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—— Abstract

We study deformations of the geodesic distances on a domain of RY induced by a function called
conformal factor. We show that under a positive reach assumption on the domain (not necessarily a
submanifold) and mild assumptions on the conformal factor, geodesics for the conformal metric have
good regularity properties in the form of a lower bounded reach. This regularity allows for efficient
estimation of the conformal metric from a random point cloud with a relative error proportional
to the Hausdorff distance between the point cloud and the original domain. We then establish

convergence rates of order n=1/d

that are close to sharp when the intrinsic dimension d of the
domain is large, for an estimator that can be computed in O(nz) time. Finally, this paper includes
a useful equivalence result between ball graphs and nearest-neighbors graphs when assuming Ahlfors

regularity of the sampling measure, allowing to transpose results from one setting to another.
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1 Introduction

This paper studies metrics over subsets of the Euclidean space (R™, ||-||) obtained by conformal
deformation of the shortest-path metric via a positive function. We are particularly interested
in the regularity of such metrics and in their estimation via i.i.d. sampling of points.

» Definition 1.1. Let M C RY be a closed path-connected domain and f : M — R% be a
conformal factor. For all x,y € M the conformal distance between x and y over M wvia f is
defined as

Dusa) ™ _int [ fo@)lilar (1)

where Ty (x,y) is the set of all Lipschitz paths v : I — M where I = [a,b] is a nontrivial
segment, v(a) = x and v(b) = y. The quantity minimized over all paths 7y is denoted

def

mf=jﬂwmmth

and referred to as the conformal length of the curve v via f. In the case where f =1, we
write Dy(x,y) = Dara(z,y) and |y = [, |5, respectively the distance between x and y
induced by the ambient metric over M and the Euclidean length of a curve .

In the following, to ensure regularity of the conformal metric, the domain M is assumed
to have positive reach 7j;, which we recall is defined as the supremum of all » > 0 such
that any point in the offset M" = {z € RY : d(z, M) < r} has a unique projection onto M —
where d(z, M) = inf e ||z — y|| denotes the distance from point x to subset M — see [10].
Moreover, the conformal factor f is assumed to be k-Lipschitz and lower bounded by fiin > 0.
These are the sole assumptions used in this paper regarding M and f.
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Notice that f is defined over M in Definition 1.1 as paths are constrained to the domain.
Since any Lipschitz function defined over a subset of RY can be extended to the whole space
preserving its Lipschitz property and lower bound (see [16, Theorem 1] for instance), one
may assume without loss of generality that f is defined over the entire space RY, which is
useful to estimate the conformal metric efficiently. The connectedness and positive reach of
M ensure that for any endpoints x,y € M, there exists a Lipschitz path from x to y in M, so
that I'ps(x,y) is always nonempty and Dy f(z,y) is always finite. This can be deduced from
Lemma 2.1 below. Most of the time, a path - is chosen to be parameterized with constant
velocity, i.e., ||| is constant over I, with I being either [0, 1] or [0, |y|]. The latter is referred
to as an arc-length parameterization, where ||¥|| = 1 almost everywhere.

The induced metric Dy = D1 is the metric induced by the ambient space RY onto M.
If M is a C! submanifold of RY and fis Cl, Dyy.¢ is a Riemannian metric with tensor
f(x)? - g, at point x € M where g, is the tensor of the induced metric Dj; at . The term
“conformal” used in this paper is borrowed from the Riemannian literature. Finally, if p is a
measure over a submanifold M with density p with regard to (w.r.t.) the volume form of M
and f is a negative power of the density p, D) ¢ has already been studied and is sometimes
referred to as the Fermat distance [13]. This particular case is one of the main motivations
for this article as the Fermat distance has been used for various practical applications, see
for instance [12] and the references therein. Particular examples of the conformal factor f
are discussed in Section 5.

Conformal metrics are included in the more general class of length-spaces, for which it is
known that the infimum in Definition 1.1 is in fact a minimum [7, Theorem 2.5.23]. That is, for
all z,y € M there exists a path v € Ty (z,y) such that Dy f(z,y) = ||, called a minimizing
geodesic — and shortened to geodesic in this paper for brevity. Denote I'}, f(a:, y) the set of
such geodesics between two endpoints z and y along with Iy, » = U, . e I p (2, y) the set
of all geodesics w.r.t. the conformal metric. We discuss in Section 2 the regularity of geodesics
w.r.t. Dy r and show in Proposition 2.4 that under the aforementioned assumptions on M
and f, geodesics have positive reach that is lower bounded by an explicit constant depending
on the reach of the domain and on the conformal factor. In particular, any geodesic may be
parameterized as a C1'! curve with an explicit upper bound on the Lipschitz constant of its
first derivative.

We then show in Section 3 that the conformal metric can be approached using polygonal
paths on a weighted graph built from a point cloud X C M, provided that the graph only
contains edges of length at most some threshold r and that X is close to M in Hausdorff
distance. The small edges condition ensures that paths on the graph cannot venture too far
outside the domain. This kind of construction is the same as the one used for the Isomap
algorithm [5], although we allow more generality by adapting the weights to the conformal
factor f. When f = 1 and M is a geodesically convex C? submanifold, [5] provides a relative
error bound of order :—z + 2 where 7 is the minimum radius of curvature of M and p denotes
the Hausdorff distance between M and X. The term depending on p can be made quadratic
as shown in [2], where an assumption called geodesic smoothness that is slightly weaker than
that of a positive reach allows to obtain a bound of order Ar + f—j where A depends on
the assumption. This assumption however lacks precision when comparing distances at a
local scale which results in the first term being of order r instead of r2. By using a positive
reach assumption instead, the upper bound can be further improved to :—Z + f—z according
to [3] where 7 is the reach of the domain, although the setup also implicitly assumes that
the domain M is a smooth manifold isometric to a convex domain. Going back to our
setup, we adapt these prior works to fit any conformal change. Under some condition on the
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weight function used, that in particular always holds for the induced metric, we establish in
Theorem 3.5 the same upper bound on the approximation error as in [3], that is :—i + f—i where
T is the explicit lower bound on the reach of any geodesic provided by Proposition 2.4. This
result emphasizes the fact that the only assumption on the domain needed for this level of
precision is that of a positive reach. The approximation error can thus be made proportional
to the Hausdorff distance between the point cloud and the domain by choosing appropriately
r < /T p. When the conformal factor f is unknown, replacing it with an estimate g does
not alter the results provided that g is close enough to f, as shown in Lemma 3.6.
Assuming that X = X, is the outcome of n > 1 i.i.d. samples from a d-standard measure p
over M, we study in Section 4 the estimator of Dy ; built on X, following the construction
of Section 3. This estimator is shown in Theorem 4.2 to converge to D, ¢ at a rate of
n~1/4 provided that f is known or can be estimated with same rate. This rate follows
from Theorem 3.5 and the fact that X, is known to converge to M in Hausdorff distance
at a rate of n=/4. In particular, this allows for efficient estimation of the induced metric
with the sole assumption that M has positive reach. This convergence is shown using ball
graphs. However, practical estimation is made easier by using nearest-neighbors graphs
instead, in part because it does not require to know the intrinsic dimension d to obtain an
optimal convergence speed. For this reason, we show in Theorem 4.5 that it is possible to
retrieve the same convergence speed when replacing the ball graph in the estimator with
a k-nearest-neighbors graph with & =< /n. To do so, we establish an equivalence with
high probability between nearest-neighbors graphs and ball graphs when their respective
parameters are properly scaled and the underlying measure is d-Ahlfors, see Proposition 4.4.
Finally, the nearest-neighbors estimator of the conformal distance between two fixed points
may be computed in O(n?) if the time complexity of evaluating f is considered constant.
Under the stronger assumption that M is a C* submanifold of dimension d with k > 2, the
minimax optimal convergence rate for the induced metric is known to be of order n=*/4 [1].
When only assuming positive reach and no differential structure on M, the discussion of the
optimal minimax rate proves to be harder as we are not able to match the upper bound of
n~ 14 and obtain a lower bound of order n~'/(4=1/2) instead, see Theorem 4.6. We discuss
with more details the comparison between our setup and the C* case in Section 4.4.
Technical proofs are deferred to the appendix which is available in the full version [17].

2 Regularity of the geodesics for the conformal metric

Recall that the term “geodesic” refers in this paper to a curve that achieves a global minimum
of the conformal length. In this section we study the regularity of the geodesics w.r.t. Djy ¢.
We show that geodesics are C!+! curve with reach bounded from below by a constant depending
only on 7y, k and fuin. This regularity property is crucial to obtain a good approximation
of the geodesics by polygonal paths. The reach of a set can be characterized through the
local distortion of the induced metric compared to the Euclidean metric.

» Lemma 2.1 ([6, Theorem 1]). The reach of M may be expressed as

Ty = Sup {T >0 : Voe,ye M, ||z —y| <2r= Dy(x,y) < 2rarcsin (||962—y|)} .
r
Given a path v € I'j); parameterized over an interval I and without self-intersection,
denote 7., the reach of the curve y(I) C RY along with D, = D,y the induced metric over
the curve for short. D, (z,y) is nothing more than the length of the curve v(I) between two
intermediate point z and y. In particular if  and y are the endpoints of v then D, (z,y) = |7].
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One consequence of Lemma 2.1 is that the length of a geodesic between two points at most
27 apart is upper bounded by the length of an arc of radius 75, between both points. That
is, if z,y € M and ||z — y|| < 27 then

Dys(z,y) < 27y arcsin (H:C—yH) . (2)
QTM

Moreover, if v is a geodesic, it then induces a geodesic between any of the points it goes
through, which implies that D, is exactly the restriction of Dy to the curve . Then, another
consequence of the characterization of Lemma 2.1 is that the reach of M is the minimal
reach of any geodesic, that is
T = inf T, .

RS, K
We now introduce a notion of reach associated with the conformal deformation of M by f
using the same point of view of the metric and its geodesics.
» Definition 2.2. The conformal reach of M wia f is defined as the minimal reach of any
geodesic w.r.t. the conformal metric, that is

def

Tmy = inf 7, .
YE 5

In the case of the induced metric this notion coincides with the usual notion of reach, that is
Tm,1 = Tav- The characterization given by Lemma 2.1 also holds for the conformal reach.

» Proposition 2.3. The conformal reach of M via f may be expressed as

r>0 : Vo,ye M,Vy ey ,(z,y),

lz =9Il ( - (3)
2r )

TM,f = Sup )
! |z — y|| < 2r = |vy| < 2rarcsin (

Beware that Equation (3) involves geodesic w.r.t. the conformal metric Djs s, but
compares their Euclidean length — not conformal — to the one of an arc of radius r. The
proof is straightforward and included in the full version [17]. Using Proposition 2.3, we are
able to lower bound the reach of any geodesic w.r.t. Dy ;.

» Proposition 2.4. Assume that M has positive reach Ta; > 0 and that f is k-Lipschitz and
lower bounded by fmin > 0. Then any conformal geodesic v w.r.t. Dyr ¢ has positive reach
7y > 0. Precisely, the conformal reach of M wvia f is lower bounded as follows.

7—71\/[ fmin
2 7 8k )

d
Tm, g > Ty where Tary :efmin<

The reasoning behind Proposition 2.4 is the following. If the reach of a geodesic v w.r.t.
Dy, ¢ is small compared to Tas, then according to Proposition 2.3 there exists a path in M
significantly shorter than v Euclidean-wise. If 7, is also small compared to fumin/%, then this
path is shown to also have a shorter conformal length than v due to the properties of f,
which implies a contradiction with the geodesic nature of «. This reasoning is detailed in [17,
Appendix B.2]. Now, consider an arc-length parameterized geodesic v : I — M w.r.t. Dy ¢,
i.e., such that ||§]| = 1 almost everywhere over I. Being a geodesic, v has no self-intersection.
Then, stating that v has positive reach is equivalent to stating that ~ is a C''! curve, i.e.,
that < is Lipschitz w.r.t. the angular distance. Precisely, for all ¢,s € I,

£G(),4(s)) < L= (4)

Ty
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Figure 1 Bounding the angular velocity of a path with positive reach.

See [10, Remark 4.20] and [15, Theorem 4] for references. Equation (4) allows to obtain a finer
control on the approximation error of the polygonal paths on the graph by upper bounding
efficiently the difference between small successive steps y(t) — y(t — 0) and (¢t + 0) — ¥(t) of
a geodesic path.

» Lemma 2.5. Let v : [0,]y]] — RY be an arc-length parameterized curve without self-
intersection and with positive reach T,. Then for all ty € [0, |v|] and § € (0, 57, such that
[to — d,t0 + 3] C [0, |Y]], the angle between the velocity vector of v at to and the direction from
~(to) to y(to + 0) is upper bounded as follows:

Z(y(to +8) = ~(to),(to)) ()

< — .
27,

Moreover, denoting v— = y(tg) —v(to — &) and v = ~(to + ) — v(to), the difference between
small steps of the path on both side from tq is upper bounded as follows:

Lemma 2.5 is key to obtain an approximation error of the conformal metric proportional to
the Hausdorff distance between the domain and a point cloud. A proof is provided in [17,
Appendix A.1] and Equation (5) is illustrated by Figure 1.

vt v H 1
= e L (et o) - ©)
o~ o) S 7 e )

3 Polygonal approximation of the conformal metric

Consider a point cloud X C M of points sampled from the domain. If the point cloud
approximates well the domain, it is possible to estimate the conformal distance over M
through weighted polygonal paths built over X within a small margin of error. Assuming
that f is known, the edges of the polygonal path are weighted using f to approximate the
conformal distance between their endpoints. The degree of approximation of M by X is
measured using the Hausdorff distance

du(M, X) 4 hax <sup d(z,X) , sup d(x,M))
zeM reX
which simplifies to di(M, X) = sup, e d(z, X) assuming that X C M. By definition, any
point in M is at distance at most dy(M, X) from a point in X.
The idea behind the polygonal approximation is the following. Consider a geodesic
v E I‘Mf(x, y) between two points x,y € M. If dg(M, X) is small, there exists a polygonal
path over X that follows closely the trajectory of 4. Assuming that the edges of this path
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are equipped with appropriate weights to simulate the conformal distance between their
endpoints, the total weight of the polygonal path should be close to the conformal length |7|;.
Moreover, since v is a geodesic, polygonal paths should not be able to have a weight much
smaller than |y|s. This is ensured by using only short edges, which allows the weights to
approximate well the conformal length by preventing shortcuts outside the domain. In the
end, the shortest weighted path on the graph is expected to retrieve |y|f = D ¢(z,y).

3.1 Weighted graphs

Let us now describe formally this construction. The polygonal approximation of Dy s is
defined as the metric of an appropriate weighted graph on a point cloud X.

» Definition 3.1. Let X C RY be a finite point cloud.
For allr > 0, the r-ball graph over X is denoted G,.(X) and is the graph of vertex set X
and with an edge between points x and y if and only if ||lx — y|| < r.
For all integer k > 1, the k-nearest-neighbors graph (or k-NN graph) over X is de-
noted Gi(X) and is the graph of vertex set X with an edge between two points x and y if
and only if x (or y) is among the k nearest points of X to y (or x) excluding self.

In both cases, the parameter v or k is referred to as the threshold of the graph.

Ball graphs are more convenient to study whereas NN graphs are more practical, see
Section 4.2. We define the polygonal metric in both contexts. The graph used is equipped
with a weight function to approximate the conformal length of its edges.

» Definition 3.2. Given a function f: RN — R, consider the weight functions
wygay) 2 120 f(r)+2qzlf<q_kx+k_1y) + 1)
o 2(q— 1) —i\g-1" q-1
defined for any q¢ > 2 and x,y € RN, along with

1
wroo(@,y) e — gl / £ = e+ ty)dt .

The parameter q € {2,...,00} is referred to as the resolution of the weights.

The weight function wy , is meant to approximate the conformal distance between the
endpoints of an edge. Proposition 3.3 below shows that it is indeed the case when the
endpoints are close, which is the reason why graphs with small edges are used. Recall that we
have assumed without loss of generality that f is defined over the whole space, allowing its
evaluation outside M when ¢ # 2. As g grows, the weight wy , becomes more accurate and
converges to the weight with infinite resolution wy o, the latter being exactly the conformal
length of the straight path. However, the computational cost is linear with ¢ and there is no
closed-form formula for wy o in general. On the other hand,

wo(z,y) = ||z — y”M

is the simplest choice for the weights and may be more suitable if evaluating f is possible
only at points in X. Note that the weight wy , is the optimal approximation of wy o, using
only ¢ samples of the Lipschitz function f. Under stronger assumptions on f such as C*
regularity, other definitions would be better suited.
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» Proposition 3.3. For all x,y € M such that ||z — y| < Tar s,

wf,q(xay)
DM,f(x7y)

_ _ 2
‘1_ '< 5 lo=yl  lo=yl® -

o 4fmin q— 1 167—1\2/[,)0

and we denote d4(||x—y||) this upper bound. The first term in Equation (7) is to be interpreted
as 0 if ¢ = oo and represents the offset between wy , and wy , whereas the second term
represents the offset between wy oo and Dy ¢.

Proposition 3.3 shows that the conformal metric Dy, ; may be approximated locally by
the weights wy 4. Note that for fixed resolution ¢ in the r-ball graph, the distortion between
the weights and the conformal distances is linear in 7. However, by choosing ¢ to be inversely
proportional to 7, the distortion becomes quadratic in . The proof for Proposition 3.3
is provided in [17, Appendix B.3]. We now introduce the polygonal approximation of the
conformal metric as the metric of the weighted graph built on X.

» Definition 3.4. Consider a point cloud X C RN, function f: RN — R% and parameters
r>0o0rk>1andqe{2...,00}. The polygonal metric associated with these parameters
is defined between two points x,y € RN as

Dy gz, y) min Z Wi,q(Th, Tht1) (8)

(%7 HTK)

where the minimum is taken over the set of paths (xo,...,xK) such that ro =z and ) =y
in the graph G that is chosen either as the r-ball graph G,.(X U{x,y}) or the k-NN graph

Gr(X U{z, y}).

The choice of a ball graph or a NN graph along with the threshold r or k£ and the resolution ¢
of the weights are left implicit when writing D x,f to avoid heavy notations. Note that
when the endpoints x and y do not belong to the point cloud, the distance IA)X,f(x, y) is
computed by adding them to the graph. As a result, D x,f induces a distance over X but not
over M. Indeed, when considering endpoints outside X, D x,f may not satisfy the triangular
inequality due to the set of possible paths depending on the endpoints.

3.2 Metric approximation

To evaluate how efficient is the approximation of a metric, the error between the true distances
and their estimation may be measured using either of the multiplicative loss functions

e D'(z,y) — D(x, e D' (x,
loo, M (D',D) def sup (z,9) (z,9) and I, m (D’|D) def sup ’1 — D((Iy))' .
z,y

r#£yeM D/(CB, y) N D($> y) r#YyeEM
In the case where D’ takes infinite values — which happens for instance when D’ is the metric

of a non-connected graph — we let £o, a7 (D', D) =1 and loo ar(D'|D) = 400. The inequality

(ot (D', D)
= 1—Llwm(D', D)

loo. M(D D) < loo M (D |D) (9)
holds in general, so that both losses are equivalent. The loss ¢ s is however easier to
manipulate in some situations as it is symmetric and upper bounded by 1. Thanks to the
regularity of geodesics stated by Proposition 2.4 and the local approximation of the conformal
metric by the weights wy 4 stated by Proposition 3.3, we are able to show that the conformal
metric Dy r is approximated by the polygonal metric from Definition 3.4 using the r-ball
graph.

92:7
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» Theorem 3.5. Let X C M be a point cloud, r > 0 and q € {2,...,00} two parameters.
Assume that 4dg(M,X) <1 < Tar,s. Then the approzimation Dx ¢ defined in Definition 3.4
using the r-ball graph with resolution q satisfies

T r? dg(M, X)?

Dary) < 56
M’f)_327’M)fq_1+8T]\24’f+ r2

loo, M (ﬁx,f (10)

The first term in Equation (10) is to be interpreted as 0 if ¢ = oo.

Let us describe the reasoning behind Theorem 3.5. Given x # y € X, paths in G,.(X) cannot
create significant shortcuts outside M as r < 77, ¢. This is illustrated by Proposition 3.3
from which it can be deduced that

D g(a,y) = (1= 84(r)) Dar () (11)
and, assuming that ||z —y|| < r,
Dix j(w,y) < (14 84(r)) Das g (2,y) - (12)

As for when ||z — y|| > r, consider a geodesic v € I‘Mf(x, y). Decompose v into sections of
length at most r — 2dg (M, X) and for each intermediate point select a point in X at distance
at most dy (M, X). This process draws a polygonal path in G,.(X U {z,y}) as it uses edges
of length at most . Summing the approximation error from Proposition 3.3 between each
edge of this path and the corresponding section of v eventually yields the upper bound

du (M, X) +62dH(M27X)2) Dy g(z,y) (13)

D slo) < (140,(r) +or B0 /

when ||z — y|| > r and where ¢; and ¢y are universal constants. The positive reach of v and
Lemma 2.5 play a crucial role in obtaining terms of order dy (M, X)/Tas, s and dg (M, X)?/r?
instead of duy(M,X)/r. Together, Equations (11)—(13) eventually imply Equation (10).
The details of this reasoning are provided in [17, Appendix B.4]. The upper bound in
Equation (10) is made proportional to dy (M, X) by setting

[ T
TX\/TM,J“ dH(M,X) and q = %

In the case of the induced metric with f = 1, the first term in the right-hand side of
Equation (10) disappears, and the error is of order r?/7%, + dg(M, X)?/r? similarly to the
one obtained in [3]. In the general conformal case, we keep this magnitude of error by setting
the resolution ¢ to be at least of order 1/r. If it is not possible to evaluate f outside the
point cloud X, setting ¢ = 2 instead yields an error of order /7, ¢ + du (M, X)?/r? which
is slightly worse. A similar upper bound was achieved in [2] for the induced metric and the
term linear in r was due to the geodesically smooth assumption used in the paper being
slightly weaker than a positive reach assumption. In particular, the latter allows for an
efficient local estimation in the form of Equation (12). The main takeaway of Theorem 3.5 is
that the crucial assumption to achieve an approximation error proportional to dy (M, X) is
the positive reach. In particular, the domain need not be C?, or even a submanifold.

3.3 Unknown conformal factor

In general, f may not be known and needs to be estimated from the data. The polygonal
metric D x,g from Definition 3.4 can be defined for any function g : RY — R’ without the
need of Lipschitz and lower bound assumptions. Then, the approximation error between D X.g
and Dy, is upper bounded by the sum of the error w.r.t. the conformal factor and the error
w.r.t. the domain.
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» Lemma 3.6. Let f: RY — R, a function lower bounded by fumin, X C M a point cloud
and g : RN — R such that ||g — flloc < 5 fmin- Then

2

EW,M(BX,g,DM,f) < 7 lg — flloo + 2foo,M(f)X,f,DM,f) - (14)

min
This result holds regardless of the type of graph, threshold and resolution as long as they are
shared between Dx ¢ and Dx 4.

The proof of Lemma 3.6 consists in straightforward computations and is deferred to [17,
Appendix B.5]. As a consequence, in the context of estimation of the domain M by a point
cloud X,, as in Section 4 and of the conformal factor f by a function f,, : RV — R, the
rate of convergence of D x,,.f, towards Dy, ¢ is the slowest rate of convergence among that of
D x,,f towards Dys r and that of f,, towards f. Recall that f, is not required to satisfy the
Lipschitz and lower bounded assumptions for the polygonal metric D X,..f, to be defined and

for Lemma 3.6 to hold. It may also be defined only over X, if the resolution is set to ¢ = 2.

4 Estimation from random samples

In this section we transpose Theorem 3.5 to a probabilistic setup where the point cloud X
is replaced with a random point cloud X,, consisting of n i.i.d. samples from a probability
measure i with support M. The following assumptions on p are needed to ensure that
X, covers M efficiently as n grows, allowing to deduce explicit convergence rates for the
estimator D x,,f from Theorem 3.5.

» Definition 4.1. Consider a probability measure p with support M C RN and d > 2.
The measure u is d-standard with lower constant ¢, > 0 if for allxz € M and r > 0,

p(B(z,r)) > cr® Al

where B(x,r) denotes the open ball centered at x with radius r.
The measure p s d-Ahlfors with lower and upper constants c,, > 0 and C,, > 0 if for all
r e M andr >0,

curd ANl < M(B(a:,r)) < C’Mrd .

If i is d-standard with lower constant c,, we also denote L, = 0;1/  which is related to
the size of the support. The definition ensures that u(B(z, L,)) =1 for all € M, hence
L, > diam(M). Moreover, d acts as the intrinsic dimension of the support M of p. For
instance, any measure with a density p w.r.t. the volume measure of a submanifold of RV
of dimension d is d-Ahlfors if p is bounded above and below. The d-standard assumption
ensures that the random point cloud X,, converges to M in Hausdorff distance. Ahlfors
regularity is a stronger assumption and is needed to show the equivalence between ball graphs
and NN graphs in Proposition 4.4.

4.1 Convergence of the ball graph estimator

We first discuss the case of a ball graph estimator. It is known that if y is d-standard, then
du(M, X,) is of order L, (log(n)/n)'/¢ at most, see [17, Appendix A.2]. This convergence
combined with Theorem 3.5 allows to derive convergence rates for the estimation of Dy .
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» Theorem 4.2. Assume that X,, is the result of n i.i.d. samples from a d-standard probability
measure u with support M. Consider the estimator ﬁxn,f from Definition 3.4 using the
r-ball graph with resolution q where r and q are specified below. Then there exists a constant
ng depending on L, Ty, p and d such that for all n > ng the following holds.

1
Ifr =8/L,Tu,y (@) * and g>1 +4%, then

E [gooM(Dme,DMyf)} < 16TMuf < ogéﬂ)) , (15)

)

2
Ifr= SL?L/ST]\%; (%) * and q =2, then

2

~ L 3 log(n)\ 3¢
E[ﬁoo’M(Dme,Dva)} gg(TMﬂ) ( grf )> , (16)

The first case in Theorem 4.2 includes ¢ = co. There is no use setting g to be greater
than the indicated threshold of order Ty ¢/r, as the term in the upper bound depending on ¢
becomes negligible past this threshold. Note that the optimal choice for r and ¢ requires the
knowledge of L,,, Ta,r and most importantly d. Theorem 4.2 is stated with these choices of
parameters to highlight the optimal theoretical dependency in these constants. For practical
purposes, the knowledge of L, and Ty ¢ is not actually needed as, in general, any choice
of r < (log(n)/n)/?¢ and q > 1/r yields a convergence rate of (log(n)/n)"/?. Likewise, any
choice of r < (log(n)/n)%/3¢ and ¢ = 2 yields a convergence rate of (log(n)/n)?/3¢. It is not
possible however to get rid of the dependency in d for the range parameter r without altering
the convergence rate. To circumvent this issue, one may use the NN graph instead, for which
the optimal choice of the parameter is shown in Section 4.2 to be k = /n which does not
depend on d. Theorem 4.2 is derived directly from Theorem 3.5 and the convergence of X,
to M in Hausdorff distance. The precise computations are deferred to [17, Appendix C.1].
In the case of the induced metric, the weight function wy , becomes the Euclidean distance
regardless of the resolution and 7Ty ¢ is replaced with 7.

» Corollary 4.3. Under the same assumptions as in Theorem 4.2 and when f = 1,
there exists a constant ng depending on L, Ty and d such that for all n > ng, setting

r = 8y/L,7ar(log(n)/n)'/?4, the estimator Dx, 1 satisfies

1
A L, (lo a
E [éooM(DXml,DM)} <1628 (g(”)> :
TM n
Recall that in the case of a submanifold of class C*¥ with k& > 2 and dimension d, the optimal
convergence rate for the estimation of the induced metric is n=*/¢ [1]. Corollary 4.3 extends
the upper bound to any set of positive reach with the convergence rate n=/4,

4.2 Convergence of the nearest-neighbors graph estimator

We now treat the case of a NN graph estimator, by observing that for adequate choice of r
and k, the r-ball graph and k-NN graph are similar. Indeed, assuming that p is d-Ahlfors
regular, a ball of radius r is expected to contain between cumﬂd and Cﬂnrd points from X,,.

» Proposition 4.4. Let i be a d-Ahlfors measure as defined in Definition 4.1 and X,, a point
cloud sampled i.i.d. from p. Let k > 1, € € (0,1) and define

1
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Then with probability at least 1 — 2ne‘52k/2, the k-NN graph Gi(X,,) is enclosed between two
ball graphs G,_(X,) and G, (X,), that is

P (Gr_(Xn) C Ge(Xn) C Gy, (X)) 21— 2nexp <—522k>

where the inclusion C refers to the inclusion of edge sets.

Proposition 4.4 shows that if » and k are chosen such that k =< nr?, the k&-NN graph and
the r-ball graph are very similar with high probability. This result stems from a common
intuition and a detailed proof is provided in [17, Appendix A.3] for completeness. Theorem 4.2
is then extended to k-NN graphs by choosing k = 4/nlog(n), which does not depend on d.

» Theorem 4.5. Assume that X, is the result of n i.i.d. samples from a d-Ahifors probability
measure u with support M. Consider the estimator lA)me from Definition 3.4 using the
k-NN graph with parameters k = [\/nlog(n) | and q = [n/4]. Then there exists a constant
ng depending on L, T, r and d such that for all n > ng the following holds.

log<n>) :

n

E [eoo,xn (f)me,DM,f)} <C (

where C is a constant depending on L, and Tz, f.

Notice that in Theorem 4.5 the loss is over X,, instead of M like in Theorem 4.2. The
same result could be stated over M, although the proof would be more tedious and is
therefore omitted here. Recall that no knowledge on either d, c,, C,, Tar, K OF frmin is
necessary to compute the estimator, so that it can be used in practice. Setting the resolution
q to be (n/log(n))*/?? would be sufficient to achieve the same upper bound, however this
choice requires the knowledge of d. On the other hand, when setting the resolution to
g = 2 the optimal choice of k can be shown similarly to be k = n!'/3 log(n)z/3 and to
yield a convergence rate of order (log(n)/n)?/3?. Theorem 4.5 is a direct consequence of
Theorem 4.2 and Proposition 4.4 and the precise computations are provided in [17, Appendix
C.2]. Regarding the case of the induced metric, the same statement as in Corollary 4.3
holds for NN graphs. Namely, the estimator ﬁxn,1 defined over the k-NN graph with
k = [\/nlog(n) | converges to Dy at rate (log(n)/n)*/<.

Let us now discuss the algorithmic complexity of the k-NN estimator with resolution g.

In general, building the k-NN graph over a point cloud X of size n is done in O(n%2N) time
when the ambient dimension N is large. Now, consider two points z,y € RY and assume
that f can be evaluated at any point with cost cy. Computing the edges of the graph
Gr(X U{x,y}) takes O(nkqcy) time as the amount of edges in the graph is O(nk) and the
weight of each edge uses ¢ evaluations of f. Finally, computing the infimum that defines
Dx f(x,y) in Definition 3.4 using Dijkstra’s algorithm takes O(nlog(n) + nk) time. Overall,
if k= [\/nlog(n) | and ¢ = [n'/*], the time complexity is O(n?N + n"/*log(n)'/?cy).

4.3 Minimax lower bound

We now study the worst case performance of any estimator of the induced metric Dj;.

» Theorem 4.6. Denote ©,, the set of all estimators D of the induced metric based on n
samples, that given any point cloud X of n points in RN provides a function BX RV xRN —
Ry. Let2<d < N, L7 >0 and M(d,L,7) be the set of all d-standard measures p with
L, < L and support M,, C RN that has positive reach lower bounded by 7. Then there exists
two constants C' > 0 and ng depending on d, L and T such that for all n > nyg,

1
~ 1\ =172
Ainf sup EXNH®1L |:£oo,1\/lu (Dx, DM“):| 2 C () . (17)
DEDy peM(d,L,7) n
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Figure 2 Carving an edge of the cube in R3.

Notice that Theorem 4.6 only addresses the case of the induced metric. This is not a
loss of generality and in fact highlights the fact that the conformal change does not make
the problem any harder, as we have established in Section 2 that geodesics have the same
regularity as in the case of the induced metric. Given any other function f satisfying the
assumptions for a conformal metric, the same lower bound may be obtained with a similar
reasoning as what follows, albeit with more technicalities. The rate n~1/(4=1/2) is faster than
1/d obtained in Theorems 4.2 and 4.5, although the difference becomes negligible
when d is large. The nature of the minimax convergence rate remains therefore open. Under
stronger assumptions on the domain, this question is already solved — see [1] — which we
discuss in Section 4.4.

the rate n

Theorem 4.6 is based on Le Cam’s method [19], for which a statement adapted to our
setup is given in [17, Lemma C.1]. The method consists in finding two measures u; and
w2 in M(d, L, T) that are at most 1/n apart in total variation distance and such that the
relative difference between Dy, and Dy, is of order at least np~1/(d=1/2)

Consider p; the uniform probability on the cube M; = [—aL, aL]? x {0}V =4 ¢ RN where
a>0. Let 0 < e < alL A7 and consider My the result of removing from M its intersection
with a ball of radius 7 centered at (0,¢,¢,...,t) for some ¢t > L such that the ball intersects
the edge from (—aL,aLl,aL,...,al) to (aL,aL,aL,...,aL) at two points x and y that
are 2¢ apart, as pictured in Figure 2. Denote py the uniform probability over My, which
has reach exactly 7 due to the carved area. By choosing « small enough, which depends
only on d, yu; and juy are d-standard with lower constant L~%. Then p; and po both belong
to M(d, L, 7). The volume of the carved area is of order (¢2)9~! as it spans a length 2¢
between 2 and y and a length of order £2 for every other dimension of the cube. This implies
that the total variation distance between p; and ps is of order g2d=1_ Moreover, The distance
from z to y goes from 2¢ in M; to 27 arcsin(e/7) in Ma, following the red arc of radius 7
in Figure 2. This implies that the relative difference between both distances is of order &2.
Choosing & = n~1/2d-1

the desired bound. This reasoning is detailed in [17, Appendix C.3] and the reason why it
1/d

so that the total variation distance is at most 1/n eventually yields

fails to achieve a bound of order n~'/¢ is discussed more in depth in the full version [17].

4.4 Case of a smooth manifold

Recall that the minimax convergence rate for the induced metric of a C¥ manifold of dimension
d is n=%/4 [1]. The methods that achieve such rates are however not computationally feasible
in practice as they rely on manifold reconstruction via non-discrete sets. For instance, the
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optimal convergence rate in the C? case was achieved by [3] using the tangential Delaunay
complex. Precisely, these methods build a n~*/@-approximation of the manifold w.r.t. the
Hausdorff distance, then state that the induced metric over this reconstruction is an estimation
of the original metric with an error proportional to the Hausdorff distance.

In order to get a concrete estimator, one may use such manifold reconstruction, then
sample a fine n~*/9-net over it which approximates the original domain with the same
Hausdorff error. Our work then implies that the polygonal metric over this net would
be an estimation of the original metric with minimax optimal error of order n=*/¢. Such

construction would however be very costly as the point cloud size would grow from n to n¥.

5 Practical examples of conformal factors

We discuss two examples of conformal factors associated with a measure from the literature.

5.1 Density as a conformal factor

If p is a measure with density p w.r.t. the volume measure over a submanifold M, the
conformal change via f = p~# for some parameter 5 > 0 is sometimes referred to as the
Fermat distance due to the parallel with the Fermat principle in optics — that may however
be observed with any conformal change. This metric has been applied to various topological
data analysis and learning problems, e.g., in [11, 12], as it tends to accentuate features
and disparities in the data. Moreover, the metric can be estimated in a simple fashion by
using the same overall reasoning as ours but using weights of the form w(z,y) = ||z — y||*
where « > 1 is a parameter depending on 5 and d [13, 14]. However, this kind of estimation
does not feature any known convergence rate. Using our estimator instead provides an
alternative method with quantitative guarantees, granted that an estimator of the density is
available. To this extent, density estimation is a well-studied problem with many propositions
in the literature. For instance, [4] provides a kernel density estimator p,, that converges

—1/d+1

in L? norm towards p at a rate of n under our assumptions and provided that M

is a C! submanifold and that p is also C!. Under these assumptions, setting f, = p,”

~1/d

yields a convergence rate of n according to Lemma 3.6, at the cost of a more complex

computation than the usual discrete Fermat distance studied in [13].

5.2 Distance-to-measure as a conformal factor

In general, given a parameter m € (0, 1), the distance-to-measure d,, , : RY — R, introduced
in [8] is defined for any measure u over RY. It is 1-Lipschitz and lower bounded by a positive
value as long as p has no atom, hence satisfies the assumption for our work. A slightly
different setup where paths are allowed to leave the domain under a specific constraint is
studied in [18], where it is argued that this metric should behave similarly to the conformal
metric associated with the density but with more stability w.r.t. the measure. The distance-
to-measure is shown [9] to be estimated from n i.i.d. samples of the underlying measure with
—1/2 which is faster than n~'/ hence does not impact the convergence
speed of the estimator of the conformal metric according to Lemma 3.6.

convergence rate n

6 Conclusion

In this work, we have shown that under a reach assumption on the domain and Lipschitz
lower bounded assumptions on the conformal change, the conformal metric has the same
regularity as the induced metric in the sense of geodesics having positive reach. We have
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also shown that positive reach is a sufficient assumption to ensure metric estimation from a
polygonal metric with error proportional to the Hausdorff distance between the point cloud
and the original domain. This leads to a convergence rate of order n='/¢ for the estimation

of the conformal metric using n i.i.d. samples from a d-standard measure, which in particular

applies to the induced metric of any set with positive reach.
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