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—— Abstract

Latschev’s theorem provides sufficient conditions on a metric space M and § > 0 for the homotopy
type of M to agree with that of the Vietoris-Rips complex R%(M) of any nearby space M in the
Gromov-Hausdorff distance. We prove a persistent version of this theorem, providing sufficient
conditions on a pair (M, f: M — RY) and 6 > 0 for the persistent homotopy type of the sublevel
set filtration of (M, f) to be interleaved with that of the function-Rips complex R?(M®) of any
nearby pair (l\/l7 f). In particular, our result answers a longstanding question on the related topic of
estimating sublevel set persistent homology from finite point samples.
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1 Introduction

This work connects three lines of research in TDA and metric topology. The first — and
main — one aims at generalizing Latschev’s result about the homotopy type of Vietoris-Rips
complexes built on Gromov-Hausdorff approximations of compact Riemannian manifolds.

» Theorem (Latschev [25]). Let M be a closed Riemannian manifold. Then there exists
0o > 0 such that, for every 0 < § < &g, there exists an € > 0 such that, for any metric
space M with Gromov-Hausdorff distance to M less than €, M is homotopy equivalent to the
geometric realization |R°(M)| of the Vietoris-Rips complex R°(M) of parameter §.

To our knowledge, this result has been extended in the following directions:
Replacing Riemannian manifolds with spaces of curvature bounded above [23];
Quantifying the upper bounds on ¢ and ¢ [27, 29];
Letting d go past its upper bound on specific spaces, for instance the circle [1] or ellipses [3];
Considering variants of the Vietoris-Rips complex, such as the selective Rips complex [26].
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Here, we extend Latschev’s result in another direction: To spaces equipped with filtration
functions (Theorem 1 below). In this setting, the role of the homotopy type of M is
taken by the so-called persistent homotopy type of the sublevel set filtration of a function
f: M — RN, denoted M*® (Notation 19). The role of the Vietoris-Rips complex of M is
now taken by the filtered simplicial complex R?(M®), called the function-Rips complex. It
is obtained by filtering the ordinary Rips complex of fixed parameter §, R°(M), through
the Rips-complexes (at scale §) of the sublevel sets of a function f: M — RV (Example 12).
Finally, the role of correspondences (for the Gromov-Hausdorff distance) is taken by so-called
filtered correspondences (Definition 32), and the role of homotopy equivalences is taken by a
notion of interleavings in the persistent homotopy category (Definition 28, see also [24]). In
the following, M denotes a compact metric space with curvature bounded above by some
k € R (Recollection 5) and f: M — RY a componentwise 1-Lipschitz map. Finally, p%,
denotes the minimum of the convexity radius gpr of M (see Recollection 4) and of either
ﬁif/@>00rooif/£§0.

» Theorem 1 (Persistent Latschev'’s theorem). Let 0 < § < p%; ande < min{p%§,—0, £6}. Then,
for any filtered e-correspondence (M, f) ~. (M, f), there is a 18-interleaving M* ~1s RI(M*)
in the persistent homotopy category.

Note that, in contrast to the setup of Latschev’s theorem, we cannot hope to get a homotopy
equivalence between filtered spaces here. This is because the individual sublevel sets of f may
be highly pathological even though M itself satisfies strict regularity conditions. Note also
that we cannot expect interleavings at the level of topological spaces: any such interleaving
would induce homeomorphisms at infinity, which generally do not exist.

In the special case N = 0 (i.e., R is a singleton), the homotopy theoretic interleaving
M* > R%(M®) is just an isomorphism in the homotopy category, i.e., a zig-zag of weak
homotopy equivalences. So, by an application of Whitehead’s theorem, Theorem 1 recovers
the quantitative version of Latschev’s theorem given in [29], with the same bounds on ¢ and .
As Theorem 1 is phrased at the persistent homotopy level, it also induces an interleaving
at the persistent homology level. This connects our result to another line of research, the
aim of which is to estimate the persistent homology of functions from finite point samples.
In [14], the authors proposed an estimator for the persistent homology of L®, for a Lipschitz
map g: L — R, from a finite sampling L C L of its domain L. The proof technique leveraged
in this line of work made use of the interleaving between Vietoris-Rips and Cech complexes,
and ultimately led to an estimator given by the image of morphisms of persistence modules
im(H,R°(L*) — H,R*(L*)), where L is filtered by g|.. This estimator was then specialized
to the case where g is a density estimator in the context of unsupervised learning, yielding the
clustering algorithm ToMATo [15]. It was later extended to more general noise models [10]
and, more recently, to RV -valued maps:

» Theorem ([4]). Let (L, g) be such that L is a compact metric space with or, > 0 and g is
1-Lipschitz. Let § < %,QL and e < %5. Then, for any subset L C L that is e-dense in L, there
is a 28-interleaving H,(L®) ~o5 im(H,R?(L®) — H.,R*(L*)) of persistence modules.

Theorem 1 complements this result by showing that, under a more restrictive regularity
condition on M (namely: that M has curvature bounded above), a single filtered Rips
complex is enough to estimate the persistent homology of f, via a different proof approach
that does not proceed through the interleaving between Vietoris-Rips and Cech complexes.
The question of whether this is possible had been open since the beginning of this line of
work, and it has important implications, including algorithmic ones. For instance, computing
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Figure 1 Shrinking transformation arrows (colored) and the object’s structure morphisms (black).

a free presentation of im(H,R°(M®) — H,R?**(M*)) involves computing the free cover of
a certain pullback for which efficient specialized algorithms exist only when N = 1 or 2
(see [4]); otherwise, one must resort to Schreyer’s algorithm [33] with doubly exponential
complexity in N. By contrast, free presentations of H,R°(M®) can be computed efficiently
for any N > 1 via specialized algorithms for the computation of Grébuner bases [18].

Similarly to the proof of the classical Latschev theorem, the proof of our persistent version
(Theorem 1) is a two-step process. Firstly, one needs a persistent version of Hausmann’s
theorem allowing us to relate M*® to R(M*®).

» Theorem 2 (Persistent Hausmann's Theorem). Let 0 < § < p%,;. Then there is a 0-

interleaving M*® ~s; RI(M?®) in the persistent homotopy category.

This result, proven in the full version [31], is a rather straightforward consequence of a
powerful new technique called metric thickening, which provides a more geometrical model
for the Vietoris-Rips complex [2, 19]. The crucial and technically more difficult part of
proving Theorem 1 is to relate R?(M*) and R°(M*). Here, we prove the following result:

» Theorem 3 (Approximation of function-Rips persistent homotopy type). Let 0 < & < pf;
and ¢ < min{p%, — 0, %5} Then, for any filtered e-correspondence (M, f) ~. (M, f), there is
a d-interleaving R (M®) ~5 R°(M?*) in the persistent homotopy category.

To derive this result, we first prove a bivariate interleaving R®*(M®) ~, R*(M*®) from the
filtered correspondence (M, f) . (M, f) in Section 3 (Proposition 34). Then, to leverage
this interleaving, in Section 4, we introduce and study the general notion of a shrinking
transformation: a transformation of the form F*1:*2 — [FS*u2+Ce  with ¢ > 0 and
0 < S < 1, allowing one to move backwards in one parameter at the cost of increasing the
other in a bivariate persistent object F'*-*, as illustrated in Figure 1. Shrinking transformations
can be used to turn interleavings in two variables F'*'®* ~_ G** into interleavings of the form
Fo-e ~O5+(14C)e G%* (Theorem 44). Then, in Section 5 we work out conditions on M that
guarantee the existence of such a shrinking transformation on R*(M*®) (Theorem 51). One
incarnation of these conditions is verified in the quantitative version of Latschev’s theorem [29]
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and produces a shrinking transformation with C' =S = %. From these conditions, combined
with Proposition 34 and Theorem 44, we get Theorem 3. Together with Theorem 2, this
gives the 4-interleaving M* s R?(M®) of Theorem 1.

We note that most of our techniques, particularly Theorems 44 and 51, are quite general and
seem widely applicable. Indeed, in the full version of this article [31], we will use them to
prove local stability theorems for the persistent homotopy types of function-Rips complexes.

2 Background

2.1 Spaces of curvature bounded above

» Recollection 4 (Geodesics and convexity). Let M be a metric space with metric d. By
a (constant speed) geodesic, we mean a map v: [0,1] — M such that d(y(s),v(t)) =
|s —t| d(v(0),~(1)) for all s <t € [0,1]. We say that a subset A C M is convez, if every pair
of points x,y € A is connected by a unique constant speed geodesic v from x to y in M, and
furthermore every such geodesic is contained in A. We denote

om(z) :=sup{r > 0| Bs(x) is convex, for all s < r}
the convexity radius at © € M. The convezity radius of M is defined as gps := infenr onr ().

Recollection 5 (Curvature bounded above). Given k € R, we call M, the following space:

. for k > 0, the sphere of radius ﬁ in R3, equipped with the geodesic distance;

»

1

2. for k = 0, the euclidean plane R?;
1

3 WS

We denote by w, the diameter of M,, (w, = % if Kk >0 and w, = 0 if K < 0). We say

that M s a CAT (k) space if any two points with distance at most w, are connected by
a geodesic, and furthermore, every geodesic triangle of perimeter smaller than 2w, is no
thicker than a comparison triangle in M, (see Figure 2 and [31, 9] for a rigorous definition).
A metric space M is called of curvature bounded above by k - or a CBA(k) space for short -
if every point € M admits a neighborhood that is a CAT(x) space. For example, every
Riemannian manifold with sectional curvature bounded above by & is a CBA(k) space.

. for kK < 0, the rescaling of the hyperbolic plane H by

» Notation 6. Let M be a compact CBA(x) space. We denote p}, := min{ons, %=} > 0.

Figure 2 Illustration of equilateral triangles in curvatures k < 0, kK = 0, and s > 0, respectively.

2.2 Models for persistent homotopy types

We will use three models for persistent homotopy types in the following, arising from spaces,
simplicial complexes, and simplicial sets, the last of which we discuss in Section 2.4.
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» Notation 7. We denote by sCplx the category of simplicial complexes and simplicial
maps, and by Top the category of topological spaces and continuous maps. We denote by
| K| the topological realization of a simplicial complex K. Often, we will just treat a complex
as a space, and leave the realization implicit. The standard n-simplex, given by the set of
non-empty subsets of {0,...,n}, will be denoted A”.

» Definition 8. In the following, P will always denote a partially ordered set. When we
treat P as a category, we mean the category whose objects are given by the elements of P,
and where there is a unique morphism x — y whenever x < y.
Let C be a category. A P-persistent object in C is a functor F': P — C. A morphism of
P-persistent objects is a natural transformation between such functors. We denote by cP
the category of P-persistent objects in C and their morphisms.

» Notation 9. We will usually denote persistent objects F': P — C in the form F*°, to
indicate their functoriality in P. When the objects in a category C have a specific name, such
as simplicial complexes, topological spaces or metric spaces, we will often refer to P-persistent
objects in C by adding the prefix persistent to that name.

» Notation 10. N > 0 will always be a non-negative integer and R™ will be considered as a
partially ordered set via componentwise comparison. By a space function pair (often just
pair), we will mean a topological space X together with a function f: X — RY. When we
speak of a metric pair, this will mean that we equip X with a metric, inducing its topology.

» Example 11. Given a pair (X, f), the sublevel sets X% := f~1{v € RY | v < u}, together
with functoriality given by inclusions, gives rise to a persistent space u — X*, which we
denote by X*. We abuse notation here insofar as the construction evidently depends on f.
As all structure maps are given by inclusions X*® is often also referred to as a filtered space.

» Example 12 (function-Rips complex). Given a metric space M and § > 0, the open Vietoris-
Rips complex of M (only Rips complex henceforth), denoted R°(M), is the simplicial complex
whose set of simplices is given by

Hzo, . zn} | 2 € M, d(2;,25) <9, for all 0 <4, < n}.

Varying the parameter § > 0, one obtains a persistent simplicial complex R*(M): R>¢ —
sCplx, with functoriality on relations given by inclusions. Suppose now that M is additionally
equipped with a (not-necessarily continuous) function f: M — RY. Then, for every u € RV,
one can consider the Vietoris-Rips complex of M* := {z € M | f(z) < u}. Varying v with
§ fixed gives rise to a persistent simplicial complex R%(M*): RY — sCplx, u — R° (M%),
called the function-Rips complex. Varying both u and ¢ gives rise to the bivariate variant
R*(M*): R>o x RY — sCplx, (u,d) — R°(M%), called the bivariate function-Rips complex.

2.3 Persistent homotopy theory

Conceptually speaking, a P-persistent homotopy type should be a P-indexed functor valued
in the homotopy theory or co-category of spaces, not just the ordinary 1-category of spaces
(see also [21, 8]). As we do not expect familiarity with co-categorical language, we will
instead work with the more elementary notion of relative categories, which we refer to as
homotopy theories here.!

! This is justified insofar as relative categories provide a model for (oo, 1)-categories [28, 6, 7].
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» Definition 13. By a homotopy theory we will mean a relative category; that is, a pair
consisting of a category C and a wide subcategory W C C. The morphisms in W are called
weak equivalences. A morphism in C that is in W will often be denoted by the symbol —.

» Example 14. Recall that a weak homotopy equivalence between topological spaces is
a continuous map that induces isomorphisms on the sets of path components and on all
homotopy groups. The category Top of topological spaces equipped with the subcategory of

weak homotopy equivalences forms a homotopy theory which we denote by Spaces.?

» Notation 15. Given a homotopy theory C = (C, W) and another category |, we denote
by C' the homotopy theory (C', W), where W' is the wide subcategory of c' consisting
of those natural transformations ¢: F' = G such that for every object i € I, the morphism
@it F(i) — G(i) is in W. 3 To indicate that we study functors (persistent objects) F': | — C
in the context of the whole homotopy theory C we will often use the notation F': | — C.

» Example 16. When C = Spaces is the homotopy theory of spaces, then Spaces” will be
referred to as the P-persistent homotopy theory of spaces.

» Notation 17. Given a homotopy theory C = (C, W), one can associate to it its homotopy
category ho(C), defined as the localization C[W 1] of C at the weak equivalences W.

» Recollection 18. Together with the canonical localization functor, C — C[W 1] = ho(C),
ho(C) is characterized by the universal property that any functor C — D that sends weak
equivalences to isomorphisms factors uniquely through ho(C). Explicitly, objects of ho(C)
are the same as those of C, and morphisms are given by equivalence classes of zig-zags of
morphisms in C, where backward-pointing arrows are weak equivalences. In this sense, ho(C)
is the 1-category obtained by formally inverting the weak equivalences.

» Notation 19. We abuse notation insofar as we use the same symbols for objects and
morphism in C and their images in ho(C). In the context of the persistent homotopy theory
Spaces®, a persistent space or persistent simplicial complex X*® will often be referred to
as a persistent homotopy type. Note that while, set theoretically speaking, the persistent
homotopy type X°® is the same as its underlying persistent space, in the context of the
homotopy category ho(SpacesV), two persistent homotopy types are isomorphic when they
are connected by a zig-zag of weak equivalences.

2.4 Persistent simplicial sets

At least half of the persistent homotopy types we are studying in this article arise from
purely combinatorial data provided in the form of persistent simplicial complexes. It is
thus convenient to have a model for the persistent homotopy theory of spaces that is more
combinatorial in nature. This can be achieved by working with simplicial sets*. The reader
not familiar with the theory of simplicial sets can treat them as a black-box that extends the
category of simplicial complexes in a convenient way (see [20, 21] for an introduction).

It follows as a consequence of Whitehead’s theorem that this homotopy theory is equivalent to the one
given by CW-complexes and homotopy equivalences.

Note that this will generally only produce the oco-categorical functor category when C is sufficiently
well-behaved, for example when it extends to a model category, as is the case for our examples ([28]).
From a categorical perspective, simplicial sets are a much preferable combinatorial model than simplicial
complexes. Note, for example, that simplicial sets come with a natural weak equivalence sd, X =X
between the barycentric subdivision sd X of X and X, which we use in Section 5.
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» Recollection 20. Recall that, conceptually speaking, a simplicial set is like a simplicial
complex, where the simplices are ordered, and one allows for faces of simplices to collapse
to lower dimensions. Categorically, this idea can be formalized as follows: Denote by A
the category of finite linear posets [n] = {0 < --- < n}, for n > 0, with order-preserving
maps. The category of simplicial sets sSet is the category of functors from A°P into Set,
i.c., Set®”. Given a simplicial set X € sSet and n > 0, the set X ([n]) is denoted X,,, and
called the set of n-simplices of X. A simplex o € X, that is not in the image of a structure
map X, — X, for some k < n, is called non-degenerate.

» Example 21. As a simplicial set, the function-Rips complex at « € RY and § > 0 can be
modeled by a simplicial set with n-simplices

RUO(M, fn = {(x0, .-, %0) | 7 € M;d(zs,x5) < 8 f(x;) < ufor all 4,5 € [n]},
and functoriality on A°P given by precomposition.

» Notation 22. Given n € N, the image of [n] under the Yoneda embedding A — Set®”
[k] = A([K], [n]), is denoted by A™ and referred to as the n-simplex. The functor [n] — A™
defines a fully faithful embedding A < sSet, by which we treat A as a subcategory of sSet.

» Recollection 23. Simplicial sets admit a topological realization functor. Observe that
A embeds into sCplx by sending [n] to the standard simplex A”. The composition A —
sCplx —|:|—> Top defines a topological realization functor on A C sSet, which extends
canonically to a colimit-preserving functor | — |: sSet — Top, so that the realization of a

simplicial set X, | X]|, is glued from realizations of its simplices.

The most important reason why simplicial sets are so useful is that they can be used to
define a homotopy theory equivalent to that of topological spaces.

» Recollection 24. A simplicial map ¢: X — Y in sSet is called a weak homotopy
equivalence if its topological realization |p|: | X| — |Y| is a homotopy equivalence. Denote the
wide subcategory of weak homotopy equivalences by Wy, and the resulting relative category
(sSet, Wkan) by sSetkan. It is a fundamental fact of homotopy theory, that the topological
realization functor | — |: sSet — Top then defines a so-called equivalence of homotopy
theories (co-categories) sSetka, — Spaces (see [32]). Conceptually speaking, this means
that any homotopy theoretic construction or argument concerning Spaces can equivalently
be performed in sSetk,,. For our purposes, however, it suffices to observe that the functor
| — |: sSet” — Top® descends to an equivalence of categories | — |: ho((sSet, Wkan)?) —
ho(Spaces®), compatible with any reparametrization of the indexing poset P.

» Recollection 25. In the same way as homotopies induce identifications of maps in
the homotopy category ho(Spaces), morphisms of persistent simplicial sets of the form
X* x Al — Y* (where X*® x Al denotes the indexwise product) — so-called elementary
homotopies — induce identifications of persistent simplicial maps in ho(sSetf, ).

» Recollection 26. We frequently want to treat simplicial complexes as simplicial sets. There
is a canonical fully faithful embedding Ny: sCplx — sSet, mapping a simplicial complex,
K, to the simplicial set given by Ny (K), = sCplx(A”, K), functorial in the obvious way
in n and K (see [16, § 1.4]). For example, the simplicial set obtained by applying Ny to a
function-Rips complex is precisely the one described in Example 21. We will usually omit NV,
from the notation. Observe that from a homotopy-theoretic perspective, this is justified by
the fact that, given K € sCplx, there is a canonical homotopy equivalence |N,(K)| = |K]|
(see [30, 5]) even though the equality |K| = |Ns(K)| does not hold on the homeomorphism
level. Hence, for our purposes, we can freely identify the two realizations.
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2.5 Interleavings in the homotopy category

One of the core advantages of persistent settings is that they allow for approximate notions
of equivalence, so called interleavings (see [17] for a more general setting). In the following, C
will denote some homotopy theory. To define interleavings, we need the following notation.

» Notation 27. Henceforth, U c RN, U’ C RV will always denote upsets of RV i.e., subsets
fulfilling x e U,z <y = y e U.

Suppose we are given a map of posets S: U’ — U and a persistent object F: U — C . We
write F'S(®) to denote the persistent object obtained by precomposing F with S. In the special
case where S is an inclusion of posets, we use the notation F*|ys to denote the restriction of
F to U'. Suppose we are given another such map S’: U’ — U such that S(z) < S’'(x), for
all z € U'. In this case, we will use the notation s: F5(®) — FS'(®) to denote the natural
transformation induced by the relations S(z) < S’(x). Given € > 0 write (=) +e: U — U
for the map of posets given by = — z +¢(1,...,1).

» Definition 28. An c-interleaving in the homotopy category between F'*, G®: U — C consists
of morphisms : F* — G**¢  and ¢: G* — F**¢ in ho(CY) such that the diagrams

Fo S Fo+25 Go S Go+25
R 4 w\,l /ws W
G.+5 F'+5

in ho(CY) commute. We will denote such interleavings in the form ¢: F ~_ G: .

» Remark 29. Two interleavings ¢: F® ~. G*: ¢ and ¢': G* ~. J*: ¢’ compose to an
interleaving (¢/)T¢ 0 p: F* ~_ . J*: ¢t o4/ (see, for example, [17]). It follows that
drg(F*,G*®) ;= inf{e > 0| F* ~. G*}, defines an extended pseudo distance on CV called the
interleaving distance in the homotopy category (see [24]). Observe, also, that any interleaving
p: F* ~. G*: 1) gives rise to an interleaving s o p: F*® ~_» G*: s o1, for any €’ > e.

» Example 30. When U = R? = {0}, we can identify CY = C, and (—) +¢&: U — U is the
identity. Then, an e-interleaving in ho(C) is the same as an isomorphism in ho(C).

3 Stability of the bivariate function-Rips persistent homotopy type

To study the stability properties of the assignment (M, f) +— R(M*), it is useful to consider
the latter as a bivariate construction by also varying 9.

» Notation 31. Given a persistent object of the form F: R>o x U — C, we will use the
notation F'** to indicate the fact that it is a functor in two variables.

» Definition 32 (See also [11]). Let (Mg, fy) and (My, f;) be metric pairs over RV, and let
e > 0. A filtered e-correspondence between (Mg, o) and (My, ;) is a subset € C Mg x My such
that mm, (€) = My and 7m, (¢€) = My, and such that, for all (z,y), (2/,y) € €, it holds that

|dw, (,2) — dw, (y,y")| < € and [fo(z) — f1(y)|c < e
We will denote filtered e-correspondences in the form €: (Mg, fo) ~. (My, f;).

» Remark 33. Filtered correspondences give rise to a distance on metric pairs (Mg, fp)
and (My,fy), defined as the infimum of the values £ such that there exists a filtered e-
correspondence (Mg, fy) =~ (M, f1). When N = 0, this distance is exactly twice the ordinary
Gromov-Hausdorff distance.
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The additional flexibility of varying the Rips parameter ¢ allows for a proof of the following
stability result, homological variants of which can be found in several places ([12, 8]).

» Proposition 34. A filtered e-correspondence €: (Mg, fo) = (My,Ty) gives rise to an
interleaving R®*(M3) ~. R*(M?}) in ho(spacestoxRN)'

We use Recollections 24 and 26 and construct the interleaving using the simplicial set model
for the bivariate Rips complex. We will leverage a universal property of the Rijg)s simplicial
set here, which we state for the case of filtered simplicial sets X** € sSetR=0*R
all structure morphisms are inclusions (see Proposition 36 below.) It allows one to construct
morphisms X** — R*(M®) by defining a map with target M on the vertices of X** (see [13]
which uses the simplicial complex analog). We write X = U(a,u)eRmeN X0,

, i.e., where

» Construction 35. Let X: R>o x RN — sSet be a filtered simplicial set and (M, f) be
a metric pair over RY. We denote by S(X,(M,f)) C Set(Xg°,M) the set of such maps
¢ X&° — M that fulfill the condition that, for all (6, u) € R>o x RY, it holds that:

1. for all z € X0, we have f(p(z)) < u;

2. for all 1-simplices o € X°™, with vertices zo and 21, we have d(¢(zo), o(z1)) < 6.
Associating to a morphism X** — R*(M®) the induced simplicial map X — R>(M,f) =
R*>(M) and evaluating on vertices to obtain a map X§° — R*>°(M)y = M, defines a map

n: sSet®=0 R (X0 R*(M*)) = S(X, (M, T)).
» Proposition 36 (See full version [31]). 1, as in Construction 35, defines a natural bijection.

» Remark 37. Conceptually speaking, the injectivity part of Proposition 36 means that a
morphism X** — R*(M®) is uniquely determined by its values on vertices (the values can
be identified with elements of M). The surjectivity and well-definedness state that a map
X§° — M extends if and only if the criteria of Construction 35 are verified.

» Remark 38. We will often need to use a modified version of Proposition 36, where instead of
R*(M*), we consider a reparametrized version in which R®*(M®): R x RY — sSet is replaced
by a composition R>q x RY M Rso x RN m sSet for poset maps ¢’,u’. Then, the
analogous statement holds, replacing in Construction 35 « with «'(6,«) and ¢ with ¢’(d, u)
in the defining inequalities for S(X**, (M, f)). Furthermore, we will often encounter the
modified case where we work with filtered simplicial sets X*® over | x RY, with | = [0, p] or
I = {p}, and we restrict R*(M®) to | x R¥. In this case, again the essentially same statement
holds, with the only change being the replacement of X*° by X =], gy X" and the
defining condition for S(X**, (M, f)) needing to be verified only for pairs (J,u) € | x RV,

Next, let us construct the simplicial maps that define the interleaving of Proposition 34:

» Construction 39. Given a filtered e-correspondence €, we define maps

p: R*(Mg) = R*FE(MIH)  and  ¢: R*(MY) — R*H(Mg*9)

by applying Proposition 36 as follows. Observe that for X** = R*(M§), we have X§° = Mo.

Then ¢ is defined under Proposition 36 by choosing for each € My an element y € My with
(z,y) € € and defining p(z) :=y. The map @ is defined analogously.

Proof of Proposition 34. The conditions on € ensure exactly that the (shifted) requirements
of Proposition 36 and Remark 38 are fulfilled. It remains to see that ¢ and ¥ define an
e-interleaving in the homotopy category. We show that 7 o ¢ ~ s, the other equality
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being shown analogously. To this end, we need to construct a homotopy H: R®*(Mg) x Al —
R'+25(M5+25) between 1€ o p and s. We again use Proposition 36. In this case, it implies
that the persistent simplicial maps 9™ o ¢ and s are elementarily homotopic, if for every
pair z,y € Mg it holds that d(¢"¢(p(x)), s(y)) < d(z,y) + 2¢. Indeed, the inequality

Ay (p(@)), 5(y)) = d( " ((2)),y) < d(e(x),0(y)) +e < d(z,y) + 2,

holds by definition of ¢ and v in terms of €. <

4  The shrinking trick

For the remainder of this section, we will fix some homotopy theory C. By an interleaving,
we will always mean interleaving in the homotopy category.

» Notation 40. When fixing either parameter of a persistent object F'**: R>¢g x U — C,
we will use the notation F>* or F**, to denote the resulting persistent objects on U, or
R>¢ respectively. At times, we will also use the notation ; and e, to indicate the first and
second variable, respectively. For example F'®*:*2T*1 indicates the persistence module given
by precomposing F' with the endofunctor (6, u) + (d,u + ) of R> x U.

Suppose we are given § > 0, as well as two persistent objects F'*'*, G**: R>oxU — C, together
with an e-interleaving : F** ~, G**: 1. We want to deduce an interleaving F>* ~_, G%*,
for some &' depending on ¢ and J. The issue at hand is, of course, that the interleaving
morphisms ¢ and v only procure morphisms F%® — Got&*te  and G&* — Foteete,
To amend this, we introduce an additional structure on G, which we call a shrinking
transformation. This transformation allows us to decrease the d-part of the persistence
parameter of G, at the cost of increasing the u-part.

» Notation 41. We fix constants 0 < S < 1,C >0and p >0 in R.
» Definition 42. A shrinking transformation for G: R>¢ x U — C is a morphism
7o G2 g gy — GO

in ho(C[*P1xY) such that the following diagram in ho(C**!*Y) commutes:

s C
Ge1e2tCer |[0,p]><U

e

GS.17.2+C.1|[O,p]><U s (2)

T

G**2 0, pxU

» Definition 43. Let § € [0,p] and 0 < & be such that e < min{p — 4, %5} As we
assumed € 4+ § < p, the morphism 7 from Definition 42 restricts to a well-defined morphism
T: GOteete _y GS(0+e),etetC(0+e) called by the same name by abuse of notation. We say
that an e-interleaving ¢: F*® ~. G**: 9 is §-compatible with 7 if the following diagram in

ho(CY) commutes:
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FS(0+e)+e,0+2e+C(5+¢) s o [o,e+2e+C(0+e)

T
__—

GS(5+5) ,o+e+C(d+¢)

e G6+E,o+e

7

Fé,o
®3)

» Theorem 44. Let G: R>g x U — C be a persistent object in C, equipped with a shrinking
transformation T on G. Let €,6 > 0 be such that ¢ < min{p — J, L_gé}

Furthermore, let F': R>o x U — C be another persistent object, together with an e-interleaving
p: F ~_ G: 1 that is §-compatible with T. Then there is an interleaving

@'t FO® 14 0percs GO,
explicitly given by the compositions

(P/3 Fé,o i> G(5+s,o+e L> GS(5+E)7.+(1+C)E+05 i> G«S,o-&-(l-‘,—C)e—‘,—C’é7

W' Go® Ty (G55, 9+C6 i> S8+, o+Cote 5, b, e+(14+C)e+C5
Proof. The fact that all morphisms s and 7 in the definition of ¢’ and ¢’ are well-defined
follows from the inequalities § + & < p and S(§ +¢) < Sd+¢e < S(d+¢) +e <6, which
hold by the assumption on € and §. We now need to verify the defining commutativity
conditions of an interleaving. To simplify notation, we define ¢’ := (1 + C)e + C¢ and

o, =0y +c+C(0+¢)+ CS(6 +¢). To simplify notation even further, we will omit F’ and
G from the notation and only spell out the superscript. Whether F' or GG is meant will be

uniquely determined by the specified morphisms. Now, consider the first composition v’ o ',
To verify that 1’ o ¢’ = s it suffices to verify the commutativity of the following diagram.

S6+c,04+e +Co+e S0 +e)+e, o +¢

+~ ~

¥ ¥

| |
56,8+ +Co s——— S(0+¢),0,

N 7
+ /
S2(5+e),o S,e+2e+C(0+¢)
T .
|

‘ ®)

d+e,04¢
(\w
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Observe that for every s arrow to be well-defined, we require the inequality S(d +¢) +¢ <,
which we have already seen above. Observe that the canonical shift morphisms s commute
with essentially every other morphism in sight (in the appropriate contextual sense). The
commutativities of the cells in the diagram follow either from the universal commutativity of
s or from Diagrams (2) and (3). This proves the first interleaving equality.

The second interleaving equality follows by chasing the following diagram.
0,0+ 2¢'

c, o+ +¢

5+ ;
w/
/
d,0+¢ S(S6 +2¢),0+ C6 + 2 + C(S6 + 2¢) +s— 525,04+ C5 + CS§ —s— 55,8+ C5 + CS§
‘\

S0+ec,0+Cd+e $——3 SO0+ 2¢, c+C§+25 So,n+C6

Sr) o+CO

Note that none of the cells require the d-compatibility condition. Instead, one only uses the
naturality properties of s, one of the two interleaving equalities, and the defining property of
the shrinking transformation. |

5 Shrinking transformations for the bivariate function-Rips complex

We now want to apply Theorem 44 together with Proposition 34 to prove Theorem 3.

» Notation 45. For the remainder of this section, let M be a CBA(k) space, for some k € R,
equipped with a 1-Lipschitz function f: M — RY (with respect to the | — |,o-norm on R™V),
and let S, C and p be as in Notation 41.

To establish the existence of a shrinking morphism, we use a classical technique in simplicial
homotopy theory: Leveraging subdivisions to construct maps in the homotopy category.

» Notation 46. For the remainder of this section, we fix what we call a subdivision functor,
by which we mean a pair consisting of a functor sd: sSetx,, — sSetka., that preserves
inclusions and colimits, together with a natural weak equivalence A: sd = 1sget-

sdp A2 :

[
{zo}

Figure 3 Illustration of the last vertex map A, on sdyA2. The purple arrows indicate where the
vertices are mapped by \p. All but the green simplex are collapsed to lower-dimensional simplices.
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Figure 4 Illustration of the pseudo-barycenter map ©.

» Example 47. For the purpose of this article, the only relevant example is the barycentric
subdivision functor sd,: sSet — sSet together with the last vertex map A\y: sdp X — X
(see [22]). Let us recall the special case X = R°(M), which is the only one we will need. When
X = R%(M), each vertex of sd, R°(M) corresponds to a sequence (zq, . .., ) of elements of
M that are less than § apart from one another, and such that x; # z;11 for all i € [n — 1].
Then. \p: sdpyR?(M) =+ R?(M) is given on vertices by mapping (zo, . . ., x,) € sdy(R(M))o
to x, € M = R°(M)y.

Shrinking transformations will then be obtained from the following types of maps:

» Definition 48. By a pseudo-barycenter map, we mean a map ©: sdR”(M)y — M such

that for all 0 < 6 < p:

(a) For every = € sdR®(M)g, we have d(\(x), O(x)) < C6;

(b) For z,y € sdR% (M), if there is a 1-simplex from z to y in sdR?(M), then
d(©(x),0(y)) < S and d(\(x),0(y)) < S§.

» Example 49. Let p = pf,. Consider the map © that maps a vertex o = (xg,...,2Zp) €
sdy(RP(M)) to the center of a minimal enclosing ball B of {xg,...,x,} C M- as illustrated
in Figure 4. It follows from a geodesic version of Jung’s theorem (see [23, Lemma 3.4], and

also [34] for a related construction) that for any two finite sets {zo,...,2n} C {yo,.--,Ym}
of diameter 0 < p%;, the associated centers ©(xo, ..., x,) and O(yo, ..., Ym) are well-defined
and unique, and fulfill d(©(xq,...,25), OYo, -, Ym)) < %5. As an immediate consequence,

it follows that © defines a pseudo-barycenter map with constants S = C = %.

» Construction 50. We use Recollections 24 and 26 and construct the shrinking transforma-
tion in the homotopy category of persistent simplicial sets. Since sd preserves colimits, we
have sd(R®*(M?®));""” = sd(R”(M))o. Now, under this identification, we can apply Proposi-
tion 36 and Remark 38 to uniquely extend © to a morphism 7': sd(R** (M*2))]j,p)xrN —
RS (M®2+C1) | 1xrn (see the proof of Theorem 51). Finally, in the persistent homotopy
category ho(sSetE;’;}XRN), we can invert the weak equivalence A: sdR®*(M*®) ~ R*(M*) and
define 79 as the composition:

° . AT . . T’ . . .
To: R* (M 2)‘[O,p]><RN — sd(R** (M 2)|[0,p]><RN) RS "M 2+e 1)|[0,p]xRN~

Using this construction, we can state the main result of this section.
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» Theorem 51. The morphism 7g: R* (M*?)|(g jxry — RS.I(M.2+C.1)|[O’p]XRN is a
shrinking transformation and 6-compatible with every e-interleaving R*(M®) ~. R*(M®)
1-3

arising from a correspondence €: (M, f) ~. (M, f), for 6 < p and ¢ <min{p — 9§, 1750}

Proof. Throughout the proof, we are going to make use of the modified version of Propo-
sition 36 in Remark 38. To simplify notation, we will write R** for R*(M*)|(,,jxr~. We
first show that 7/, as defined in the previous construction, is indeed a well-defined morphism
of persistent simplicial sets. Observe that compared to Proposition 36 the target persistent
simplicial set has transformed under the parameter change o/ = Se;, o, = e5 + C o; . The
conditions that we need to verify for 7/ to define a well-defined morphism (Remark 38) are
explicitly given as follows. Let § € [0, p] and u € RY. We need to verify the following:

1. Let 0 € sdR?(M); be a 1-simplex with vertices x,y € sdR?(M)o. Then the inequality

d(©(z),0(y)) < S6 holds. This condition is assumed by Property b.
2. For z € sdRY, it holds that f(©(z)) < u + C4. This is a consequence of the inequalities

fAM@) <u and  [f(Mz)) = f(O(z))|e < d(Mz), O(z)) < C6.

The first of these holds as A(z) € Rg’é. The second holds by Property a, which implies
that d(\(x),0(x)) < C4, together with the assumption that f: M — RY is 1-Lipschitz.
Next, let us verify the shrinking transformation condition. We need to show that the diagram

Re1:*2 L sdRe1:*2 ™’ y RSe1,02+Ce;

~— ! g
s Re1.02+Ce

commutes. By precomposing with A, this is equivalent to showing that the diagram

sdRe1:*2 ™’ N RS°1,'2+C01

| | ®

Re1:*2 o Re1e2+Cer

commutes. In fact, it turns out that the two morphisms of persistent simplicial sets s o 7/
and s o \ are elementarily homotopic. To see this, consider the map

A —
H: (sdR**2 x Al)g = (sdR**2)o x {0,1} = M;  (z,i) = (@), =0,
Ofx), i=1,

and again apply Proposition 36 and Remark 38. As we already know that Hy and H;
fulfill the conditions of Proposition 36, it only remains to verify the condition on 1-simplices
o € (sdR®»*2 x Al); in Proposition 36 in the case where the vertices z and y are in
sdR%(M)o x {0} and sdR%(M)g x {1} respectively. Observe that, by the definition of the
simplicial product, we can identify o with a simplex ¢’ € sdR%(M )1, whose vertices we will
also denote by = and y by abuse of notation. Then, the condition explicitly states that
d(A\(z),O(y)) < ¢ which follows from Property b in the definition of a pseudo-barycenter
map. This shows that s o7/ and s o A are elementarily homotopic; thus, the shrinking
transformation condition holds. It remains to show the compatibility with interleavings
arising from a filtered correspondence. To this end, let € be a filtered e-correspondence
between (M, f) and (M, f), and let ¢ and ¢ be the induced e-interleaving maps. Furthermore,
let £ < min 3725, p — 5. We write S*+*2 for R (M*2)][, pjxry and S*t for R*1(M). We now

1+S
need to verify the commutativity of the outer diagram in
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1

L ROteeate A . gdRIteo2te N RS(6+¢),02+(e+C (5+¢))
o > ) _—

//// sd. ¢T

Shez ATt sdSoe2 SS(@E+e)te,+(2e+C(6+e))

Y

soX
-

85,02+(25+C(6+5)) N

which we have marked in red. Observe that the left square commutes by the naturality of
A, and that the lower left triangle commutes by definition. It thus suffices to show that
the remaining cell to the right commutes. To this end, we show that the two morphisms of
persistent simplicial sets s 01 o 7/ 0 sdp and s o A are elementarily homotopic. To see this,
we again use Proposition 36 and Remark 38, but this time applied to sdS%*> x Al. Arguing
exactly as above, we define a homotopy by extending the map

Az), i=0.

/. J,00 1 _ é . ;
H': (sd8% x A1) = (sd8)o x {0,1} — M; “’”H{wowmd@)(m), =1

By the same arguments as above, we can reduce to proving the following condition on
I-simplices o € (sdS®*2 x Al); in Proposition 36 in the case where the vertices x and y are
in sd(S%*2)g x {0} and sd(S8%*2)y x {1}, respectively: Given such a o, it holds that

d(A(z), (Y o 7" o sdp)(y)) < 4.

To see this, we first apply the defining property of a correspondence to obtain

d(A(z), (Y o 7" 0 sdp)(y)) < € + d(p(A(x)), (7" 08dp)(y)) = € + d((A(z)), O((sdp) (1)))-

By naturality of A, we have ¢(A(z)) = A((sdp)(z)). Hence, we only need to show that
d(M(sde(z)), ©((sdp)(y))) < & —e. By assumption, there exists a 1-simplex ¢’ € sdSP**? from
 to y. Consequently, sdp(a’) € sdRST** € is a 1-simplex from (sdy)(x) to (sde)(y) with
0 + ¢ < p. By Property b, we thus have

d(A(sd(#)(2)), O((sdp)(y))) < S(6 + &)

Finally, the assumption € < ﬁ_—gé implies that S(d+¢) < 0 —e, which concludes the proof. <«

We can now finally combine the main results of this article to prove Theorem 3.

Proof of Theorem 3. By Proposition 34, the filtered correspondence (M, f) ~. (M, f) gives
rise to an interleaving ¢: R*(M®) ~, R*(M?*): ¢ in the homotopy category. By Example 49,
(M, f) admits a pseudo-barycenter map © with respect to p = p5, and C = S = 3. Observe
that % = % By Theorem 51, © induces a shrinking transformation 7 compatible with ¢
and 9. Applying Theorem 44, we obtain an interleaving R’ (M*) M1oi3s RI(M*). Finally,

since € < 1§ we have Te + 26 < 4, and we obtain an interleaving R°(M®) o5 R?(M*). <
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