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—— Abstract

The k-median and k-means clustering objectives are classic objectives for modeling clustering in
a metric space. Given a set of points in a metric space, the goal of the k-median (resp. k-means)
problem is to find k representative points so as to minimize the sum of the distances (resp. sum
of squared distances) from each point to its closest representative. Cohen-Addad, Feldmann, and
Saulpic [JACM’21] showed how to obtain a (14 ¢)-factor approximation in low-dimensional Euclidean
metric for both the k-median and k-means problems in near-linear time 2(1/5)O(d2)n - polylog(n)
(where d is the dimension and n is the number of input points).

We improve this running time to 20/e)* ™t polylog(n), and show an almost matching lower
bound: under the Gap Exponential Time Hypothesis for 3-SAT, there is no 2°(/ «THpoW algorithm
achieving a (1 + €)-approximation for k-means.
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1 Introduction

The k-median and k-means problems are minimization tasks of classic objectives for modeling
clustering in a wide variety of applications arising in data mining and machine learning.
Given a set of points P C X and a set of candidate centers S C X in a metric space (X, A),
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the goal of the k-median problem® is to find a set of k points S C S, called centers, so as to
minimize the sum of the distances (given by A) from each point of P to its closest center in
S (in the k-means problem, the goal is to instead minimize the sum of the squared distances
from each point of P to its closest center in S).

The algorithmic study of k-median started in the early ’60s in the operations research
community [36, 46, 29], while the study of k-means was arguably initiated by the seminal
work of Lloyd [39], which applied clustering to quantization of analog signals. Since then,
both problems have received a tremendous amount of attention. Naturally, the complexity
of the problems varies with the underlying metric space hosting the input points. On the
negative side, both problems are known to be NP-hard in Euclidean space, even when the
points lie in the Euclidean plane (and k is large) [44, 40], or when k = 2 [23, 2] (and the
dimension is large). When both k and d are arbitrary, several groups of researchers have
shown hardness of approximation results for both problems [6, 37, 17, 19]. Even stronger
hardness results hold if the input lives in an arbitrary metric space (see Guha and Kuller [28]
and [18]).

Fine-Grained Complexity. Despite those hardness results, the importance of Euclidean
inputs in statistics and machine learning applications has led researchers to develop methods
and algorithms, in particular through the study of the parameterized complexity of the
problem, when the input lies in an Euclidean space. Both the dimensionality of the input, d,
and the target number of clusters, k, have been studied as parameters. For exact algorithms,
the seminal work of Inaba, Katoh and Imai [31] has shown that one can compute an exact
solution to the k-median and k-means problems in time O(n*4*+1) — as opposed to the naive
brute-force enumeration which runs in 5(14;") time. On the negative side, Cohen-Addad,
de Mesmay, Rotenberg and Roytman [11] much later showed that there is no n°*)
algorithm for (discrete) k-median or k-means problem, even when the dimension is four, and
thus partially showing the optimality of the O(n*¥*1) algorithm.

To circumvent this hardness, researchers have turned to approximation algorithms. When
the dimension d and the precision ¢ are taken as parameters, a line of work [5, 35, 27,
20, 10, 13] improved the running time of approximation schemes from quasi-polynomial
time, 2008(m)/€)* 7" 4o 9(1/0)0 )

exact

n. The doubly exponential dependency in d? stands in stark
contrast with other similar results, e.g., for the Traveling Salesperson Problem (TSP). For this
problem, Kisfaludi-Bak, Nederlof and Wegrzycki [34] recently settled the exact dependency

on d, by showing an algorithm running essentially in time 20(1/ 8d71)n, and a lower bound of
22((1/"™") under the Gap-ETH hypothesis [25, 42]. In light of this result, we consider the
following question:

» Question 1. Is it possible to obtain a 20(1/5d71)no(1) approximation scheme for k-median

and k-means problems in low-dimensional inputs? Would it be possible to get an even faster
d—1

90(1/="7") po() approximation scheme for both problems?

1.1 Our Results
In this paper, we make substantial progress towards answering Question 1. Our first

contribution is the design of an improved algorithm:

» Theorem 2. For every € > 0 and dimension d, the k-median and k-means problems in R¢

can both be approximated to a (1 + €)-factor in time 20(1/e" )y, . polylog(n).?

I This variant is sometimes referred to as the discrete k-median problem. In the continuous k-median
problem we are allowed to pick the k centers S from anywhere in X.

2 The O notation hides an exponential dependency in d, and polynomial dependency in log(1/¢).



V. Cohen-Addad, K. C. S., D. Saulpic, and C. Schwiegelshohn

The above algorithm is our main contribution, and improves on the techniques of [13]. It
also readily extends to the continuous k-median and k-means problems (see Remark 4).

On the technical side, this algorithm deepens our understanding of the quadtree decom-
position for clustering. A long line of work based on this decomposition [5, 35, 27, 20, 10, 13]
improved the running time of approximation schemes (i.e., (1 + ¢)-factor approximation
algorithms for any small enough constant ¢) for clustering from quasi-polynomial time,

2(1°g(”)/5)d71, to 2(1/5)O(d2)n [13]. The main conceptual insight of these works is to bound the
number of portals necessary along the decomposition so that forcing a path to go through
portals incurs at most a (1 + ¢)-factor distortion. The main contribution of [13] is that after
processing a tiny fraction of the input, only a constant number of portals are sufficient at
each level of the quadtree decomposition. However, this constant remains much larger than
that required for other natural problems.

Indeed, carefully analyzing the performances of the quadtree dissection and the number
of required portals to achieve a (1 4 ¢)-factor approximation has been a fruitful direction of
research to design approximation schemes in Euclidean space. The initial work of Arora [3, 4]
showed approximation schemes for the Traveling Salesperson Problem (TSP) and other
routing problems, first in quasi-polynomial time (for d > 2) and then with running time
nlog(n)o(l/ 9" For TSP, the running time was subsequently significantly improved: first
by Rao and Smith [45] who achieved (1/¢)*/ =""nlogn, then by Bartal and Gottlieb [7] who
brought it down to 2/ Eo(d)n, linear in n, but suboptimal in d. Finally, [34] settled the exact
dependency on d, by showing an algorithm running essentially in time 20(1/ Edil)n, and a
lower bound of 29((1/5)d71)poly(n) under the Gap-ETH hypothesis [25, 42].

In light of this literature, our contribution is therefore an improved analysis of the quadtree
dissection for clustering problems, that allows us to (almost) match the number of portals
required for the well-studied TSP. This requires an analysis and techniques distinct from
those for TSP, in particular because they fail if distances are squared — as what happens in
the k-means problem. We note that, due to its simplicity, applications of the quadtree extend
far beyond approximation algorithms in low-dimensional space. For clustering, quadtrees are
used for instance in the streaming scenario, when memory has to be kept low [8], but also to
design linear time algorithms in high-dimensional spaces [21] or to construct differentially-
private algorithms [12]. Therefore, better understanding the quadtree’s performance, even in
the simplest scenario, is likely to have a far-reaching impact.

We complement Theorem 2 with a conditional lower bound, which shows the near-
optimality of our algorithm under the Gap-ETH hypothesis:

» Theorem 3. Assuming the Gap-ETH hypothesis, for every integer d > 2, there exists a
constant ¢ > 0 such that no approzimation scheme can, given an instance of discrete k-means
(or discrete k-median) with N points in Euclidean space RY and a parameter e > 0, compute
a (1 + g)-factor approximation in time 20(1/5)d71poly(N).

This lower bound is obtained by amalgamating the technical ideas of [37, 11, 17] and
the framework of de Berg, Bodlaender, Kisfaludi-Bak, Marx and van der Zanden [24]. Ideas
to reduce the Vertex Cover problem to clustering problems were elaborated in [37, 11, 17],
and [24] built a framework to prove fine-grained lower bounds for a host of geometric problems
in low dimensions. We put them together to obtain Theorem 3. The proof is deferred to the
full version.

Extensions. The framework developed in [13] applies to many variants of k-means (and
k-median), namely prize-collecting k-means, k-means with outliers and Facility location. As
our structure theorem is a direct improvement of theirs, we also improve the running time
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for those problems. We give a sketch of the arguments in the full version. Our analysis
also improves the result for doubling metric (a generalization of Euclidean space), however
attaining a non-tight complexity 201/ =), We therefore focused this paper on the Euclidean
setting, for which our analysis is almost tight.

1.2 Our Techniques

For the ease of presentation, we detail below our upper bound for the k-means problem in
the Euclidean plane (i.e., with d = 2). Our input is a set of points P C R?, a set of candidate
centers C C R?, and the goal is to compute a set of centers S € C¥ (C* is the k-wise partition
product of C) that minimizes the sum of squared distances from points of P to their closest
center in S.

Our starting point is the quadtree dissection equipped with portals. We briefly recall in
the next few paragraphs its construction and main property.

First, find an axis-aligned rectangle that contains all input points. Then, randomly split
the rectangle into 4 axis-aligned rectangles of side length reduced by a factor of approximately
2. Continue this splitting recursively until each rectangle contains a single point: this defines
a recursive decomposition of the input. We say that two points are cut at level i when the
smallest rectangle containing both points is at the i*" level of the decomposition. Assuming
that the leaves of the decomposition have diameter 1, the rectangles at the i*? level have
diameter roughly 2°.

Now, a set of portals is placed regularly along the boundary of each rectangle. Instead
of connecting points to centers via straight lines, we consider only portal-respecting paths,
defined as follows. To connect two points p and ¢ cut at level 4, a portal-respecting path
consists of a sequence of segments connecting p, p1, ..., Di, Gi, ..., 1, ¢, where p; (resp. ¢;) is
a portal of the rectangle at level j containing p (resp. ¢). Considering only those paths
enforces some detours, but a simple dynamic program can compute the best portal-respecting
solution, whose complexity naturally depends (exponentially) on the number of portals.
Furthermore, if 1/p many portals are placed along each boundary, it can be computed
that a portal-respecting path between two points p, g cut at level i has length (essentially)
llp — q|| + p2°. Indeed, since the boundaries of the rectangles are geometrically decreasing,
the detour to go through a portal at level ¢ dominates all others; and since the rectangles at
this level have diameter 2¢, by regularly placing 1/p many portals, we can ensure that there
is a portal at distance at most p2¢ from the point where the straight line path crosses the
boundary. Therefore, the goal of the analysis is to show that, for a small number of portals,
a portal-respecting solution with almost optimal cost exists.

The standard argument goes as follows. The main property of the quadtree decomposition
is that, for any pair of points p, ¢ € R?, the probability that they are cut at level 7 is ||p—ql| /2.
By using 1/p portals, the detour to connect p and ¢ via portals in case they are cut at level ¢
is p2¢. Therefore, the expected detour at level i is ||p — ql|/2¢ - p2! = p||p — ¢||. Since there
are logn levels in the decomposition, the expected detour is p||p — ¢|| - log n, and one has to
take p = ¢/logn to get a tiny expected detour.

However, having logn/e many portals does not yield an efficient algorithm. More
importantly, this analysis does not extend to k-means problem: although the expected
distance between p and ¢ is small, the expected squared distance is not! Indeed, the expected
squared detour at level i is ||p — ¢||/2% - (p2)? = p?||p — ¢||2%, and the term 2¢ cannot be
easily controlled. To cope with this, [13] introduced a careful preprocessing of the input,
to ensure that no point is cut at a level higher than ||p — q||/e. In that case, taking 1/&2
portals is enough to ensure a small detour — and also small squared detour, as this is not
an average-case argument (unlike the previously seen argument). This preprocessing is
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essentially the following: start from a constant-factor approximate solution A (which is a set
of k centers), and for each point p, let A, be its distance to the closest center of A. If the ball
B(p, A, /¢) is cut by the decomposition at a level higher than log(.4,/£?), then replace p by
a copy of its closest center in A. They showed that each point is replaced with probability at
most €, therefore yielding an expected cost increase of ecost(P,.A) = O(¢)OPT. Furthermore,
[13] showed that placing 1/ many portals ensured that, for any center of A, either it can
be connected to the optimal solution through portals with a small detour, or one can assume
that the center is part of the optimal solution. Therefore, after preprocessing, each client
can be connected through portals to the optimal solution, and dynamic programming allows
to compute a near-optimal solution.
However, this analysis may be seen as
clients for which the ball is cut at a level below log(A,/e?) in the same way. Our contribution

[43

worst-case”, in the sense that it treats all the

is to mix the average-case analysis with the techniques of [13] in order to reduce the number
of necessary portals. We carefully define a budget for each point, according to the level
where the point is cut from the approximate solution A, as in [13], but now also according
to the level where it is cut from the optimal solution. We first show that, with constant
probability, this budget is very cheap, namely an e-fraction of the optimal cost. We then
show that this budget is enough to pay for the preprocessing of the input, and for the detour
incurred by making a solution portal-respecting. The algorithm is the same as the one of [13]:
our contribution lies in a much tighter analysis.

This analysis differs from [13] as the detour they tolerated was independent of the optimal
solution: using this additional information allows us to be more precise, and reduce the
number of required portals to (log(1/¢)/e)4!, instead of 1/¢9(?). Although the global
picture remains similar, finding the right balance between a budget (1) small enough to
not blow up the cost, and (2) that is still enough to pay for making the optimal solution
portal-respecting is a non-trivial extension of their proof. Indeed, it requires new insights on
the way to connect a point p that is badly cut, namely cut from its optimal center s at a
level higher than log (||p — s||/€). For this, we show that our budget allows to connect the
point in a portal-respecting way to the center 5 closest to A(p), where A(p) is the closest
center to p in the constant-factor approximate solution A.

1.3 Further Related Work

We covered previously the hardness results for k-means and k-medians; in terms of upper-
bound, for general metrics a recent breakthrough from [15] achieves a (2 4 ¢)-approximation
for k-median, and a 5.6-approximation for k-means [9]. Those two works improve a long line
of works, based on primal-dual techniques and the so-called Lagrangian-multiplier preserving
algorithms for Facility Location, see e.g. [33, 32, 38].

To improve those approximation ratio, one can resort to algorithms parameterized by the
number of clusters, k: one can get FPT algorithm with approximation matching the lower
bound of [32], namely 1+ 2/e for k-median and 1 + 8/e for k-means [16].

Other techniques, specific to Euclidean Space, have been developed in the past decades.
Dimension reduction [41] and coreset [22] allow to reduce the dimension of the input to
O(log k/=~2) and the number of distinct points to O(ke=C™)), hence leading to simple FPT
algorithms based on naive enumeration. Recent papers improved this simple approach,
reducing the dependency in k (in the exponent) [1].

We covered in the introduction most of the literature related on low-dimensional clustering
— which is the study of the problems parameterized by d. To compute a (1 + ¢)-approximation
in time polynomial in n and k, any algorithm must have a running time at least doubly
exponential in d, as the problem is APX-hard in dimension (logn). The best of these
algorithms is from [13], with a near-linear running time of f(e,d) - npolylogn.

34:5
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Finally, tractability of clustering has also been studied with different parameters, e.g.,
the cost by Fomin, Golovach and Simonov [26], who showed a DPpoly(nd) exact algorithm
for k-median, where D is the optimal cost.

We present in the full version how to adapt the argument for k-median. The main body
contains the proof of the structure theorem that allows to reduce the number of portals
required by the quadtree. We extend the algorithmic results to other objectives in the full
version.

2 Preliminaries

2.1 Definitions

We consider the Euclidean space R?, with the ¢ metric: dist(p, q) := Zle(pi —q;)%. For
any point p and r > 0, the ball centered at p of radius 7 is B(p,7) := {z € R : dist(p,z) < r}.
The (discrete) k-median and k-means problems are defined as follows: we are given a set of
clients P and of candidate centers C. A solution is any subset of C with size k. The goal
is to compute the solution S that minimizes cost(P,S) := 3 . p dist(p, §)*, with z =1 for
k-median and z = 2 for k-means. We say a solution is an a-approximation if its cost is at
most a times the minimal cost.

» Remark 4. We consider in this paper the discrete Euclidean clustering. In the continuous
version, centers can be placed arbitrarily in the space. A classical result shows how to reduce
continuous to discrete, by computing a set of 1/¢¢ - |P| candidate centers that contain a
(1 + e)-approximation [43].

For some set of points S, and any point p € R?, we define S(p) = arg min ¢ s dist(p, s)
be the closest point in S to p ; and we let S, := dist(p, S(p)) be the distance from p to its
closest point in S.

We assume that the minimal distance between two points is 1, and denote diam(P) the
maximum distance between two points of P. We also assume that P C B(0, diam(P)). Using
standard arguments for clustering problems, we can assume diam(P) = poly(n) [14].

A hierarchical decomposition D is a sequence By, Bs... such that for any i, /5; is a partition
of P, and B; is a refinement of B;,1: namely, every part of B; is fully contained in a part of
B;+1 (note that in this definition, parts are increasing with ).

2.2 The Hierarchical Decomposition and Its Properties

» Lemma 5. For any set of points P C R? and any p > 0, there is a randomized
hierarchical decomposition D such that the diameter of a part B € B; is at most 2+1,
|D| < [log(diam(P))], each part B € B; is refined in at most 209 parts at level i — 1, and:
1. for any p € RY, radius r, and level i, we have

Pr[D cuts B(p,r) at a level i] < dr/2".

2. for every part B € B; of the decomposition, there is a set of at most 1/p%~1 many

portals such that for every points p € B,q ¢ B there is a portal x € Pg close to the line
connecting p to q, i.e., |p—z|| + ||z — gl| < ||p — qll + p2*'. Furthermore, any portal of
level i + 1 that lies in B is also a portal of B.

This decomposition can be found in time (1/p)°@nlog(diam(P)).

In Euclidean space, this decomposition is precisely the quadtree dissection. The previous
statement is an adaptation of Lemma 2.3 in [13] to Euclidean space. The improved Property 1
is shown, e.g., in Lemma 11.3 of [30]. Since diam(P) = poly(n), the decomposition can be
computed in near-linear time.
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We denote 7(g,d) = log(d) 4 log(1/¢), a parameter often used throughout this paper.

A portal-respecting path between two points p and ¢ cut at level 7 consists of a sequence
of segments connecting p, p1, ..., Di, Gi, ---, ¢1, ¢, where p; (resp. ¢;) is a portal of the rectangle
at level j containing p (resp. ¢). By extension, a solution to k-means is portal-respecting if
all paths connecting clients to center are portal-respecting. Recall that A, is the distance
from p to the closest point in a solution A. An important definition we will use is that of
badly cut, slightly modified from [13]:

» Definition 6. Let P C R?, D be a hierarchical decomposition of P, and € > 0.
For any ball B(x,r), we define Ivl(x,r) the level at which the ball B(x,r) is cut by D.
We say a ball B(x,r) is badly cut w.r.t. D if Wvl(z,r) > log(3r) + 7(e,d). We say a
point p is badly cut w.r.t. D and A if B(p,3A,) is badly cut w.r.t. D (namely, vl(p,3.A,) >
log(3A4,) + 7(¢,d)).

In the following, we will consider badly cut points w.r.t. two different sets: A will be a
constant factor approximation, known to the algorithm, and S a slight modification of the
optimal solution, unknown to the algorithm, that we will specify later; those two solutions
being independent of the decomposition D. For input points in P, we will examine whether
they are badly cut w.r.t. D and A. For centers of A, it will be w.r.t. D and S. Furthermore,
D will always be the same, hence we say for simplicity badly cut w.r.t. A (or w.r.t. S).

The following lemma bounds the probability of being badly cut, and is a direct consequence
of Property 1.

» Lemma 7. Let P,S C R? and D a random hierarchical decomposition given by Lemma 5,
with p = O(e/log(1/¢)). For any point p € R%, the probability that p is badly cut w.r.t. S is
at most €.

Given a random decomposition, each point is assigned a budget. In the following definition,
one can think of 4 as an O(1)-approximation known by the algorithm, and S as the optimal
solution. We show in Lemma 12 that this budget is small, and that one can compute a
solution with cost at most the optimal cost plus the budget.

» Definition 8. Let P C R%, D be a hierarchical decomposition of P, ¢ >0, A and S be two
solutions to k-means on P.

For a ball B(z,r), its detour with respect to B and D is detp(z,r) = £2V@")y 4
£292 vl(z,r) .

A point p € P has budget with respect to A and S b(p,e) = b1(p, &) + ba(p,€) + b3(p,€),
with

bi(p.e) = detp(p,3A4,) if Wvl(p,3A,) <log(3A,)+ 7(e,d)
He 0 otherwise

bo(p.c) = detp (p,3(Ap +Sp)) if Wl(p,3(Ap +Sp)) <log(3(Ap, + Sp)) + 7(e,d)
2P 36dAf, + 16d8§ otherwise

bs(p.c) — detp (A(p), 38 a(p)) i WI(A®D),384()) < 108(3Sa(p)) + 7(,d)
’ 0 otherwise
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3(Ap + OPT,)

Figure 1 Illustration of one case of the distinction. B(p,3(A, + OPT,)) is badly cut by the
thick orange-dashed line, so p cannot be connected via portals to OPT(p). However, p and A(p)
are not badly cut, so p can be connected to OPT(A(p)) instead, making a detour through the thin
orange-dashed line. The cost of this reassignment is charged to ba(p).

3  Structure Theorem and the Approximation Algorithm

3.1 Roadmap

Now that all definitions are in place, we give a more precise high-level overview of the proof
of Theorem 2. Our goal is to show that the decomposition of Lemma 5 with p = ¢/log(1/¢)
is precise enough for a dynamic program to compute a portal-respecting solution that is a
(1 + ¢)-approximation.

To do this, we show that one can find a solution S§* such that: (1) it is a (1 + ¢)-
approximation, and (2) the detour from each point to S* is at most the budget of the point.
To conclude, it is enough to bound the budget, which is a mere application of Lemma 5 and
first-moment analysis. To find such a solution §*, we start from the optimal solution (which
respects (1) but not (2)), and transform it such that each client can be connected through
the portals.

First, consider the easy case where a client p is not badly cut, and B(p,3(A, + OPT)))
is not badly cut. Then, the detour from p to OPT, can be charged to ba(p,€), as the closest
optimal center to p lies in the latter ball. When this ball is badly cut, instead of serving p
by its closest center OPT(p), we serve it by OPT(A(p)). We show that this can always be
charged to the budget of p. Indeed, in the sub-case where A(p) itself is not badly cut, we
can show that the detour between p and OPT(A(p)) is affordable compared to the distance
between them; and this distance can be charged to the budget bs(p,e). This sub-case is
illustrated in Figure 1. However, in the sub-case where A(p) is badly cut as well, we have
no choice but to add the center to OPT. This results in a solution with slightly too many
centers — in expectation (1 4 ¢)k, since each center is badly cut with probability € — and we
will need to remove some centers of the optimal solution without increasing the cost too
much. This step is already presented in [13], and we recall it in Section 3.2.

This essentially concludes the case where p is not badly cut. When it is badly cut,
the decomposition D approximates its distances poorly; however, this happens with tiny
probability, and we can afford to move p to A(p) (charging this movement to b;(p,e)). A
case analysis, similar to the previous one, then shows that the detour between A(p) to OPT
can be charged to by(p,e) and bs(p, €).
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In the remainder of this section, we show how to remove some centers from the optimal
solution (to then add the badly cut centers of A), then prove the structure theorem that
shows the existence of a solution satisfying (1) and (2). We explain in Section 3.4 the
dynamic program that relies on this structure theorem and enables the computation of a
good approximation, to conclude the proof of Theorem 2.

3.2 Preparing the Instance

We consider the mapping of the centers of OPT to A defined as follows: for any f € OPT,
let A(f) denote the center of A that is the closest to f. Recall that for a client ¢, A(c) is the
center serving ¢ in A.

For any center ¢ of A, define ¥ (¢) to be the set of centers of OPT that are mapped to £,
namely, ¢(¢) = {f € OPT | A(f) = £}. Define A' to be the set of centers ¢ of A for which
there exists a unique f € OPT such that A(f) = ¢, namely A = {¢ € A | [)(¢)| = 1}. Let
A’ ={rc A| () =0}, and AZ2 = A\ (A" U .A). Similarly, define OPT' = {f € OPT |
A(f) € A'} and OPT=? = {f € OPT | A(f) € AZ?}. Note that |OPT=?| = |A%| + |A>2|,
since |OPT!| = |A!'| and, w.Lo.g., |OPT| = | A| = k.

As shown in [13], one can remove some of the centers from OPT=? to obtain the following
result:

» Lemma 9 (See Step 1. and Lemma 4.1 in [13]). There exists a set H C OPT=? such that:
H| = |- |OPT? /2,
for any £ € A, the center in ¥ (€) closest to £ is not in H,
let OPT = OPT\ H: OPT has cost at most (1 + O(e))cost(OPT) + O(g)cost(A).

Furthermore, we transform the input set P to give it more structure, as follows. Given a
randomized hierarchical decomposition D and a solution A, we define the set P as follows.
For every point p,

_ {A(p) if p is badly cut w.r.t. D and A
p =

p otherwise.

We note that P := {p: p € P} is a random variable that depends on the randomness of D.

3.3 Construction of a Structured Solution

Using Lemma 9, we can now show the existence of a near-optimal portal-respecting solution.
Let A be a fixed solution, and OPT’ the solution from Lemma 9 for P. Let D be a randomized
hierarchical decomposition, and Bp be the set of centers of A that are badly cut w.r.t. OPT’,
i.e., ¢ € Bp when the ball B(c, 30PTY) is cut at some level greater than log(30PTY) + (e, d).

v

Definition 10. For e > 0, we say that D has e-small distortion if

1. the total budget w.r.t. A and OPT is bounded: Y pb(p,e) < e(cost(P, OPT) +
cost(P, A)).

2. there exists a solution S* that contains Bp with _ . p (dist(p, p) + dist(p, S < (1+
g)cost(P, OPT) + ecost(P, A),

3. for each point p € P, its detour to S* is at most b(p, ), namely there is a center s € S* cut

from p at level i such that (dist(p, p)+dist(p, s)+e24)? < (dist(p, p) + dist(p, S*))2+b(p, £).

349
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As explained in the introduction, we will use those properties as follows: a standard
dynamic program will compute the best portal-respecting solution that minimizes C’O\éjE(P7 S) =
>, (dist(p, p) + dist(p, S))2. Making the solution portal-respecting incurs an error 2¢ for
two points cut at level i: Property 3 therefore bounds this error by b(p,e). Property 1 of
Definition 10 ensures that the total budget is bounded, and Property 2 relates cost to cost.

Our main structural theorem for k-means in low dimension is the following:

» Theorem 11 (Structure Theorem). For any e > 0, D has e-small-distortion with probability
at least 2/3.

The rest of the paper is dedicated to the proof of this theorem.

3.3.1 Bounding the Budget

» Lemma 12. Fiz two solutions A and S, and let b(p, ) be the budget of p w.r.t. solutions
A and S. With probability 2/3 (over the randomness of D), 3 b(p,e) = O(dlog(1/e) -
e)(cost(P, A) + cost(P,S))

Proof. We bound the expectation of the budget and then use Markov’s inequality. Recall
that any ball B(z,r) is cut at level i with probability dr/2¢, and is badly cut with probability
e. Furthermore, when B(x,r) is cut at level i, then detp(x,r) = er2® + 222,

To simplify the analysis slightly, we first analyze the expectation of the variable

detp(z,r) when Ivl(x,r) <log(r) + 7(g,d)
Blx,r) = )
0 otherwise.

To do so, we distinguish between the cases where lvl(z,r) is at most log(r), between log(r)
and log(r) + 7(e, d), and at least log(r) + 7(e,d). This gives the following upper bound:

log(r)+7(e,d)
E[f(z, )] < Y detp(x,r)+ Y detp(x,r)-Pr[D cuts B(p,r) at a level i]
i1<log(r) i=log(r)
' pas log(r)+7(e,d) ' pas dr

< Z (e2'r +£22%) + Z (622r+€21)~§

i1<log(r) i=log(r)

log(r)+7(e,d)
<Ber’+ > (edr® +£%20-dr)
i=log(r)

< 3er? 4 7(e,d) - edr® + 2 - dr - 2e(MH7(Ed)

= O(d?log(1/e))er?,

where the last line uses 27(5:4) = 2log(d)+log(1/e) — O(qd/e).

Since b1(p,e) = B(p,3Ap) and b3(p,e) = B(A(p), 38 4(p)), we directly get E[bi(p,e) +
bs(p,e)] < O(d?log(1/e)e)( A2 + S2). Bounding by(p, ) is only slightly more complicated:
ba(p,e) = B(p, Ap+Sp) + X (p, €), where X (p, ¢) := 36d.A2 +16dS? when Wl(p, 3(A, +S,)) >
log(3(A, + Sp)) + 7(e,d). Therefore, it is enough to compute E[X (p,¢)].

Properties of the decomposition in Lemma 5 ensure that Ivl(p, 3(A, + S,)) > log(3(A,
Sp)) + 7(e,d) with probability at most e, and therefore E[X (p, )] < € - (36d.A2 + 16dS?))
O(ed(A2 + 82)).

Therefore, E[by(p, €)] = E[B(p, 3(Ap + Sp)] + E[X (p,e)] < O(d*log(1/e) - e)(A2 + S2).

Summing these inequalities for by, bs, b3, and for all p € P we get ]E[Epep b(p,e)] <

O(d?log(1/e) - €)(cost(P, A) + cost(P,S)). Markov’s inequality concludes the lemma. <

+
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3.3.2 Construction of S*

To construct S*, we start from the solution OPT’ obtained from Lemma 9 and apply the
two following steps.

For any £ € A, define f; to be its closest center in 1(£), breaking ties arbitrarily. We start
with S* = OPT’ obtained from Lemma 9. Note that for every ¢ € A' U 422, the second
property of Lemma 9 ensures that f; is a center of OPT’. S* is then transformed as follows:

Step 1. For each center £ € Bp\ A (i.e., £ is badly cut w.r.t. D and OPT’, and v (¢) # (),

replace f; by £ in §*.

Step 2. Add all centers of A° badly cut w.r.t. D and OPT’ to S*.

The two key properties of that procedure are the following:

» Fact 13 (Claim 4.3 and 4.4 in [13]). With probability 4/5, |S*| < k, so §* is a valid solution,
and cost(P,8*) < (1 + e)cost(P, OPT) + ecost(P, A). Furthermore, for any point p, it holds
that dist(p, S*) < 2dist(p, OPT') + dist(p, A).

In addition, the construction of S* ensures the below whose proof is in the full version:

» Fact 14. For any point p,

dist(p, p) + dist(p, S*) < 34, + 20PT,
dist(p, S*(A(p))) < 3A, + 20PT,,

Furthermore, for any center { € A, it holds that dist(¢,S*) < 2dist(¢, OPT').

We can now use this solution &* to show D has s-small distortion.
3.3.3 Bounding the cost of S*
» Lemma 15. S* contains Bp, and with probability at least 4/5 it holds that

Z (dist(p, p) + dist(p, S*))* < (1 + ¢)cost(P, OPT) + ecost(P, A)
peP

Proof. By construction, §* does contain Bp. To simplify the equations, we write p b.c.

when p is badly cut w.r.t. A (in which case p = A(p)). It holds that

> (dist(p, p) + dist (5, S*))* < > dist(p, S)2 + > (dist(p, p) + dist(5,87))*. (1)

peEP peP p b.c.

By Fact 13, the first term is at most (1 + €)cost(P, OPT) + ecost(P, A): thus, we focus only
on the second term. For this, we use Fact 14:

3" (dist(p, p) + dist(7,8%))° < Y (34, + 20PT})

p b.c. p b.c.
<18 Y A%+ OPT,

p b.c.
Each point p is badly cut with probability e: therefore, in expectation, it holds that
E[18 Y A2+ OPT] <18 Y A2+ OPT
p b.c. pEP

< 18¢(cost(P, A) + cost(P, OPT"))

34:11
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Using Markov’s inequality, it holds with probability 4/5 that

3" (dist(p, p) + dist(5, OPT'))* < 18 - 5 - £(cost(P, A) + cost(P, OPT')).
p b.c.

Plugging this bound into Equation (1) and using Lemma 9 to bound the cost of OPT’,
we conclude:

> (dist(p, p) + dist(p, S*))*
peEP
< (1 4+ €)cost(P, OPT) + ecost(P, A) + 18 - 5 - £(cost(P, A) + cost(P, OPT’))

= (14 O(g))cost(P,OPT) + O(e)cost(P, A). <

3.3.4 Bounding the detour

We now show that the detour incurred by connecting P to &* through portals of the
decomposition D is within the budget defined in Definition 8.

» Lemma 16. Let P ¢ R%, A be a solution for k-means on P and D be a randomized
decomposition. Let S* be the solution from Lemma 15.
Then, for any p € P, there is a center s € 8* cut from p at some level i such that

(dist(p, p) + dist(B, s) + £20)? < (dist(p, ) + dist (5 5*))2 + b(p,).

Proof. We recall that any point z € R is badly cut w.r.t. D and a set S when the
ball B(z,3dist(x,S)) is cut at level higher than log(9dist(z, S)) + 7(g,d). We recall our
construction of P and 8*: When a point p is badly cut w.r.t D and A, p = A(p); when a
center ¢ € A is badly cut w.r.t D and OPT’, ¢ € S*.

To show the lemma, we make a case distinction, first according to whether p is badly cut
or not w.r.t. D and A. In the case where it is badly cut, it holds that p = A(p). Then, we
have the following cases.

1. If A(p) is badly cut w.r.t. D and OPT’, then A(p) € S*: therefore, p = A(p) = S*(p),
and p and $*(p) are not cut, e.g. i = —oo. Therefore, s = A(p) satisfies the lemma, with
(dist(p, p) + dist(p, s) + €2%)? = dist(p, p)*.

2. A(p) is not badly cut w.r.t. D and OPT’. Let s = S*(A(p)), and i be the level at which
A(p) and s are cut. We write (dist(p, p) + dist(p, s) + €2%)? = (A, + dist(p, S*))? + 227 -
Ay + 220 - 85 ) + €227
By Fact 14, s € B(A(p),20PTy(,), and so i < i := vl (A(p),?)OPT;t(p)). Combined
with the fact that A(p) is not badly cut, it therefore holds that 2¢2¢ - Sap + g22% <
2621 . QOPT:‘l(p) + £222 < by (p). Thus, it is enough to bound 2e2% - A,. For this, we
refine our case distinction, according to whether the ball B(p, 3(A, + OPT),)) is badly
cut or not, and use the budget from by (p).

a. If the ball is not badly cut, then we remark that Fact 14 ensures that both s and A(p)
are in B(p, 3(Ap, + OPT})), and therefore i <i” :=1vl(p, 3(A, + OPT),)). Therefore,
262" - A, < €2"'3(A, + OPT)) < bs(p).

b. If this ball is badly cut, then we use i < i’ < log(3OPTi4(p)) + 7(e, d) in addition to
OPT/y,) < A, + OPT), as follows: 2e2' - A, < 6 - OPT/y,) - 27D A, < 6d(A, +
OPT;))AP < ba(p).

Combining these cases, we get that when A(p) is not badly cut, (dist(p,p) + dist(p, s) +

£2')? < (A, + dist(p, S))? + ba(p) + bs(p)-
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We now turn to the case where p is not badly cut. In that case, p = p: we therefore only
need to bound (dist(p, S*) + 52i)2 and the details of this are presented in the full version. <«

3.4 The Algorithm: how to use the Structure Theorem

Suppose that D has p-small-distortion, for p = O(e/log(1/¢)) (where the O hides dependen-
cies in d), and let §* be the solution provided by Definition 10. As explained previously, our
algorithm will be a standard dynamic program working as follows. The decomposition D
will be augmented with a set of portals, as defined in Lemma 5, with p = ¢/log(1/¢). The
dynamic program (described later in greater detail) computes the best portal-respecting solu-
tion, namely, the solution where each path connecting a client to a center crosses boundaries
of D only at portals. More precisely, it computes the portal-respecting solution with (almost)
smallest cost(P,S) := >, (dist(p, p) + dist(p, S))?

» Theorem 17. There exists an algorithm running in time (2/5)0(1%(1/5)/5)&1*1) -nlog®n
that computes a portal-respecting solution S such that cost(P,S) < (1 + €) ming: cost(P,S’).

The preciseness and nestedness of portal sets ensure that, when two points z and
y are cut at level ¢, then the portal-respecting path between x and y has length ||z —
y|| + p2°+L. Furthermore, the algorithm from Theorem 17 computes a solution at least
as good as S§*: by Property 3 of Definition 10, the portal-respecting cost of S* is at
most - (dist(p, p) + dist(p, S8*))% + b(p, p). Property 1 ensures that the total budget is at
most p(cost(P, OPT) + cost(P, A)) = O(p)cost(P, OPT), since A is an O(1)-approximation.
Combined with Property 2 of Definition 10, this shows that the portal-respecting cost of the
solution computed by the algorithm is at most (1 + O(e))cost(P, OPT).

To wrap up, we note that the portal respecting cost is an upper bound on cost: going in
straight lines instead of going through portals only improves the cost, and for any point p,
dist(p, S) < dist(p, p) + dist(p, S). Therefore, the solution computed by the dynamic program
is a (1 4+ O(e))-approximation for k-means.

The algorithm used to show Theorem 17 is a quite standard dynamic program (DP),
described in detail in [13] and is deferred to the full version.
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