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—— Abstract

In this paper we study how the number of integer points in a polytope grows as we dilate the

polytope. We prove new and essentially tight bounds on this quantity by specifically studying dilates
of the Hadamard polytope.

The motivation for studying this question comes from the question of understanding the maximal
number of monomials in a factor of a multivariate polynomial of s monomials. A recent result by
Bhargava, Saraf and Volkovich [4] showed that if f is an n-variate polynomial, where each variable

O(d?logn)

has degree d, and f has s monomials, then any factor of f has at most s monomials. The

key technical ingredient of their proof was to show that any polytope with s vertices, where each

O(d? logn)

vertex lies in {0, ..,d}" can have at most s integer points. The precise dependence on d

of the number of integer points was left open. We show that this bound, and in particular the
dependence on d is essentially tight by studying dilates of the Hadamard polytope and proving new
lower bounds on its number of integer points.
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1 Introduction

Integer polytopes play a starring role in several areas of mathematics, and have recently
found very interesting applications in theoretical computer science. In particular, the
problem of counting integer points in polytopes lies at the intersection of combinatorics
and convex geometry, with applications in algebraic geometry [7, 8], number theory [3, 6],
optimization [2, 1], cryptography [10], and algebraic complexity theory [4], just to name a
few. Perhaps the most celebrated result on this topic is the Ehrhart polynomial: given an
integer polytope P C R™, the number of integer points in its dilate, |[dPNZ"|, is a polynomial
in d [9]. When P is an n-dimensional polytope, the leading term of its Ehrhart polynomial
is vol(P)d"™, which is a good approximation to the number of integer points for large values
of d. However, the coefficients of the Ehrhart polynomial are notoriously difficult to compute
(see, for example, [11] for examples of polytopes with negative Ehrhart coefficients), so we
have little information about integer points when the dilation factor d is much smaller than
the dimension n.

Motivation from algebraic complexity theory

Our interest in estimating |dP N Z"| when d is smaller than n comes from the problem
of sparse polynomial factorization in complexity theory. A multivariate polynomial f €
F[X1,...,X,] where each variable X; appears with degree < d is sparse if it only has poly(n)
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monomials. Polynomial factorization is a fundamental question in computational algebra,
and sparse polynomial factorization is a special case that has been studied for several decades
now [4, 5, 13]. The first randomized algorithm for sparse polynomial factorization exhibited
a dependence on the sparsity of the factors of the polynomial [13], which raised the natural
question: do factors of sparse polynomials have to be sparse?

We know that this is not true in general: if g is a factor of some polynomial f, there is
no polynomial upper bound for the number of monomials of g in terms of the number of
monomials of f. In characteristic 0, we have the counterexample f = H?Zl(Xid —Y%) and
g= H?Zl(Xffl + X372y, 4+ ... + Y1), Here, f has 2" monomials, but g is a factor of f
with d” monomials. In characteristic p, this gap can be more stark. Consider f = Z?:l XP?
and g = (30, Xi)Lp/2J, so f has n monomials, but ¢ is a factor of f with at least n?/2
monomials. In general, we do not have know better than the trivial upper bound of d” for
the number of monomials in a factor of a sparse polynomial. However, note that in the
setting where we assume that the individual degree d is an absolute constant and n can be
arbitrarily large, these two counterexamples no longer exhibit significant sparsity gaps.

The current best-known bound for sparse factorization in this setting is due to [4], who
show that if f has s monomials and g is a factor of f, then g has at most §O(d*logn)
The key technique of their proof is to reduce the problem of counting monomials in f and g
into one of counting integer points in their Newton polytopes. In this paper we further study
the problem of counting integer points in polytopes, since a better upper bound there would
directly imply a better bound for the factoring problem. Unfortunately, our results indicate
that there is no better upper bound for polytopes, so any attempt to improve the bound for
sparsity will require a new approach.

monomials.

Connections to studying dilates of polytopes

The key technique to proving the upper bound of §O(d*logn) iy [4] is to study integer points

in polytopes. In particular if f = g x h, then one can show that the Newton polytope of f is
the Minkowski sum of the Newton polytopes of g and h. The high-level idea in the proof is
to show the following: If g has too many monomials, then the Newton polytope of g must
necessarily have many vertices. This can then be used to show that the Newton polytope of
f must also have many vertices, hence f must have many monomials. Their main technical
contribution is to show that any polytope with s vertices, where each vertex lies in [—d, +d]",
can have at most sO(d”1osn) integer points. The precise dependence on d of the number of
integer points was left open.

The main goal of our paper is to understand if this bound for integer points in polytopes
is tight. Saptharishi observed that the logn in the exponent of the bound is necessary (see [4]
for a proof of this) by counting integer points in Hadamard polytopes, a class of simplices
with vertices in {—1,1}". Specifically, he shows that the number of integer points in the

Q(logn) Tp this paper, we show that the dependence of d? in

Hadamard polytope is at least n
the exponent is also essentially tight by studying dilates of the Hadamard polytope.

An astute reader may recognize the Hadamard polytope as the extremal solution to
Hadamard’s maximal determinant problem: the parallelepiped spanned by its vertices
maximizes volume among all parallelepipeds with vertices in {—1,1}". We expect that the
Hadamard polytope should also maximize the number of integer points — a discrete analog of
volume — among all simplices with vertices in {—1,1}". This is the heuristic that motivates
us to study the Hadamard polytope as the “worst-case simplex” for our problem.

In the case when s = poly(n) (as with factors of sparse polynomials), we can reduce our
problem about counting integer points in polytopes in [—d, d]™ to counting integer points
in dilates of polytopes as follows. First, by Carathéodory’s theorem, each vertex of P is a
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convex combination of at most n + 1 points of {—d, d}". Replacing the vertices of P with
these points, we obtain a polytope P, containing P that still has poly(n) vertices, but they
now lie in {—d,d}". So, Py = 1P, is an integer polytope with vertices in {—1,1}" and
|[dPy N Z"| > |P NZ™.

Our contribution in this paper is to provide lower bounds for the number of integer points
in the Hadamard polytope. Our first main result is an elegant algebraic characterization of
the integer points in the Hadamard polytope by constructing an explicit bijection with affine
subspaces of IFIQOg . This underpins part of our second main result: a lower bound for the
number of integer points in small dilates. To lower bound the points in larger dilates, we use
the probabilistic method. These bounds show that both the dependences on d? and on logn
in the bound |dP NZ"| < \V(P)|O(d2 logn) are necessary.

2 Main results

Let n = 2™ for some m € N. The n x n Hadamard matriz H has its rows and columns
indexed by elements of the vector space F5*:

H(av b) = (_1)<a,b>7
where (a,b) is the standard dot product on F3".

» Definition 1. The Hadamard polytope Pyg.q C R™ is the convex hull of the column vectors
of H.

The columns of H are linearly independent so they form the vertices of Pya.q; the
Hadamard polytope is an (n — 1)-simplex with vertices in {—1,1}". The lower bound
| Pitaa NZ"| > n?0°8n) was first observed by Ramprasad Saptharishi and appears in the
paper [4]. Our contribution is a matching upper bound on |Pgaq N Z™| through a complete
characterization of all integer points in the Hadamard polytope using the vector space
structure of F3"*. This characterization will also be useful when we study integer points in
dilates of Pyaq-

First, some notation: let {h, : a € FJ'} be the set of column vectors of the Hadamard
matrix H, i.e. the vertices of the Hadamard polytope Pg.q. We can also identify the
coordinates of R” with vectors in F5*, with the convention that the first coordinate in R"
corresponds to the zero vector in F5*. For every a € F5* and v € R™, let v(a) denote the ath
coordinate of v in the standard basis, and

supp(v) = {a € F3" : v(a) # 0}

We also know that every point v € Pp,q can be expressed as a convex combination v =
ZangL tohe. Since the vectors {h, : a € F5'} are linearly independent, this expression is
unique, and we can define

T(v) ={a € F5* : t, # 0}.

This can also be thought of as the support of v in the basis {h, : a € F}*}.

Statements of main results

» Theorem 2. For every v € Puaq NZ"™, supp(v) is a subspace of F5'. Further, T'(v) =
supp(v)t + b for some b € FJ, and

1
v= —— he
T 2=

is actually a uniform linear combination of vertices.
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Notice that this theorem is a combinatorial correspondence between affine subspaces of
F5* and integer points in Piaq. That is, every affine subspace S C F5*, let vg be the uniform
convex combination of the vertices of Pyaq corresponding to the points of S. In other words,
vg is the barycenter of the corresponding face of Pygaq. Then, the map S — vg is a bijection
between affine subspaces of Fy* and integer points in Paq.

» Corollary 3. The number of integer points in Phaq s |Paq N 2" = n®008™)

» Theorem 4. For any d < nlogn and fized 0 < ¢ < 1/2, the number of integer points in
the dilate dPyaq is lower bounded by

nQ(dlogn)’ d< logn ,

4

|dPriaa N 27| > o’ n) o1 < g <log"
Had T p2ed/losn 1oel Py < d < (nlogn)t/?==;
(d25/4)n . (nlogn)t/?*e < d < nlogn.

Proofs of main results

Proof of Theorem 2. First, we need to show that supp(v) is a subspace of FJ'. We will
actually show something stronger: if v(a) # 0 and v(b) # 0, then v(a + b) = v(a)v(b). Note
that since v is an integer point in Pyaq C [—1,1]", its coordinates actually lie in {—1,0,1}".
So, the three cases we need to consider for our proof are: v(a) = v(b) = 1; v(a) = v(b) = —1
and v(a) =1, v(b) = —1. We will write out the details for the case when v(a) = v(b) =1
and the other cases will follow a similar computation.

b
)

Since v is a convex combination of the vertices of Py.q, we can write it as v = ZcngL tehe,
for some nonnegative real numbers (t.)ccry that satisfy Zcngb t. = 1. From the definition
of the Hadamard matrix H, we get the following identities for the coordinates a,b € F3*,

v(a) = Y tehe(a) = Y (~D)te ="t =) t,

ceFy* ceFy cla cla
v(b) = Z tehe(b) = Z (_1)<C’b>tc = Ztc - Ztc~
ceFy ceFy clb ctb
Define
Sab = Z te;  Sa = Z te;  sp = Z te; S0 = Z te-
cla,clb cla,ctb cla,clb cla,ctb

This allows us to rewrite our identity for v(a) as
v(a) = Sap + Sa — Sp — So-

A similar identity for v(b) and the identity > ceFm te = 1 gives us the system of linear
equations
Sab+ Sa — Sp — S0 = v(a) =1
Sab — Sa +8p — S0 =v(b) =1
Sap + 8o+ Sp+50=1
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The general solution to this system has the form

Sab— S0 =1
Sq+s5, =0
sp + 59 = 0.

Since each of s, sS4, Sp, and sg must be nonnegative, this yields a unique solution s, =
1,8, = s, = 59 = 0. So,

vla+b)= 3 (—1)lthey,
ceFy
= Dl D tem )ttt )t
cla,clb cla,ctb clta,clb cla,ctb

= Sab — Sa — Sb+ S0
=1=wv(a)v(b).

The argument for the other cases follows similarly: we set up a system of equations in the
variables sgp, Sp, Sq, So that has a unique solution subject to nonnegativity. Computing the
value of v(a + b) for this unique solution shows that v(a + b) = v(a)v(b). This shows not
only that supp(v) is a basis, but also that the entries of v are determined by their values on
a basis of supp(v).

Now, let by,...,br € F4* be a basis for supp(v), and choose ¢; € {0,1} so that v(b;) =
(=1)% for each i = 1,..., k. Consider the linear map F5* — supp(v) that sends ¢ € F5* to
{by,c)by + - -+ (bg, )by, € supp(v). The kernel of this map is exactly supp(v)*, so its range
must be all of supp(v). In particular, there is some b € F5* whose image under this map is
£1b1 + -+ - + exby. So, v(b;) = (—1)®? for each i = 1,..., k. For any a € supp(v), we know
that a = )., b; for some I C [k], so

v(a) = Hv(bi) = (—1)Zi61(b"’b> = (_1)(a7b>_

We claim that T'(v) = supp(v)* + b for this vector b.
Define the vector v' € F5* by

o= S he

= - 1
\bupp(’u) ‘ c€supp(v)L+b

We will show that v' = v by showing that v'(a) = v(a) for every coordinate a € F5".
First, for each a € supp(v) and ¢ € supp(v)* + b, we have that (a,c) = (a,b). So,

d)=——— S h(a)

- T
|SuPp(v) | cesupp(v)L+b

: > (e

= ﬁ
|bupp(”) |Cesupp(v)L+b
= (—1)fab

= v(a).

Next, for each a ¢ supp(v), the Fa-linear map from supp(v)® — {0,1} that sends ¢ €
supp(v)* to {a,c) is not identically zero. So, the size of the preimage of 0 under this map is

SoCG 2026
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equal to the size of the preimage of 1. This property still holds when we consider the translate
supp(v)® + b: the dot product (a, c) is 0 for exactly half the vectors ¢ € supp(v)* + b, and is
1 for the other half. Thus, the average of h.(a) over all ¢ € supp(v)* + b is zero, so

)= ——— 3~ =0 = v(a),

|supp(v) | cesupp(v)Lt+b

since a ¢ supp(v). This shows that v does indeed have the form we claimed, with T'(v) =
supp(v)L + b and

2 he «

CGT(v)

Proof of Corollary 3. Note again that the lower bound |Piaq N Z"| = n?(1°8™) was already
known by Saptharishi’s contribution to [4]; we will provide a matching upper bound of
nPUogn) By Theorem 2, integer points of Pgaq N Z" are in one-to-one correspondence with

2=k corresponding

affine subspaces of F3*. Any k-dimensional subspace V' C F3* has exactly
affine subspaces, and there are exactly ['}] , (the Gaussian binomial coefficient) subspaces of

< 24m* (see, for example, [12] for a proof of

dimension k. So, using the upper bound [7,?]2 <

this bound),

|Piaa NZ"| = Z 2mF {Tlﬂ < (m+ 1)2’”*4’"2 — pOlogn)
k=0 2

which completes the proof. |

Now we are ready to prove our main theorem: lower bounding the growth of integer
points in the dilates dPyaq.

Proof of Theorem 4.

» Case 1. d < (logn)/4.

Let us introduce some more notation for our counting argument. We will show that there
are nf(d1gn) Jistinct sets of d integer points in Pg.q whose sums are all distinct in dPyaq-
For v € Pyaq N Z", define the exponent of v as exp(v) = dim(supp(v)*t), so |T(v)| = 2¢%P(®)
and

2exp Z h

aET (v)

Let tq(v) be 27 P() if q € T(v), and 0 otherwise; that is, t,(v) is the coefficient of the
vertex h, in the convex combination for v. Look at all sets {vy,...,v4} such that
(i) T(v;) is a subspace, i.e. T(v;) = supp(v;)*;
(ii) 8 —d < exp(v;) < " +d;
(i) exp(v;) # exp(vy) if i 7 J.
Since d < log" , for n large enough, the number of subspaces of Fy

some k € (k’% —d, 10% + d) is [10%"]2 > gk(logn—k) — pQ(logn) G4 the number of choices

198" with dimension k for

for the set of subspaces {T'(v1),...,T(vq)} with distinct exponents in (10% —d, 10% + d) is

nf¥(@1ogn)  We will now show that each set {vy,...,v4} satisfying these properties produces
a distinct point in dPgaq N Z"™, proving the lower bound |dPgaq N Z"| > nf(dlogn)
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Now, suppose {v1,...,vq} and {uy,...,uq} are two distinct sets satisfying the above
conditions. And suppose for contradiction that >, v; = Y. u;. Expanding this in terms of
the vertices of Ppaq, we get

d d
DD tawha = Y talui)ha

i=1 acFy" i=1 acFy"

Since the vertices of Py,q are linearly independent, we must have the following stronger
identity for all a € F3":

d d

Z ta(vi) = Z ta(ui).

i=1 i=1

For each fixed a, since t,(v;) is either zero or 2~ exp(vi) and the exponents are all distinct, we
can think of each sum as the unique binary representation of some dyadic rational number.

When a = 0, we get to(v;) = 27 P and t(u;) = 27 P®) since T'(v;) and T'(u;) are
linear subspaces containing 0, for every ¢ = 1,...,d. This gives us the identity

zd: 2= exp(v;i) _ zd: 9~ exp(u;) )
i=1 i=1

So, the sets {exp(v;) : ¢ < d} and {exp(u;) : i < d} must be equal since the above sums
represent the same binary number. This means that the only way for the sums Zle v; and
2?21 u; to be equal at the Oth coordinate is if their exponents are all the same. Now we will
find another coordinate where they differ.

Assume without loss of generality that exp(v;) = exp(u;) for all ¢ = 1,...,d, and
exp(vy) < -+ < exp(vq). There must be some k such that T(vg) # T(ug). Choose
a € T(vi)\T(ug) (which is possible since they are different subspaces of the same dimension),
and now look at the identity

d d

Z ta(Ui) = Z ta(ui).

i=1 =1

Again, each sum is the unique binary representation of some dyadic rational number, but
ta(vk) # 0 while t,(ug) = 0, so they cannot represent the same number, which is the desired
contradiction.

» Case 2. (logn)/4<d< logl'5 n.

We simply reuse the bound from case 1 (note that the lower bound is monotone in d and
hence we can just use the bound in the setting d = 10%),

logn

|dPiaa N Z7| > Pigag N Z"| > pftlos®n),

» Case 3. d > logl'5 n.

For this final case we will use the probabilistic method. Take the projection R™ — R™~! that

deletes the first coordinate of every vector, and let Py be the image of Py,q under this map.

Recall that Pgaq € R™ is an (n — 1)-simplex whose vertices all have first coordinate equal to
1, since the first coordinate corresponds to the zero vector in F5'. So, this projection is a
bijection on Pp,q. In particular, integer points of dFP, are in one-to-one correspondence with
integer points of dPad, 80 |dPgag N Z"| = |dPy N Z" 1.

88:7
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n—1

The new polytope P, is now a full-dimensional simplex in [—1,1]""!. Since the vertices

of the original Hadamard polytope Piaq € R™ were orthogonal, for each vertex v € V(Py) C
R"~1, the face of Py that does not contain v is defined by the hyperplane {z € R"~! :
(x,v) = —1}. In particular, we can write the simplex Py as an intersection of half-spaces:

Py = ﬂ {z e R (z,0) > —1},
veV (Py)
and
dPy = ﬂ {x e R" 1 (2,v) > —d}.
veV (Py)

Fix some set of ¢ coordinates S C [n] and some D € [d] (with ¢ and D to be determined
later) and look at the discrete hypercube Hg[D] supported on those coordinates,

Hs[D] = ([=D, D]\ {0})" x {0}"I\¥.

We will use the probabilistic method to show that Py contains at least 1/2 the points of
Hg[D] for every choice of S. Note that the hypercubes Hg[D] are disjoint by construction,
SO

[dPyNZ" > Y |dPyn Hg[D]|.
SClnl,|S|=c

Fix a vertex v € V(Fp), and a hypercube Hg[D]. Let X be a uniform random variable taking
values in Hg[D]. Since v is a £1-valued vector, E[(X,v)| = 0. Hoeffding’s inequality implies
that

P(|(X,v)| > d) < 2e~4 /2D,
By the union bound,

P(X ¢ dP) < > P({X,0)] >d) < 2ne /%P,
veV (Py)

Assuming that 2¢D < %, the above probability is at most 1/2, so at least 1/2 the points
of Hs[D] must be contained in dPy. Now, summing over the disjoint sets Hg[D] for all (7)

choices of 9,

1/n
|dPhaa NZ"| = dPyNZ" 7 > > HS[D]ﬁdP022<C>(2D)“’.
SClnl,|S|=c

We divide our analysis into two subcases.

» Case 3a. d < (nlog n)%fe, which implies that lodgzn < pl-2e
d2

In this case, set D =1 and ¢ = o,
gn

SO

Approximating the binomial
coefficient

|dPaa N Z"| > + (") (2D)°
)
c

> Since ¢ < A2 pl-2e

logn —
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» Case 3b. d > (nlogn)?**.

For our probabilistic argument to work, we need 2cD < 5o l‘fg —, which rearranges to D <
40%01”. Set D = d* /4 and ¢ = n. Now,
d? d?
dclogn _ 4nlogn
& d% Subsituting nlogn < d2/(1+29)
2 T
JAe/(1+2e)
T a ,
g2 Since € < 1/2
> — =D
— 4
as desired. Now,
n Lin c 2e n
|[APaaa NZ" > 5| )(2D)° > (d/4)". <
c
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