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—— Abstract

Floodlight illumination problems are art-gallery variants, where a target domain needs to be illu-
minated by guards, each associated with a field of view. The rotating rays Voronoi diagram is a
Voronoi diagram with rays as sites under the angular distance. There is a natural connection of
this Voronoi structure with the problem of finding the minimum aperture such that a given set of
uniform aperture floodlights illuminates a target domain. In this work we present an interactive
visualization software for such problems, supporting different angular distances, namely, oriented
and unoriented versions, and for different domains, namely, the plane and simple polygons.
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1 Introduction

Given a ray r and a point x € R?, the oriented angular distance d(x,r) is the counterclockwise
angle needed to rotate r around its apex until it passes through x. The unoriented angular
distance is equal to min(d,(x,r),2r — d/(z,r)). We call a-floodlight the cone around r
formed by the points with angular distance at most «; see Figure 1. Given a domain D and
a set S of n rays, we consider the following two closely related problems.

The a*-floodlight illumination of D by S: Each ray r € S induces an a-floodlight and
the goal is to find the minimum «, denoted by o*, that illuminates/covers D.

The construction of the rotating rays Voronoi diagram of S restricted to D, denoted
by RVD(S): The diagram is a partition of D into regions, where each region consists of
all points in D that are nearest to a particular ray under the angular distance function.
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Figure 1 Oriented (left) and unoriented (right) angular distances and the respective a-floodlights.

The a*-floodlight illumination reduces to the construction of the rotating rays Voronoi
diagram, since the angle a* is realized on a feature of RVD(S) [1]. Hence, after constructing
the diagram, o* can be found in time linear in [RVD(S)| by a traversal. Each problem has
two variants, the unoriented and the oriented, depending on the distance considered.

For optimization problems where these concepts can be applied see [4, 5, 7, 12, 15, 21].
For an overview of Voronoi diagrams and illumination problems, see [6, 16] and [17, 18, 22].

Contribution. To motivate and facilitate further research on the aforementioned problems,
we provide an interactive visualization software (https://github.com/VD-collective/
rvd-explorer) that supports both angular distance functions in different domains, namely
the plane and polygons. Next, we describe our software and then give an overview of results.

2 Software description

Our software RVD explorer allows users to explore rotating rays Voronoi diagrams and the
a*-floodlight illumination problem; see a screenshot of the software in Figure 2.

Users can specify a Number of sites, place their apices and directions, and select a Diagram
type between RVD_RAYS_ORIENTED and RVD_RAYS_UNORIENTED. Every site, and its
corresponding Voronoi region, is associated with a distinct color for clearer visualization.
Show diagram skeleton highlights (in black) the graph structure of the diagram. Show point
of maximum angle highlights (with a white disk) a point inside the selected frame which
realizes o, i.e., the last point of the frame to be illuminated if all apertures started growing
from 0 to a*. The Max aperture can be bounded from above and the user can change
the Current aperture (%) and also Rotate rays using the respective sliders. There are many
additional features useful for studying the diagrams; the full list is shown when pressing the
Help button.

Figure 2 Image of the software showing an unoriented rotating rays Voronoi diagram in R?.
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Figure 3 Diagrams of a 5-sided polygon: (left) edge-aligned, (right) w/12 bounded max aperture.

Domains. Both the entire plane and polygonal domains are supported. The domain can be
chosen by toggling Polygonal domain. In the plane, rays can be placed anywhere in R? and
distances are evaluated over the entire R?; see, e.g., Figures 2 and 4. In polygonal domains, a
polygon P is given with one ray per vertex, and distances are only evaluated inside P. When
Edge-aligned rays is enabled, each edge 73, v;11 of P induces a ray r; with apex v; passing
through v; 1, as in the Brocard illumination problem [3, 14]; see, e.g., Figures 3 and 5.

Implementation details. The application is implemented in the JavaFX graphics framework.

Diagrams are rendered by pixel-based rasterization of the viewport. For each pixel, angular
distances to all rays are evaluated and colored by the nearest site. Thus, for a W x H viewport,
each frame renders in O(nW H) time. All computations run on the CPU. To maintain a
fluid interactivity, pixel rows are processed in parallel and expensive operations are avoided,
e.g., angles are compared without computing their values. Diagram edges are detected by
comparing neighboring pixel assignments and selectively supersampled for anti-aliasing. The
user interface is built on a custom lightweight library for interactive parameter control.

3 The plane

Let the domain be R2. We consider both the oriented and unoriented variants; see Figure 4.

Oriented RVD(S). A comprehensive study of the oriented RVD(S) was given in [1]. A key
property is that the distance function is discontinuous, at 27, and that the bisectors consist
of circular arcs and rays. The worst-case combinatorial complexity of RVD(S) is shown to
be Q(n?) and the same is true for the complexity of a single Voronoi region. An O(n?*€)
complexity upper bound, for any € > 0, is obtained via 3-dimensional envelopes [20]; the
same approach yields a construction algorithm running in O(n?*€) time.
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Figure 4 Voronoi diagrams of 5 rays in R? in the oriented (left) and unoriented (right) variants.

Unoriented RVD(S). The unoriented RVD(S) was first proposed in [9], accompanied by
an Q(n?) worst-case complexity bound. Its bisectors were investigated in [11]; they consist
of circular and hyperbolic arcs. Notably, several results of the oriented case [1] carry over:
for example, with minor adaptations of the 3-dimensional envelope methods, we can obtain
an O(n?*€) complexity upper bound and an O(n?"¢)-time algorithm.

a*-floodlight illumination. The angle a* takes values in [27/n, 27| in the oriented vari-
ant [1], and in the unoriented, it takes values in [7/n, 7]. It can be obtained by a traversal after
constructing RVD(S), so it requires O(n?*€) total time [1]. It is unknown whether a* can be
computed faster directly, without RVD(S). Still, computing a* admits an (nlogn) lower
bound: the simple case where all rays share the same apex is equivalent to the MAX-GAP
problem on a circle, which has an Q(nlogn) lower bound in the real RAM model [13, 19].

4 Polygonal domains

We consider simple polygons as domains, with edge-aligned rays induced by the polygon
boundary, i.e., related to Brocard illumination [3, 14]. For such inputs, the two variants, ori-
ented and unoriented, coincide, as by definition only counterclockwise rotation is meaningful.

Convex polygons. The Voronoi diagram RVD(S) constrained to a convex polygon P
was studied extensively in [1]. It is a tree, has ©(n) combinatorial complexity, and can be
constructed in optimal deterministic ©(n) time using an elaborate divide-and-conquer scheme.
This result is accompanied by a simple O(nlogn)-time algorithm; a similar algorithm to
directly compute o* is given in [3]. The angle a* takes values in (0,7/2 — 7/n] [1].



C. Alegria, I. Mantas, M. Savi¢, and M. Suderland 98:5

Figure 5 Voronoi diagram of a convex polygon with 8 vertices, inducing 8 edge-aligned rays.

Simple polygons. For simple polygons few results are known. The challenge comes from the
presence of reflex vertices which obstruct the visibility of the rays. To construct RVD(S), an
O(n**¢r)-time algorithm was described in [14], where r is the number of reflex vertices: P is
decomposed in O(n?r) visibility cells in O(n?) time [8, 10] and the O(n?*¢)-time algorithm [1]
is applied in each cell. The above implies an O(n**¢r) combinatorial complexity bound. A
worst-case (2(n?) lower bound can be realized by star-shaped polygons, as the one in Figure 6.

Figure 6 Diagram of a polygon with ©(n?) complexity, induced by the ©(n?) ray intersections.
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Regarding the angle o*, an O(n? log? n)-time algorithm to compute it directly was given

in [3]. The angle takes values in (0,27 — 7/6) and instances arbitrarily close to the upper

bound can be realized by windmill-shaped polygons as shown in Figure 7. It is a regular
triangle with three outward wings attached on the corners.
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