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Abstract
If X = (Mn(R), ∥ · ∥X) is a unitarily invariant normed space, i.e., ∥UAV∥X = ∥A∥X for every matrix
A ∈ Mn(R) and every two orthogonal matrices U, V ∈ Mn(R), then we evaluate up to universal
constant factors the smallest σ > 0 for which there is a probability distribution over partitions of X
into clusters of diameter at most 1 yet for every two matrices A, B ∈ Mn(R) the probability that they
fall into distinct clusters is at most σ times the X-distance between A and B. Specifically, we prove
that this infimal σ, which is called the separation modulus of X and is denoted SEP(X), satisfies:

SEP(X) = Θ
(√

n · ∥In∥X · diam(BX)
)
, (1)

where In is the n-by-n identity matrix and diam(BX) is the diameter with respect to the standard
Euclidean metric on Mn(R) of the unit ball BX of X. Our proof of (1) proceeds through an
asymptotic evaluation of the spectral gap of the Laplacian with Dirichlet boundary conditions on BX,
which we achieve by exact computations for a Jacobi orthogonal random matrix ensemble. Assuming
oracle access to norm evaluations in X, by combining (1) with a new deterministic algorithm for a
O(1)-approximation of the diameter of convex bodies in Rn that are given by a weak membership
oracle and are symmetric with respect to coordinate permutations and reflections about the standard
axes (this task is famously known to be impossible in the absence of such symmetries), we get an
oracle polynomial time algorithm whose output is the separation modulus of X up to universal
constant factors. Another example of a consequence of (1) is that for each m ∈ {1, . . . , n} the
separation modulus of the m’th Ky Fan norm on Mn(R) is bounded from above and from below by
universal constant multiples of m

√
n if m ⩾

√
n, and of n if m ⩽

√
n. We also deduce from (1) an

upper bound on the Lipschitz extension modulus of X that improves over the previously best-known
bound even in the special case when X is Mn(R) equipped with the ℓn

2 → ℓn
2 operator norm.
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1 Introduction

For σ > 0, a metric space (M, dM) is said to admit a σ-separating random partition if for
every ∆ > 0 there is a distribution over random partitions of M into clusters of diameter at
most ∆ with the property that for every two points x, y ∈ M the probability that x and y

belong to distinct clusters is at most σ/∆ times the distance between x and y. The smallest
σ for which this is possible is called the separation modulus of M and it is denoted SEP(M).
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56:2 Optimal Randomized Clustering of Matrices

Separating random partitions are a well studied clustering primitive which was introduced
and investigated in [10] (precursors that considered it implicitly, with a variety of applications,
appear in [49, 7, 1, 40]); see e.g. [54, 55] for more on the history. By [10], every n-point
metric space (M, dM) satisfies SEP(M) = O(log n), and there are metric spaces for which
this bound is sharp. In [45], a randomized polynomial time algorithm was designed that takes
as input a finite metric space (M, dM) and outputs a factor 2 approximation to SEP(M).
See [11, 20, 41, 31, 46, 24, 47, 45, 8, 54, 55, 43, 56, 44, 57] for an indication of the literature
on this topic. The investigation of separating random partitions of finite-dimensional normed
spaces, which is what we study herein, originates in [58], motivated by applications to network
routing and distributed computing. The work [20] sharpened and generalized the bounds
of [58], and influenced later research, e.g. [47, 4, 55]; similar partitioning schemes appeared
implicitly in the earlier work [37] on SDP-based algorithms for graph colorings. Applications
of separating random partitions to pure mathematics have also been found, notably to metric
embeddings [11, 24, 56] and extension of vector-valued Lipschitz functions [47, 55].

In Theorem 1 below we obtain an asymptotic formula (up to universal constant factors)
for the separation modulus of Mn(R) equipped with an arbitrary unitarily invariant matrix
norm;1 we will spell out all of its (standard) notation and terminology right after stating it:

▶ Theorem 1. Let X = (Mn(R), ∥ · ∥X) be a unitarily invariant normed space. Then2

SEP(X) ≍
√

n∥In∥X diam(BX), (2)

where diam(BX) = diamSn
2
(BX) is the diameter with respect to the standard Euclidean metric

on Mn(R) of the unit ball BX of X, and In ∈ Mn(R) is the n-by-n identity matrix.

A norm ∥ ·∥ on the space Mn(R) of n-by-n matrices with real entries is said to be unitarily
invariant if ∥UAV∥ = ∥A∥ for every A ∈ Mn(R) and every two matrices U, V that belong to
the orthogonal group On. Norms with this property [71, 64] form a rich class of ways to
measure the size of matrices in an intrinsic manner that does not depend on the choice of
orthogonal bases of Rn with respect to which the matrix representation of the corresponding
linear operator is formed. As such, unitarily invariant norms are of great importance and
utility to a wide range of disciplines, ranging from multiple areas of pure mathematics and
theoretical physics, to algorithm design, signal processing, quantum information theory,
numerical linear algebra, shape analysis and imaging, statistics, machine learning and data

1 Formally, when dealing with infinite metric spaces (in particular, in the case of unitarily invariant matrix
norms that we study herein), one must impose some measurability requirement for the definition of the
separation modulus to make sense. At the very least, one has to demand that for every x, y ∈ M the
aforementioned event “x and y belong to distinct clusters” is measurable with respect to the underlying
probability measure on the space of partitions of M. For the purpose of the present article, it suffices
to assume this “minimal” measurability. However, it is beneficial for applications to impose stronger
measurability assumptions; such a foundational treatment of random partitions of infinite spaces has
been carried out in [47, 55]. One of the applications of Theorem 1 is to deduce an improved extension
result for Lipschitz functions (Theorem 2 below), for which the aforementioned stronger measurability
assumptions are needed. However, this will be achieved by substituting the ensuing reasoning into the
framework of [55], which is shown in [55] to indeed yield the desired measurability. Thus, we do not need
to recall stronger measurability requirements as they do not directly pertain to the ensuing discussion.
Alternatively, our results are meaningful and new even if one only treats random partitions of finite
subsets of Mn(R) equipped with a unitarily invariant matrix norm rather than random partitions of all
of Mn(R), a setting to which measurability considerations are irrelevant.

2 In addition to the usual O(·), o(·), Ω(·), Θ(·) notation, we will use throughout this text the following
conventions for asymptotic notation: Given a, b > 0, by writing a ≲ b or b ≳ a we mean that a ⩽ κb for
some universal constant κ > 0, and a ≍ b stands for (a ≲ b) ∧ (b ≲ a); when we will need to allow for
dependence on parameters, we will indicate it by subscripts.
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analysis; we point to this selection [73, 50, 75, 13, 67, 62, 32, 28, 22, 59, 70, 69, 72, 63, 68] of
sources for part of the massive and varied literature on this (examining the references therein
and those that arise from internet search leads to a cornucopia of additional relevant works).

Non-examples of unitarily invariant norms on matrices include those that consider a
matrix A = (aij) ∈ Mn(R) to merely be a collection of n2 numbers, e.g., the ℓn2

p norms

∥A∥ℓn2
p

def=
( n∑

i=1

n∑
j=1

|aij |p
) 1

p (3)

for p ∈ [1, ∞] ∖ {2}; such measurements of the size of a matrix are of course highly valuable
even though they ignore the operator meaning of the arrangement of those numbers as an
n-by-n array, and they are not what we study herein (for the aforementioned ℓn2

p norm,
the separation modulus has been evaluated up to universal constant factors in [20] when
1 ⩽ p ⩽ 2 and in [55] when p > 2). Examples of unitarily invariant norms include the
Schatten von-Neumann trace class Sn

p for every 1 ⩽ p ⩽ ∞, which are given by setting

∀A ∈ Mn(R), ∥A∥Sn
p

def=
(

Trace
(
(AA∗)

p
2
)) 1

p =
( n∑

i=1
si(A)p

) 1
p

,

where s1(A) ⩾ . . . ⩾ sn(A) ⩾ 0 are the singular values of A, i.e., they are the (decreasing
rearrangement of the) eigenvalues of the positive semidefinite matrix |A| = (AA∗)1/2. If
p = ∞, then Sn

∞ coincides with the space of n-by-n matrices equipped with their operator
(a.k.a. spectral) norm, when they are viewed as linear operators from ℓn

2 to itself, i.e.,

∥A∥Sn
∞

= max
x∈Bℓn

2

∥Ax∥ℓn
2

= s1(A),

where BX = {x ∈ X : ∥x∥X ⩽ 1} denotes the unit ball of a normed space (X, ∥ · ∥X). Often
Sn

1 is called the nuclear norm on Mn(R), and Sn
2 is the standard Euclidean (a.k.a. Hilbert–

Schmidt or Frobenius) norm on Mn(R), i.e., it coincides with the case p = 2 of (3). Additional
examples are furnished [25] by the Ky Fan norms ∥ · ∥K1 , . . . , ∥ · ∥Kn that are defined by:

∀m ∈ [n] def= {1, . . . , n}, ∀A ∈ Mn(R), ∥A∥Kn
m

def=
m∑

i=1
si(A). (4)

More generally, let E = (Rn, ∥ · ∥E) be a symmetric normed space, i.e., the following
requirement holds for every vector x = (x1, . . . , xn) ∈ Rn, every choice of permutation
π ∈ Sn, and every choice of signs ε1, . . . , εn ∈ {−1, 1}:

∥(ε1xπ(1), . . . , εnxπ(n))∥E = ∥x∥E. (5)

The unitary ideal Sn
E of E is defined to be Mn(R) equipped with the norm that is given by:

∀A ∈ Mn(R), ∥A∥Sn
E

=
∥∥(s1(A), . . . , sn(A)

)∥∥
E. (6)

A norm ∥ · ∥ on Mn(R) is unitarily invariant iff there is a symmetric norm ∥ · ∥E on Rn such
that ∥ · ∥ = ∥ · ∥Sn

E
; see e.g. [53] or [12, Chapter IV] for a justification of this classical fact.

The novel content of Theorem 1 is the upper bound on SEP(X) in (2), i.e., Theorem 1
provides an improved randomized clustering of X. The matching impossibility result is
due to [55, Corollary 79], where it was proved that

√
n∥In∥X diam(BX) ≲ SEP(X) ≲

SoCG 2026
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√
n log n∥In∥X diam(BX) in the setting of Theorem 1. Therefore, what Theorem 1 achieves

is removing the last redundant unbounded lower-order factor, thus obtaining an asymptotic
evaluation of SEP(X) that is optimal up universal constant factors.

For the operator norm, the aforementioned bounds from [55] are n ≲ SEP(Sn
∞) ≲ n

√
log n,

and these were the previously best-known estimates on SEP(Sn
∞). By Theorem 1, we now

know that SEP(Sn
∞) ≍ n.

As another example, it is straightforward to check from (4) that for each m ∈ [n] the
Sn

2 -diameter of the unit ball of the m’th Ky Fan norm Kn
m equals 2

√
n + m(m − 1)/m ≍

max{1,
√

n/m}, so Theorem 1 demonstrates that SEP(Kn
m) is bounded from above and from

below by positive universal constant multiples of m
√

n if m ⩾
√

n, and of n if m ⩽
√

n,
thus providing an interpolation between the operator norm Kn

1 = Sn
∞ and the nuclear norm

Kn
n = Sn

1 that somewhat curiously stabilizes (up to universal constant factors) at m ≍
√

n.
Theorem 1 implies progress on the important and extensively studied classical topic

of extending vector-valued Lipschitz functions; see e.g. [19, 55] and the references therein.
The Lipschitz extension modulus of a metric space (M, dM), denoted e(M, dM) or simply
e(M) when the underlying metric dM is clear from the context, is the infimum over those
L ∈ [1, ∞] such that for every subset C ⊆ M, every Banach space (Y, ∥ · ∥Y), and every
1-Lipschitz function f : C → Y, there exists an L-Lipschitz function F : M → Y whose
restriction to C coincides with f . By [47] we have e(M) ≲ SEP(M), and the forthcoming
work [15] demonstrates that e(M) ≳

√
SEP(M), so e(M) < ∞ if and only if SEP(M) < ∞.

A substitution of the former upper bound on e(M) provides the following extension theorem:

▶ Theorem 2. If X = (Mn(R), ∥ · ∥X) is a unitarily invariant normed space, then:

e(X) ≲
√

n∥In∥X diam(BX).

The special case X = Sn
∞ of Theorem 2 asserts that for every subset C of Mn(R) and

every Banach space (Y, ∥ · ∥Y), if f : C → Y is 1-Lipschitz with respect to the operator
norm (and the given norm ∥ · ∥Y on the target Y), then it can be extended to a Y-valued
function that is defined on all of Mn(R) and is L-Lipschitz with respect to the operator norm,
where L ≲ n. The previously best-known [55] upper bound on L here was L ≲ n

√
log n, and

the corresponding best impossibility result that is currently available [55] is that there exist
suitably chosen C, Y, f as above for which necessarily L ≳

√
n. Thus, we now know that:

4
√

dim(Sn
∞) =

√
n ≲ e(Sn

∞) ≲ n =
√

dim(Sn
∞). (7)

▶ Problem 3. It remains an interesting open question to determine the growth rate of e(Sn
∞)

as n → ∞. For that matter, there is no unitarily invariant normed space X = (Mn(R), ∥ · ∥X)
for which the value of e(X) is known up to O(1) factors, or even up to lower-order factors.
Since diam(BX) ⩾ 2∥In∥Sn

2
/∥In∥X = 2

√
n∥In∥X, Theorem 2 does not provide an upper bound

on en(X) that is o(n). At the same time, the general lower bound on e(X) in [55, Theorem 96]
is at most

√
n, since the Banach–Mazur distance between X and an n2-dimesnional Hilbert

space is at most
√

n, as seen by applying John’s theorem [33] to the symmetric space
E = (Rn, ∥ · ∥E) for which X = Sn

E. Thus, the bounds in (7) are the best one could hope for
using the current state of the art even when Sn

∞ is replaced by any unitarily invariant norm
on Mn(R). It seems that a substantial new idea will be needed in order to improve either
the upper or lower estimate in (7).
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As another application of Theorem 1, if we are given oracle access to (approximate) norm
computations in a unitarily invariant normed space X = (Mn(R), ∥ · ∥X), then we obtain
a (deterministic) algorithm that evaluates its separation modulus SEP(X) up to universal
constant factors in oracle polynomial time.3

Theorem 1 reduces the above task to devising an algorithm that outputs a O(1)-factor
approximation to diam(BX) in oracle polynomial time. Write X = Sn

E for a symmetric
normed space E = (Rn, ∥ · ∥E). The Sn

2 -diameter of BX is equal to the diameter diamℓn
2
(BE)

of BE ⊆ Rn in ℓn
2 . And, X has the desired oracle if and only if E does.4 So, the goal is

obtaining an oracle polynomial time O(1)-factor approximation algorithm to diamℓn
2
(BE).

A reduction to efficient Euclidean diameter estimation should give one pause, as the latter
task cannot be achieved for general convex bodies, i.e., there is no oracle polynomial time
algorithm that outputs a O(1)-factor approximation to the ℓn

2 -diameter of an arbitrary convex
body K in Rn that is given by a weak membership oracle; for deterministic algorithms, this
impossibility result was proved in [9], and randomized algorithms were ruled out in [17, 18].
Such hardness of approximation is also proved in [18] for the problem of computing the
diameter diamℓn

p
(·) in ℓn

p for every 1 ⩽ p < ∞ (see Remark 10 below for a description of the
known inapproximability factors). Nevertheless, in the presence of additional symmetries, we
will prove the following theorem, which yields the aforementioned algorithm for approximating
SEP(X) using Theorem 1:

▶ Theorem 4. For every n ∈ N, D ⩾ 1 and 0 < δ ⩽ 1
2 , there is d = d(D, δ) ∈ N satisfying

d ≲ D +
log
( 1

δ

)
δ

, (8)

such that for every 1 ⩽ p ⩽ ∞ there exists a deterministic algorithm Algp that takes as input
n, D, ε and a symmetric normed space E = (Rn, ∥ · ∥E) whose unit ball is given by a weak
membership oracle and satisfies

1
enD ⩽ ∥e1∥E = . . . = ∥en∥E ⩽ enD

. (9)

The algorithm Algp outputs in oracle time nd a number Algp(n, D, δ, E) that satisfies

(1 − δ) diamℓn
p
(BE) ⩽ Algp(n, D, δ, E) ⩽ (1 + δ) diamℓn

p
(BE). (10)

1.1 Reverse Faber–Krahn
The new ingredient of our proof of Theorem 2 is an asymptotic evaluation of the spectral gap
of the Laplacian with Dirichlet boundary conditions on the unit ball BX ⊆ Mn(R) of any
unitarily invariant norm X = (Mn(R), ∥ · ∥X). We will next describe this; all of the relevant
(classical and rudimentary) background on the spectral properties of the Dirichlet Laplacian
can be found in [60, 21].

3 A weak membership oracle suffices here (one can obtain from such a membership oracle a norm evaluation
oracle by binary search of possible upper bounds on the norm of the queried vector). See [30] for the
relevant (standard) background in algorithmic convex geometry. In particular, “oracle polynomial time”
means that the algorithm consists of a binary Turing machine that is augmented by the given oracle, and
its running time is polynomial in the usual sense, with the understanding that the time required by each
call to the oracle is only what is needed to write the question onto, and read the answer from, a tape of
the Turing machine. Thus, here we demand that the algorithm outputs a number that is guaranteed
to be bounded from above and from below by positive universal constant multiples of SEP(X), yet it
performs only nO(1) norm evaluations.

4 We will use here only the trivial direction of this equivalence, which is simply restricting the oracle
for X to diagonal matrices. The reverse direction incurs the nO(1)- time overhead of computing the
singular values of the query matrix.

SoCG 2026



56:6 Optimal Randomized Clustering of Matrices

Fix n ∈ {2, 3, . . .}. For a bounded domain Ω ⊆ Rn, let λ(Ω) be the smallest λ > 0 such
that there exists a function f : Ω → R that is smooth on the interior of Ω, vanishes on the
boundary ∂Ω of Ω, and satisfies ∆f = −λf on the interior of Ω, where ∆ =

∑n
i=1 ∂2/(∂x2

i )
is the standard Laplacian on Rn. Set λ(Y) = λ(BY) for each normed space Y = (Rn, ∥ · ∥Y).
Here, we obtain the following result:

▶ Theorem 5. Every unitarily invariant normed space X = (Mn(R), ∥ · ∥X) satisfies:

λ(X) ≍ n3∥In∥2
X. (11)

In the setting of Theorem 5, the following asymptotic equivalence is a different way to
express (11):

λ(BX)vol
2

dim(X)
dim(X)(BX) ≍ dim(X), (12)

where for m ∈ N and 0 ⩽ α ⩽ m the α-dimensional Hausdorff measure on Rm is denoted
volα(·); the only values of α that occur herein are α ∈ {m, m − 1} (Lebesgue measure
and surface area measure, respectively). To see that (12) and (11) coincide, note that
dim(X) = n2 and by [65, equation (2.2)] we have:

voln2(BX)
1

n2 ≍ 1√
n∥In∥X

. (13)

The Faber–Krahn inequality [23, 42] (originally conjectured in [61]) states that the left
hand side of (12) is minimized when BX is replaced by the unit ball of the standard Euclidean
metric (in our case Sn

2 , though the analogous statement holds if Mn(R) is replaced by Rm

of any dimension). By a direct computation (see e.g. [55, page 32]), this classical extremal
statement implies that the left hand side of (12) is bounded from below by a positive universal
constant multiple of dim(X).

The new content of (12) is thus the reverse inequality, i.e., the estimate λ(X) ≲ n3∥In∥2
X

in Theorem 5. This confirms for (unit balls of) unitarily invariant matrix norms the following
much more general (and still open) reverse Faber–Krahn phenomenon that was conjectured
in [55]:

▶ Conjecture 6 (reverse Faber–Krahn). For every origin-symmertric convex body K ⊆ Rm

(thus, x ∈ K if and only if −x ∈ K) there exists a volume-preserving linear transformation
S ∈ SLm(R) with λ(SK)volm(K)2/m ≍ m.

Theorem 5 demonstrates that Conjecture 6 holds for any unitarily invariant norm on
Mn(R) ∼= Rn2 with the matrix S being the (n2-by-n2) identity on Mn(R); this too was
conjectured in [55] (see Conjecture 50 there, as well as [55, Problem 44] and [55, Remark 172]).

1.2 Weak isomorphic reverse isoperimetry
It was proved in [55] that Theorem 5 implies Theorem 1. The link between these two results
is Theorem 7 below. For its formulation, recall that the isoperimetric quotient of a convex
body K ⊆ Rm is defined to be iq(K) = volm−1(∂K)/volm(K)1−1/m.

▶ Theorem 7. For every n ∈ N, if X = (Mn(R), ∥ · ∥X) is a unitarily invariant normed
space, then there exists an origin-symmetric convex body L ⊆ BX such that:

voln2(L)
1

n2 ≳ voln2(BX)
1

n2 yet iq(L) ≲ n. (14)
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It was proved in [55, Section 1.6.2] that for each unitarily invariant normed space
X = (Mn(R), ∥·∥X), the validity of Theorem 5 for X is equivalent to the validity of Theorem 7
for X; see specifically the explanation why [55, Conjecture 49] and [55, Conjecture 50] are
equivalent that appears in [55, page 43], for which equation (1.62) of [55] is crucial input,
as well as the convexity and uniqueness of the so-called Cheeger body (see page 31 of [55]),
per [2]. Therefore, by proving Theorem 5 we will also establish Theorem 7, but we will next
briefly explain the meaning of Theorem 7 and its utility for proving Theorem 1.

For m ∈ N, the isoperimetric theorem implies that the isoperimetric quotient of a convex
body K ⊆ Rm is at least the isoperimetric quotient of the ℓm

2 -ball. Direct computation shows
that the latter is bounded from above and from below by positive universal constant multiples
of

√
m. Thus, Theorem 7 says that one can inscribe in BX an origin-symemtric convex

body L that is large in the sense that the first inequality in (14) holds, yet its isoperimetric
quotient is as small as possible up to universal constant factors, i.e., iq(L) has the same
order of magnitude as the isoperimetric quotient of the Hilbert–Schmidt unit ball in Mn(R).
This confirms for (unit balls of) unitarily invariant matrix norms the following much more
general (and still open) phenomenon that was conjectured in [55]:

▶ Conjecture 8 (weak isomorphic reverse isoperimetry). 5 For every origin-symmetric convex
body K ⊆ Rm there exist S ∈ SLm(R) and an origin-symmetric convex body L ⊆ SK that
satisfies:

volm(L) 1
m ≳ volm(BX) 1

m yet iq(L) ≲
√

m.

Analogously to the discussion in Section 1.1, Theorem 7 demonstrates that Conjecture 8
holds for any unitarily invariant norm on Mn(R) with the matrix S being the identity on
Mn(R); this too was conjectured in [55] (see specifically Conjecture 49 there).

By [55], the upper bound on SEP(X) of Theorem 1 (which, as we explained earlier, is the
part of Theorem 1 that remained to be proved because the matching lower bound is due
to [55]) follows from Theorem 7; specifically, combine [55, Corollary 79] with equation (2.2)
of [65], which is reproduced as equation (6.131) in [55]. The resulting construction in [55]
of the random partition of X can be illustrated informally as follows. Let L ⊆ BX be the
auxiliary convex body that Theorem 1 provides. Iteratively remove random translates6 of
L from Mn(R); this yields almost surely a random partition of Mn(R) into sets (translates
of L minus the union of those translates from the preceding steps of this random iterative
removal) that are of X-diameter at most 1, as L ⊆ BX, and [55] demonstrates that the
desired estimate on the separation probability holds thanks to the upper bound on the
isoperimetric quotient of L in (14).
▶ Remark 9. While the above procedure yields a random partition of X whose separation
modulus is optimal up to universal constant factors, it is not entirely constructive. From
the algorithmic perspective it suffices to bound SEP(X) from above, per Theorem 4 and the
discussion that precedes its statement, as by [45] there is a randomized polynomial time
algorithm that takes as input any finite subset C of X and outputs a 2SEP(X)-separating
partition of C. One could hope to extract more algorithmic information by assuming that

5 The adjective “weak” was used in [55] to describe this conjecture because in [55] a stronger phenomenon
was also conjectured; we do not need to recall that stronger conjecture because the present work does not
address it, and furthermore its weaker variant that we establish herein suffices for proving Theorem 1.

6 One must define a suitable distribution of those random shifts here; for the purpose of the present
sketch, one could aim instead to obtain a separated partition of an arbitrarily large bounded domain in
Mn(R), in which case the shifts can be chosen Lebesgue-uniformly at random.

SoCG 2026



56:8 Optimal Randomized Clustering of Matrices

BX has a weak membership oracle and aiming to obtain a convex body L as in Theorem 1
which also has a weak membership oracle that is allowed to make nO(1) calls to the oracle of
BX and nO(1) additional Turing machine operations. We do not currently have this because
the body L of Theorem 1 is defined implicitly as the solution of a variational problem. We
expect that the aforementioned task could be achieved by computing in oracle polynomial
time a sufficiently good approximation to the first nontrivial eigenfunction φ : BX → R of
the Dirichlet Laplacian on BX, i.e., φ is smooth on the interior of BX, it vanishes on ∂BX,
and −∆φ = λ(X)φ point-wise. By [14] we know that φ is a log-concave function, whence
its sub-level sets are convex. We could then repeat the above procedure with L replaced a
suitable sub-level set of φ. We conjecture that this will yield an optimal separating partition
of (a large bounded domain of) X, and it remains open to implement the above strategy
efficiently.

The above proposal is an (especially interesting) instance of a general program to estimate
efficiently (in oracle polynomial time) solutions of geometrically meaningful partial differential
equations; another important example is the first nontrivial eigenfunction of the Laplacian
on a convex body with Neumann boundary conditions, which controls the Kannan–Lovász–
Simonovits conjecture [36]; see [52, 48].

2 Proof of Theorem 5

Proof. Fix n ∈ N. It was proved in [55, Remark 172] that if Theorem 7 holds for Sn
∞,

then Theorem 7 holds for every unitarily invariant normed space X = (Mn(R), ∥ · ∥X). By
the equivalence of Theorem 5 and Theorem 7 that was proved in [55] and we discussed in
Section 1.2, it therefore suffices to prove Theorem 5 when X = Sn

∞, where we recall that Sn
∞

is Mn(R) equipped with the ℓn
2 → ℓn

2 operator norm. So, our goal in the rest of this section
will be to demonstrate that λ(Sn

∞) ≍ n3. Only the upper bound

λ(Sn
∞) ≲ n3 (15)

remains to be proved, thanks to the Faber–Krahn inequality, as we explained in Section 1.1.
For every p, n ∈ N define a function fp

n : BSn
∞

→ [0, ∞) by setting:

∀A ∈ BSn
∞

, fp
n(A) def= det

(
In − AA∗)p =

n∏
k=1

(
1 − sk(A)2)p

. (16)

Then, fp
n is smooth (in fact, it is a polynomial in the entries of A), and the second equality

in (16) makes it evident that fp
n vanishes on ∂BSn

∞
= {A ∈ Mn(R) : s1(A) = 1}. The

standard (see e.g. [21]) Rayleigh quotient characterization of the smallest nonzero Dirichlet
eigenvalue of (−∆) therefore gives:

λ(Sn
∞) ⩽

∫
BSn

∞
∥∇fp

n(A)∥2
Sn

2
dA∫

BSn
∞

fp
n(A)2 dA

. (17)

Theorem 5 will thus be proven if we will evaluate exactly the right hand side of (17) as
follows:∫

BSn
∞

∥∇fp
n(A)∥2

Sn
2

dA∫
BSn

∞
fp

n(A)2 dA
= pn2(4p + n)2

2(2p − 1)(4p + 1) . (18)
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Indeed, the right hand side of (18) is bounded from above and from below by positive
universal constant multiples of n2 max{n2/p, p}. Therefore, up to universal constant factors
setting p = n minimizes the right hand side of (18). For this choice of p, the Rayleigh
quotient estimate (17) becomes λ(Sn

∞) ≲ n3, which is our current goal (15). Observe that
the above reasoning shows that any choice of p other than p ≍ n does not yield the desired
estimate (15) . The rest of this section will be devoted to establishing (18).

Given n ∈ N, we will denote by Vn : Rn → [0, ∞) the following (Vendermunde determinant)
function:

∀x = (x1, . . . , xn) ∈ Rn, Vn(x) def=
n−1∏
i=1

n∏
j=i+1

|xi − xj |. (19)

Define a probability density Jp
n : [0, 1]n → [0, ∞) by setting:

∀x = (x1, . . . , xn) ∈ [0, 1]n, Jp
n(x) def= Vn(x)

Zn(p)

n∏
r=1

x2p
r√

1 − xr
, (20)

where Zn(p) > 0 denotes the normalization factor such that
∫

[0,1]n Jp
n(x) dx = 1, i.e.,

Zn(p) def=
∫

[0,1]n

Vn(x)
n∏

r=1

x2p
r√

1 − xr
dx = n!

π
n
2

n∏
s=1

Γ
(
2m + 1

2 (s + 1)
)
Γ
( 1

2 s
)2

Γ
(
2m + 1

2 (n + s + 1)
) . (21)

The second equality in (21) is a special case of the classical Selberg integral formula [66]. The
parameter Zn(p) is commonly denoted in the literature (see e.g. [27]) as Sn(α, β,γ) for the
setting of parameters (α, β,γ) = (2p + 1, 1/2, 1/2); using the ad hoc shorter notation Zn(p) is
beneficial here since we will not need to consider probability densities other than Jp

n. Also, we
chose to use the letter J for the probability density on [0, 1]n in (20) to indicate that it belongs
to the 3-parameter family of densities of Jacobi random n-by-n matrix ensembles; specifically,
using the parametrization of [3, equation (4.1.5)], the relevant setting of parameters in the
present case are (β, r, s) = (1, 4p + 1, 0).

There exists cn > 0 such that for every Borel-measurable function f : [0, ∞)n → [0, ∞)
that is invariant under permutations of the coordinates, i.e., f(sπ(1), . . . , sπ(n)) = f(s) for
every permutation π ∈ Sn and every point s = (s1, . . . , sn) ∈ [0, ∞)n, the following identity
holds:∫

Mn(R)
f
(
s1(A), . . . , sn(A)

)
dA = cn

∫
[0,∞)n

f(s)
n−1∏
i=1

n∏
j=s+1

∣∣s2
i − s2

j

∣∣ds. (22)

(22) is a special case of the Weyl integration formula [74]; see e.g. [3, Proposition 4.1.3]. The
exact value of the parameter cn will not have any role in the ensuing reasoning (it will cancel
out in our computations), but it is worthwhile to note in passing that c

1/n2

n ≍ 1/
√

n; see
e.g. [26] for much more on such matters. Thanks to (22), the denominator in the left hand
side of (18) can be evaluated as follows:∫

BSn
∞

fp
n(A)2 dA (16)∧(22)= cn

∫
[0,1]n

n∏
r=1

(
1 − s2

r

)2p
n−1∏
i=1

n∏
j=s+1

∣∣s2
i − s2

j

∣∣dx
(21)= cn

2n
Zn(p), (23)

where for the last step of (23) we applied the change of variable s = (
√

1 − x1, . . . ,
√

1 − xn),
whose Jacobian is (−1)n/(2n

∏n
r=1

√
1 − xr).
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We need to understand the Hilbert–Schmidt norm of the gradient of (A ∈ BSn
∞

) 7→ fp
n(A).

For this, as a special case of [51, Theorem 7.1] we see that if we define gp
n : Rn → R by

∀x ∈ Rn, gp
n(x) def=

n∏
i=1

(
1 − x2

i

)p
, (24)

then for any matrix A in the interior of BSn
∞

there are U = UA,n,p, V = VA,n,p ∈ On such that

∇fp
n(A)

= U


∂gp

n

∂x1

(
s1(A), . . . , sn(A)

)
0 . . . 0

0 ∂gp
n

∂x2

(
s1(A), . . . , sn(A)

) . . .
...

...
. . . . . . 0

0 . . . 0 ∂gp
n

∂xn

(
s1(A), . . . , sn(A)

)

V.

By substituting the definition (24) of gp
n, we thus have:

∇fp
n(A) = 2p

n∏
i=1

(
1 − si(A)2)pU


s1(A)

1−s1(A)2 0 . . . 0

0 s2(A)
1−s2(A)2

. . .
...

...
. . . . . . 0

0 . . . 0 sn(A)
1−sn(A)2

V.

Since U and V are orthogonal matrices, we therefore have:

∥∇fp
n(A)∥2

Sn
2

= 4p2
n∏

r=1

(
1 − sr(A)2)2p

n∑
k=1

sk(A)2

(1 − sk(A)2)2 . (25)

Consequently, the numerator in the left hand side of (18) can be evaluated as follows:∫
BSn

∞

∥∇fp
n(A)∥2

Sn
2

dA

(22)∧(25)= 4p2cn

∫
[0,1]n

(
n∑

k=1

s2
k

(1 − s2
k)2

)
n∏

r=1

(
1 − s2

r

)2p
n−1∏
i=1

n∏
j=s+1

∣∣s2
i − s2

j

∣∣ dx

(20)= cnZn(p)
2n

4p2
∫

[0,1]n

n∑
k=1

1 − xk

x2
k

Jp
n(x) dx

= cnZn(p)
2n

4p2n

(∫
[0,1]n

Jp
n(x)
x2

n

dx −
∫

[0,1]n

Jp
n(x)
xn

dx

)
, (26)

where the second step of (26) makes the same change of variable s = (
√

1 − x1, . . . ,
√

1 − xn)
as above. By combining (23) and (26) we obtain the following expression for the Rayleigh
quotient in (18):∫

BSn
∞

∥∇fp
n(A)∥2

Sn
2

dA∫
BSn

∞
|fp

n(A)|2 dA
= 4p2

∫
[0,1]n

( n∑
s=1

1 − xs

x2
s

)
Jp

n(x) dx

= 4p2n

(∫
[0,1]n

Jp
n(x)
x2

n

dx −
∫

[0,1]n

Jp
n(x)
xn

dx

)
. (27)
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To evaluate the right hand side of (27), consider the following symmetric polynomial
P ∈ Q[x1, . . . xn]:

P (x) def=
n∑

s=1

∏
t∈[n]∖{s}

x2
t + 2

3

n−1∑
s=1

n∑
t=s+1

xsxt

∏
k∈[n]∖{s,t}

x2
k, (28)

where in (28), and throughout, we use the common notation [n] def= {1, . . . , n}. Thus,

1
Zn(p)

∫
[0,1]n

P (x)Vn(x)
n∏

s=1

x2p−2
s√

1 − xs
dx

(20)= n

∫
[0,1]n

Jp
n(x)
x2

n

dx + n(n − 1)
3

∫
[0,1]n

Jp
n(x)

xn−1xn
dx. (29)

The final integral that appears in (29) can be evaluated as follows:

∫
[0,1]n

Jp
n(x)

xn−1xn
dx

(20)= 1
Zn(p)

∫
[0,1]n

Vn(x)
( n−2∏

t=1
xt

) n∏
s=1

x2p−1
s√

1 − xs
dx = (4p + n)(4p + n + 1)

4p(4p + 1) , (30)

where the second equality that appears in (30) is an instantiation of the Aomoto integral
formula [6] (see also e.g. [5, Theorem 8.1.2]). To evaluate the integral that appears in the
left hand side of (29), observe that the polynomial P that is defined in (28) coincides with
the Jack polynomial that is denoted in [27] by P

(1/γ)
λ , where γ = 1/2 and λ is the vector in

Zn whose first n − 1 coordinates equal 2 and the whose last coordinate equals 0; this is seen
by substituting the aforementioned parameters γ, λ into equations (3.2) and (3.10) of [27].
The Kadell integral formula [35], which appears in [27] as equation (3.13) thus gives:

1
Zn(p)

∫
[0,1]n

P (x)Vn(x)
n∏

s=1

x2p−2
s√

1 − xs
dx = n(n + 2)(4p + n)(4p + n − 2)

24p(2p − 1) . (31)

The first integral that appears in the right hand side of (27) is therefore evaluated as follows:∫
[0,1]n

Jp
n(x)
x2

n

dx

(29)∧(30)∧(31)= (n + 2)(4p + n)(4p + n − 2)
24p(2p − 1) − (n − 1)(4p + n)(4p + n + 1)

12p(4p + 1) . (32)

Now, the second integral that appears in the right hand side of (27) can be evaluated as
follows:∫

[0,1]n

Jp
n(x)
xn

dx
(20)= 1

Zn(p)

∫
[0,1]n

Vn(x)
( n−1∏

t=1
xt

) n∏
s=1

x2p−1
s√

1 − xs
dx = 4p + n

4p
, (33)

where the second step of (33) is another instantiation of the Aomoto integral formula. The
desired identity (18) follows by substituting (32) and (33) into (27), and then simplifying
the resulting expression. ◀
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3 Proof of Theorem 4

Proof. Observe that every x = (x1, . . . , xn) ∈ Rn satisfies the following estimate:

∥x∥E
(5)= max

s∈[n]

∥x∥E + ∥(−x1, . . . , −xs−1, xs, −xs+1, . . . , −xn)∥E

2

⩾ max
s∈[n]

|xs| · ∥es∥E
(9)
⩾

∥x∥ℓn
2√

nenD , (34)

where the penultimate step of (34) is an application of the covexity of ∥ · ∥E. Furthermore:

∥x∥E ⩽
n∑

s=1
|xs| · ∥es∥E

(9)
⩽ enD

n∑
s=1

|xs| ⩽
√

nenD

∥x∥ℓn
2
, (35)

where the first step of (35) is an application of the triangle inequality for ∥ · ∥E and last step
of (35) is an application of Cauchy–Schwarz. Therefore:

1√
nenD Bℓn

2

(35)
⊆ BE

(34)
⊆

√
nenD

Bℓn
2
. (36)

Using the terminology of [30], the inclusions (36) mean that BE is well–bounded and
centered. Since in Theorem 4 we are assuming that BE is given by a weak membership oracle,
the Judin–Nemirovskĭi theorem [34] (see [30, Section 4.3]), which is a striking application
of the Shallow-Cut Ellipsoid Method [34] (see [30, Section 3.3]), implies it is possible to
optimize linear functionals efficiently on BE. In particular, since the dual norm ∥ · ∥E∗ is
given by ∥x∥E∗ = maxy∈BE⟨x, y⟩ for every x ∈ Rn, where ⟨·, ·⟩ : Rn × Rn → R denotes the
standard scalar product on Rn, it follows that there is an algorithm EvalE∗ which takes
as input x ∈ Rn and outputs in oracle time that is polynomial in both log(1/δ) and nD a
number EvalE∗(x) ∈ [0, ∞) that is guaranteed to satisfy the following estimates:(

1 − δ

2

)
∥x∥E∗ ⩽ EvalE∗(x) ⩽

(
1 + δ

2

)
∥x∥E∗ . (37)

Define q = p/(p − 1) if p > 1, and q = ∞ if p = 1. By [29, Lemma 2], if we denote

Kn
q

def=
{

a = (a1, . . . , an) ∈ Rn : ∥a∥ℓn
q
⩽ 1 and a1 ⩾ a2 ⩾ · · · ⩾ an ⩾ 0

}
, (38)

then for every 0 < δ < 1 there exists a subset G(n, q, δ) of Kn
q such that:

∀x ∈ Kn
q , dℓn

q

(
x, G(n, q, δ)

)
= min

a∈G(n,q,δ)
∥x − a∥ℓn

q
⩽

δ

2 , (39)

i.e., G(n, q, δ) is (δ/2)-dense in Kn
q with respect to the ℓn

q norm, yet its size satisfies:

|G(n, q, δ)| ⩽ n

2 log( 30
δ )

log(1+ δ
6 ) . (40)

So, by (40) for fixed δ the size of G(n, q, δ) grows like a fixed power of n, in marked contrast to
the fact (which is a straightforward consequence of volume comparison) that every (δ/2)-dense
subset of a unit ball of an n-dimensional normed space must have size at least (2/δ)n.

The algorithm Algp of Theorem 4 evaluates EvalE∗(a) for each a ∈ G(n, q, δ) and outputs
the number:

Algp(n, D, δ, E) def= 2 max
a∈G(n,q,δ)

EvalE∗(a). (41)
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The oracle running time of this simple procedure is a polynomial in both log(1/δ) and nD

times the size of G(n, q, δ), so by (40) it is at most nd where the degree d satisfies the desired
bound (8). Furthermore:

diamℓn
p
(BE) = 2 sup

x∈BE

∥x∥ℓn
p

= 2 sup
x∈BE

sup
y∈Bℓn

q

⟨x, y⟩ = 2 sup
y∈Bℓn

q

sup
x∈BE

⟨x, y⟩ = 2 sup
y∈Bℓn

q

∥x∥E∗ . (42)

Since G(n, q, δ) is a subset of Bℓn
q
, this implies in particular that the following a priori

upper bound on the output of Algp holds, which gives the second inequality in the desired
conclusion (10) of Theorem 4:

Algp(n, D, δ, E)
(37)∧(41)

⩽ 2 max
a∈G(n,q,δ)

(
1 + δ

2

)
∥a∥E∗

⩽ 2
(

1 + δ

2

)
sup

y∈Bℓn
q

∥x∥E∗

(42)
⩽
(

1 + δ

2

)
diamℓn

p
(BE).

Define D(n, q, δ) ⊆ Bℓn
q

by:

D(n, q, δ)
def=
{(

ε1aπ(1), ε2aπ(2), . . . , εnaπ(n)
)

: (π, (ε1, . . . , εn), a) ∈ Sn × {−1, 1}n × G(n, q, δ)
}

.

(43)

Then, D(n, q, δ) is (δ/2)-dense in Bℓn
q
. Indeed, for each x = (x1, . . . , xn) ∈ Bℓn

q
fix a

permutation π = πx ∈ Sn such that |xπ(1)| ⩾ |xπ(2)| ⩾ . . . ⩾ |xπ(n)|. Denoting εi =
εx

i = sign(xi) ∈ {−1, 1} for each i ∈ [n], the vector y = (επ(1)xπ(1), . . . , επ(n)xπ(n)) =
(|xπ(1)|, . . . , |xπ(n)|) belongs Kn

q , by (39). Now, use (39) to get a point a ∈ G(n, q, δ) with
∥y−a∥ℓn

q
⩽ δ/2, so that the point b = (ε1aπ−1(1), . . . , εnaπ−1(n)) belongs to D(n, q, δ) by (43),

and satisfies ∥x − b∥ℓn
q

= ∥y − a∥ℓn
q
⩽ δ/2.

Observe that the convex hull conv(D(n, q, δ)) of D(n, q, δ) satisfies the following inclusion:

conv (D(n, q, δ)) ⊇
(

1 − δ

2

)
Bℓn

q
. (44)

In fact, more generally, for any normed space X = (Rn, ∥ · ∥X), if C ⊆ BX is (δ/2)-dense
in BX with respect to the metric induced by ∥ · ∥X, then conv(C) ⊇ (1 − δ/2)BX. Indeed,
suppose contrapositively that there exists x ∈ (1−δ/2)BX∖conv(C). Then, by the separation
theorem we can fix y∗ ∈ Rn with ∥y∗∥X∗ = 1 such that ⟨y∗, x⟩ > ⟨y∗, c⟩ for every c ∈ C. By
the Hahn–Banach theorem, we can fix y ∈ BX such that ⟨y∗, y⟩ = 1. Finally, because C

is (δ/2)-dense in BX, we can fix cy ∈ C such that ∥y − cy∥X ⩽ δ/2. We now arrive at the
desired contradiction as follows:

1 − δ

2 ⩾ ∥x∥X ⩾ ⟨y∗, x⟩ > ⟨y∗, cy⟩ = ⟨y∗y⟩ − ⟨y∗, cy − y⟩ ⩾ 1 − ∥cy − y∥X ⩾ 1 − δ

2 , (45)

where the second and the penultimate steps of (45) use the fact that y∗ has norm 1 as a
linear functional in X∗, the first step of (45) uses the assumption x ∈ (1 − δ/2)BX, the third
step of (45) uses the assumed property of the separating functional y∗ for c = cy ∈ C, and
the final step of (45) uses the choice of cy.

We can now justify the first inequality of the desired conclusion (10) of Theorem 4 as
follows:
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Algp(n, D, δ, E)
(37)∧(41)

⩾ 2 max
a∈G(n,q,δ)

(
1 − δ

2

)
∥a∥E∗

(43)= 2 max
a∈D(n,q,δ)

(
1 − δ

2

)
∥a∥E∗ (46)

= 2
(

1 − δ

2

)
max

x∈conv
(
D(n,q,δ)

) ∥x∥E∗ (47)

(44)
⩾ 2

(
1 − δ

2

)
max

x∈(1− δ
2 )Bℓn

q

∥x∥E∗

= 2
(

1 − δ

2

)2
max

x∈Bℓn
q

∥x∥E∗

(42)=
(

1 − δ

2

)2
diamℓn

p
(BE)

> (1 − δ) diamℓn
p
(BE),

where (46) is the step in which the assumption that ∥ · ∥E is a symmetric norm is used, as
this implies (by definition) that its dual ∥ · ∥E∗ is also a symmetric norm, and (47) holds
since ∥ · ∥E∗ is a convex function. ◀

▶ Remark 10. In the Introduction we stated the contrast between Theorem 4 and the
known nonexistence of any oracle polynomial time algorithm that computes a O(1)-factor
approximation to the ℓn

p -diameter of an arbitrary (so, not necessarily symmetric, as in
Theorem 4) convex body in Rn that is given by a weak membership oracle, where 1 ⩽ p < ∞
is fixed. This contrast is even more severe because the known impossibility results rule out
approximation factors that tend to ∞ with n, as we will next recall.

For n ∈ N, h ⩾ 3 and 1 ⩽ p < ∞, let Dh
p (n) be the smallest α ⩾ 1 for which there

is a deterministic algorithm that takes as input a convex body K ⊆ Rn given by a weak
membership oracle, and outputs in oracle time at most nh a number ∆p(K) satisfying
diamℓn

p
(K) ⩽ ∆p(K) ⩽ α diamℓn

p
(K). Similarly, let Rh

p(n) denote the smallest α ⩾ 1 for
which there is a randomised algorithm that outputs in oracle time at most nh a number
∆p(K) satisfying diamℓn

p
(K) ⩽ ∆p(K) ⩽ α diamℓn

p
(K) with probability at least, say, 1/3.

Using the above notations, for 2 ⩽ p < ∞ we have Dh
p (n) ≍h Rh

p(n) ≍h (n/ log n)1/p;
when p = 2 these bounds on Dh

2 (n) are due to [9], and these bounds for both Dh
p (n) and

Rh
p(n), and arbitrary 2 < p < ∞, are due to [17, 18]. If 1 ⩽ p < 2, then Rh

p(n) ≍h

√
n/ log n

by [38, 39], improving by unbounded polylog factor over the corresponding bounds of [17, 18].
For deterministic algorithms, when 1 ⩽ p < 2 we have Dh

p (n) ≲h
√

n/(log n)1−1/p by [17, 18],
and the best-known lower bound is Dh

p (n) ≳h

√
n/ log n, which follows from the trivial lower

bound Dh
p (n) ⩾ Rh

p(n) and the aforementioned asymptotic evaluation of Rh
p(n). Thus, for

fixed 1 ⩽ p < 2 there remains a gap of (log n)1/p−1/2, which tends to ∞ with n, between
the best-known upper and lower bounds on the deterministic approximation ratio Dh

p (n).
While it seems reasonable to expect that this gap (noted in [17, 18, 16]) could be closed
using available methods, to the best of our knowledge this has not yet been carried out, even
though it would be worthwhile to do so.
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