used before for solving other problems about boxes [7, 10], but one challenge arises
from the fact that 3D boxes (or cubes) have quadratic union complexity, unlike 3D unit
cubes or orthants. We show that in the case of diameter 2, some of the sides are irrelevant
and some boxes can actually be replaced by orthants. See Section 5 of full paper for details.

▶ Theorem 7. There is no O(n2−ε) algorithm for Diameter-3 for (non-unit) cubes in R3

under the OV hypothesis for any ε > 0. On the other hand, Diameter-2 can be solved in
time Õ(n2−1/5) for cubes and Õ(n2−1/6) for boxes in R3.

Finite VC-dimension as a sufficient condition? Our collection of results for many types
of objects in 2D (in the companion paper [9]) and higher-dimensional cases reinforces the
same pattern: truly subquadratic-time algorithms are mostly for graphs with bounded VC
dimension. We conjecture that these are special cases of a broader phenomenon.

▶ Conjecture 8 (VC-Dimension vs Diameter Conjecture). Diameter-∆ of the intersection
graph of low-complexity geometric objects (regardless of the dimension) can be solved in
truly-subquadratic time if the VC dimension of ∆-neighborhoods is bounded by a constant.

SoCG 2026



29:6 Charting the Diameter Computation Landscape of Intersection Graphs in 3+D

Here, by low-complexity, we mean that the geometric object has constant description
complexity. A positive resolution of Conjecture 8 would provide a powerful algorithmic tool
for solving the diameter problem on geometric intersection graphs. A non-trivial test case for
Conjecture 8 is (non-unit) disks in 2D: the distance VC dimension is at most 4 [11] whereas
currently there is no known truly-subquadratic algorithm even for Diameter-2.

It is tempting to strengthen Conjecture 8 to an “if and only if” statement; however, our
truly-subquadratic algorithm for Diameter-2 of boxes in Theorem 7 provides a counter-
example: the intersection graphs of diameter 2 for boxes and rectangles have unbounded
VC-dimension. (For proof of unbounded VC-dimension, see the full paper for details)

Graph preliminaries. Throughout this paper, let G = (V , E) be a geometric intersection
graph on n geometric objects O. The input will be O and the graph will be implicit.
We use d(u, v) to denote the distance between two vertices u, v ∈ V in G. We denote
the 1-hop neighborhood of a vertex v ∈ V by N [v], and the r-neighborhood ball of v by
Nr[v] := {u ∈ V : d(u, v) ≤ r}.

Shatter dimension. For a set system (U , F), define Sh(n):= max|S|=n |{S ∩ F : F ∈ F}|.
The shatter dimension of the set system is the minimum d such that Sh(n) = O(nd). By the
Sauer-Shelah Lemma [20, 21], if the VC-dimension is d, then the shatter dimension is d. The
converse partially holds: if the shatter dimension is d, then the VC-dimension is O(d log d).

2 Diameter-3 for Unit Balls in 3D

▶ Theorem 9. Assuming the OV hypothesis, there is no O(n2−ε) time algorithm for deciding
if the intersection graph of a given set of n unit balls in R3 has diameter at most 3.

The reduction is from Diameter-2 for n-vertex sparse tripartite graphs G = (A∪B∪C, E),
where the number of edges m is Õ(n). It is well-known that solving Diameter-2 for sparse
tripartite graphs in truly-subquadratic time would break the OV hypothesis [19].

▶ Lemma 10 (Diameter-2 sparse tripartite graphs). There is no O(n2−ε) time algorithm
for deciding if a sparse tripartite graph has diameter at most 2, assuming the OV hypothesis.

In this section, we work with balls of radius 1/2 instead of 1. Let ε = Θ(1/n4) and
δ = Θ(1/n3). First, we map every vertex v in A∪C to a distinct number, also denoted by v, in
[ε, 2ε], such that mina1,a2∈A: a1 ̸=a2 |a1 −a2| ≥ Ω(ε/n) and minc1,c2∈C: c1 ̸=c2 |c1 −c2| ≥ Ω(ε/n).
Vertices of B are mapped to distinct numbers in [0.9, 1] such that minb1,b2∈B: b1 ̸=b2 |b1 − b2| ≥
Ω(1/n). Then we create four sets of balls as follows.

1. For every vertex a ∈ A, we add a ball centered at sa = (1 + a cos δ, a sin δ, 0).
2. For every edge (a, b) ∈ (A × B) ∩ E, we add a ball centered at pab = (1 + a cos δ −

b sin δ, a sin δ + b cos δ,
√

1 − b2).
3. For every edge (b, c) ∈ (B × C) ∩ E, we add a ball centered at qbc = (−c, b,

√
1 − b2).

4. For every vertex c ∈ C, we add a ball centered at tc = (−c, 0, 0).
Let Bi be the set of balls created in step i for i ∈ [4] and B := ∪iBi. Observe that:

▶ Observation 11. Let LpM be the ball of radius 1/2 centered at a point p. We have:
1. LsaM ∩ LpãbM ̸= ∅ if and only if a = ã.
2. LpabM ∩ Lqb̃cM ̸= ∅ if and only if b = b̃.
3. LpbcM ∩ Ltc̃M ̸= ∅ if and only if c = c̃.
4. Every two balls in Bi intersect for every i ∈ [4].
5. For any two balls b1 ∈ Bi and b2 ∈ Bj such that |i − j| ≥ 2, b1 ∩ b2 = ∅.
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Proof. For item 1, observe that

∥sa − pãb∥2
2 = ((a − ã) cos δ + b sin δ)2 + ((a − ã) sin δ − b cos δ)2 + 1 − b2

= (a − ã)2(cos2 δ + sin2 δ) + b2(sin2 δ + cos2 δ) + 1 − b2 = (a − ã)2 + 1,

which is exactly 1 if a = ã, and at least 1 + Ω(1/n10) if |a − ã| ≥ Ω(ε/n).

For item 2, observe that

∥pab − qb̃c∥2
2

=(1 + a cos δ − b sin δ + c)2 + (a sin δ + b cos δ − b̃)2 + (
√

1 − b2 −
√

1 − b̃2)2

=(1 + Θ(ε) − Θ(δ) + Θ(ε))2 + (Θ(εδ) + b − Θ(δ2) − b̃)2 + (
√

1 − b2 −
√

1 − b̃2)2

=(1 − Θ(1/n3))2 + (|b − b̃| ± Θ(1/n6))2 + (
√

1 − b2 −
√

1 − b̃2)2,

which is 1 − Θ(1/n3) if b = b̃, and at least 1 + Ω(1/n2) if |b − b̃| ≥ Ω(1/n).

For item 3, observe that ∥qbc − tc̃∥2
2 = (c̃ − c)2 + 1, which is exactly 1 if c = c̃, and at

least 1 + Ω(1/n10) if |c − c̃| ≥ Ω(ε/n). Item 4 is easy to check. For item 5, observe that
∥sa − tc∥2 ≥ 1 + a cos δ + c ≥ 1 + Ω(1/n4), whereas ∥sa − qbc∥2 and ∥pab − tc∥2 are both√

2 ± o(1). ◀

In the real RAM model, balls B can clearly be constructed in O(n + m) = Õ(n) time. In
the RAM model, it suffices to approximate all coordinates up to O(1/n10) additive error,
which can be done in Õ(1) time (we could actually pick “nice” choices of b ∈ B so that b and√

1 − b2 are both rational, and also a nice δ so that cos δ and sin δ are both rational). Thus,
the reduction can be done in Õ(n) time. Theorem 9 follows from the following lemma.

▶ Lemma 12. Let K be the intersection graph of the set of balls B. Then G has diameter at
most 2 if and only if K has diameter at most 3.

Proof. Observe by item 4 of Observation 11 that the balls in the same set Bi induce a clique
in K. By item 5 of Observation 11, there is no edge between two balls in Bi and Bj when
|j − i| ≥ 2. Thus, K has diameter at most 3 if and only if for every ball JsaK ∈ B1 and every
ball JtcK ∈ B4, dK(sa, tc) ≤ 3. Here we slightly abuse the notation by using the center of the
ball to denote the corresponding vertex in K.

Suppose that G has diameter at most 2. Let P = (a, b, c) be any path of length 2 in G.
Then by Observation 11, (sa, pab, qbc, tc) is a path of length 3 in K. Thus, K has diameter
at most 3 by the above observation. For the other direction, if K has diameter at most 3,
then for any two vertices sa and tc (such that JsaK ∈ B1 and JtcK ∈ B4), a path of length 3
between sa and tc in K must be of the form (sa, pãb, qb̃c, tc). Then again by Observation 11,
a = ã and b = b̃, and therefore, (a, b, c) is a path of length 2 in G. ◀

3 A Near-Linear Diameter-2 Algorithm for 3D Unit Cubes

In this section, we present an Õ(n)-time algorithm for testing whether the diameter of a 3D
unit-cube graph is ≤ 2. This shows that the near-linear Diameter-2 result of Bringmann
et al. [5] for 2D unit squares surprisingly extends to 3D (ignoring logarithmic factors). It also
complements our lower bound result in Theorem 6, which shows conditionally that there are
no similar, near-linear combinatorial Diameter-2 algorithms for 4D unit hypercubes.

SoCG 2026



29:8 Charting the Diameter Computation Landscape of Intersection Graphs in 3+D

In Section 3.1, we study the combinatorial problem of bounding the VC-dimension of the
distance-2 neighborhoods of 3D unit-cube graphs as a warm-up. In the full version, we use
ideas from the combinatorial proof to design a near-linear-time divide-and-conquer algorithm.

For a point p ∈ R3, denote JpK the unit cube centered at p. For simplicity, assume that
the input is in general position, e.g., all coordinates are distinct. We will solve the problem in
a slightly more general setting for 3 point sets P , Q, R, testing whether all distances between
JpK and JrK for (p, r) ∈ P × R are exactly 2 in the tripartite intersection graph of the unit
cubes centered at P , Q, R. The original problem reduces to the case when P , Q, R are all
equal to the input point set (or almost equal, if we want to ensure general position); the
diameter of the original point set is at most 2 iff every pair in P × R has distance exactly 2.

3.1 VC-dimension bound
For two points p, q ∈ R3, write p ≺x q if p has smaller x-coordinate than q, and p ≻x q if p

has larger x-coordinate than q. Define ≺y, ≻y, ≺z, ≻z similarly. Define the trivial relation
⊤ which is always true. A generalized dominance relation is a relation � where p � q iff
p �x q and p �y q and p �z q, for some choices of �x ∈ {≺x, ≻x, ⊤}, �y ∈ {≺y, ≻y, ⊤}, and
�z ∈ {≺z, ≻z, ⊤}.

The motivation for considering generalized dominance relations is this: Consider a uniform
grid with unit side-length. Inside a grid cell, any unit cube is equivalent to an orthant. If p

lies in a grid cell and q lies in a neighboring grid cell, then the condition that JpK and JqK
intersect corresponds precisely to p � q for some generalized dominance relation.

Let P , Q, R be 3 point sets in R3. Let ��= (�1,�2) be 2 generalized dominance relations
in R3. For each r ∈ R, we can write N2

��[r] as {p ∈ P : ∃q ∈ Q with p �1 q and q �2 r}.
Define the set system S��(P , Q, R) := (P , {N2

��[r] : r ∈ R}). We first prove that this set
system has bounded VC-dimension by bounding its shatter dimension.

Previous proofs of bounded distance VC-dimension usually involve planarity arguments
(avoidance of K5), but for the 3D problem here, we use a different strategy. We divide into
easier cases based on the separability of the given point sets – in the following, we say that
two sets are x-separated if they are separated by a plane orthogonal to the x-axis; we define
y- and z-separation similarly. We first show how to handle the case when P and Q are both
x- and y-separated by a simple direct argument:

▶ Lemma 13. If P and Q are both x- and y-separated, then S��(P , Q, R) has VC-dimension 1.

Proof. Consider points p, p′ ∈ P . Suppose {p} and {p′} are both shattered (by S��(P , Q, R)).
Then there exist r, r′ ∈ R with p ∈ N2

��[r], p′ ̸∈ N2
��[r], p′ ∈ N2

��[r′], p ̸∈ N2
��[r′]. Let q, q′ ∈ Q

with p �1 q �2 r and p′ �1 q′ �2 r′.
For any �i, we define �ix, �iy, and �iz to be the x-, y-, and z-coordinate dominance

relation, respectively. Because P and Q are x- and y-separated, we already know that p�1x q′,
p �1y q′, and p′ �1x q, p′ �1y q. Note that p �1z q′ or p′ �1z q, because otherwise, we must
have �1z ≠ ⊤ and q′ �1z p �1z q �1z p′ �1z q′: a contradiction. Thus, p �1 q′ or p′ �1 q,
implying p ∈ N2

��[r′] or p′ ∈ N2
��[r]. ◀

We then handle the case when P and R are separated along all 3 axes.

▶ Lemma 14. If P and R are x-, y-, and z-separated, then S��(P , Q, R) has shatter
dimension at most 6.
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Proof. Without loss of generality, say P ⊂ (−∞, 0)3 and R ⊂ (0, ∞)3. Consider the following
6 set systems of the form S��(P , Q ∩ Λ, R), where Λ can be one of

((0, ∞) × (0, ∞) × R), (R × (0, ∞) × (0, ∞)), ((0, ∞) × R × (0, ∞)),
((−∞, 0) × (−∞, 0) × R), (R × (−∞, 0)) × (−∞, 0)), ((−∞, 0) × R × (−∞, 0)).

Each set system has VC-dimension at most 1 by Lemma 13 (or symmetric variants).
Each set in S��(P , Q, R) can be expressed as the union of 6 sets (one of each) from

these 6 set systems (since a point q ∈ Q must has two positive coordinates or two negative
coordinates). So, the number of distinct sets in S��(P , Q, R) is at most O(|P |6). ◀

It remains to reduce the general case to the case when P and R are separated along all 3
axes. We accomplish this by a simple grid idea:

▶ Lemma 15. For any P , Q, R ⊂ R3, S��(P , Q, R) has shatter dimension at most 51.

Proof. Build a (non-uniform) grid formed by the x-, y-, and z-coordinates of all the points
of P . The grid has O(|P |3) cells. For each grid cell interior γ, consider the 8 octants at
an arbitrary point inside γ; for each such octant τ , the set system S��(P ∩ τ , Q, R ∩ γ)
has shatter dimension at most 6 by Lemma 14. For each r ∈ R ∩ γ, the set N2

��[r] is the
union of 8 sets (one of each) from the set systems for the 8 octants. So for each γ, the
number of distinct sets in {N2

��[r] : r ∈ R ∩ γ} is O((|P |6)8), summing across all cells gives
|{N2

��[r] : r ∈ R}| = O(|P |3 · (|P |6)8). ◀

We can now bound the shatter dimension for unit cubes.

▶ Lemma 16. For any P , Q, R ⊂ R3 with R ⊂ (0, 1)3, write N2[r] as{
p ∈ P : ∃q ∈ Q with JqK intersecting both JpK and JrK

}
.

Then the set system (P , {N2[r] : r ∈ R}) has shatter dimension at most 37179.

Proof. Fix α = (αP , αQ) ∈ (Z3)2 with ∥αP − αQ∥∞ ≤ 1. For p ∈ αP + (0, 1)3 and
q ∈ αQ + (0, 1)3, JpK intersects JqK iff p − αP �1 q − αQ, where we define �1x to be ≻x if
x(αQ) = x(αP ) + 1, and ≺x if x(αQ) = x(αP ) − 1, and ⊤ if x(αQ) = x(αP ); we define
�1y and �1z in the same way. Similarly, for q ∈ αQ + (0, 1)3 and r ∈ (0, 1)3, JqK intersects
JrK iff q − αQ �2 r for some generalized dominance relation �2. Define the set system
Sα := S��

(
P ∩ (αP + (0, 1)3) − αP , (Q ∩ (αQ + (0, 1)3)) − αQ, R

)
.

Each set N2[r] is the union of at most 272 sets (one of each) from the set systems Sα for
the at most 272 choices of α. By Lemma 15, we have |{N2[r] : r ∈ R}| = O((|P |51)272). ◀

▶ Theorem 17. For any P , Q, R ⊂ R3, the set system (P , {N2[r] : r ∈ R}) has shatter
dimension at most 37179.

Proof. Build a uniform grid of side length 1. For each grid cell αR + (0, 1)3 (with αR ∈ Z3),
the number of different N2[r] sets over all r ∈ R∩(αR +(0, 1)3) is O(|P ∩(αR +(−2, 3)3)|37179)
by Lemma 16. Since each point p ∈ P belongs to O(1) number of expanded cells αR +(−2, 3)3,
the sum over all αR is O(|P |37179). ◀

In the interest of simplicity, we have not optimized the above constant (which admittedly
is quite large, but fortunately will not matter in our final algorithm).
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3.2 Algorithm
Knowing that the VC-dimension is bounded, we could apply the framework of Chan et
al. [8] to obtain a subquadratic algorithm for Diameter-2 of 3D unit cubes. However, the
exponent would be very close to 2 (much worse than our more general result for arbitrary
3D boxes in Theorem 7, see the full version). We present a faster, direct algorithm that
runs in near-linear time. The key observation is that although the final shatter dimension
bound is large, the proof in Section 3.1 tells us that the set system is in some sense “made
up of” a constant number of simpler subsystems with much smaller VC-dimension, namely,
VC-dimension 1 (Lemma 13)! We can’t just solve the problem for each subsystem separately
– the diameter problem isn’t decomposable that way. Instead, we “encode” each subsystem by
adding a single coordinate value to each element, and in the end reduce the whole problem to
an orthogonal range searching problem for vectors in a sufficiently large constant dimension.
Due to lack of space, see the full version of the paper for the algorithm.

4 Subquadratic Diameter-3 Algorithm for 3D Unit Cubes

In this section, we present a subquadratic algorithm for testing whether the diameter of a
3D unit-cube graph is at most 3. This complements our lower bound results, which show
conditionally that there are no similar Diameter-3 algorithms for 3D unit-ball graphs
(Theorem 9) nor for 4D unit-hypercube graphs (Theorem 6). This result is more challenging
than our result for diameter 2 in Section 3. As before, we warm up by studying the
corresponding combinatorial problem of bounding the VC-dimension of the 3-neighborhoods
of 3D unit-cube graphs (Section 4.1). The combinatorial proof will reveal a surprising
connection to 2D pseudolines that we defer to the full paper.

Again, for a point p ∈ R3, recall that JpK denotes the unit cube centered at p. For
simplicity, assume all coordinates are distinct. Like before, we will solve the problem in a
slightly more general setting for 4 point sets P , Q, R, S, testing whether all distances between
JpK and JsK for (p, s) ∈ P × S are at most 3 in the 4-partite intersection graphs of the unit
cubes centered at P , Q, R, S.

4.1 VC-dimension bound
Following Section 3.1, we begin with the corresponding problem for generalized dominance
relations. Let P , Q, R, S be four point sets in R3. Let ��� = (�1,�2,�3) be three generalized
dominance relations in R3. For each s ∈ S, we can write N3

���[s] as {p ∈ P : ∃(q, r) ∈
Q × R with p �1 q and q �2 r and r �3 s}. Define the set system S���(P , Q, R, S) :=
(P , {N3

���[s] : s ∈ S}). We first prove that this set system has bounded shatter dimension.
As in Section 3.1, we do not use planarity arguments like previous proofs. Instead, we

divide into cases based on separability of the given point sets. But as we go from 2- to
3-neighborhoods, we face more challenges. The first case turns out to be the most crucial
(and interesting), where as the one that follows it is similar to Lemma 14.

▶ Lemma 18. If P and Q are x-separated, Q and R are y-separated, and R and S are
z-separated, then the set system S���(P , Q, R, S) has VC-dimension at most 2.

Proof. Suppose p �j q iff p �jx q and p �jy q and p �jz q with �jx ∈ {≺x, ≻x, ⊤}, �jy ∈
{≺y, ≻y, ⊤}, and �jz ∈ {≺z, ≻z, ⊤}. We may assume that �1x ̸= ⊤ (because if not, we can
shift all the x-coordinates of P sufficiently far downward and replace �1x with ≺x), and
similarly, all other �jx,�jy,�jz are not ⊤. We first prove the following property:
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p′

q′
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(ii)(i)

q

q′

p′

Figure 1 In the yz plane, if p is dominated by q and p′ is dominated by q′, but p is not dominated
by q′ and p′ is not dominated by q, then (i) and (ii) depict the only two possibilities.

Property: Let p, p′ ∈ P and s, s′ ∈ S. If p ∈ N3
���[s], p′ ∈ N3

���[s′], p ̸∈ N3
���[s′],

p′ ̸∈ N3
���[s], then p ≺y p′ implies s′ ◀y s, where ◀y∈ {≺y, ≻y} is a relation determined

solely from the choices of �1,�2,�3.

Proof : Let q, q′ ∈ Q and r, r′ ∈ R with p �1 q �2 r �3 s and p′ �1 q′ �2 r′ �3 s′. We may
assume neither p�1 q′ nor p′ �1 q, because otherwise, p ∈ N3

���[s′] or p′ ∈ N3
���[s]. Because P

and Q are x-separated, we already know p �1x q′ and p′ �1x q. So, there are two remaining
possibilities: (i) p �1y q �1y p′ �1y q′ and p′ �1z q′ �1z p �1z q, or (ii) p′ �1y q′ �1y p �1y q

and p �1z q �1z p′ �1z q′. (See Figure 1.)
Define ◀1z∈ {≺z, ≻z} to be �1z iff �1y is ≺y. Then p ≺y p′ implies q′ ◀1z q.

Similarly, we may assume neither q �2 r′ nor q′ �2 r, because otherwise, p ∈ N3
���[s′] or

p′ ∈ N3
���[s]. Because Q and R are y-separated, q�2y r′ and q′�2y r. There are two remaining

possibilities: (i) q �2z r �2z q′ �2z r′ and q′ �2x r′ �2x q �2x r, or (ii) q′ �2z r′ �2z q �2z r

and q �2x r �2x q′ �2x r′.
Define ◀2x∈ {≺x, ≻x} to be �2x iff �2z is ◀1z. Then q′ ◀1z q implies r ◀2x r′.

Similarly (and lastly), we may assume neither r �3 s′ nor r′ �3 s, because otherwise,
p ∈ N3

���[s′] or p′ ∈ N3
���[s]. Because R and S are z-separated, r �3z s′ and r′ �3z s. There

are two remaining possibilities: (i) r �3x s �3x r′ �3x s′ and r′ �3y s′ �3y r �3y s, or (ii)
r′ �3x s′ �3x r �3x s and r �3y s �3y r′ �3y s′.

Define ◀y∈ {≺y, ≻y} to be �3y iff �3x is ◀2x. Then r ◀2x r′ implies s′ ◀y s. 2

Now, consider 3 points p, p′, p′′ ∈ P , with p ≺y p′ ≺y p′′. Suppose {p, p′′} and {p′} are
both shattered. Then there exist s, s′ ∈ S with p, p′′ ∈ N3

���[s], p′ ̸∈ N3
���[s], p′ ∈ N3

���[s′],
p, p′′ ̸∈ N3

���[s′]. Applying the property twice yields s′ ◀y s and s ◀y s′: a contradiction. ◀

▶ Lemma 19. If (a) P , Q are both x- and y-separated, or (b) Q, R are both x- and y-separated,
or (c) R, S are both x- and y-separated, then S���(P , Q, R, S) has VC-dimension 1.

Proof. Consider 2 points p, p′ ∈ P . Suppose {p} and {p′} are both shattered. Then there
exist s, s′ ∈ S with p ∈ N3

���[s], p′ ̸∈ N3
���[s], p′ ∈ N3

���[s′], p ̸∈ N3
���[s′]. Let q, q′ ∈ Q and

r, r′ ∈ R with p �1 q �2 r �3 s and p′ �1 q′ �2 r′ �3 s′.
For (a), p �1x q′, p �1y q′, and p′ �1x q, p′ �1y q′ by the separation assumptions. Note

that p�1z q′ or p′ �1z q, because otherwise, q′ �1z p�1z q�1z p′ �1z q′: a contradiction. Thus,
p �1 q′ or p′ �1 q, implying p ∈ N3

���[s′] or p′ ∈ N3
���[s].

Claims (b) and (c) follow from a similar argument. ◀

We now handle the case when P and S are separated along all 3 axes, by invoking the
previous cases some constant number of times:
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▶ Lemma 20. If P and S are x-, y-, and z-separated, then S���(P , Q, R, S) has shatter
dimension at most 21.

Proof. Denote R+ and R− to be (0, ∞) and (−∞, 0), respectively. Without loss of generality,
say P ⊂ R3

− and S ⊂ R3
+. Consider the following 15 set systems.

S���(P , Q ∩ (R+ × R− × R), R ∩ (R × R+ × R−), S)
S���(P , Q ∩ (R × R+ × R−), R ∩ (R− × R × R+), S)
S���(P , Q ∩ (R− × R × R+), R ∩ (R+ × R− × R), S)
S���(P , Q ∩ (R− × R+ × R), R ∩ (R+ × R × R−), S)
S���(P , Q ∩ (R × R− × R+), R ∩ (R− × R+ × R), S)
S���(P , Q ∩ (R+ × R × R−), R ∩ (R × R− × R+), S)
S���(P , Q ∩ (R+ × R+ × R), R, S)
S���(P , Q ∩ (R+ × R × R+), R, S)
S���(P , Q ∩ (R × R+ × R+), R, S)
S���(P , Q ∩ (R− × R− × R), R ∩ (R+ × R+ × R), S)
S���(P , Q ∩ (R− × R × R−), R ∩ (R+ × R × R+), S)
S���(P , Q ∩ (R × R− × R−), R ∩ (R × R+ × R+), S)
S���(P , Q, R ∩ (R− × R− × R), S)
S���(P , Q, R ∩ (R− × R × R−), S)
S���(P , Q, R ∩ (R × R− × R−), S).

The first 6 set systems have VC-dimension at most 2 by Lemma 18 (or symmetric variants);
the next 9 have VC-dimension 1 by Lemma 19 (or symmetric variants).

Each set in S���(P , Q, R, S) can be expressed as the union of 15 sets one from each of
these 15 set systems: this is because, in any point sequence ⟨p, q, r, s⟩ with p ∈ (−∞, 0)3 and
s ∈ (0, ∞)3, there must be a consecutive pair going from negative to positive x-coordinate,
and a consecutive pair going from negative to positive y-coordinate, and a consecutive pair
going from negative to positive z-coordinate; all 3 such pairs could be distinct, or 2 of them
could be the same. So, |S���(P , Q, R, S)| = O((|P |2)6 · |P |9). ◀

We can now reduce the general case to the case when P and S are separated along all 3 axes.

▶ Lemma 21. For any P , Q, R, S ⊂ R3, S���(P , Q, R, S) has shatter dimension ≤ 171.

Proof. Build a (non-uniform) grid formed by the x-, y-, and z-coordinates of all the points of
P . The grid has O(|P |3) cells. For each grid cell γ, consider the 8 octants at an arbitrary point
inside γ; for each such octant τ , the set system S���(P ∩ τ , Q, R, S ∩ γ) has shatter dimension
at most 18 by Lemma 20. For each s ∈ S ∩ γ, the set N3

���[s] is the union of 8 sets (one of
each) from the set systems for the 8 octants. So for each γ, the number of distinct sets in
{N3

���[s] : s ∈ S∩γ} is O((|P |21)8). Thus, we have |{N3
���[s] : s ∈ S}| = O(|P |3 ·(|P |21)8). ◀

As before, unit cubes reduce to generalized dominance relations:

▶ Lemma 22. For any P , Q, R, S ⊂ R3 with S ⊂ (0, 1)3, write N3[s] as{
p ∈ P : ∃(q, r) ∈ Q × R s.t. JpK intersects JqK, JqK intersects JrK, and JrK intersects JsK

}
.

Then the set system (P , {N3[s] : s ∈ S}) has shatter dimension at most 3365793.



T. M. Chan, H.-C. Chang, J. Gao, S. Kisfaludi-Bak, H. Le, and D. W. Zheng 29:13

Proof. Fix α = (αP , αQ, αR) ∈ (Z3)3 with ∥αR∥∞, ∥αQ − αR∥∞, ∥αP − αQ∥∞ ≤ 1. For
p ∈ αP + (0, 1)3 and q ∈ αQ + (0, 1)3, JpK intersects JqK iff p − αP �1 q − αQ, for some
generalized dominance relation �1 as in the proof of Lemma 16. Similarly, for q ∈ αQ +(0, 1)3

and r ∈ αR + (0, 1)3, JqK intersects JrK iff q − αQ �2 r − αR for some generalized dominance
relation �2. Similarly, for r ∈ αR + (0, 1)3 and s ∈ (0, 1)3, JrK intersects JsK iff r − αR �3 s

for some generalized dominance relation �3. Define the set system Sα = S���(P ∩ (αP +
(0, 1)3) − αP , (Q ∩ (αQ + (0, 1)3)) − αQ, (R ∩ (αR + (0, 1)3)) − αR, S).

Each set N3[s] is the union of at most 273 sets (one of each) from the set systems Sα for
the at most 273 choices of α. By Lemma 21, we have |{N3[s] : s ∈ S}| = O((|P |171)273). ◀

▶ Theorem 23. For any P , Q, R, S ⊂ R3, the set system (P , {N3[s] : s ∈ S}) has shatter
dimension at most 3365793.

Proof. Build a uniform grid of side length 1. For each grid cell αS +(0, 1)3 (with αS ∈ Z3), the
number of different N3[s] sets over all s ∈ S ∩ (αS + (0, 1)3) is O(|P ∩ (αS + (−3, 4)3)|3365793)
by Lemma 22. Since each point p ∈ P belongs to O(1) number of expanded cells αS +(−3, 4)3,
the sum over all αS is O(|P |3365793). ◀

4.2 Algorithm
Knowing that the VC-dimension is bounded, we could at this point apply the framework of [8]
to obtain a subquadratic algorithm for Diameter-3 in 3D unit cubes. However, the exponent
would be extremely close to 2 (around 2 − 1/(4 · 3365794) ≈ 1.99999993). We present a faster,
direct algorithm with a more reasonable exponent smaller than 2. The key observation is
that although the final shatter dimension bound is large, the proof in Section 4.1 tells us that
the set system is in some sense “made up of” a (very large but) constant number of simpler
subsystems with much smaller VC-dimension, of 1 and 2 (Lemma 18 and Lemma 19). As in
our Diameter-2 algorithm, we can’t just solve the problem for each subsystem separately,
because the diameter problem isn’t decomposable. Instead, we “encode” each subsystem as an
extra “2-dimensional constraint”, and in the end reduce the whole problem to a “multi-level”
range searching problem in a sufficiently large constant dimension.

Multi-level range searching [2, 18] is usually solved by sampling-based geometric divide-
and-conquer techniques, e.g., via so-called “cuttings”, but analogs of cuttings provably do
not exist for abstract set systems, even with VC-dimension 2 (e.g., see [3, Remark 4.7]).
Fortunately, our proof of VC-dimension 2 in the full paper reveals a stronger property,
namely, that the 3-neighborhoods there actually form a point-pseudoline system. (It is quite
unexpected that 3D unit cubes could naturally produce pseudoline arrangements.) Cuttings
and multi-level range searching exists for pseudolines. Due to lack of space, details of the
algorithm are given in the full paper.
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