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—— Abstract

While rectangular and box-shaped objects dominate the classic discourse of theoretic investigations, a
fascinating frontier lies in packing more complex shapes. Given recent insights that convex polygons
do not allow for constant competitive online algorithms for diverse variants under translation, we
study orthogonal polygons, in particular of small complexity. For translational packings of orthogonal
6-gons, we show that the competitive ratio of any online algorithm that aims to pack the items into
a minimal number of unit bins is in Q(7/1ogn), where n denotes the number of objects. In contrast,
we show that constant competitive algorithms exist when the orthogonal 6-gons are symmetric
or small. For (orthogonally convex) orthogonal 8-gons, we show that the trivial n-competitive
algorithm, which places each item in its own bin, is best-possible, i.e., every online algorithm has an
asymptotic competitive ratio of at least n. This implies that for general orthogonal polygons, the
trivial algorithm is best possible.

Interestingly, for packing degenerate orthogonal polygons (with thickness 0), called skeletons, the
change in complexity is even more drastic. While constant competitive algorithms for 6-skeletons
exist, no online algorithm for 8-skeletons achieves a competitive ratio better than n.

For other packing variants of orthogonal 6-gons under translation, our insights imply the following
consequences. The asymptotic competitive ratio of any online algorithm is in €("/iogn) for strip
packing, and there exist online algorithms with competitive ratios in O(1) for perimeter packing, or
in O(y/n) for minimizing the area of the bounding box. Moreover, the critical packing density is
positive (if every object individually fits into the interior of a unit bin).
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1 Introduction

Packing problems not only present us with constant challenges in everyday life, but also find
applications in manufacturing industries, logistics, and scheduling. While rectangular and
box-shaped objects dominate the classic discourse of theoretic investigations, a fascinating
frontier lies in the packing of more complex objects, e.g., convex polygons. The problem of
packing convex polygons is particularly interesting when restricting the allowed motions to
translations, as allowing for rotations reduces the problem to mere rectangle packing. Across
the numerous variants — be it strip packing, bin packing, or perimeter packing — the overall

© Tim Gerlach, Benjamin Hennies, and Linda Kleist; [:,:j

licensed under Creative Commons License CC-BY 4.0
42nd International Symposium on Computational Geometry (SoCG 2026). }
Editors: Hee-Kap Ahn, Michael Hoffmann, and Amir Nayyeri; Article No. 52; pp. 52:1-52:17 N

\\v Leibniz International Proceedings in Informatics BN
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany

]

[N
[



mailto:tim.gerlach@uni-hamburg.de
https://orcid.org/0009-0004-6294-9235
mailto:benjaminhennies@posteo.de
mailto:linda.kleist@uni-hamburg.de
https://orcid.org/0000-0002-3786-916X
https://doi.org/10.4230/LIPIcs.SoCG.2026.52
https://arxiv.org/abs/2603.22098
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

52:2

Online Packing of Orthogonal Polygons

picture is that constant factor approximations exist for translational packings of convex
polygons [7, 8, 1, 41]. However, the landscape changes when we step into the online realm
where items arrive sequentially one after the other and decisions have to be made irrevocably
without knowing the future items: In this setting, no online algorithm for translational
packings of convex polygons has a constant competitive ratio, as recently shown by Aamand,
Abrahamsen, Beretta, and Kleist [1]. This is in stark contrast to the case of rectangles, for
which constant competitive algorithms exist for various variants, cf. Section 1.1.

In this work, we study the online packing problem of orthogonal polygons which are
orthogonally convex, combining relaxed features of both orthogonality and convexity. A
polygon is orthogonally convex if the intersection with any axis-parallel line has at most one
connected component. The simplest yet unresolved setting involves orthogonal 6-gons, which
include L-shapes. For examples, consider Figure 1.

Wy

(a) (b) (c)

Figure 1 (a) An L-shape, (b) a symmetric L-shape, and (c) a bin packing of L-shapes.

The diverse applications motivate a multitude of interesting packing problems. Among
them are bin packing, strip packing, perimeter packing and area packing for various types of
objects and allowed motions; for definitions see Section 2. Many variants of these packing
problems are known to be computationally difficult. While NP-hardness has usually been
known for a long time [5, 28, 35, 43], more recently, some variants were proved to even be
IR-complete by Abrahamsen, Miltzow, and Seiferth [4]. Adding to this difficulty, we might
not have complete information about the objects in advance, e.g., they may appear over time.
This is captured by the so called online setting where the objects are presented one after
another and the next object is only revealed when the previous one has been placed.

In competitive analysis, the performance of an online algorithm is measured against the
optimal offline solution. While the absolute competitive ratio gives the worst-case performance
over all possible inputs, the asymptotic competitive ratio describes the behavior when the
input size goes to infinity. For precise definitions, we refer to Section 2. In the following
we present our contributions, see also Tables 1 and 2. Usually, we present lower bounds on
the asymptotic competitive ratio and upper bounds on the absolute competitive ratio which
imply the statements for both ratios.

Bin Packing of 6-gons. For bin packing of orthogonal polygons, it is natural to consider
the variants where the objects can only be translated, and where the objects may be rotated
by multiples of 90 degrees. The following proposition shows that even in the latter variant
we may restrict our analysis to the translational case. In the problem ORTHO-BINPACK,
we receive orthogonal polygons P4, ..., P, which have to be placed into a unit square bin by
translation. The goal is to minimize the number of used bins. ORTHO-BINPACK,.; denotes
the variant where the polygons might be rotated by multiples of 90 degrees.
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» Proposition 1. The best (absolute/asymptotic) competitive ratios for ORTHO- BINPACK
and ORTHO-BINPACK,; are within constant factors of each other. The analogous statements
hold for the best approximation ratios of the offline variants.

Proposition 1 allows us to focus on translations only. We start with a lower bound on the
competitive ratio of any online algorithm for L-shapes. To this end, let L-BINPACK denote
the variant of ORTHO-BINPACK where each polygon is an L-shape.

» Theorem 2. The asymptotic competitive ratio of any online algorithm for L-BINPACK is
m Q("/log n)

We obtain this lower bound by reducing from an online sorting problem where natural
numbers have to placed in arrays such that the numbers in each array are increasing. Note
that the trivial algorithm, which packs each object into its own bin, is n-competitive.

In contrast to Theorem 2, there exist constant competitive algorithms for some interesting
subclasses of L-shapes, namely when the L-shapes are either all symmetric or all small. An
L-shape is described by four parameters £,, £,, w,, wy € [0,1]. It is small if £, €, < 1/2, large
if €,,0, > 1/2, and symmetric if ¢, = ¢, and w, = w,. For illustrations see Figure 1.

» Theorem 3. There is an online algorithm for L-BINPACK with a constant asymptotic
competitive ratio when all L-shapes are symmetric or small.
algorithms that use at most

In particular, there exist

(a) 33 OPT + 2 bins when all L-shapes are large and symmetric.
(b) 8- OPT + 7 when all L-shapes are small.
(c) 41- OPT + 9 when all L-shapes are symmetric.

Theorem 3 directly yields algorithms with a constant absolute competitive ratio of 35, 15
and 50, respectively, as in bin packing, we have OPT > 1 for any nonempty set of items.

The results for symmetric L-shapes are based on identifying their connection to scheduling
problems. Competitive algorithms for two special cases of large and symmetric L-shapes
follow directly from previous work on scheduling problems. Precisely, an e-competitive
algorithm for objects of equal widths [22] and a 2-competitive algorithm for the case of equal
lengths [24] can be deduced, see Subsection 1.1 for explanations. A connection to scheduling
problems is also used for the 33-competitive algorithm which builds on a constant competitive
algorithm by Devanur et al. [22] for a special machine minimization problem in combination
with an online coloring algorithm for intervals graphs by Kierstead and Trotter [39]. For
details on the connection to scheduling problems, we refer to Subsection 1.1.

Table 1 Bounds on the best asymptotic competitive ratios of bin packing orthogonal polygons.

Objects Lower Bound Upper Bound
[ rectangles 1.91 [23] | 2.56 [31]
[, symmetric L-shapes | 1.91 (23] | 41  [Thm 3c]
[~ orthogonal 6-gons nflogn  [Thm 2] | n
[ orthogonal 8-gons n [Thm 5] | n
L Leskeletons | | 154 N2l | 2 [Thmeé]
—  Z-skeletons n [Thm 6] | n
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Other packing variants. Our insights on online bin packing of L-shapes have consequences
for other packing variants. In the problem L-PERIPACK, we receive L-shapes L1, ..., Ly,
and the goal is to place them in the plane such that the perimeter of the bounding box is
minimized. In L-AREAPACK, the goal is to minimize the area of the bounding box. For a
unit square bin and L-shapes with arm lengths ¢,, ¢, bounded by some constant ¢ < 1, the
online critical density is the largest value of A such that there exists an online algorithm
which packs any sequence with total area at most A into the bin.

» Corollary 4. The following statements hold for L-shapes with arm lengths in [0,1]:
(i) The asymptotic competitive ratio of any online algorithm for L-STRIPPACK is in
Q(n/log n)
(ii) There is an online algorithm for L-PERIPACK with absolute competitive ratio in O(1).
(iii) There is an online algorithm for L-AREAPACK with asymptotic competitive ratio
(iv) The online critical packing density is positive if the arm lengths of each L-shape are
bounded by t < 1. Fort =1, the online critical packing density is 0.

The O(y/n)-competitive algorithm for L- AREAPACK is asymptotically best-possible, as a
lower bound of Q(y/n) already for rectangles has been shown by Abrahamsen and Beretta [3].

Table 2 Overview on the known upper and lower bounds on the best competitive ratios for the
various packing problems.

Variant |0 rectangles|  (\ convex polygons [ L-shapes = ortho polygons
Bin |©(1) [34] Q< lo{;ﬁogn) [1]]92(z%;) [Thm 2]|n
Strip  |©(1)  [52] Q(@ ) O(n"®) (1] | () [Thmdi] | () [Thmdi
Perimeter |O(1)  [3] Q< lo{;ﬁo’g’n> [1]1e(1) [Thm 4ii]
Area  |O(yv/n) [3]|Q(v/n) 3] ©(v/n) [3,Thm 4iii] | Q(y/n) 3]

Orthogonal polygons of higher complexity. For bin packing of orthogonal 8-gons, we show
that the trivial algorithm, that places each shape into its own bin, achieves the best possible
competitive ratio. Hence, the trivial algorithm is also best possible for ORTHO-BINPACK.

» Theorem 5. There is no online algorithm for ORTHO-BINPACK that achieves an asymptotic

competitive ratio better than n, even when restricting to orthogonally conver 8-gons.

(a)

(b)

(c)

Figure 2 (a) A Z-shape (b) A Z-skeleton (c) An L-skeleton.
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We obtain Theorem 5 by considering Z-shapes of equal thickness; Figure 2a depicts
an example. Interestingly, we obtain this result via first considering packings of skeletons,
which can be viewed as orthogonal polygons of widths 0, see Figures 2b and 2c. In the
problem L-SKEL-BINPACK (Z-SKEL-BINPACK), L-skeletons (Z-skeletons) shall be packed
into a minimum number of bins. In this context, we consider a packing of skeletons as valid
if any two objects are disjoint, with the exception that either of the two endpoints of one
skeleton may touch another; a point of a Z-skeleton is an endpoint if it is a unique extreme
point, i.e., topmost, bottommost, leftmost, or rightmost. From L- to Z-skeletons, there is a
quite drastic jump in complexity.

» Theorem 6. For online bin packing of orthogonal skeletons the following holds.
(i) There exists an online algorithm for L-SKEL-BINPACK with a constant absolute com-
petitive ratio.
(ii) No online algorithm for Z-SKEL-BINPACK has an asymptotic competitive ratio better
than n.

Organization. The remainder of the paper is organized as follows. In Section 1.1, we discuss
related work. In Section 2, we give a concise dictionary on crucial notions. In Section 3, we
prove Theorem 2, i.e., the lower bound on the competitive ratio for L-BINPACK and use our
insights to show a lower bound for L-STRIPPACK in Section 4. In Section 5, we consider
orthogonal polygons of higher complexity and sketch the proofs of Theorems 5 and 6(ii).
Complete proofs of all results can be found in the full version of this paper [30].

1.1 Related work

As the literature on online packing problems is extensive, we refer to the surveys of Christensen,
Khan, Pokutta, and Tetali [19], Epstein and van Stee [26], van Stee [49, 50], and Csirik and
Woeginger [21] for an overview. Below we discuss the most important results related to the
packing problems studied in this paper.

Rectangles. Rectangle packings has been studied for almost 50 years. A straightforward
reduction from partition shows that the offline strip packing problem cannot be approximated
with an absolute factor better than 3/2 unless P = NP, and the best known approximation
ratio is 5/3 + ¢ by Harren, Jansen, Pradel, and Van Stee [35]. For the online variant, first fit
shelf algorithms as proposed by Baker and Schwarz [10], are widely studied. The best known
competitive ratio of 7/2 + /10 ~ 6.66 is achieved by Ye, Han, and Zhang [52]. Restricting
the attention to large instances, the best asymptotic competitive ratio is lower bounded by
1.54 by van Vliet [51] and upper bounded by 1.59 by Han, Iwama, Ye, and Zhang [32].

For bin packing of rectangles under translation, there exist approximation algorithms
with approximation ratio 2 [34] and asymptotic approximation guarantee 1.4 by Bansal
and Khan [14]. For online bin packing of rectangles, the upper bound on the asymptotic
competitive ratio for online translational bin packing axis-parallel rectangular pieces into
unit square bins has been decreased in a series of papers from 3.25 [20] to about 2.55 by Han,
Chin, Ting, Zhang and Zhang [31] and the lower bound has been increased from 1.6 [29] to
1.91 by Epstein [23]. For the special case of squares, the lower bound is approximately 1.75
due to Balogh, Békési, Désa, Epstein, and Levin [11], while the upper bound is above 2.08
by Epstein and Mualem [25].
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For the problem of area minimization, Abrahamsen and Beretta [3] present O(n)-
competitive algorithms and show a lower bound of Q(n) for both versions of rotation
allowed and translations only. For perimeter minimization, they gave a 3.98-competitive
algorithm for both, translation and rotation, as well as a lower bound on the competitive
ratio of 4/3 for the case of translation and of 5/4 for the case of rotation.

Convex Polygons. Constant-factor approximations for packing convex polygons exist for
many variants [7, 8, 1, 41]; an exception is bin packing where constant approximation factors
are only known if the diameter of the items is bounded by a constant. In contrast to
these constant guarantees, for online translational packings of convex polygons, Aamand,
Abrahamsen, Beretta and Kleist [1] show that strip packing, bin packing, and perimeter
packing do not allow for constant competitive online algorithms, even if all pieces have a
diameter bounded by an arbitrarily small constant. To this end, they reduce to an online
sorting problem which sparked follow-up investigations [2, 9, 47]. Concerning upper bounds,
they give an online algorithm with competitive ratio O(n°-59) for strip packing. The knapsack
problem for convex polygons under rigid motions is studied by Merino and Wiese [45].

Orthogonal Polygons and Scheduling. We identified interesting connections between
packings of special L-shapes and scheduling problems such as open end bin packing and
machine minimization. These yield algorithms for large and symmetric L-shapes in the case
where all L-shapes have equal lengths or equal widths; for an overview see Table 3.

The case of equal lengths is related to open end bin packing. In a variant of classical 1D
bin packing known as ordered open end bin packing, items of sizes in (0, 1] are presented
one by one, and must be assigned to bins in this order. An item can be assigned to any bin
for which the current total size is strictly below 1, i.e., the bin can be overloaded by its last
packed item. Balogh, Epstein, and Levin [13] present a 2-competitive online algorithm and
Epstein [24] designs a 1.5 approximation. As packings of large, symmetric L-shapes of equal
lengths can be reduced to open end bin packing, we obtain offline and online algorithms
with constant factors. Specifically, for packing L-shapes of length ¢, we consider open end
bins of capacity 1 — ¢. An L-shape L; with arm length ¢ and width w; is associated with
a real r; := w;. It is easy to see that an L; can be packed into a bin containing L, ..., Ly
(bottom-leftmost) if Z?Zl w; 4+ ¢ < 1. Similarly, r; can be packed into an open bin containing
r1,...,r if (and only if) 2?21 r; <1—{. As these conditions are equivalent, solutions of
open end bin packing translate to (bottom-leftmost) packings of large, symmetric L-shapes
of equal lengths. This implies a 2-competitive online algorithm and a 1.5-approximation in
this case.

For bin packing of large and symmetric L-shapes with different lengths, we identified a
close connection to the machine minimization problem: Given a set of jobs, each of which
has a release time r, a processing time p and deadline d, the task is to schedule these jobs
on a minimum number of machines such that each machine processes at most one job at
a time and each job starts not before its release time, and finishes not after its deadline.
For large and symmetric L-shapes, we show that the two parameters, length ¢ and width w,
translate to a job with release time 0, processing time w, and deadline 1 — £. Therefore, we
present relevant work in the context of machine minimization. Yu and Zhang [53] present
approximation algorithms for the special cases of equal deadlines and equal processing times.
In particular, their 2-approximation algorithm for the special case of equal deadlines translates
to a 2-approximation for offline bin packing of large, symmetric L-shapes. Kao, Chen, Rutter,
and Wagner [38, Lemmas 1 and 2] present a polynomial algorithm that computes the offline
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optimal solution for jobs of unit processing times. This translates to a polyomial time
algorithm for offline packings of instances where all L-shapes are large, symmetric, and have
equal widths. Devanur, Makarychev, Panigrahi, and Yaroslavtsev [22, Section 2,3] present an
e-competitive online algorithm for unit processing times; they also show that the competitive
ratio of e is optimal. This result is also implied by Bansal, Kimbrel, and Pruhs [15, Lemmas
4.7 and 4.8]. The insights can be translated to an e-competitive algorithm for packing large,
symmetric L-shapes of equal widths. Moreover, Devanur et al. [22] present a 16-competitive
online algorithm for the case with equal deadlines; their techniques are the basis of our
33-competitive algorithm for packing large symmetric L-shapes, namely Theorem 3(a).

There are many more results on the general case of machine minimization. However,
due to a lower bound of n by Saha [48], most subsequent work allows preemption of the
jobs [18, 17, 36], a setting that does not carry over to packings of L-shapes.

Table 3 Upper bounds on the best asymptotic approximation/competitive ratios for L-BINPACK
with restricted L-shapes.

Type Offline Online

large, symmetric | 2 [53] | 33 [Thm 3a]
+ equal length 1.5 [24] | 2 [13]
+ equal width 1 [38] | e [22]

small 8 [Thm 3b] | 8 [Thm 3b]

Critical densities. For a given container of volume C and a class of objects in R?, the
critical density is the largest value of V/C' such that any sequence of objects of the class with
a total volume of at most V' can always be packed in the container. For convex bodies of
bounded diameter in R3, Auerbach, Banach, Mazur and Ulam [44] stated (without proof)
that the critical density is positive, i.e., there exists a function f such that any sequence of
convex bodies in R3, each of diameter < § and total volume of at most V, can be packed
into a cube with side length s = f(0, V') when rotations are allowed. The first proof, even for
arbitrary dimension, is given by Kosiriski [40]. When rotations are not allowed, Alt, Cheong,
Park, and Scharf [6] showed that the critical density of packing convex bodies of bounded
diameter into a cube is 0; in particular for packing unit disks in R?. However, for cubes,
Moon and Moser [46] showed that any sequence of cubes in R? of total volume 1/297! can
be packed into the unit cube. This bound is the best possible, because for any € > 0, two
cubes with side lengths /2 4+ ¢ cannot be packed in the unit cube.

The study of critical densities likewise makes sense when the pieces appear in an online
fashion. A lower bound on the critical density of online packing squares into the unit

square has been improved in a sequence of papers [37, 16, 33, 27] from 5/16 [37] to 2/5 [16].

Interestingly, Januszewski and Lassak [37] proved that in dimension d > 5, the critical density
of online packing cubes into the unit cube is 1/2971, just as in the offline case. Lassak and
Zhang [42] showed that for some constant §(d) > 0, any sequence of axis-parallel boxes
of diameter and total area at most §(d) can be packed online in the d-dimensional unit
hypercube using translations. This implies that the critical packing density for convex bodies
is positive for any dimension d > 1 when rotations are allowed as each body can be rotated so

that it has a constant (depending on the dimension) density in its axis-parallel bounding box.

In contrast, for translational and online packing convex polygons, Aamand, Abrahamsen,
Beretta and Kleist [1] show that the critical packing density is 0.
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2 Notions: packing variants, competitive analysis, and objects

We briefly define the packing variants, review the common terminology for competitive
analysis, and introduce the considered objects.

Packing variants. Depending on the context, there are numerous packing variants specified
by the container and objective. The variants discussed in this paper are as follows. Consider
a set (or sequence) of items. Given an unbounded supply of identical unit bins, the goal
of bin packing is to pack the items into as few bins as possible. Given a horizontal strip of
height 1 which is bounded to the left but infinite to the right, the aim of strip packing is
to place the items in the strip such that the maximum z-coordinate of an occupied point
is minimized. In perimeter packing or area packing, the goal is to find a placement of the
items in the plane such that the perimeter or the area of the bounding box is minimized,
respectively. All of these variants are interesting as offline and online problems. In this work
we focus on online problems and therefore review competetitive analysis.

Competitive analysis. In an online problem, the input is a sequence o1, ..., 0, of objects,
and we need to process object o; (in a problem-specific manner) before the next object ;11
is revealed. In this work, the objects are either natural numbers, orthogonal polygons, or
their skeletons. We briefly revisit the standard terminology of competitive analysis for an
online algorithm A of a minimization problem. For an instance I, OPT(I) denotes the
cost of the offline optimum solution and A(I) denotes the cost of the solution computed by
A for input I. Let f: N — R be a function of the size |I| of the instance, in our context
typically the number of objects. We say that A has (absolute) competitive ratio f(|1I|) if, for
all instances I, it holds that A(I) < f(|I])- OPT(I). Similarly, A has asymptotic competitive
ratio f(|I|) if there exists a constant 5 > 0 such that A(I) < f(|I|) - OPT(I) + § for all I.

Objects. We focus on packings of orthogonal polygons that we call L-shapes and Z-shapes.
An L-shape is the union of a rectangle of width ¢, and height w, with a rectangle of width
w, and height ¢, with w, < £, and wy, < £, such that their lower left corners coincide.
Figure 3a presents an example. We describe the placement of an L-shape by specifying the
coordinates of its reference point, namely its lower left corner.

Wy tq

| S

(a) (b) (9 (d)

Figure 3 Parameters and the reference point of an (a) L-shape, (b) L-skeleton, (c) Z-shape, and
(d) Z-skeleton.

We note that each orthogonal 6-gon is either an L-shape or a rotated L-shape. An L-shape is
small if £, 0, < 1/2, large if £y, ¢, > 1/2, and symmetric if {;, = ¢, and w, = w,,.
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A Z-shape is the union of three rectangles: A base rectangle of height ¢ and width w,
and two arm rectangles: One arm (above) of width ¢, and height a, whose lower left corner
coincides with the lower left corner of the base, and one arm (below) of width ¢, and height b
such that its upper right corner coincides with the upper right corner of the base, where
tq,ty < w, see also Figure 3c. In this paper, we will mostly be concerned with Z-shapes of
equal thickness, i.e., the case where t, = t;, = t. Note that all L-shapes and Z-shapes are
orthogonally conver, i.e., the intersection with any axis-parallel line is connected.

L-skeletons and Z-skeletons are the corresponding shapes with zero thickness, i.e., w, =
wy = 0 and t, = t;, =t = 0, respectively. Figures 3b and 3d present examples.

3 Lower bound for bin packing of L-shapes — Proof of Theorem 2

We now prove the lower bound for L-BINPACK.

» Theorem 2. The asymptotic competitive ratio of any online algorithm for L-BINPACK is
m Q(”/log n)

We show this in two steps. We prove that any online algorithm for L-BINPACK yields an
algorithm for an online sorting problem called BINSORTING with the same competitive ratio,
and show that every online algorithm for BINSORTING has a competitive ratio in (7/logn).
We start by introducing the problem BINSORTING.

3.1 Bin sorting

The online problem BINSORTING[k] can be described as a game between two players, PRESEN-
TER and ALGORITHM, playing on several arrays with k slots each, in which natural numbers
have to be inserted. Within each array, the numbers must be increasing. PRESENTER presents
distinct numbers. When receiving a number, ALGORITHM has to irrevocably decide in which
array and in which slot the number is placed while obeying the rule that the numbers of
each array are increasing. The goal of ALGORITHM is to minimize the number of used arrays,
while PRESENTER wants to maximize it. Figure 4 presents an example of this game.

| | [ 16 | | |

& [ & | | | |

I N [

Figure 4 An instance of the BINSORTING with & = 5 for the sequence 16,8, 4,2, 3.

The offline optimum corresponds to the setting where ALGORITHM knows all numbers
in advance and is simple to determine: For n numbers in arrays with k slots, [7/k] arrays

are necessary and, as the numbers can be inserted in a sorted manner, also sufficient.

Consequently, OPT = [/k].
We start by presenting a strategy for PRESENTER forcing ALGORITHM to use at most a
logarithmic number of slots in each array.

» Lemma 7. The asymptotic competitive ratio of any online algorithm for BINSORTING[k]
is at least [7/|log(k+1)]]/["/k] € Q(*/1ogk). For k = n, the lower bound is n/|log(n +1)] €
Q(n/logn).
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Proof. We show that PRESENTER has a strategy to present n numbers such that ALGORITHM
uses at least n/|log(k + 1)] arrays while [7/k] arrays would suffice. The idea is as follows:
Consider a partially filled array A. The numbers in A partition it into maximal sections of
free slots. If a new number shall be inserted in A, it may be placed into at most one of these
sections, since the entries in the array must be increasing. We say that two (possible future)
numbers are similar with respect to A if they must be placed in the same section. The idea
of PRESENTER is to maintain a set of active numbers that are similar for all arrays.

In order to present m natural numbers ag, ..., a,, PRESENTER maintains the following
invariant: In the beginning of iteration 4, it has an active set of 2"~ *! — 1 similar numbers.
In the very beginning (of iteration 1), the set is (0,2") := {1,...,2" — 1}, each array has
one section containing all slots, and PRESENTER presents a; = 2" '. In iteration i + 1,
PRESENTER determines the next number to be presented based on the action of ALGORITHM
in iteration ¢. ALGORITHM places a; in a section of some array which results in two smaller
sections. If the smaller of the two section lies to the left of a;, then the active set (I,r) is
updated to (I,a;) and aip1 = (14 a;)/2 = a; — 2"+ otherwise it is updated to (a;,7)
and a; 11 = (a; +7)/2 = a; + 2"+t As the new active set is a subset of the previous,
ALGORITHM must place numbers presented in the future in (subsets of) the current sections
of the active set. By construction, the numbers of the active set remain similar. The active
set is non-empty for at least n iterations because it contains 27! — 1 > 1 numbers if i < n.

When we restrict our attention to a fixed array with k slots, then the section for the
active numbers is (at least) halved each time a number is inserted; this is because we ensure
that the active set must be inserted in the smaller section. Therefore, ALGORITHM can place
at most |log (k+ 1)] of the n numbers in each array and thus needs at least [7/|log(k+1)]]
bins. This yields a competitive ratio of at least [7/|log(k+1)]]/["/k] € Q(k/10gk). <

We remark that the lower bound of Lemma 7 is tight, that is, there exists an online
algorithm BINSORTING[k] that matches this bound.

» Lemma 8. There exists an online algorithm for BINSORTING[k]| with absolute competitive
ratio of [7/|log(k+1)]]/["/k] € O(¥/10gk).

Proof. For each partially filled array and any number, the valid slots form a consecutive
interval. Clearly, in an empty array, all slots are valid. Let A denote the algorithm that places
a new number in the first array with a valid slot, and in particular, in the middle slot of the
section. With this choice, the smallest section of an array containing m numbers has length
> [(k+1)/2m | — 1. Therefore each array contains at least |log(k + 1)] numbers before a new
array is opened. Consequently, A uses at most [?/[log(k+1)]] arrays while OPT = [n/k]. <=

3.2 From L-BinPack to BinSorting

We now show how to create instances of L-BINPACK which simulate BINSORTING. The
construction is visualized in Figure 5. For fixed k € N, we consider the family £F = {L;}ien
of L-shapes with the following parameters:

éw(Lz) = 1/2 + 1/2k7 ww(Ll) = 1/2k7 gy(Lz) =1- 2_i_1, ’LUy(Ll) = 2_i_1

The key idea is that L; in L-BINPACK mimics the natural number ¢ for BINSORTING.
We start with the crucial property that each subset of £* packed into a bin is sorted.

» Lemma 9. Each set S C L* packs into one bin if and only if |S| < k and the items are
placed in descending order of their indices 1.
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Ly
Ly Ly

(a) (b) (c)

Figure 5 Tllustrations for £5. (a) While L1 may be placed to the right/above of L3, (b) L1 cannot
be placed to the left /below of Lz as l;(L1) 41z (L3) > 1 and Iy (L3) +wy (L) = 1—-273" 142771 > 1
respectively. (c¢) A packing of L1, ..., Ly € L for k = 8 into one bin.

Proof. By construction up to k items of £* fit into one bin in descending order of their
indices: With respect to the z-coordinate, exactly k items can be packed next to each other.
For the y-coordinate, we note the following. When L; is placed somewhere in the bin, the
free space above is lower bounded by

éy(Ll) — wy(LZ) = (1 — 2_i_1) — 2_i_1 = Ey(szl) > Ey(L]) fOI'j < 1.

So when placed in descending order, there is space for k items. Figure 5¢ depicts an example
for k = 8. It remains to show that L; cannot be placed below/left of L; when i < j. It
cannot be placed entirely to the left of L;, because l;(L;) + lo(L;) = 2(Y/2+ 1/k) > 1, and it
cannot be placed below L; because wy(L;) + £, (L;) =271 +1—-27971 > 1, <

We now show how an algorithm for L-BINPACK yields an algorithm for BINSORTING[.].

» Lemma 10. An online-algorithm for L-BINPACK yields an algorithm for BINSORTING[k]
with the same (absolute/asymptotic) competitive ratio.

Proof. Let A be an a-competitive algorithm for L-BINPACK and consider an instance Ig of
BINSORTING [k] with n numbers. We describe an online algorithm A’ for BINSORTING|[k]
which uses A as a subroutine. For each presented number i, A’ presents L; € LF to A.
By Lemma 9, at most k L-shapes of £* fit into one bin. Let z denote the z-coordinate
of the reference point of L; in the jth bin as assigned by A. Then A’ places number 7 in
the slot |z - 2k| 4+ 1 of the jth array. As x € [0,1/2 — 1/2k], it holds that |z -2k| + 1 € [k].
We shortly argue that this position is valid. Firstly, because all L-shapes have width 1/2k,
the assigned z-values differ by at least 1/2k and for any z and 2’ with |z — 2’| > 1/2k, we
have ||z - 2k] — [2’ - 2k]| > 1. Secondly, as A guarantees that the numbers of each array
are increasing, the same holds for the indices of the L-shapes. Hence, by Lemma 9, the
placement is valid. Consequently, we may translate the xz-position of L; in the jth bin to

a unique slot in the jth array. The number of used arrays equals the number of used bins.

Moreover, the offline optimum is [n/k] in both problems. Hence, A’ is a-competitive. <
Together, Lemmas 7 and 10 show the following statement, which proves Theorem 2.

» Corollary 11. For each online algorithm A for L-BINPACK and each n, there exists a
strategy to present m L-shapes from L™ (no duplicates) such that they can all be packed into
one bin while A uses at least n/log(n + 1) bins.
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4  Strip packing of L-shapes — Proof of Corollary 4(i)

We now prove Corollary 4(i). To this end, we show how a strip packing algorithm yields a
bin packing algorithm.

» Lemma 12. An algorithm A for strip packing a sequence of n L-shapes from L™ (without
duplicates) with asymptotic competitive ratio « yields an algorithm A’ for L-BINPACK with
asymptotic competitve ratio 2a.

Proof. Let A be an asymptotic a-competitive algorithm for L-STRIPPACK and consider an
instance of L-BINPACK with n objects from £". We describe an online algorithm A’ for
L-BINPACK which uses A as a subroutine. For each each L € £™, A’ presents it to A and
observes its placement in the strip. The idea is to partition the strip into slots of widths
1/2n; each slot will correspond to a placement in a bin. For an illustration, see Figure 6. We
show that objects of n consecutive slots can be packed into one bin. If the reference point
of L is placed at (x,y) in the strip, then A’ places it as follows. Let m,r € N such that
|z -2n] = mn+r and r < n. Then A’ places L in the (m + 1)st bin such that its reference
point is at (2/,y') := (r/2n,1 — £,(L)).

1 2 3 4

Figure 6 Illustration for the proof of Lemma 12.

We now argue that this yields a valid bin packing. Let L; and L; be two L-shapes in a
same bin and denote their z-coordinates in the strip by z; and x;, and in the bin by 2/ and
x’;, respectively. We assume that z; < x;. By construction, we have that |z; — ;| < 1/2. The
placement x; < x; implies that wy(L;) + ¢,(L;) < 1 and hence i > j, i.e., in each bin the L-
shapes are non-increasing. Moreover, due to the equal width of 1/2n, no two L-shapes intersect
in the z-direction. Without duplicates, no intersections in the y-direction follow from the
definition of £". Lastly, if 2 —x] < 7=1/2n then 2+, (L;) < ("= 1/2n+;)+1/2+1/2k < 2;+1.
Therefore, the y-span of the L-shapes is at most 1.

It remains to check the number of bins. Let OPTg and OPT g denote the offline optimum
values for L-STRIPPACK and L-BINPACK, respectively. Clearly, we have OPTg < OPTp =1;
recall that all objects pack into one bin by Lemma 9. As A is asymptotically a-competitive,
there is a constant 8 > 0 such that the width of the strip packing is at most o - OPTg + f.
The number of bins is [[2n(a - OPTg + 5)]/n] < 2a0PTp+28+2, so A’ is asymptotically
2a-competitive. <

Together, Lemma 12 and Corollary 11 imply Corollary 4(i).
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5 Orthogonal polygons of higher complexity — Theorems 5 and 6(ii)
As a stepping stone towards a proof of Theorem 5, we first consider Z-skeletons.

» Proposition (corresponding to Theorem 6(ii)). No online algorithm for Z-SKEL-BINPACK
has an asymptotic competitive ratio better than n.

For the proof, we consider an arbitrary online algorithm A for Z-SKEL-BINPACK, and use
Algorithm 1 to generate a sequence of Z-skeletons such that they can be packed into one bin,
but A is forced to use one bin per Z-skeleton.

Algorithm 1 Strategy to generate a sequence of Z-skeletons for a given algorithm A.

function GenerateZSkeletons(n, A)
b+ 0,B+1
for each i € [n| do
Present Z; with w; :=1—27""1 b, := (b+ B)/2 and a; := 1 — b;.
x;  x-coordinate of Z; assigned by A
if 2; <(1—w;)/2then B+ b, else b+ b;

» Lemma 13. For every online algorithm A of Z-SKEL-BINPACK, Algorithm 1 generates a
sequence of n Z-skeletons such that A uses n bins.

Proof Sketch. For any Z-skeleton Z; packed by A, Algorithm 1 ensures that all future Z; it
presents cannot be placed into the bin of Z;. In particular, if A places Z; far to the left, all
Z;,j > 1, have a longer upper arm than Z;, but are too wide to fit under Z;, as in Figure 7a.
Similarly, if A places a Z-skeleton far to the right, then all Z;, j > i, have a shorter upper

arm than Z;, but are too wide to fit above Z;, as in Figure 7b. <

(a) (b)

Figure 7 Illustration for the proof of Lemma 13.

In order to expand the Z-skeletons to Z-shapes, we ensure the Z-skeletons can even be
packed with some positive distance to each other.

» Lemma 14. Let Zy,...,7Z, be Z-skeletons generated by some execution of Algorithm 1.

Then, Zi,...,Z, can be packed into one bin, such that all horizontal gaps between the
Z-skeletons and the bin boundary have width at least 1/n - 27773,
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Proof Sketch. First, we show that we may partition the generated Z-skeletons into two
subsets W1 and W+, where the parameter wy, grows or shrinks, respectively, as the parameter
br grows. By induction on k, we show that, given any £ > 0, the shapes of W' can be
packed into the L-shape with parameters € + wy, €, 1, by, depicted in Figure 8a, such that all
horizontal gaps have size &/k.

o|m
3

o|m
o|m

ag

Wi Wi W

by, bi,

[

(a (b) (c) (d)

Figure 8 Illustration for Lemma 14.

Similarly, W+ can be packed into a rotated L-shape with parameters ¢ +wy, €, 1, ay, illustrated
in Figure 8c. Finally, both of these L-shapes can be packed into a unit bin with the desired
distances, see Figure 8d. <

Lemmas 13 and 14 directly imply Theorem 6(ii). Moreover, the horizontal gap sizes
of Lemma 14 allow to expand the Z-skeletons of Algorithm 1 to Z-shapes with thickness
1/n 27773 Lemma 14 guarantees that if the Z-skeletons cannot be packed disjointly, the
Z-shapes cannot be packed interiorly disjoint. Consequently, there is no online algorithm for
ORTHO-BINPACK of Z-shapes of equal thickness that achieves an asymptotic competitive
ratio better than n, which implies the following result.

» Theorem 5. There is no online algorithm for ORTHO-BINPACK that achieves an asymptotic
competitive ratio better than n, even when restricting to orthogonally convexr §-gons.

The similarity to Lemma 13 is in contrast to orthogonal 6-gons, where bounds on the
competitive ratios for L-skeletons and L-shapes differ drastically, cf. Theorems 2 and 6(i).

6 Conclusion and open problems

In this work, we investigated various packing problems of orthogonal polygons under transla-
tion. For L-shapes, the yet smallest open case, we wondered whether they behave more like
rectangles or convex polygons. For bin packing, we provided a surprisingly large lower bound
on the competitive ratio of about n/logn for general L-shapes and n for general orthogonal
polygons. That means that the trivial algorithm, which packs each item into its private bin,
is worst-case optimal for orthogonal polygons. These lower bounds are much higher than
for convex polygons, cf. Table 2. In contrast, for symmetric and small L-shapes there exist
constant competitive algorithms. This insight implies that in terms of the competitive ratio,
L-shapes behave more like rectangles for perimeter packing, area packing, and the online
critical density.



T. Gerlach, B. Hennies, and L. Kleist

Many interesting problems remain for future work. Most notably, it remains to improve

the bounds or even close the gaps for the problems stated in Tables 1 and 2. This includes
the problem of determining the best competitive ratio for online bin packing of L-shapes, as
it remains open whether it it possible to beat the trivial algorithm for L-BINPACK.
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