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Abstract
Packing disjoint subgraphs in a given graph is a fundamental problem with many applications.
Motivated by political districting, we focus on connected subgraphs that are compact (e.g., having
constant radius from a single center vertex) and that satisfy additional composition requirements,
such as a minimum population/weight threshold or balanced weight types (e.g., political affiliations).
We aim to maximize coverage by disjoint districts that meet these requirements.

In this work, we present new results that substantially improve the previously known bounds
on balanced star districts for planar and minor-free graphs [33]. In particular, we improve the
approximation factor from O(log n) to O(1) for packing balanced star districts using the exact same
algorithm, but with a refined analysis. We also extend the results beyond planar graphs to minor-free
graphs and an even broader family of graphs of bounded expansion. Additionally, we obtain an
O(1) approximation for packing radius-k districts (with a constant k) in planar and apex-minor-free
graphs. In order to get a (1 + ε) approximation on the max coverage, we show that this can be
achieved if we allow a slight relaxation of the balancedness parameters (by a factor that can be
made arbitrarily close to 1), for bounded radius-k districts on planar and apex-minor-free graphs.

We show that all of these results can also be obtained if we enforce a minimum weight threshold
for each district as the composition requirement, rather than balancedness. We present various
results on hardness and hardness of approximation for this variant, by graph and district types.
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10:2 Packing Compact Subgraphs with Applications to Districting

1 Introduction

We consider a general family of districting problems, formulated as packing compact, con-
nected subgraphs, with the objective of maximizing coverage. Given a graph G = (V, E)
with vertex set V of |V | = n and edge set E. Each vertex v represents an atomic region
with integer weight w (e.g., the population counts in the region, or reward). A district is a
connected subgraph on a vertex set S ⊆ V in G, and two districts must be vertex-disjoint.
We aim to maximize the total weight of the vertices covered by districts.

Depending on the application scenarios, a district needs to meet additional requirements.
One commonly seen requirement is that any two vertices in the same district are not very
far, that is, the district is relatively compact, or simply not too elongated. This is a desirable
property that often appears in discussions of political districting. Further, there may be
additional requirements on the population composition or budgeting constraints. We discuss
the two dimensions separately.

Compactness. To characterize this requirement, we consider two possible ways of limiting
distances between vertices in district S: diameter-k or radius-k, for a constant k. A district S

meets the diameter-k constraint if every two vertices in S are within k hops from each other.
A district S has radius-k if there is a center vertex v ∈ S and all other vertices of S are
within k hops from v. Further, we can consider the diameter or radius in either the strong
notion – within the induced subgraph on S, or the weak notion – in the original graph G.
Notice that the weak notion is hereditary: for a subgraph G′ with weak diameter k, any
subgraph of G′ continues to have weak diameter at most k. But this is obviously not always
true for the strong diameter or radius.

Composition. In addition, the districts may also need to satisfy additional properties that
involve the composition of the vertices, such as:

Balancedness: in political districting there are two types of weights w1(v) and w2(v)
for each vertex v, with w(v) = w1(v) + w2(v). For any vertex subset S and each
i ∈ {1, 2} we define wi(S) =

∑
v∈S wi(v). We call S c-balanced if min(w1(S), w2(S)) ≥

(w1(S) + w2(S))/c. That is, the two types of weights are comparable in size.
Weight threshold: a district is valid if w(S) ≥ B for a threshold B. This is a natural
property that requires all districts to be significant in weight/size. Notice that we consider
a lower bound type of constraint. The upper bound version is often trivial – for example,
taking all feasible singleton districts is the optimal solution.

1.1 Motivation
Packing disjoint subgraphs is a fundamental problem that has many applications. The
most notable applications are in political districting, in which connectivity, contiguity and
compactness is highly preferred and sometimes enforced by state law [4]. Furthermore, the c-
balanced property guarantees that each political group has a decent amount of representation,
which can be viewed as compliance with the Voting Rights Act of 1965 [41]. The weight
threshold is another natural property such that each district is significant in size/population.
In general, the districting problem can also be applied to the allocation of other types of
resources and services [13, 51].

Earlier work of [33] considered the c-balanced districting problem, which is one case of the
districting problem defined earlier. [33] provided various hardness results and approximation
algorithms for different families of graphs. There are two major directions left open in [33].
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First, most of the positive results (without additional assumptions on the districts or on very
special graphs such as complete graphs or trees) are only for star districts, which are (strong)
radius-1 subgraphs. It was not clear how the results could be extended to higher, constant
values of radius-k. Second, and more importantly, one of the most prominent applications in
political districting considers planar graphs (e.g., the geographical subdivision into townships
and counties). The best approximation factor for packing c-balanced star districts in a planar
graph in [33] is O(log n) without a matching lower bound. Resolving this issue by either
developing a constant-factor approximation or proving a stronger hardness result is a major
open question.

1.2 Related Work
Our problem is connected to computational (re)districting for schools and elections, which
dates back to the 1960s [45]. Since then, extensive work (see [9]) has studied them as an
algorithmic problem, typically focusing on specific constraints such as balance or compactness.
For balancedness, recent work introduces vote-band metrics [27], which require a certain
fraction of votes to fall within a specified range (e.g., 45-55%) for competitive elections.
Subsequently, [19, 33] introduce the c-balanced district problem. Other research focuses on
optimizing balance scores directly [40]. Regarding compactness, one line of work treats it as
a transportation cost [2, 38, 22], such notions also relate to the fair clustering problem [12,
18, 49, 17]. Other research focuses on optimizing compactness scores [8, 50, 53, 48] or using
Voronoi or power diagrams with some variant of k-means [67, 24, 25, 39]. Besides the
optimization approach, another popular method uses sampling to generate a distribution
over districts and create a collection of district plans for selection [5, 21, 28, 59, 16].

Finally, several papers take a fair division approach [54, 64, 26]. The problem is quite
different, however, as fairness in this context is defined concerning parties (types) and the
number of seats they would win (i.e., the number of districts where they would have a
majority) compared to other districts, rather than the internal composition of individual
districts.

Besides its applications in political districting, packing compact subgraphs from a given
family, such as paths, cycles, and stars, is a fundamental problem in its own right. Let H
be a family of graphs. A H-packing of a graph G is a set of vertex disjoint subgraphs such
that each subgraph is isomorphic to some element of H. These types of problems have been
studied in many papers with various hardness and approximation results, such as packing
stars [63, 6, 56, 68, 66], induced stars [52], constant sized graphs [57, 14, 55], cycles and

Table 1 A summary of new approximation results on the threshold and balanced districting
problem, δ, ε > 0 are constants. New results are highlighted in bold.

Graph Type District Type Results

Planar
star (strong radius-1) O(log n)-approx [33]

strong radius-k O(1)-approx (Theorem 4)
weak/strong radius-k (1 + ε)-approx, δ-relaxation

(Theorem 22)

Apex-Minor-Free strong radius-k O(1)-approx (Theorem 4)
weak/strong radius-k (1 + ε)-approx, δ-relaxation

(Theorem 22)

H-Minor-Free star (strong radius-1) O(h2 log n)-approx, h = |H| [33]
star (strong radius-1) O(1)-approx (Theorem 5)

Bounded Expansion star (strong radius-1) O(1)-approx (Theorem 5)

FORC 2026



10:4 Packing Compact Subgraphs with Applications to Districting

paths [44, 47, 66, 10], cliques and bicliques [46, 42, 43], and low-diameter spanning trees [20].
Another line of work [1, 36, 35, 34, 58, 69] explores covering and partitioning graph with
k-clubs, as a generalization to the clique cover problem. S ⊆ V is a k-club in graph G if
S induces a subgraph in G with diameter at most k (cliques are k-club for k = 1). k-club
with at least t vertices is called a (t, k)-club. The Minimum k-club cover problem asks for
minimum number of k-clubs that cover all vertices in the graph and [35, 69] explore hardness
and approximation algorithms for different values of k. The Maximum Disjoint (t, k)-club
covering problem asks for vertex disjoint (t, k)-clubs that cover maximum number of vertices
in the graph G. [36, 58] study this problem for k = 2, 3 on general and bipartite graphs.
Note that none of the above work consider the composition properties of the subgraphs.
Thus, the results are only marginally relevant to this paper.

1.3 New Results
In this paper, we resolve both problems left open in [33], significantly expanding the theoretical
understanding of this problem. Our results are summarized in Table 1.

O(1)-approximation. Compared to the O(log n)-approximation of packing star districts on
a planar graph in [33], we improved the results in two directions. First, we show an algorithm
(Theorem 5) with a constant approximation factor for packing c-balanced star districts
in graphs of bounded expansion, which is a concept of graph family that are “everywhere
sparse” introduced by Nešetřil and Ossona de Mendez [62, 61, 60]. Graphs with bounded
expansion include minor-free graphs (and planar graphs) and graphs of bounded degree,
as well as graphs that appear in complex network models such as the configuration model
and the Chung–Lu model [31]. This improves the approximation factor from O(log n) to
O(1) for a much bigger family of graphs. Second, we show a constant approximation for
packing c-balanced or threshold districts of bounded strong radius on planar graphs and
apex-minor-free graphs(Theorem 4). Both results also apply to the threshold districts (instead
of c-balanced ones for the composition requirement).

(1+ε)-approximation. Next, we wonder what can be said if we want a (1+ε) approximation
for the district packing problem. We show that PTAS can be obtained for packing bounded
weak radius districts on planar and apex-minor-free graphs, if we allow a small relaxation of
c-balanced property to c(1 + δ)-balanced, for any δ > 0 (Theorem 22). The same holds for
the weight-threshold version if we relax the threshold B to B(1− δ).

Hardness results. Finally, we complement the positive results with hardness results in
Appendix C. For the majority of the positive results, we consider compactness as defined
by a bounded radius k. For maximum packing of subgraphs of bounded diameter (both
weak and strong) on general graphs, we show that even finding one district with weight
threshold is NP-hard (Theorem 6.6 in full version) by reducing it from the max clique problem.
Additionally, the separation oracle for the LP formulation relies on finding a violating district,
which itself is a feasible district; implying that implementing the separation oracle for districts
of bounded diameter in general graphs is NP-hard. For maximum packing of districts with a
weight threshold, we show that it is NP-hard by reduction from the maximum independent
set problem (Theorem 25). Specifically, we show it is NP-hard to approximate to a factor
better than n1/2−δ for δ > 0 on general graphs, and the maximum packing problem remains
NP-hard even on planar graphs. This hardness holds even when we require the subgraphs to
have bounded radius, with k = 1 (stars). The problem is trivial for a complete graph but
remains NP-hard on a tree by a reduction from the Knapsack problem.
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Lastly, the c-balanced property considers two types of weights; if three or more weights
are considered, the problem of packing compact graphs is hard to approximate within any
factor (see Theorem 6.5 in full version). We will now formally define the problems and then
provide an overview of the challenges and new techniques to obtain the results.

2 Preliminary

2.1 Problem Statement
Consider a connected undirected graph G = (V, E) with n = |V | vertices and m = |E|
edges. We define a general district packing problem. The input graph is associated with
an objective weight function w : V → Z≥0 and potentially a list of feature weight functions
w1, . . . , wd : V → Z≥0. These feature weights can be independent of each other as well as of
objective weights. A district is a subset of vertices T ⊆ V such that the induced subgraph
G[T ] is connected and satisfies specific validity constraints: compactness (constraints on
topology) and composition (constraints on feature weights). A (partial) districting solution
is a collection of vertex-disjoint districts T = {T1, . . . }. We remark that finding a complete
partition of the graph into vertex-disjoint districts (i.e.,

⋃
T ∈T T = V ) may not be possible;

rather, we seek a packing of disjoint districts with a maximum total objective weight.
For the compactness constraints, besides connectivity, we consider radius or diameter

bounds. Specifically, the distance dG(u, v) between vertices u and v in G is the number of
edges on the shortest path between u and v. A district T has bounded strong radius k if
there exists a vertex γ ∈ T such that for all other vertices u ∈ T , dG[T ](u, γ) ≤ k. Similarly,
T has bounded weak radius k if there exists a vertex γ ∈ V such that for all other vertices
u ∈ T , dG(u, γ) ≤ k. A districting T satisfies strong (or weak) radius bound k if every T ∈ T
has bounded strong (or weak) radius k. A district T has bounded strong diameter if all pairs
of vertices u, v in T have distance in the induced subgraph at most k, i.e., dG[T ](u, v) ≤ k.
It has bounded weak diameter if for every pair of vertices u, v ∈ T , their distance in the
original graph G is at most k, i.e., dG(u, v) ≤ k.

Composition constraints impose limits on the feature weights of each district. First,
we can extend our weight to a single district T and a districting solution T . For any
weight function (representing either the objective w or a feature wi), the district weight is
w(T ) =

∑
v∈T w(v), and the total weight of the districting solution T is w(T ) =

∑
T ∈T w(T ).

We consider two types of composition requirements:

Balanced Districting. Given feature weights w1, w2 and a balancedness parameter c ≥ 2, a
district T is c-balanced [33] if:

min{w1(T ), w2(T )} ≥ 1
c

(
w1(T ) + w2(T )

)
. (1)

A districting solution T is c-balanced if every district T ∈ T satisfies Eq. (1). For bicriteria
approximation, we may also refer to a δ-relaxed c-balanced condition (where 0 < δ < 1):

min{w1(T ), w2(T )} ≥ 1
c(1 + δ)

(
w1(T ) + w2(T )

)
. (2)

Threshold Districting. Given a feature weight w1 and a threshold parameter B ≥ 0, a
district T is a B-threshold district if w1(T ) ≥ B. A districting solution T is B-threshold if
every district T ∈ T is a B-threshold district.

FORC 2026



10:6 Packing Compact Subgraphs with Applications to Districting

Similarly, a δ-relaxed B-threshold district is defined by the condition: w1(T ) ≥ B(1− δ).
We will use S, T or U to denote districts and S for the set of valid districts (e.g., the set of
c-balanced districts with strong radius bound k).

Approximate and Bicriteria Solutions. Given a graph G, weights w, {wi}, and constraint
parameters (k and c or B), our goal is to find a districting solution T that maximizes the total
objective weight w(T ) and every district T ∈ T satisfies the (compactness and composition)
constraints. We say a districting solution T is an α-approximation if every district in T
satisfies the exact constraints and

α · w(T ) ≥ w(TOPT),

where TOPT is an optimal solution satisfying the exact constraints. We also consider bicriteria
(α, δ)-approximations. In this setting, the solution T satisfies the weight approximation
guarantee (α · w(T ) ≥ w(TOPT)) but is permitted to satisfy the δ-relaxed composition
constraints. For instance, in the c-balanced districting problem with strong radius bound k:

An α-approximation requires that each district in T is strictly c-balanced and has strong
radius at most k.
A bicriteria (α, δ)-approximation allows the districts in T to be δ-relaxed c-balanced (i.e.,
balanced with parameter c(1 + δ)), while still comparing the solution against the strictly
c-balanced optimum TOPT.

Graph Types. A graph G = (V, E) is planar if there exists an embedding of all vertices to
the Euclidean plane such that all edges can be drawn without intersections other than the
endpoints. A face of a planar embedding is a connected region separated by the embedded
edges. G is said to be outerplanar if there exists an embedding of G such that there is a face
containing all vertices. Often, this face is assumed to be the outer face. A graph H is said to
be a minor of G if H is isomorphic to the graph obtained by a sequence of vertex deletions,
edge contractions, and edge deletions from G. We say that G is H-minor-free if G does not
have H as its minor. A graph is an apex graph if there is a vertex whose removal results in
a planar graph. A graph G is apex-minor free if it does not have some apex graph H as a
minor. See [37, 29] for more discussions on apex-minor-free graphs. We now formally define
bounded expansion graphs.

▶ Definition 1. Let G = (V, E) be an undirected (multi-)graph and let f : Z≥0 → Z≥0 be a
non-decreasing function. We say that G belongs to the class of f -bounded expansion graphs
if the following holds. Let (V1, V2, . . . , Vn′) be a partition of V , where each part Vi induces a
connected graph. Let k be the maximum diameter of the induced subgraphs G[Vi] for all i.
Consider the contracted graph H from G where each part Vi is contracted to a single vertex.
Then, for any subgraph of H ′ ⊆ H, the density of H ′ satisfies 2|E(H′)|

|V (H′)| ≤ f(k).

At a high-level, a bounded expansion graph G keeps a bounded density (and thus bounded
degeneracy) if one contracts bounded diameter subgraphs all at once in G.

2.2 Algorithmic Framework

We first examine the districting problem from a bird’s-eye view and explain how the technical
tools introduced in this work can be applied more generally.
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Linear Program Formulation. Recall that a candidate district is represented by a set of
vertices S ⊆ V as defined in Section 2.1. We use S as the set of all candidate districts that
meet the requirements. This set S can be of potentially exponential size. For each candidate
district S ∈ S, we define a variable xS ∈ {0, 1} indicating whether or not this district is
chosen. Due to the disjointness of districts, among all the districts that cover the same vertex
v, only one of them can take a value of 1. Denote by w(S) the weight of S. The integer
program is defined as

maximize
∑

S

w(S)xS

subject to ∀v ∈ V,
∑
S∋v

xS ≤ 1

∀S, xS ∈ {0, 1}

(3)

To solve an integer solution, we use two steps. First, solve for an (approximate) solution
to the LP problem. Then round the fractional solution to an integer solution. We discuss
the two problems separately. To relax this integer program to a fractional solution, we allow
xS to take real values in [0, 1] and define x′

S = xS · w(S), x′
S ∈ [0, w(S)]. Rewriting the LP

using x′
S , the primal and dual LP problems are as follows.

Primal: Maximizing
∑

S x′
S , subject to

∑
S:v∈S

x′
S

w(S) ≤ 1 for all v ∈ V ; x′
S ≥ 0 for

all S.
Dual: Minimizing

∑
v y′

v, subject to
∑

v∈S
y′

S

w(S) ≥ 1 for all S; y′
v ≥ 0 for all v.

Solving the LP problem is straightforward if we are given a set of polynomially many
valid districts. One scenario in which this could happen is when a districting already exists
on G and, for a new districting solution, only minor changes to the previous solution are
acceptable. In general, the number of potential districts could be exponentially large, even if
we consider only stars (e.g., under the compactness restriction). We cannot explicitly write
the variables and constraints in the LP and must rely on a separation oracle. For the dual LP
problem, a strongly violating dual constraint is a district S such that S is valid and for the
dual variables values of vertices in S and 0 < ε < 1,

∑
v∈S y′

v < (1− ε)w(S). We formulate
the task of implementing a separation oracle as follows:

Input: Graph G, dual variables {y′
v}, weight function w : V → Z≥0, implicit set S of

all valid districts.
Goal: Either returns a violating district S ∈ S such that its weight w(S) is at least
half to the maximum weight among all violating districts, and∑

v∈S

y′
v < (1− ε/2)w(S); (4)

or reports that all districts S ∈ S satisfy
∑

v∈S y′
v ≥ (1− ε)w(S).

Randomized Rounding. Once we have an (approximate) fractional solution to the LP, we
use the same randomized rounding as in [33] to find an integer solution I: sort all districts
with non-zero x-values in decreasing order of their weights; in this order a district S is
selected with probability proportional to xS , if it does not overlap with any districts already
selected in the integer solution. This rounding procedure introduces another approximation
factor of O(τ), where τ is called the correlation ratio and bounds the correlation term∑

A,B∈S,A∩B ̸=∅ xAxB ≤ τ
∑

S∈S xS .

FORC 2026



10:8 Packing Compact Subgraphs with Applications to Districting

We state this lemma from [33] for completeness. Suppose S≥δ is the set of districts from
the fractional LP solution that have x-value at least δ and w(I) is the total weight of the
integer solution I after rounding. The expectation is on the random coin flips in the rounding
process.

▶ Lemma 2 (Lemma B.5 in [33]). Suppose that there exists a τ ∈ R>0 such that for all δ > 0,∑
A,B∈S≥δ,A∩B ̸=∅

xAxB ≤ (τ/2) ·
∑

S∈S≥δ

xS ,

then E[w(I)] ≥ 1
2τ

∑
S w(S) · xS.

3 Technical Overview

This section summarizes the main algorithmic ideas and the core technical challenges
underlying Sections 4 and B. The new progress requires addressing two major challenges.
First, we need to identify the candidate districts that meet the specified requirements
(connectivity, compactness, balancedness, or weight threshold). Next, we choose a disjoint
subset of the candidate districts with maximum total weight. The first issue is related to
feasibility, and the second issue regards disjointness or packing.

At a high level, our positive results rely on two complementary approaches. Section 4
develops a refined analysis of a linear programming (LP) relaxation combined with randomized
rounding, yielding constant-factor approximations on minor-free and bounded-expansion
graph classes. Section B strengthens the result for apex-minor-free graphs by combining
Baker’s layering technique with a new dynamic programming (DP) framework on bounded-
treewidth graphs, leading to a PTAS under relaxed parameters.

3.1 Refined Rounding Analysis (Section 4)
Recall that xS is the primal variable in the LP formulation for a district S, xS ∈ [0, 1]. We
consider districts of strong radius k. The LP framework allows addressing feasibility and
packing in an orthogonal manner. The separation oracle helps to find a feasible district that
substantially improves the LP solution, and the randomized rounding manages packing.

The performance of the randomized rounding procedure is governed by a second-order
correlation term

∑
A∩B ̸=∅ xAxB , which measures the extent to which overlapping districts

interfere during rounding. Given a graph G and S (a collection of connected subgraphs of G),
we say that G,S has correlation ratio τ if

∑
S:v∈S xS ≤ 1, and

∑
A∩B ̸=∅ xAxB ≤ τ

∑
S xS ,

for all v and {xS}. Lemma 2 gives an O(τ) approximation guarantee if we can establish
any bound on τ . In particular, in Lemma 3 we show that if G is H-minor-free for some
H of size h, then τ can be bounded by a function q(h, k) that depend solely on h and k.
Establishing this bound yields a constant-factor approximation. The main technical difficulty
is that intersecting districts may overlap in highly structured ways. Even when each district
has a strong radius k, a fixed district A could, a priori, intersect with many other districts B.
A naïve charging argument could therefore lead to an O(n) blow-up.1

To overcome this, we exploit the structural sparsity of minor-free graphs. Specifically,
an H-minor-free graph has bounded degeneracy – there is an orientation of the edges such
that the out-degree of any vertex is bounded by O(h

√
log h) [65, 3]. Using this property, we

1 For example, consider A being a star of Ω(n) vertices, with each leaf intersecting distinct districts. In
this case, the terms xA involved in the correlation sum are at least Ω(n)xA. This shows some districts
will be charged for Ω(n) times in a naïve charging argument.
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design a probabilistic charging scheme based on a sequence of random edge orientations and
contractions. For each intersecting pair (A, B), we identify a carefully structured “intersecting
pivot” along a canonical path between their centers. We then show that with probability
Ωh,k(1), the pair can be charged to one endpoint district in a way that ensures:

Each intersecting pair is charged with constant probability.
Each district receives only Oh,k(1) total charge.

This argument combines bounded degeneracy, controlled path contractions, and a forward-
trajectory encoding that limits the number of distinct pivots that can be associated with
a fixed district. The result is a constant bound on the correlation term, completing the
rounding analysis. The analysis here is independent of how the LP fractional solution is
computed and thus can be combined with any algorithm or implementation that produces
an (approximate) fractional solution.

A similar argument extends to bounded-expansion graphs (Section 4.3), since such graphs
have constant “density” everywhere and also enjoy bounded degeneracy. With a slightly
modified contraction, the correlation term is bounded by a factor that depends only on the
density parameter. We remark that the randomized rounding algorithm we use is fairly
standard [23, 15], but the analysis of its performance is new and may find further applications.

The new analysis of randomized rounding, combined with the separation oracle for star
districts in [33], immediately yields an O(1)-approximation algorithm for packing c-balanced
or B-threshold star districts in planar, minor-free, and bounded-expansion graphs.

In order to handle districts of a general radius k with k > 1, we also need to extend the
separation oracle for star districts in [33] to accommodate a general radius k (Appendix A).
To do that, we formulate a vector-valued subset sum problem on a connected compact
subgraph. Similar to the standard subset sum, we trim the solution space by keeping
a succinct representation of the subsets that approximate every possible solution with a
multiplicative factor and maximize a linear score. This new framework can be applied to
both c-balanced districts and threshold districts, as well as to a generic connected knapsack
problem (see [32]). For the connected subgraph sum problem, we present an FPTAS on
graphs of bounded treewidth. On a planar graph or an apex-minor-free graph, the k-hop
neighborhood of any center vertex has bounded treewidth [37, 11]. Thus, we can enumerate
every possible center vertex and apply the separation oracle in each bounded radius-k
neighborhood. This provides an efficient separation oracle for planar and apex minor-free
graphs.

3.2 PTAS for Apex Minor-Free Graphs (Appendix B)
Section B improves the approximation guarantee for apex-minor-free graphs using a different
paradigm with two elements: the Baker’s layering approach [7] for planar and apex minor-free
graphs [30] and a PTAS for subgraph packing for graphs of bounded treewidth.

We explain the main idea for planar graphs. The Baker’s approach considers a BFS from
an arbitrary root and removes the vertices on the layers = i mod t, for some 0 ≤ i ≤ t− 1.
With a fixed i, this will partition the graph into connected components, each with at most t

consecutive layers of the BFS. Thus, each piece is t-outerplanar and thus has treewidth at
most 3t− 1 [11].

Suppose, for now, we have a magic algorithm A that solves compact subgraph packing in
a graph of bounded treewidth. We apply algorithm A for each piece, such that all obtained
districts from the connected components combined form a feasible packing solution for the
original graph G. If we try this for all possible values of i between 0 and t − 1, and take
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the maximum solution, this is a (1 + ε) approximation to the optimal with t = O(k/ε).
The reason is that in an optimal solution, only the subgraphs that are “influenced” by the
removed layers are destroyed. These vertices are within O(k) hops from the removed layers
since each compact subgraph has radius k. By the pigeonhole principle, at least one of the t

candidate solutions keeps all but O(k/t) = O(ε) fraction of the optimal weight.
The central technical task is therefore to find the algorithm A that solves the problem

of packing compact districts on bounded-treewidth graphs. Unlike the separation oracle
problem (which asks for a single feasible district), packing requires simultaneously selecting
multiple disjoint connected subgraphs subject to either balancedness or threshold constraints.
This introduces a significantly more complex state space.

We develop a dynamic programming scheme over a tree decomposition that encodes
partial district configurations within each bag. The DP must simultaneously track the
connectivity information of partially formed districts and the cumulated weight (for threshold
constraints) or the weight balance (for c-balanced districts). Our DP mechanism has to relax
the parameter c slightly (for the c-balanced districts) or the weight threshold B (for the
threshold districts) by a factor.

4 O(1)-approximation on Planar Graphs and Beyond

4.1 Constant Ratio for Minor-Free Graphs
In this section, we briefly describe the linear programming approach for the district packing
problem, together with the randomized rounding framework based on the support variables
of an optimal linear program solution. The approximation guarantee of this framework
relies on bounding certain second-order terms involving the support variables. In particular,
throughout this section we aim to prove the following key technical Lemma 3 for minor-free
graphs and Theorem 13 for bounded expansion graphs.

▶ Lemma 3. For all k ≥ 1 and h ≥ 1, there exists q(h, k) = hO(k2) such that the following
holds. Let G be an H-minor-free graph with |H| ≤ h, S be the collection of connected
subgraphs with strong radius k, and x : V → R≥0 is a nonnegative weight function satisfying∑

S∈S:S∋v xS ≤ 1 for all v for all v. Then,∑
A,B∈S and A∩B ̸=∅

xAxB ≤ q(h, k) ·
∑
S∈S

xS .

Combining the above lemma with the linear programming formulation and the randomized
rounding framework yields the following results.

▶ Theorem 4. There exists a polynomial-time algorithm that computes an O(1)-approximate
solution for packing c-balanced or threshold districts with bounded strong radius on planar
graphs and apex-minor-free graphs.

▶ Theorem 5. There exists a polynomial-time algorithm that computes an O(1)-approximate
solution for packing c-balanced or threshold star districts on H-minor-free graphs and
bounded-expansion graphs.

We prove Theorem 4 and Theorem 5 at the end of this section. The high level approach
of proving Lemma 3 is to partition the pairs of intersecting districts into different cases, and
give the upper bound to each of the case. To start with the simplest case, we first introduce
the following notions of center vertices and intersecting pivots.
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Center Vertices and Intersecting Pivots. For each district S ∈ S, we designate a center
vertex cS ∈ S to the district, where every vertex in S is within distance k from cS . If there
are multiple choices, cS can be chosen arbirarily. Note that since S has a strong radius at
most k, there is at least one center vertex in S.

For each pair of districts (A, B) that intersect, we further define the following terms.

▶ Definition 6. Let A, B ∈ S be two districts with A ∩ B ̸= ∅. Let PA,B be an arbitrarily
chosen (undirected) path that satisfies the following conditions:
1. PA,B is a path connecting cA and cB. If cA = cB then PA,B is a single vertex.
2. There exists an intersecting pivot iA,B ∈ PA,B ∩A ∩B.
3. The length of the subpath between cA and iA,B, and the length of the subpath between cB

and iA,B are both at most k.
4. All vertices on the path between cA and iA,B are in A, and all vertices on the path between

iA,B and cB are in B.
We require PA,B = PB,A and iA,B = iB,A.

Now, with the definition of the intersecting pivot, we are able to partition the set of
intersecting district pairs (A, B) into two types – an “easy” case where iA,B ∈ {cA, cB}, or
otherwise a “non-trivial” case.

For the easy case, without loss of generality, we may assume iA,B = cA. In this case, we
bound the total correlation using the primal constraints:∑

A∩B ̸=∅ and iA,B=cA

xAxB ≤
∑
A∈S

xA

∑
B∋cA

xB ≤
∑
S∈S

xS

Therefore, it remains to bound the correlation sum for all intersecting districts (A, B),
where cA, cB and iA,B are all distinct vertices.

4.2 A Probabilistic Method for Challenging Case
The analysis of the easy case does not simply generalize to the non-trivial case where iA,B , cA

and cB are all distinct. One potentially convincing reason is that if we fix the district A, all
the intersecting pivots iA,B might be distinct, which implies that the sum over all intersecting
districts

∑
B:A∩B ̸=∅ xAxB could be as large as |A| · xA = Ω(n) · xA in the worst case.

Fortunately, one can utilize the bounded degeneracy property of H-minor-free graphs
for a fixed minor H of size h. A d-degenerate graph is an undirected graph in which every
subgraph has at least one vertex of degree at most d. The degeneracy of a graph is the
smallest value d for which it is d-degenerate. The following fact bounds the degeneracy of
H-minor-free graphs.

▶ Lemma 7 ([65, 3]). Let G = (V, E) be an H-minor free graph for a fixed graph H of h

vertices, then the degeneracy of G is d = O(h
√

log h).

With this property, we are able to design a randomized charging scheme, such that
for each pair of intersecting districts (A, B), with probability Ωh,k(1), the cost xAxB will
be charged to either xA or xB and simultaneously each xA or xB will be charged by at
most Oh,k(1) times. This completes the proof by the standard probabilistic method. We
summarize the above discussion into the following lemma, which directly leads to Lemma 3.

▶ Lemma 8. Let G = (V, E) be an H-minor-free graph (where H has h vertices) and S be a
set of subgraphs with strong radius k. Then, there exists a randomized algorithm R that takes
(G,S, {xS}) as input, and output a list O of ordered tuples (A, B, j) ∈ S × S × V , such that
the following holds.
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(1) j ∈ B.
(2) For each district A ∈ S, the set JA := {j | (A, B, j) ∈ O} contains at most dk+1(2k

k

)
distinct vertices.

(3) For any intersecting pair (A, B), with probability at least 1/(d+1)k2 , either (A, B, j) ∈ O
or (B, A, j′) ∈ O, for some j ∈ B or some j′ ∈ A.

Before proving Lemma 8, we first show that Lemma 8 implies the correctness of Lemma 3,
the main technical lemma of this section.

Proof of Lemma 3. By item (3) in Lemma 8, we obtain the expected bound:

E
R

 ∑
(A,B,j)∈O

xAxB

 ≥ 1
(d + 1)k2

∑
A∩B ̸=∅

xAxB .

On the other hand, by items (1) and (2) we have

∑
(A,B,j)∈O

xAxB =
∑
A∈S

xA

∑
j∈JA

 ∑
B: (A,B,j)∈O

xB

 ≤ dk+1(2k
k

) ∑
S∈S

xS .

By the probabilistic method argument, there must exist a set of intersecting pairs O′

that satisfies both inequalities, which completes the proof of Lemma 3 with q(h, k) =
(d + 1)k2

dk+1(2k
k

)
= hO(k2). ◀

The rest of the section devotes to proving Lemma 8. We first describe the randomized
algorithm R below.

The Algorithm R. The algorithm consists of two parts: in the first part, the algorithm
randomly produces a sequence of minors of G: G0 = G, G1, . . . , Gk via a sequence of random
contractions, where k is the radius/diameter constraint. In the second part, the algorithm
considers each intersecting district pair (A, B), obtains some vertex j ∈ V , and decides if
the tuple (A, B, j) will be added to the output list and counted toward the correlation sum.
Note that due to asymmetry, (A, B) and (B, A) are considered separately.

Part 1. The algorithm initializes a copy G0 ← G of the input graph. Run the following
procedure in k rounds. In each round r = 1, 2, . . . , k, the algorithm computes an arbitrary
orientation G⃗r−1 from Gr−1, where each vertex has out-degree at most d. The algorithm
then assigns a randomly chosen neighbor (or not choosing at all) for each vertex, denoted
as the variable pickr[v] ∈ V ∪ {⊥}. Specifically, for each vertex v ∈ V , each out-going
neighbor v′ ∈ out(v) will be assigned to pickr[v] with probability 1

d+1 , and for the remaining
probability 1− |out(v)|/(d + 1), the algorithm chooses nothing (sets pickr[v]← ⊥) for v.

Finally, at the end of each round, the algorithm forms the (undirected) contracted
graph Gr by contracting v toward pickr[v] all at once. The contraction naturally induces a
partition of V (Gr−1), where each part is contracted to a single vertex and there is at most one
vertex v in the part with pickr[v] = ⊥. If such vertex v exists, we name the contracted vertex
in Gr to be v. Otherwise, we do not need this vertex anymore so they can be completely
removed from Gr. We emphasize that this naming convention is important to our analysis.
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Part 2. The algorithm computes an orientation G⃗k from the latest contracted graph Gk.
For each pair of intersecting district (A, B) with iA,B different from cA and cB , the algorithm
checks if the following event EA,B holds:

The vertices cA, cB are never contracted. That is, pickr[cA] = pickr[cB ] = ⊥ for all r.
pickr[iA,B ] = ⊥ for all r = 1, 2, . . . , k − 1. Note that we do not restrict pickk[iA,B ].
For every other vertex v on PA,B except cA, cB , iA,B, whenever pickr[v] ̸= ⊥, we must
have pickr[v] ∈ PA,B. In other words, if a vertex on PA,B participates in a contraction,
the vertex contracts “along the path” and shortens the path.
There are three possible values for pickk[iA,B ] (contract to the left, contract to the right,
or stay.) Define j′ and j to be the two vertices on PA,B closest to iA,B that are not
contracted in the end, such that j′ ∈ A and j ∈ B. In particular, if pickk[iA,B] = ⊥ we
let j′ = j = iA,B .
The event EA,B requires that, if j′ ̸= j, then on the last orientation G⃗k there must be a
directed edge from j′ to j. (That is, swap the role of A and B when needed.)
Let P ′

A,B be the contracted path after the last round. Note that j ∈ P ′
A,B and j ̸= cA.

Let j′′ be the neighbor of j on P ′
A,B toward cA. Let us define the term forward trajectory

on the union of oriented graphs G⋆ := G⃗0 ∪ G⃗1 ∪ · · · ∪ G⃗k−1, where each directed edge is
associated with the round index. A forward trajectory is then a path P ⋆ on G⋆ such that
the round indices is non-decreasing.

The event EA,B requires the existence of a forward trajectory P ⋆
A from cA to j′′ with

V (P ⋆
A) ⊆ V (PA,B). If EA,B holds, the algorithm adds (A, B, j) to the output list O.

Analysis. We verify each item in the statement of Lemma 8 as follows.

▶ Lemma 9. If (A, B, j) ∈ O, then j ∈ B.

Proof. This is guaranteed by Item 4 of the event EA,B . ◀

▶ Lemma 10. For each district A ∈ S the set JA contains at most dk+1(2k
k

)
distinct vertices.

Proof. Each forward trajectory can be uniquely encoded with a sequence of “next round” or
“go to the i-th neighbor”, where the “next round” appears exactly k times and the “go to”
appears for at most k times (this is because the radius of A is at most k). So there are at
most dk

(2k
k

)
vertices of j′ ∈ A.

By Item 4 of the event EA,B, there is a directed edge going from j′ to j in the last
oriented graph G⃗k. This bounds the size of JA to be at most dk+1(2k

k

)
. ◀

▶ Lemma 11. The probability of an intersecting pair (A, B) appearing in the output list (in
either the form (A, B, j) or (B, A, j′)) is at least 1/(d + 1)k2 .

Proof. For any r, 0 ≤ r ≤ k, let P
(r)
A,B be the contracted path of PA,B in Gr. Let P⃗

(r)
A,B be

the associated sequence of directed edges on G⃗r after the orientation.
It suffices to observe that, for rounds r = 1, 2, . . . , k − 1, if the oriented sequence of edges

P
(r−1)
A,B do not belong to one of the following 9 cases, with probability at least 1/(d + 1)k, the

path between cA and iA,B and the path between iA,B and cB will become shorter. These 9
cases are:
1. cA → u← iA,B → v ← cB

2. cA → u← iA,B ↔ cB (2 cases)
3. cA ↔ iA,B → v ← cB (2 cases)
4. cA ↔ iA,B ↔ cB (4 cases)
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By the observation, after k − 1 rounds, the oriented sequence of P
(k−1)
A,B on G⃗k−1 must be in

one of the 9 cases stated above (we call them directed-minimal paths). Now, consider the
last round k. For each of the 9 cases, there is at least one scenario (i.e., with probability at
least 1/(d + 1)5) such that EA,B or EB,A holds, which completes the proof. ◀

Proof of Lemma 8. It follows from Lemma 9, Lemma 10, and Lemma 11. ◀

4.3 Bounded Expansion Graphs
While the correlation ratio is constant on H-minor-free graphs (Lemma 3), it has an Ω(

√
n)

lower bound on general graphs [33]. This dichotomy naturally raises the question of how
broadly the constant bound persists, and whether one can obtain a smooth tradeoff between
these two regimes. In this subsection, we take a step in this direction by considering bounded
expansion graphs [60, 61, 62] (refer Definition 1), a class that formalizes the notion of
everywhere sparsity. To better demonstrate our results, we first introduce a recursively
defined sequence {df

r}∞
r=0.

▶ Definition 12. Let f : N→ R≥1 be any increasing function. Define df
0 := f(0). For each

integer r ≥ 1, define

df
r := f

(
2r · df

0 df
1 · · · d

f
r−1

)
.

If the context is clear we will omit f and use dr to denote df
r . We remark that when f is a

polynomial, df
r is doubly exponential in r.

▶ Theorem 13. Let G be an f-bounded expansion graph. Let S be a collection of districts
with a strong radius bound k. Let {xS} be any feasible fractional solution for packing S.
Then, we have:∑

A∩B ̸=∅

xAxB ≤
(

4kd2k2+k
k

)
·
(2k

k

)
·

∑
S∈S

xS .

It is straightforward to check that (from Definition 12), whenever k is a constant, despite
being enormous, the approximation ratio is still a constant.

Algorithm R in Lemma 8 does not directly imply Theorem 13, because in each contraction
which produces Gr from Gr−1, the diameter of each contracted vertex subset is not bounded.
Fortunately, with a slight tweak to algorithm R, we are able to guarantee the diameter on
each contraction, thereby proving Theorem 13.

Proof of Theorem 13. We first describe the modified algorithm R′, and then provide the
modified analysis that is analogous to Lemma 10 and Lemma 11.

The Modified Algorithm R′. In each round r of contraction, the algorithm first computes
an acyclic orientation G⃗r−1 via the greedy ordering algorithm2 for computing the degeneracy
dr−1. This also computes a (dr−1 + 1)-vertex-coloring for G with colors {1, 2, . . . , dr−1 + 1}.
Then, the algorithm computes a random shuffle σ to the colors. Each vertex v obtains a
color c(v) ∈ {1, 2, . . . , dr−1 + 1}.

2 The algorithm repeatedly identifies a vertex with the minimum current degree, orients all incident edges
as outgoing edges, and then remove this vertex and all incident edges until the graph become empty.
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The algorithm then assigns the value pickr[v] for each vertex v with a slightly modified
distribution: for each neighbor u of v, if c(u) < c(v), assigns pickr[v] = u with probability
1/(dr−1 + 1). Otherwise, set pickr[v] = ⊥.

The rest of the algorithm is the same as algorithm R.

The Analysis. To complete the proof of Theorem 13, it suffices to show two statements,
analogous to Lemma 10 and Lemma 11. First, we analyze contracted components’ dia-
meter. Consider any round r of contraction and any vertex v. The sequence formed by
successively applying pickr[·] has length at most 2dr−1 on Gr−1. Therefore, by induction,
the diameter of each contracted component of G at round r for the shallow minor is at most
f (2rd0d1 · · · dr−1) = dr.

Let (A, B) be any intersecting pair and PA,B be a connecting path from cA to cB. To
count the number of forward trajectories, we simply observe that the outdegrees for each
vertex in any contracted graphs after all k rounds is dk. Any forward trajectories takes at
most k steps hopping forward and k steps advancing to the next round. Thus the size of JA

in the output list can be bounded by dk
k

(2k
k

)
as desired.

Suppose the contracted path P
(r)
A,B at round r has length at least 5. So none of the nine

directed-minimal cases occur. In this case, one of the partial path between cA and iA,B or
between cB and iA,B must have at least length three. There must be an edge x→ y in the
oriented graph that does not invalidate the event EA,B (or EB,A) whenever pickr[x] = y.
Now, the probability that the algorithm assigns pickr[x] = y is no longer 1/(dr−1 + 1). In
fact, since shuffling colors on G⃗r−1 is independent to the initial assignment to pickr[x], we
know that Pr(c(y) < c(x)) = 1/2. Hence, we conclude that with probability (A, B) appearing
in the output list (in either form (A, B, j) or (B, A, j′)) is at least

k∏
r=1

(
1

2(dr−1 + 1)k

)2
= 4−k ·

k∏
r=1

(dr−1 + 1)−2k ≥ 4−kd−2k2

k ,

and the statement follows. ◀

▶ Remark. Although Theorem 13 applies to strong radius districts, it does not immediately
yield an efficient algorithm for our packing problem. The main obstacle lies in algorithmically
extracting a polynomial-sized support from the linear program. In particular, employing
either the multiplicative weight update method or the ellipsoid method necessitates an
efficient implementation of the separation oracle. However, designing such an oracle appears
to be surprisingly challenging, and we currently do not have a solution, even for everywhere
sparse graphs.

On the other hand, when every vertex neighborhood has bounded treewidth (as is the
case for apex-minor-free graphs) an efficient implementation of the separation oracle becomes
possible. In the next subsection, we present such a separation oracle.

5 Conclusion and Open Problems

In this paper, we investigated several variants of packing compact subgraphs into a larger
graph under balancedness/threshold composition constraints. We extend the work of [33],
who focused only star districts, by studying districts of bounded radius.

Our work provides algorithmic results for two variants of the problem. On one hand, we
design an O(1)-approximation algorithm under exact c-balanced and B-threshold districting
requirements on apex-minor-free graphs. This is done by solving a linear program and then
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applying the rounding framework. On the other hand, we obtain a PTAS on apex-minor-free
graphs by relaxing the constraints, allowing (1 + δ)c-balancedness and (1− δ)B threshold
parameters, for any δ > 0. This is achieved by dynamic programming on tree decomposition
with Baker’s method.

Interestingly, we do not immediately see a clean path to get the best of the two worlds –
a PTAS on apex-minor-free graphs with exact c-balanced or B threshold constraints. The
rounding framework leaves an Ω(1) integrality gap, which seems very hard to overcome (as
discussed in [33]).

On the other hand, for the dynamic programming approach, The main bottleneck appears
to be maintaining intermediate states that encode multiple partial districts with exact
composition requirements simultaneously. Our algorithm requires “state blow-up” and
“trimming” procedures at each DP transition step. The trimming step maintains an invariant
that specifically holds for only one partial district in the description of Equation (7). Similar
to the 3-color-balancedness hardness result (Theorem 6.5 in full version), the current trimming
algorithm does not extend naturally to guarantee Equation (7). Clearly, if we choose not
to trim at all, the size of the state space grows exponentially with n, thereby yielding an
intractable algorithm.

However, this problem is not as dire as the 3-color case. One example is that we
can obtain a PTAS for grid graphs by applying Baker’s idea twice: we split the grid into
t2 = O(k/ε)×O(k/ε) square subgrids and consider all t2 possible shifts. Since each connected
component has only a constant number Θ(t2) = Ok,ε(1) of vertices, there is a constant-time
algorithm for obtaining the optimal solution on each piece, leading to a PTAS overall. We
are therefore optimistic about the following conjecture.

▶ Conjecture 14. There exists a PTAS for packing c-balanced or B-threshold districts on
apex-minor-free graphs.

Efficient Separation Oracles for Various Compact Subgraph Types. Our current rounding
framework handles exact balancedness constraints only for districts of bounded strong radius.
In contrast, the relaxed PTAS relies on districts of bounded weak radius.

▶ Open Question 15. Is the correlation ratio bounded by a constant for bounded weak-radius
districts?

Beyond Apex-Minor-Free Graphs. Our current techniques rely on dynamic programming on
bounded-treewidth graphs. Extending these results to broader graph classes will likely require
fundamentally new ideas. In particular, for obtaining similar approximation guarantees for
broader graph classes, such as bounded-expansion graphs.

▶ Open Question 16. Does there exist an efficient separation oracle for bounded strong-radius
districts on bounded-expansion graphs?

Graphs Parametrized by Worst-Case Correlation Ratio. In this paper, as well as in [15, 33],
we have seen rounding algorithms whose approximation guarantee is closely related to the
correlation ratio. Roughly speaking, this correlation ratio describes how districts satisfying a
certain composition requirement interact with one another in the worst-case vertex-weight
assignment. From a purely graph-theoretical perspective, it gives a flavor of per-graph-class
analysis of approximation ratios. For example, in Section 4 we have shown that in planar
graphs and bounded expansion graphs have a constant worst-case correlation ratio. In [33] it
shows an Ω(

√
n) lower bound ratio on general graphs and a Ω(1) lower bound ratio on planar
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graphs. It is not hard to verify (using balanced separators) that on constant treedepth graphs
the ratio is O(1) as well and on bounded treewidth and pathwidth graphs the ratio is O(log n),
but we do not know if this polylogarithmic bound is tight. We are interested in connecting
this parameter to other graph parameter and classes in a reversed way, perhaps leading to
universal optimal (per-graph topology) analysis on approximation ratios. Finally, we wonder
whether there are any interesting observations that can be made from the parametrization of
this worst-case correlation ratio.

▶ Open Question 17. Are there interesting results when defining the graph classes according
to the correlation ratio?
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features, and dual variables. The proofs are deferred to the full version.

Given an undirected graph G = (V, E) where each node v ∈ V has a vector-valued weight
w(v) ∈ Zd

≥0, the Connected Subgraph Sum problem defines the set W ∗ of all possible total
weights achievable by a connected and compact subgraphs of G:
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We define the set of feasible weight vectors W ∗ only based on the topological constraints (con-
nectivity and compactness). The composition constraints (e.g., balancedness or thresholds)
are encoded in the vector values and handled subsequently via the linear score function ℓ

and the domination idea.
As the set W ∗ can be exponentially large, explicitly computing and verifying composition

constraints in Equation (5) is infeasible. Instead, we propose the (ℓ, ε)-Trimmed Connected
Subgraph Sum problem. This seeks a succinct subset that approximates every feasible weight
vector multiplicatively, while maximizing a specific linear score ℓ, which encodes the necessary
information to satisfy the composition requirements.

(ℓ, ε)-Trimmed Connected Subgraph Sum
Input: A graph G = (V, E) with a vector-valued weight function w : V → Zd

≥0, an
error parameter ε ≥ 0, and a linear function ℓ : Zd

≥0 → Z.
Goal: Compute a subset W ⊆ Zd

≥0 such that W ⊆ W ∗ and W is an (ℓ, ε)-trimming
of W ∗. That is, for every z = (z1, . . . , zd) ∈ W ∗, there exists a representative z′ =
(z′

1, . . . , z′
d) ∈W satisfying:

e−ε ≤ z′
i

zi
≤ eε for all i = 1, . . . , d, and (6)

ℓ(z′) ≥ ℓ(z). (7)

We say that z′ ε-approximates z if condition (6) holds, and that z′ ℓ-dominates z if
condition (7) holds. Crucially, this problem is computationally tractable on graphs of bounded
treewidth. The main result of this section is an FPTAS for the trimmed connected subgraph
sum problem, which serves as the tool for our separation oracles.

▶ Lemma 18. Given G = (V, E), a radius bound k, vector-valued weights w : V → Zd
≥0,

an error parameter ε > 0, and a linear function ℓ, there is an algorithm for (ℓ, ε)-trimmed
connected subgraph sum with strong radius bound that has running time

O
(

n2+2dε−2d(k + 1)2(tw+1)2O(tw log tw) (ln R)2d
)

,

where n is the number of vertices and tw is the treewidth of G, and R = maxi

∑
v∈V wi(v).

Armed with this efficient algorithm, we now demonstrate how the separation oracles for
our districting problems can be reduced to instances of the trimmed connected subgraph
sum problem.

▶ Lemma 19 (Separation Oracle for c-Balanced Districts). Consider the c-balanced districting
problem where each vertex v has an objective weight w(v) and feature weights w1(v), w2(v).
The separation oracle seeks a district Smax maximizing objective weight subject to the balance
condition and a violated dual constraint so that

Smax ∈ arg max {w(S′) : y(S′) < (1− ε)w(S′) and S′ is c-balanced} .

This can be reduced to solving two instances of the trimmed connected subgraph sum
problem. We define the vector-valued weight as w = (w1, w2, w, y) and use the linear functions:

ℓ1(z) = (c− 1)z1 − z2 and ℓ2(z) = (c− 1)z2 − z1

By finding an (ℓ1, ε)-trimmed and (ℓ2, ε)-trimmed subset, we can identify a weakly violating
district S that satisfies y(S) < (1 − ε

2 )w(S), approximates the optimal weight w(S) ≥
1
2 w(Smax), and satisfies the balance condition Equation (1).
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▶ Lemma 20 (Separation Oracle for Threshold Districts). Consider the B-threshold districting
problem with objective weight w(v) and feature weight w1(v) subject to w1(S) ≥ B. The
separation oracle additionally has a dual variable y and seeks a district maximizing objective
weight subject to the threshold and dual constraints.

We can reduce this to solving the trimmed connected subgraph sum problem with vector
weights w = (w1, w, y) and the linear function ℓth(z) = z1. The resulting set allows us to
compute a weakly violating district satisfying y(S) < (1 − 1

2 ε)w(S), approximate objective
weight w(S) ≥ 1

2 w(Smax), and the B-threshold constraint.

▶ Example 21 (Connected Knapsack Problem [32]). Given a graph G, where each vertex
has a value α(v) and a cost β(v), and a global budget B, the goal is to find a connected
subgraph U maximizing α(U) subject to β(U) ≤ B. This is exactly recovered by setting
w(v) = (α(v), β(v)) and solving for the appropriate approximation with ℓ(α, β) = −β.

Proofs to Theorem 4 and Theorem 5
Finally, we conclude this section by describing how to apply separation oracles provided in
the previous section. In particular, the new separation oracle leads to O(1)-approximation
algorithms for bounded strong radius districts on apex-minor-free graphs.

Proof of Theorem 4. To apply Lemma 18 (with the reduction adapted from Lemma 19
on d = 4 and Lemma 20 on d = 3) in the separation oracle, the algorithm enumerates all
vertices v ∈ V as centers and considers the subgraph induced by vertices within distance k

of v. As G is apex-minor-free, each such subgraph has bounded treewidth, which makes
Lemma 18 applicable, and therefore the theorem follows. ◀

Proof of Theorem 5. We adopt the implementation of the separation oracle from [33],
enumerating each vertex as a star center and invoking an approximate knapsack algorithm.
The theorem follows from combining the analysis of Section 4.3. ◀

B PTAS for δ-Relaxed Districting on Apex-Minor-Free Graphs

In this section, we show that allowing relaxation to the composition requirements helps us
obtain PTAS to the districting problem on bounded treewidth graphs. Combining this with
the standard Baker’s approach [7], we obtain PTAS for δ-relaxed districting on planar and
apex minor-free graphs.

▶ Theorem 22. There exists a polynomial-time algorithm that computes an (1 + ε)-
approximate solution for packing δ-relaxed c-balanced or threshold districts with bounded
strong or weak radius on planar graphs and apex-minor-free graphs.

We first state the result that obtains a (1 + ε)-approximate solution for packing δ-relaxed
districts on bounded treewidth graphs. The proof employs dynamic programming, combining
Lemma 18 with the techniques of [33] (see Appendix B in full version).

▶ Lemma 23. There exists a polynomial-time algorithm that computes an (1+ε)-approximate
solution for packing δ-relaxed c-balanced or B-threshold districts with bounded strong or weak
radius on graphs of bounded treewidth.

Using Lemma 23 as a black box, we prove the main result for δ-relaxed districting.
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Proof of Theorem 22. The algorithm is as follows. Start with an arbitrary vertex r as the
root and construct a BFS tree and let Lj be the jth level which are vertices at hop distance j

from r. Now, for an integer t > 0, and shift i ∈ {0, · · · , t − 1}, remove vertices in level i

mod t, and let G(i) be the induced graph on remaining vertices. Notice that each connected
component in G(i) is fully contained in some (t− 1) consecutive levels of the BFS tree. For
planar or apex-minor-free G, note that each connected component in G(i) now has bounded
treewidth [37] (specifically, O(t)). Use the algorithm from Lemma 23 with parameter ε/2
and solve the problem on each connected component separately and let the union of these
solutions for a fixed i be Ti. Since districts cannot use vertices from different levels, taking
union gives us a valid districting. Return the solution with largest weight w(Ti) across all i.

Now, we show that setting t = O(k/ε) suffices. Let T ∗ be the optimal solution on G with
w(T ∗) = OPT. A radius k district in T ∗ is valid in some connected component in G(i) if no
vertex in the district (or the path considered by the optimal solution for weak radius setting)
lies in the deleted levels. Hence, for at most 2k + 1 different shifts (i values), this particular
district (or the path from the center vertex to some vertex in the district) is not valid. Now,
for shift i, let Si be the set of districts from T ∗ that intersect with some deleted layer. The
optimal districting in G(i) has weight ≥ OPT− w(Si). Now consider the total weight lost
across different shifts. We have

t−1∑
i=0

w(Si) ≤ (2k + 1)
∑

T ∈T ∗

w(T ) ≤ (2k + 1)OPT.

By pigeonhole principle, for t = 2(2k + 1)/ε, there is some i∗ such that

w(Si∗) ≤ 2k + 1
t

OPT ≤ ε

2OPT

As a result, for this particular shift i∗, the optimal districting in G(i∗) has weight at
least OPT− w(Si∗) ≥

(
1− ε

2
)

OPT. Combining this with (1− ε/2) approximation on G(i∗)

(Lemma 23), we have that the solution has weight at least
(
1− ε

2
)2 OPT ≥ (1− ε)OPT. ◀

C Hardness Results

In this section we prove our hardness results. Note that the hardness for maximum packing
of c-balanced districts were shown in [33]. Here, we show the hardness of packing under the
weight threshold condition.

Hardness of Packing Compact Subgraphs with Weight Threshold
▶ Theorem 24. The B-threshold districting problem with (weak or strong) radius-k bounded
districts is NP-hard when G is a tree.

Proof. We first focus on star districts and show a reduction from the Knapsack Problem.
Given a knapsack problem with n items, where item i has weight wi and utility ui, we want
to select items such that utility is at least U , and minimize the total weight of the selected
one. This is the dual version of the standard knapsack problem which fixes the cap of the
total weight and maximizes utility, and is still NP-hard. Without loss of generality, we can
assume that ui > 1 and wi < 1/n. This can be achieved by scaling up all utility values and
the utility goal U and scale down the weights. It does not change the problem structure.

Now we describe the instance for the districting problem. Consider a tree rooted at v

with children of v as v1, v2, . . . , vn corresponding to the items. Let w(v) = 1, and B = 2U .
Node vi has two children xi and yi. Define w(xi) = B, w(yi) = wi, w(vi) = ui. Further, we
add a separate neighbor/child v0 of v with w(v0) = U − 1. This is detailed in Figure 1.
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v

v0

v1 v2 · · · vn

x1 y1 x2 y2 xn yn

Figure 1 Instance for districting on the tree from a given knapsack instance.

Now we consider what are the possible candidate districts that have a total weight at
least B. First we can define a district centered at v, including v0 and some set of vertices in
{v1, · · · , vn}. The population of v and v0 is U = B/2, so we must include additional vertices
from {vi} to gain additional population of at least U . On the other hand, we can also define
a district centered at vi, which includes xi, yi (and possibly v). However, we cannot have
both a district centered at v including vi and a district centered at vi, as we want disjoint
districts. If vi is included in the district at v, then we can still define a district with a solo
vertex xi (of population B), but yi cannot be included in any district.

Thus the main decision to make is whether we can include a district centered at v or not.
To do so, we select a subset of vertices in {v1, · · · , vn} which has a total weight at least U .
For these ones selected, the corresponding vertices yi will not be included anywhere – causing
a loss of wi from the potential districts centered at vi. However, since

∑
i wi < 1, it would

always be more beneficial to create a district at v whenever possible. Specifically, the total
coverage of the two cases is

If we do not have a district in v, the optimal solution is 1 + nB +
∑

i ui +
∑

i wi. In the
above, the 1 comes from some district at vi that can include v.
If we do include a district in v, which includes v0 and a subset of vertices S ⊆ {v1, · · · , vn},
then the solution is B/2 + nB +

∑
i ui +

∑
i wi −

∑
i∈S wi.

In other words, the best solution is to try to include a district at v and the set S of
children included identifies the items that have the smallest total weight yet have utility to
be at least U . Notice that this is precisely the optimal solution for the knapsack problem.
Next, we note that the same reduction extends to radius-k districts, for any fixed k ≥ 1, by
replacing every edge of the above tree by a path of length exactly k, and assigning weight 0 to
all newly introduced subdivision vertices. The resulting graph is still a tree, and all original
districts retain the same weights. The same proof goes through by noting that on a tree, the
weak-radius and strong-radius notions are equivalent for connected districts. ◀

Next, we show hardness for general graphs.

▶ Theorem 25. The B-threshold districting problem with (weak or strong) radius-k bounded
districts is NP-hard when G is a bounded degree graph or a planar graph. Moreover, on
general graphs, it is NP-hard to approximate better than O(n1/2−δ) for any δ > 0. The results
hold even when each subgraph is required to be a star (radius 1).

Proof. We show hardness and hardness of approximation for k = 1 by using the same
reduction from maximum independent set as in [33]. Specifically, given a graph G = (V, E),
the maximum independent set problem finds a subset of vertices S ⊆ V with maximum
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cardinality such that no vertices in S have edges between them. We now construct a graph
G′ that starts with G. For each edge (u, v) in G, split it into two edges in G′ – create a new
vertex puv which connects to u and v and remove the edge (u, v). In addition, suppose the
maximum degree in G is ∆. For a vertex v in G′ (corresponding to a vertex in G) whose
degree d(v) is less than ∆, create ∆ − d(v) additional neighbors (called filler nodes). We
then set w(v) = 1 for each vertex in G′, B = ∆ + 1 and k = 1. Without loss of generality, we
can assume that ∆ ≥ 3 and thus B ≥ 4. This means that any district with weight at least
B in G′ must be at a vertex which corresponds to vertices in G. Further, this district will
need to use all ∆ neighbors in order to have enough total weight. This means that any two
districts in G′ cannot have their centers to be adjacent in G. Thus any independent set S

in G can be translated to a collection star districts in G′, with each district centered on a
vertex in S with all its ∆ neighbors. Similarly, any districting solution will produce a set of
vertices in V that are independent. The total weight of the optimal districting problem of G′

is (∆ + 1)|S| where S is the maximum independent set in G. Similar to the argument in [33],
since maximum independent set cannot be approximated by a factor of n1−δ for any δ > 0,
this means that our districting problem cannot be approximated better than n1/2−δ in a
general graph for any δ > 0, unless P = NP. Further, it is NP-hard to solve the districting
problem for graphs of bounded degree or on planar graphs, since the maximum independent
set for these graphs remains NP-hard.

To extend the hardness for radius-k districts, we simply replace the edges we add in
constructing G′ with paths of length k. So, instead of connecting u and puv with a single
edge, we connect them with a path of length k (i.e., with k − 1 new vertices on the path
from u to puv). We do the same for v and puv and for each vertex v with their respective
∆− d(v) filler neighbors. We set B = 1 + k∆. A valid district must be centered at a vertex v

corresponding to vertices in the original graph G and include ∆ paths from v, each of length
k. Following the same arguments completes the proof. ◀

▶ Remark 26. The reduction in Theorem 25 also works for the relaxed version of B-threshold
districting. This is because for fixed δ and radius-k districts, we can always choose B such
that ∆ < (1− δ)B ≤ ∆ + 1, which forces the B-threshold districts to be the exact same as
described in the proof.
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