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Abstract
We study the problem of selection in the context of Bayesian persuasion. We are given multiple agents
with hidden values (or quality scores), to whom resources must be allocated by a welfare-maximizing
decision-maker. An intermediary with knowledge of the agents’ values seeks to influence the outcome
of the selection by designing informative signals and providing tie-breaking policies, so that when the
receiver maximizes welfare over the resulting posteriors, the expected utilities of the agents (where
utility is defined as allocation times value) achieve certain fairness properties. The fairness measure
we will use is majorization, which simultaneously approximately maximizes all symmetric, monotone,
concave functions of the utilities. We consider the general setting where the allocation to the agents
needs to respect arbitrary submodular constraints, as given by the corresponding polymatroid.

We present a signaling policy that achieves a logarithmically approximate majorized policy in
this setting, assuming the receiver is a (1 + ϵ) approximate welfare maximizer. The approximation
ratio is almost best possible, and that significantly outperforms generic results that only yield
linear approximations. A key component of our result is a structural characterization showing that
the vector of agent utilities for a given signaling policy defines the base polytope of a different
polymatroid, a result that may be of independent interest. In addition, we show that an arbitrarily
good additive approximation to this vector can be produced in (weakly) polynomial time via the
multiplicative weights update method.
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1 Introduction

The challenge of selecting fair outcomes arises in several decision-making settings, such
as assembling project teams, allocating institutional funding, and recommending items or
articles. Consider for example a government agency allocating research funding across
different research categories and institutions. The agency has a total budget, but may impose
caps on funding allocated to any single institution or research area to encourage diversity.
Typically, the agency will be a welfare maximizer, allocating funding in a way that maximizes
the average quality of the proposed work per dollar spent. However, the quality of proposed
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14:2 Fair Multi-Agent Persuasion with Submodular Constraints

work is often hard to assess from the proposals, with several competing projects having
comparable quality. The resulting uncertainty in assessing quality can create unintentional
unfairness in allocating funds.

One way to ameliorate this problem is to carefully design the proposal mechanism to reveal
the right amount of additional information about the quality of the proposed work. Indeed,
revealing too much can lead to a strict winner-take-all allocation of funds, disadvantaging
proposals from research areas or institutions that were only slightly inferior, while revealing
too little causes many proposals, even of widely different quality, to be comparably ranked,
again leading to low overall welfare, and hence unfairness.

This motivates the view of fair selection as an information revelation problem, an
approach taken by [7, 3] in the context of selecting a single individual, for instance, in
hiring or admission decisions. This information revelation problem is posed as a special
case of Bayesian persuasion [23] as follows: The proposals in the above motivating example
are viewed as “agents”. Each agent has a quality that is drawn from an independent prior
distribution. There is an intermediary that designs the information environment, in the above
case, the proposing mechanism and what the agents should reveal in it. This intermediary
(called the sender) is assumed to know the exact qualities. The decision-maker (called
the receiver) is the reviewing panel in the above example and only knows the prior. The
intermediary constructs signals independently for each agent based on the true qualities, and
sends these to the receiver. Using these signals, the receiver constructs a posterior over the
qualities, subsequently choosing the winning solution. In the above case, this is the budget
allocation that maximizes posterior quality per dollar allocated, while respecting the budget
constraints on research areas or institutions. Ties are broken by a randomized rule specified
by the intermediary.

The main research question then becomes: How can an intermediary strategically reveal
information about agents’ qualities so that a welfare-maximizing decision-maker produces a fair
outcome? Such an approach to fairness via information revelation differs from prior algorithmic
work on fair selection that designed novel, often randomized, selection rules [25, 12, 30, 29, 15].

Note that the decision-maker (receiver) always acts as a welfare maximizer over its
information (the posterior), while the sender guides it towards socially desirable objectives
such as fairness via partial information revelation (signaling). To gain intuition for why
such signaling can be beneficial, in the funding allocation example, if the quality of each
proposal were exactly known through an exhaustive questionnaire, then the decision-maker
could identify the absolute best candidates to fund. However, such detailed information
forces the decision-maker to make a winner-take-all choice among comparable proposals
based on negligible differences. In contrast, if we carefully design either the questionnaire
or review process to be coarser (for instance, by letting outside expert reviewers rate
proposals as “competitive” or “not competitive”), this could render many high-quality
proposals indistinguishable to the decision-maker. This can let them perform randomized
tie-breaking that gives each high-quality proposal a fair chance, hence ensuring fairness while
not compromising overall welfare significantly. The question then becomes – how should this
signal (the questionnaire or review process in this case) be designed with the fairness and
welfare goals in mind?

In this work, we generalize the information design framework of [7] beyond selecting a single
agent to the broader domain of selection when the allocations define a polymatroid [28, 18].
Here, the decision-maker’s goal is to choose a feasible set (possibly involving fractional or
randomized allocations) that maximizes total welfare. Polymatroids capture submodularity
in the allocation constraints, and hence the structure of many selection problems involving
diminishing returns or diversification. In the funding allocation example, budget caps on
subsets of research areas or institutions, if they are submodular, will define a polymatroid.
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A special case of polymatroids is matroid constraints, that is, allocations that are a
randomization over independent sets of a matroid. This includes choosing one candidate
in hiring or admission decisions considered in [7, 3], and its generalization to selecting k

candidates. Similarly, it includes partition matroids, where agents are partitioned into disjoint
groups with a quota for each group. For example, in the task of hiring a specialized team of
n engineers, there could be constraints that at most k1 test engineers and at most k2 security
experts are selected. As before, the agents’ quality is partially known to the decision-maker,
and the agents could signal their quality via an information intermediary, with the goal of
ensuring fair selection.

In the motivating example, the intermediary plays the role of a mechanism or entity
that shapes the information available to the decision-maker. In settings such as hiring or
grant evaluation, this corresponds to the design of questionnaires, review rubrics, or external
expert ratings that determine how much detail about candidates’ or proposals’ true quality
is revealed to the decision makers. Intermediaries also naturally arise as components such as
ad exchanges or content-curation models that possess richer side information via predictive
models and transmit these to the recommendation platform as described above. In all cases,
the intermediary does not directly allocate resources, but influences allocation outcomes by
deciding how coarsely or finely to reveal private information.

To formalize the goal of fairness, we adopt the notion of approximate majorization
from [7]. This notion arises from economics and operations research [22, 21, 26, 13]. Given a
signaling policy, we assume each agent’s utility equals its quality score times its fractional
allocation.1 Each agent therefore receives an expected utility, where the expectation is over
its quality and the outcome of the signaling policy. Our signaling policies will ensure the
resulting vector of agents’ expected utilities is approximately majorized; see Definition 4 for
a formal definition. Informally, this means all symmetric, monotone, and concave fairness
functions (including max-min fairness, total welfare, and Nash welfare) are simultaneously
optimal to that approximation factor. In particular, such a notion is approximate on both
traditional fairness notions (like max-min fairness) and the total welfare, in some sense being
approximately best possible. Our goal in this paper is to design a signaling policy that
achieves as small an approximation factor as possible, in a computationally efficient fashion.

As mentioned before, the key challenge in designing a fair signaling policy lies in the
trade-off between too little and too much information. Our work initiates the study of fair
information design for selection problems with complex allocation constraints, specifically
with polymatroid constraints.

1.1 Main Results
Our main technical result is the following theorem about existence of approximately majorized
solutions, which generalizes an analogous result in [7] from selecting a single agent to handle
arbitrary submodular constraints:

▶ Theorem 1 (Informal). Assuming there are n agents and each agent’s quality lies in [1, V ],
there is a O

(
log V

ϵ

)
approximate majorized policy when:

the agents have independent distributions over quality (or value) and independent signaling
policies for this quality (see Section 2 for a detailed model),
the set of feasible allocations over the agents forms a polymatroid,

1 Our results easily generalize to the setting where agent i’s utility is vxi, where v is a fixed multiplier
and xi is the fractional allocation to the agent.
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14:4 Fair Multi-Agent Persuasion with Submodular Constraints

the receiver is a (1 + ϵ)-approximate (in each coordinate) welfare maximizer over the
polymatroid constraint given the posterior distributions over agent values, and
the utility of an agent is the expectation over the signaling policy of its value times its
expected fractional allocation given that value.

The example in Appendix B shows that naive signaling policies cannot achieve the above
bound even with simple polymatroidal constraints. We further note that there is a lower
bound of Ω(log log V ) on approximate majorization even for selecting a single agent [7]. This
rules out an O(1) approximate majorized signaling policy.

We next complement Theorem 1 by showing that an arbitrarily good approximation to
the above solution can be computed in (weakly) polynomial time via an application of the
multiplicative weights method.

▶ Theorem 2 (Informal). For any δ > 0, the utility vector from Theorem 1 can be approximated
to an additive O(δ) in time polynomial in 1/δ, n, and V .

1.2 Technical Contributions
For lack of space, complete proofs are presented in the full paper [5]. Our proof proceeds in
two main stages. In Section 3, we first analyze the simpler but crucial case of “full revelation”
policies, which means each agent truthfully reveals its quality. We do so to establish a novel
structural property of the utility space, which we use as a building block to prove our main
theorem for general signaling policies in Section 4.

Existence Result. To show the existence result in Theorem 1, in Section 3, we start with
the simple setting where the signaling policy is “full revelation”. In this setting, given the
revealed values of the agents, the receiver has a choice between welfare maximizing allocations
and chooses a solution for each vector of revealed qualities so that in expectation over these
revelations, the vector of agent utilities is as fair as possible. Our main result is Theorem 10
that shows the existence of an exactly majorized policy in this setting. The key to showing
this result is Lemma 11, which provides a polyhedral characterization of persuasion with a
welfare maximizing receiver:

When the underlying feasibility constraint over agent allocations defines a polymatroid
and the receiver is a welfare maximizer, the set of expected utility vectors of the
agents is also the base polytope of a (different) polymatroid.

Given this statement, we can leverage the existence of exactly majorized solutions
for polymatroids [31, 33, 27]. To see why this statement is non-trivial, we note that in
each scenario of revealed values, set of welfare maximizing allocations define a face of the
polymatroidal extension, which is itself the base polytope of a polymatroid [28, 19]. However,
in our setting, the utility vector of the agents is not the allocation vector, but the allocation
scaled by the quality of each agent, and in general, even if the allocation vectors are drawn
from a polymatroid, but are scaled by fixed quantities that depend on the index of the
coordinate, the resulting vectors do not define a polymatroid. This makes the statement
of Lemma 11 novel and non-trivial; we provide additional discussion for its subtlety in
Appendix D. Our proof of Lemma 11 crucially uses the welfare maximizing behavior of the
receiver and the polymatroid structure of the underlying feasibility constraint. We carefully
analyze the greedy allocation rule of welfare optimization to show polymatroidal structure
of the overall signaling problem. In Appendix D, we complement this result by showing
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an example where the allocation set is not a polymatroid but has a 1-majorized point, but
the utility vectors cannot be approximately majorized. This showcases the crucial role of
submodularity in our results.

Once we establish exact majorization for full revelation policies, in Section 4, we combine
this with the idea of “single-mean policies” from [7] and the existence of exactly majorized
points for polymatroids [31] to show the existence of a logarithmically majorized policies
for general signaling policies. Note that unlike the full revelation setting, it is no longer
possible to show polymatroidal structure for the space of utilities in general signaling policies.
A key ingredient here is Lemma 20 that shows the existence of a single-mean policy of
a certain type that does have polymatroid structure, again using the monotonicity and
submodularity properties of the underlying polymatroid. This step crucially requires the
agents have independent distributions over their quality and independent signaling policies.

Computation. The ideas for showing Theorem 2 are more standard. For this, in Section 3.2,
we write majorization problem as a set of linear programs over the exponentially many scen-
arios of revelations, with a polymatroid optimization problem (capturing receiver behavior)
for each scenario. We use a majorization LP from [20]. We now use the multiplicative weights
method [2] to solve this program approximately; the dual oracle becomes the expectation
over scenarios, of a weighted welfare maximization problem over the base polytope of the
polymatroid capturing the receiver optimization problem for that scenario. The latter
can again be solved via a greedy algorithm, and the expectation can be approximated by
sampling polynomially many scenarios. Our overall approach follows [11, 10], who apply
similar frameworks for optimal multidimensional auctions.

Conceptual Contribution. Conceptually, Lemmas 11 and 20 allow for a direct analysis of
the utility space. This is in contrast to the approach in [7], which focused on the special case
of single-agent selection (a matroid special case). Their work reduced a relaxed version of
the single-selection problem to a majorized network flow instance. In contrast, our proof is
more direct, and provides a new structural understanding via a geometric and polymatroidal
characterization of the utility space. This not only allows us to leverage existing results on
finding majorized points in polymatroids [31] but also provides hope of achieving fairness
and welfare guarantees for information design in other, more complex, settings.

At a higher level, the difficulty with persuasion is that the sender needs to treat the
receiver’s optimization routine as a black box, which makes the optimal persuasion problem
non-convex in general, even when the receiver is solving a convex optimization problem.
This aspect has precluded the development of general-purpose techniques based on convex
relaxations to derive structural insights into these problems. As an example, optimal auction
design and pricing under persuasion requires the development of specialized techniques
to handle non-convexity, and some generalizations admit strong lower bounds for this
reason [1, 6]. Our main contribution is to show that a large class of submodular selection
problems admits to a convex structure even in the presence of persuasion, a result that is a
priori not obvious.

1.3 Other Related Work
Bayesian Persuasion. Information design is a framework for understanding how a sender
can influence a receiver’s actions by strategically revealing information [9, 16]. Within this
broad area, our work falls in the setting of Bayesian persuasion [23], where the receiver
performs Bayesian updates based on the sender’s signals. This problem has been widely
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14:6 Fair Multi-Agent Persuasion with Submodular Constraints

studied in various contexts in computer science and economics [8, 6, 34, 4, 14, 32]. We note
that computationally efficient algorithms exist for arbitrary objectives in persuasion, notably
the FPTAS of [17]. However, majorization requires the simultaneous near-optimality of an
entire family of fairness functions, and here, even showing existence is non-trivial. Making
progress therefore requires the development of new structural insights into the problems
that deviate significantly from prior literature. As mentioned before, our work derives novel
convexity characterizations for a large class of persuasion problems, allowing us to argue
strong fairness properties.

Our model builds on work by [3], who consider selfish agents who independently construct
their own signaling policies to persuade a receiver to allocate to them. In contrast with their
work that focuses on allocating to one agent, we consider general allocation polymatroids,
and focus on fairness in a centralized setting with a common sender, akin to [7].

Majorization in Optimization. Majorization was introduced in the seminal works of [24, 22].
It provides a strong framework for fairness that is equivalent to maximizing all symmetric
and concave welfare functions. The work of [21, 20] defined an approximate version suitable
for resource allocation, hence applying it to approximation algorithms. More classical work
has found connections between majorization and specific combinatorial structures, most
notably the exact majorization of flows in single-source multi-sink networks [33, 27], and
of polymatroids in general [31]. Our work contributes to this literature by establishing a
new structural connection between majorization in Bayesian persuasion and the geometry
of polymatroids. The resulting approximation ratios are a significant improvement over
generic approximation bounds that follow from [20], that can depend linearly on problem
parameters.

2 Preliminaries

2.1 Signaling Policies
There is a set E of n agents. We call the decision-maker the receiver. The value vi of each
agent i is drawn independently from the distribution Di. The decision-maker knows the
distributions {Di}n

i=1, but does not know the realized values {vi}n
i=1. We assume vi ∈ [1, V ]

for all i.
After the values {vi}n

i=1 are realized, an intermediary (or sender) uses these values to
send signals {σi}n

i=1 to the receiver via a signaling policy. A signaling policy ω comprises the
mapping rule and the selection rule. The signal for each agent is independently constructed
from the other agents.

Mapping Rule. A mapping rule is a collection of signals for each agent {Γi}n
i=1 together

with a function that maps the value vi of an agent i to a distribution givi
over signals in Γi.

When the sender sees the realized values {vi}n
i=1, they compute the corresponding signal

distributions {givi
}n

i=1 by the mapping rule. They then generate the realized signals {σi}n
i=1

by drawing σi ∼ givi independently for each agent, and the receiver sees {σi}n
i=1.

After receiving the set of signals, the receiver computes the posterior distributions
{Di(σi)}n

i=1 over agent values using Bayes’ rule. Let µi = E[Di(σi)] denote the posterior
mean of agent i. A set of posterior means is said to be Bayes plausible if it corresponds to a
valid signaling policy. Under Bayes plausibility, the expectation of the posterior mean over
the signals is equal to the prior mean.
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Allocation Constraints. There is a polymatroid constraint (E, f) on the set of possible
allocations to the agents.

▶ Definition 3 (Submodularity and Polymatroids). Let E be a finite set and f a non-negative,
monotone, submodular, function from the power set 2E to R+, which satisfies f(∅) = 0;

f(A) ≤ f(B) for A ⊆ B ⊆ E, and

f(A) + f(B) ≥ f(A ∪ B) + f(A ∩ B) for A, B ⊆ E.

Then, the pair (E, f) is called a polymatroid, where E is called the ground set and f the
rank function of the polymatroid. A polymatroid defines a polytope P(f) ⊂ RE

+ by

P(f) = {x : x(A) ≤ f(A) for all A ⊆ E}.

This polytope is called the independence polytope of the polymatroid. When there is no
ambiguity, we also refer to the independence polytope as the polymatroid.

The base polytope of a polymatroid (or the corresponding submodular function) is the
following:

B(f) = {x ∈ P(f) : x(E) = f(E)}.

Selection Rule. We assume that the receiver is a utilitarian welfare maximizer, so that
it maximizes the sum of the posterior utilities of the agents subject to the polymatroid
constraint (E, f). In other words, the receiver constructs a welfare-maximizing allocation
x ∈ P(f) that maximizes

∑n
i=1 µixi. The set of welfare-optimal allocations x defines a face

of the polymatroid (E, f), and the receiver chooses an allocation from this face to satisfy the
sender’s fairness objective (maximizing the majorization of the utility vector, see Definition 4
below). This choice is termed the selection rule. The assumption of sender-preferred tie-
breaking is standard in the Bayesian persuasion literature [23], and is consistent with a
receiver who is intrinsically motivated by fairness but constrained to be welfare-optimal. We
assume agent i obtains utility µixi.

A signaling policy Ω is a distribution over independent signaling policies ω. Before the
process starts, the sender draws ω ∼ Ω and implements ω. The signaling policy is known
to the receiver. Since vi ∼ Di, this yields a expected utility Ui(Ω) for the agent, where the
expectation is over Di, the distributions of other agents’ values, and the distribution over
signaling policies in Ω.

2.2 Fairness and Majorization
The goal of the sender is to design a signaling policy Ω that is fair. We capture this as
designing Ω such that the vector {Ui(Ω)}n

i=1 is α-majorized over the set of all signaling
policies, for the smallest possible value α. The selection rule of x among the receiver’s
welfare-maximizing allocations will be influenced by this fairness goal.

▶ Definition 4 (α-Majorization, [20, 7]). For α ≥ 1, a signaling policy Ω is called α-majorized
if for any k ∈ {1, 2, . . . , n} and any signaling policy Ω′, the sum of the k smallest utilities in
{Ui(Ω)}n

i=1 is at least 1/α times the sum of the k smallest utilities in {Ui(Ω′)}n
i=1.

The following result shows that approximate majorization is equivalent to simultaneously
approximating all symmetric and concave welfare functions.

FORC 2026



14:8 Fair Multi-Agent Persuasion with Submodular Constraints

▶ Proposition 5 ([20]). The signaling policy Ω is α-majorized if and only if for every
symmetric, non-decreasing, and concave function h : Rn

≥0 → R≥0 and any other signaling
policy Ω′,

h (U(Ω)) ≥ 1
α

· h (U(Ω′)) .

To see why active signal design is required, consider the trade-off illustrated in the
example in Appendix B.

2.3 Properties of Polymatroids
Given a polymatroid P(f), the classic greedy algorithm works as follows:
1. Order the indices of [n] according to a permutation (ordering) π.
2. For k = 1, . . . , n, set xπ(k) = f({π(1), . . . , π(k)}) − f({π(1), . . . , π(k − 1)}).

We have the following well-known lemmas:

▶ Lemma 6 ([28], Chapter 44). Given a vector v⃗ > 0⃗, the function v⃗ · x⃗ is maximized over
P(f) by the greedy algorithm that uses an ordering π such that vπ(1) ≥ vπ(2) . . . ≥ vπ(n).
Further, any vertex2 of the optimal face of P(f) corresponds to some permutation π satisfying
vπ(1) ≥ vπ(2) . . . ≥ vπ(n).

▶ Lemma 7 ([18], Chapter 3). The set of vertices of B(f) coincides with the set of vectors x⃗

obtained by running the greedy algorithm for all possible orderings π.

In the classic lemma below, the result for the polytopes P is from [28], while the result
for base polytopes uses the above characterization of its vertices – it is easy to write each
vertex of B(f1 + f2) as the sum of the corresponding vertices of B(f1) + B(f2).

▶ Lemma 8 ([28]). The following statements hold for independence and base polyhedra of
non-negative, monotone, submodular functions:

P(f1) + P(f2) = P(f1 + f2) and B(f1) + B(f2) = B(f1 + f2);
For any α > 0, we have P(αf) = αP(f) and B(αf) = αB(f).

The following lemma captures the relation between polymatroids and majorization.

▶ Lemma 9 ([31]). Any polymatroid (E, ρ) has a 1-majorized element that lies in B(ρ).

3 Full Revelation Signaling Policies

We first show that within the restricted class of Full Revelation Policies, there exists a solution
that 1-majorizes all other solutions in that same class. We then show an approximation
algorithm to compute it. This will form the basis of the proof of approximate majorization
(and the associated computational result) for general policies in Section 4.

The mapping rule of a full revelation policy is directly sending the realized value to
the receiver, and the signaling policy involves designing the selection rule for the receiver.
Assume that there are only finitely many possible values for all agents, denoted by v1 > v2 >

· · · > vk > 0. Let vai be the value sent by agent i. In this setting, note that if vai is the
revealed value of agent i, then the posterior mean is simply µi = vai

, and the receiver selects
an x ∈ P(f) that maximizes

∑
i vaixi, breaking ties in favor of the majorization objective.

This yields expected utility vector {Ui(Ω)}n
i=1 for the agents.

2 This is shown for the extended polymatroid in [28]. Note that for a strictly positive v⃗, the optimum
face will belong to the extended polymatroid.
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3.1 Existence of a 1-Majorized Solution
We will show the following theorem.

▶ Theorem 10 (Existence of a 1-majorized policy). Assume the allocation constraints define a
polymatroid (E, f). Let UFR be the set of expected utility vectors achievable by full-revelation
signaling policies (where the mapping rule is fixed to full revelation and the selection rule
varies). Then, the set UFR contains a vector that 1-majorizes every other vector in UFR.

Fix a set of realized values of the agents. We will show that the vector of utilities of the
agents forms the base polytope of a different polymatroid.

▶ Lemma 11. Let P = P(f) be a polymatroid on a ground set E, defined by a submodular
rank function f . Let v⃗ be a strictly positive vector of agent values. Let X ∗ be the face of
optimal allocations in P that maximize the welfare function v · x. Let the corresponding set
of utility vectors be U = {(vixi)i∈E | x ∈ X ∗}. Then, the set U is the base polytope of a
submodular function.

The proof is deferred to Appendix A.

Proof of Theorem 10. Note that {Ui(Ω)}n
i=1 is the Minkowski sum of the vectors {Pr[σ] ·

Ui(σ)}, where σ are scenarios of realized values. By Lemma 8, scaling a base polytope
by a constant is also a base polytope, and so is taking Minkowski sums. Combining with
Lemma 11, this means the set {Ui(Ω)}n

i=1 also defines the base polytope of a polymatroid,
and by Lemma 9, this base polytope contains a point that 1-majorizes all other points within
the polytope. ◀

Indeed, by combining Lemma 8 with Lemma 11, the set of vectors of expected utilities U⃗

of the agents for feasible signaling policies coincides with the base polytope of the following
polymatroid R. Here, g(S; v⃗) is the function g(S) from Lemma 11 when the realized value
vector is v⃗. The expectation below is over the realized value vector.

R =
{

y⃗ ≥ 0
∣∣ ∑

i∈S

yi ≤ Ev⃗ [g(S; v⃗)] ∀S ⊆ [n]
}

. (1)

Lemma 11 implies E[g(S; v)] is submodular, so that the above set of constraints define a
polymatroid, and has a 1-majorized point.
▶ Remark 12. We note that the proof of Lemma 11 is quite delicate. In Appendix D, we
present two examples to support this.

3.2 Polynomial Time Approximation Scheme
We will next show a polynomial time additive approximation to compute the 1-majorized
point.

▶ Theorem 13. In the full information revelation setting, we can compute a policy that
approximates the 1-majorized vector of utilities to an additive O(δ) in time poly(n, V, 1/δ).

The above theorem also shows that the approximation ratio can easily be made multiplic-
ative (1 + δ) if the running time is poly(n, V/δ, OPTn/OPT1), where OPT1 is the max-min
fair utility value and OPTn is the social welfare.

In the rest of the section, we provide a proof sketch of Theorem 13. Assume that all values
are normalized so that the smallest value is 1 and the largest value is V . The algorithm is
an application of the multiplicative weights update framework. We use this to compute the
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maximum sum of each of the smallest k utilities by binary sum, and then use the framework
again with these values to compute a sequence of policies that can be computed efficiently
by sampling, whose average approximates the majorized solution to an additive δ. Since the
details of our approach are very similar to that in [10], we only present a sketch and omit
the details.

Given a vector x⃗ = (x1, . . . , xn), let the i-th smallest element of x be x(i). We define
Qj(x⃗) =

∑j
i=1 x(i). Recall that x⃗ is majorized by y⃗ or y⃗ α-majorizes x⃗ if α · Qj(y⃗) ≥ Qj(x⃗).

Let v⃗ = {vai
}n

i=1 be the realized values of the agents. Using a result in [20], for every
1 ≤ j ≤ n, the program below finds max{Qj({Ui(Ω)}) : Ω feasible policy}:

Maximize
(

n∑
i=1

U ′
i

)
− (n − j)M subject to:

Ui ≤ Ev⃗

[
m∑

i=1
vaixiv⃗

]
, for all i

{vai
xiv⃗} ∈ F(v⃗), for all v⃗

U ′
i ≤ min{Ui, M}, for all i.

Here, F(v⃗) is the base polytope B(g) from the proof of Lemma 11 when the realized value
vector is v⃗. Let OPT∗

j denote the optimal objective to the above program.

▶ Lemma 14 (Lemma 3.1 in [20]). The linear program above finds max{Qj({Ui(Ω)}) :
Ω feasible policy}.

We now follow the framework in [10] and use the Multiplicative Weights method to decide
feasibility of the first constraint subject to all the others.

For a fixed guess objective value OPTj (which we can find the optimal value of via
binary search), we rewrite the above LP as a feasibility problem for the objective being at
least OPTj . It suffices to solve the corresponding oracle problem with nonnegative dual
multipliers {λi}:

Maximize −
∑

i

λiUi + Ev⃗

[∑
i

λivai
xiv⃗

]
{vai

xiv⃗} ∈ F(v⃗), for all v⃗

U ′
i ≤ min{Ui, M}, for all i(

n∑
i=1

U ′
i

)
− (n − j)M ≥ OPTj .

This optimization problem decouples into two separate optimization programs. Minimizing∑
i λiUi subject to all but the first constraint is a linear program and can be solved in

polynomial time. Finding the maximum of Ev⃗ [
∑

i λivai
xiv⃗] splits into finding the maximum

of
∑

i λivai
xiv⃗ subject to {vai

xiv⃗} ∈ F(v⃗) for each v⃗. The work of [10] shows that for
parameter δ > 0, we can find a solution to the original LP with value at least OPT∗

j

satisfying

Ui ≤ Ev⃗

[
m∑

i=1
vai

xiv⃗

]
+ δ

n

in time poly(n, V, 1/δ). The details beyond this point are similar to [10] and we defer them
to the full paper [5].
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4 General Signaling Policies and Approximate Majorization

We now build on the results in Section 3 to show Theorems 1 and 2, the existence of
approximate majorized policies, and associated computational result, for general policies. To
appreciate the technical challenge, the mapping scheme in full revelation policies is fixed,
so that we only need to focus on designing the selection policy (or allocation rule) of the
receiver. This makes the overall problem have polymatroid structure if it has that structure
for a fixed scenario. However, for general signaling policies, there is a dependence between
the mapping rule in the signaling policy and the allocation made by the receiver. Since both
the mapping rule and selection rule are not fixed anymore, the overall signaling problem may
not have polymatroid structure.

To extend our result to approximate majorization of general policies, we adopt the
approach of randomized single mean projections introduced in [7] for selecting a single agent.
For these policies, it was shown that there is a fixed set of mappings, termed maximal
mappings, that can be pre-computed and are optimal (in terms of majorization) within this
class. These mappings allowed them to approximate any mapping policy by an analog of
full revelation policies. We follow this outline; however, we need a different set of technical
arguments to show that this class of policies suffice. The main novelty in our case, beyond
extending Lemma 11 to single-mean policies, is the proof of Lemma 20, which carefully uses
submodularity to show that it suffices to consider maximal mappings.

4.1 Single Mean Projections
The definitions in this section mirrors that in [7]. We briefly review the definitions for
completeness. Recall that the values vi of the agents are supported on [1, V ]. Intuitively,
single mean projection partitions the value range [1, V ] into a sequence of buckets, and only
counts utility from one bucket. Given small ε > 0, let η = 1 + ε. Assume V is a power of η.
Divide [1, V ] into buckets I1 = [1, η), I2 = [η, η2), . . . , Ik = [V/η, V ). Let K = O

(
log V

η

)
denote the number of buckets. We will use these buckets {Ik}K

k=1 to partition the range of
posterior means, where each bucket Ik is associated with a canonical mean value mk. We
will construct signaling policies that choose a bucket at random and focus on the case where
the posterior mean lies within this bucket.

Approximate Welfare-maximizing Receiver. As discussed in Section 1, a key element of
our approach to generalizing to arbitrary signals is to model the receiver not as a perfect
optimizer over the exact posterior means, but as an approximate one who acts on canonical
values.

This models a receiver who is a (1 + ϵ) approximate welfare maximizer in each dimension,
acting on canonical values rather than exact posterior means. From now on, we will ignore
the (1+ϵ) factor, and assume the utility of an agent is computed using the canonical posterior
mean values.

Single-Mean Projections. Suppose the receiver is an approximate welfare maximizer as
defined above. We define a single-mean policy for bucket Ik as follows:

▶ Definition 15 (Single-mean Policies and Fake Utilities). Consider any signaling policy
specified by a mapping rule and a selection rule. For any bucket Ik, the corresponding
single-mean policy restricted to that bucket accounts for the utility of any agent as follows.
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The fake utility of an agent i, denoted by Ûi,k, is measures as the utility of agent i when the
posterior mean lies in Ik, else zero. Formally, if x⃗ denotes the allocation, then

Ûi,k(x⃗) =
{

mk · xi, if µi ∈ Ik;
0, if µi /∈ Ik.

Note that the only difference in a single-mean policy and a regular policy is the utility
accounting as a fake utility. This fake utility serves as an underestimation of the true utility
seen by the agent in the policy. We now define a randomized single-mean policy as follows:

▶ Definition 16 (Randomized Single-mean Policies). A randomized single-mean policy is
constructed as follows: The mapping rule ∆ is a collection of K mapping rules ∆1, . . . , ∆K

and associated selection rules, yielding a collection of signaling policies Ω1, . . . , ΩK . The
utility of policy Ωk is measured using the fake utility restricted to bucket Ik. The overall policy
chooses one of the K buckets uniformly at random, and uses the corresponding signaling
policy Ωk.

Note that the expected fake utility of agent i in the above randomized single-mean
policy is

Ûi(Ω) = 1
K

K∑
k=1

Ûi,k(Ωk).

Note that given any signaling policy Ω, there is a randomized single-mean policy Ωrsm
obtained by picking a bucket uniformly at random and using the fake utility restricted to
that bucket. In this policy, we have Ûi(Ωrsm) = Ui(Ω)

K for all agents i, where Ûi(Ωrsm) is the
expected fake utility of agent i in the randomized single mean policy. Note that we have
accounted for Ui(Ω) by rounding each posterior mean to its canonical value, and ignored the
(1 + ϵ) factor loss in this process.

We now consider fixing the mapping rule ∆ used by the randomized single-mean policies,
but do not fix the selection rule used by the receiver. In other words, for every bucket Ik,
we specify the mapping rule ∆k of values to signals. Note that this bucket is chosen with
probability 1/K in the rule ∆. The following is analogous to Lemma 11.

▶ Lemma 17. Fix an active bucket Ik, and the mapping rule ∆k of the corresponding single
mean policy. Fix the vector of posterior means µ of the agents. Let ĝk(S; µ) denote the
maximum possible sum of the fake utilities of agents in a set S, where the maximization is
over the selection rule of the receiver. In other words,

ĝk(S; µ) = max
∑
i∈S

Ûi,k

where Ûi,k is as defined in Definition 15. Then, the function ĝk(S; µ) is monotone and
submodular.

Taking the Minkowski sum over the random choice of bucket Ik and over the realized
posterior means, and using Lemma 8, we obtain the following.

▶ Corollary 18. Given a randomized single mean mapping rule ∆ = {∆k}K
k=1, let the expected

fake utility be Ûi = 1
K

∑k
k=1 Eµ∼∆k

[Ûi,k]. Let U denote set of vectors {Ûi}n
i=1 obtained by

varying the selection rule of the receiver. Then, U is contained in the following polymatroid
R̂(∆), and contains its base polytope, where R̂(∆) is defined as:

R̂(∆) =
{

y⃗ ≥ 0
∣∣ ∑

i∈S

yi ≤ 1
K

K∑
k=1

Eµ∼∆k
[ĝk(S; µ)] ∀S ⊆ [n]

}
. (2)
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Here, the expectation in the RHS is over the vector µ⃗ of posterior means produced by the
mapping ∆k, and the functions ĝk are as defined in Lemma 17.

4.2 Maximal Single-mean Mappings
The issue with extending the above lemma to a proof analogous to Theorem 10 is that the
mapping rule ∆ is now a variable (in addition to the selection rule that depends on ∆). This
wasn’t an issue in the proof of Theorem 10, where the mapping rule was fixed and the set of
utilities obtained by varying the selection rule defines the base of a polymatroid. In contrast,
though R̂(∆) as defined above is a polymatroid, the union of such polymatroids over ∆ need
not have nice structure.

We now proceed as in [7] and show that the optimal signaling policy for single-mean
policies is fixed and independent of the allocation. This will allow us to argue polymatroidal
structure, and show that the space of randomized single mean policies has a 1-majorized
solution. Since the true utility is within a factor of K of the fake utilities used by such
policies, this directly implies a K-majorized policy for general signaling policies, and we will
show that in Theorem 22.

Towards this end, we define a maximal mapping analogous to [7].

▶ Definition 19 (Maximal Mapping). For an interval Ik, a maximal mapping is a mapping
rule ω from agent values to signals {σ} such that Prσ∼ω[µi(σ) ∈ Ik] is maximized for each
agent i.

Note that for each agent i, the maximal mapping to a given interval Ik is the solution to
a linear program [7]. This mapping is fixed and decoupled from the allocation rule of the
receiver. It can also be computed separately for each agent. The set of maximal mappings,
one for each Ik, yields the mapping rule of a randomized single-mean policy, by choosing one
of the buckets uniformly at random. We call this mapping rule ∆max.

We now present the key structural lemma to show that randomized single mean policies
can switch to using maximal mappings without reducing the maximum expected utility of
any set of agents. In the lemma below, the notation ĝk(S; µ) is as defined in the proof of
Lemma 17. Further, by the notation µ ∼ ∆k, we mean a posterior mean vector that results
from the execution of the mapping rule ∆k.

▶ Lemma 20 (Structure Lemma). Consider a fixed active bucket Ik. Let ∆k = (σ1, . . . , σn) be
an arbitrary mapping rule where each agent’s mapping σi is chosen independently. Consider
the mapping rule ∆max

k = (σ′
1, . . . , σ′

n), where each σ′
i is a maximal mapping for agent i with

respect to the bucket Ik. Then, for any set S of agents, we have:

Eµ∼∆max
k

[ĝk(S; µ)] ≥ Eµ∼∆k
[ĝk(S; µ)].

The above lemma implies the following corollary:

▶ Corollary 21. Consider any randomized single mean policy Ω and let U⃗ denote the vector
of expected (fake) utilities of the agents in this policy. Then U⃗ ∈ R̂(∆max), where ∆max is
the mapping obtained by choosing one of the K buckets uniformly at random and using the
corresponding maximal mapping for each agent.

Proof. The vector U⃗ belongs to the polymatroid R̂(∆) in Equation (2), where the mapping
∆ corresponds to the policy Ω. By Lemma 20, if we use the maximal mapping in each
bucket instead, the RHS of the constraints in Equation (2) do not decrease. This means
U⃗ ∈ R̂(∆max). ◀
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4.3 Main Result: Proof of Theorems 1 and 2
We now combine the structural results from the preceding sections to formally state and prove
our main theorem, which establishes the existence of a computationally efficient signaling
policy with a logarithmic approximation guarantee for majorization. We again note that this
result is complemented by a lower bound from [7] that rules out an o(log log V )-majorized
policy even for selecting one agent.

▶ Theorem 22. Consider the signaling problem with a polymatroid constraint P(f), where
agents have independent quality distributions supported on [1, V ]. Assume the receiver is a
(1 + ε)-approximate welfare maximizer who acts on canonical posterior means derived from
a partition of [1, V ] into K = O((log V )/ε) buckets. Then, there exists a signaling policy
Ω that is O((log V )/ε)-majorized over the set of all possible independent signaling policies.
Furthermore, a policy that yields an additive O(δ) approximation to this utility vector can be
computed in time polynomial in nV

ϵ·δ .

Proof. The proof consists of two parts. First, we prove the existence of a policy with the
stated approximation guarantee by relating any optimal policy to the randomized single mean
policies described above. Second, we argue that this policy can be computed in polynomial
time using the multiplicative weights update framework from Section 3.

Proof of Theorem 1. We now show the existence result. Let Ω∗ be any signaling policy.
Let U(Ω∗) be the vector of true expected utilities for this optimal policy. As discussed before,
consider a randomized single mean policy, Ωrsm, which is constructed from Ω∗. This policy
works by first choosing a bucket k ∈ {1, . . . , K} uniformly at random and creating a fake
utility function that only grants the utility an agent would have received from that specific
bucket in the original policy Ω∗. The expected utility for agent i under this constructed
policy is U(Ωrsm) = U(Ω∗)/K.

By Corollary 21, the utility vector {U(Ωrsm)}n
i=1 ∈ R̂(∆max), where ∆max is the mapping

rule that first chooses a bucket k uniformly at random, and then implements the maximal
mapping rule for that bucket. Consider the class of signaling policies Cmax that use ∆max as
their mapping rule. In such policies, the mapping rule is now decoupled from the selection rule
since the mapping ∆max can be pre-computed. By Corollary 18, the set of expected utility
vectors achievable by policies in Cmax lies within the polymatroid R̂(∆max) and contains its
base polytope, and this set is non-empty. By Lemma 9, this base polytope has a signaling
policy, call it Ωmaj, which is 1-majorized over all policies in Cmax, and hence over all vectors in
R̂(∆max). In particular, this means U(Ωmaj) majorizes U(Ωrsm), which is at least U(Ω∗)/K.
This means the utility vector U(Ωmaj) majorizes U(Ω∗)/K. This proves the existence of a
policy that is O

(
log V

ϵ

)
-majorized, since K = O

(
log V

ϵ

)
.

Proof of Theorem 2. We next sketch the computational result. We use the multiplicative
weights approach from Section 3.2, where we use the posterior (bucketed) mean vector µ′

found by the maximal mapping instead of the value vector. The core requirement for such
methods to be efficient is the existence of a polynomial-time oracle for maximizing any
linear function over the following polymatroid. Given µ′, the polymatroid has rank function
ĝk(S; µ′). The dual oracle must solve maxu w · u over this polymatroid for a given weight
vector w. This can be solved by the polymatroid greedy algorithm, which requires oracle
access to the rank function ĝk(S; µ′), followed by sampling scenarios µ′. By combining
this with a binary search over the optimal utility values (the prefix sums Qj), we obtain a
polynomial-time additive approximation scheme for computing the desired logarithmically-
approximate majorized policy. We omit the details as they are similar to the proof in
Section 3.2. This concludes the proof of Theorem 22. ◀
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5 Extensions and Open Questions

Our main contribution is a structural characterization of the utility space in Bayesian
persuasion with polymatroid constraints, showing it forms a base polytope of a different
polymatroid. This enabled a direct geometric approach to construct a logarithmically-
approximate majorized signaling policy. This result highlights a new connection between the
geometry of information design and the combinatorial structure of submodular optimization,
with potential applications to other information design problems.

Our techniques easily extend to the setting where the utility of an agent is a fixed
multiplier of its allocation, rather than allocation multiplied by the quality (or value). The
former case is simpler, since the utility vector now coincides with the allocation vector
(appropriately scaled). For a welfare maximizing receiver, the resulting set of utility vectors
is trivially a face of P(f) and is hence the base polytope of a polymatroid. This observation
extends the results in the paper to show the same approximation factor for majorization.

Our work leaves several questions open. One open question is to extend our results to
the case where the intermediary can correlate the signals between agents. Another question
is to understand the combinatorics of the induced fairness polyhedron. Our proof constructs
its rank function g, but we do not study its interpretation. For instance, if the original
constraint is a randomization over independent sets of a matroid, then how is the induced
base polytope related to the original matroid? Next, can we design efficient algorithms to
find a specific point that maximizes, for instance, the Nash welfare or max-min fairness? Our
results imply a logarithmic approximation in polynomial time, but it is likely these problems
admit to a FPTAS.

At a higher level, it would be interesting to explore other models of allocation. For
instance, what if information revelation has a cost, so that, say, the sender’s signals are
constrained to focus on a few agents? Similarly, what if the agents arrive one at a time,
with both the sender and the receiver knowing their priors upfront, while the receiver has to
make irrevocable allocations to each arriving agent based on its signal? Finally, can we apply
fair persuasion to settings where the receiver is solving a stochastic optimization problem,
where for instance, performing two-stage optimization to design a network over the agents,
or running a prophet pricing algorithm over the agents [32]. These questions offer a rich
domain for structural and algorithmic inquiry.

Acknowledgment of AI use. We have used an LLM (Gemini 2.5 Pro) in this work for
identifying and summarizing prior work and paraphrasing and polishing the text. All AI-
generated content was verified by the authors, who take full responsibility for its correctness.
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A Proof of Lemma 11

Proof. We define the saturation function g : 2E → R+ associated with U as:

g(S) = max
u∈U

∑
i∈S

ui = max
x∈X ∗

∑
i∈S

vixi,

where vi is the ith coordinate of v⃗ and ui = vixi is the ith coordinate of u. This function is
trivially monotone. We will show that g is submodular. We do so by deriving a closed-form
expression for g(S). Subsequently, we will show that U = B(g), completing the proof.

By Lemma 6, the vertices of the optimal face X ∗ are generated by the polymatroid
greedy algorithm for the objective vector v⃗, with different outcomes arising from different
tie-breaking orders for agents with the same value vi. The value g(S) is therefore achieved at
the vertex obtained by running the greedy algorithm with a tie-breaking rule that prioritizes
maximizing the utility from the set S.

Let the agents E be partitioned into blocks E1, E2, . . . , Ek where all agents in a block Ej

have the same value vj , and v1 > v2 > · · · > vk > 0. The greedy algorithm proceeds through
these blocks sequentially. To find the value of g(S), we define a specific permutation πS as
follows: For each block Ej , agents in Sj = S ∩ Ej are processed first. Agents in Ej \ Sj

are processed next. Within these subsets, any fixed arbitrary order is used. The allocation
vector for this permutation is x(πS), and g(S) =

∑
i∈S vixi(πS). The total utility from the

agents in S is therefore:
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g(S) =
k∑

j=1

∑
i∈Sj

vjxi(πS) =
k∑

j=1
vj

∑
i∈Sj

xi(πS)

 .

We now analyze the inner sum for a single block j. Let P<j = E1 ∪ · · · ∪ Ej−1 be the set of
all agents in higher-value blocks. Let the processing order for agents in Sj be s1, s2, . . . , sm.
Using the greedy allocation for the priority rule discussed above, we have:∑

i∈Sj

xi(πS) =
m∑

j=1
x(sj) =

m∑
j=1

(f(P<j ∪ {s1, . . . , sj}) − f(P<j ∪ {s1, . . . , sj−1}))

= f(P<j ∪ Sj) − f(P<j).

Substituting this back into the expression for g(S), we arrive at the closed-form formula:

g(S) =
k∑

j=1
vj [f(P<j ∪ (S ∩ Ej)) − f(P<j)] .

Let gj(S) = vj [f(P<j ∪ (S ∩Ej))−f(P<j)]. To show this function is submodular, we only
need to note that hj(S) = f(P<j ∪ (S ∩ Ej)) is submodular. Since each gj(S) is submodular,
their sum g(S) =

∑
j gj(S) is also submodular.

Let B(g) now denote the base polytope of the polymatroid with rank function g. We will
now show that U = B(g), completing the proof.

First, by definition, X ∗ is the set of allocations x ∈ P that maximize v · x. Let this
maximum welfare be Wmax. Thus, for any x ∈ X ∗, we have v · x = Wmax. Now, consider
any u ∈ U . By definition, ui = vixi for some x ∈ X ∗, so that U lies on the hyperplane
{z ∈ Rn |

∑
zi = Wmax}. Further, for any u ∈ U and any S ⊆ E, we have

∑
i∈S ui ≤ g(S)

by definition of g(S). These two observations imply U ⊆ B(g). Further, U is convex, since
X ∗ is a face of P and is hence convex.

We will finally show that B(g) ⊆ U by showing that any vertex of B(g) corresponds to a
feasible realization of utilities; since U is convex, this will imply any interior point of B(g)
also lies in U . By Lemma 7, any vertex of B(g) can be obtained by ordering the elements
of E; relabel them as 1, 2, . . . , n in this ordering, and setting ui = g([i]) − g([i − 1]). Let
S = [i − 1], and let i ∈ Ej as defined above. When we add i to S, it can be checked that
ui = vj · (f(P<j ∪ {i} ∪ (S ∩ Ej)) − f(P<j ∪ (S ∩ Ej))). This corresponds to the receiver
assigning xi = f(P<j ∪ {i} ∪ (S ∩ Ej)) − f(P<j ∪ (S ∩ Ej)), that is, placing i next in the
tie-break ordering for Ej after the elements of P<j and S ∩ Ej , and allocating greedily.
Therefore, any vertex of B(g) corresponds to a feasible realization of utilities by some tie-
breaking rule of the receiver. This implies B(g) ⊆ U . Therefore, U is the base polytope B(g)
for the submodular function g. ◀

B Example Illustrating Signaling and Fairness

We present an example to demonstrate the simultaneous failure of naive information policies
to achieve a good approximation ratio, and the power of a carefully designed signaling policy.
We consider n + 1 agents {0, 1, . . . , n}, with the constraint that at most one agent can be
selected. The polymatroid is therefore the set of allocation vectors (probability of selection)
that have ℓ1 norm at most one. The receiver selects the agent with highest posterior mean,
using a randomized tie-breaking rule specified by the sender.

Let q = 1/
√

n. Agent 0 has a deterministic quality v0 = 2 − q, while agents i ∈ {1, . . . , n}
have i.i.d. quality that is 1/q with probability q and 1 otherwise, so all agents have the same
prior mean of 2 − q. The two baseline policies illustrate the following trade-off:
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In the no-revelation policy, we assume the receiver allocates to an agent uniformly at
random, since their posterior means are identical. This results in a total welfare of
2 − q = O(1), while the max-min fair value achieved is 2−q

n+1 = Θ(1/n).
In the full-revelation policy, agent 0 is chosen only when all other agents have value 1,
while happens with probability O(e−

√
n). The social welfare is now Θ(

√
n), which is a

factor of Θ(
√

n) larger than that of no-revelation. On the other hand, its max-min utility
is now O(e−

√
n), a super-polynomial factor worse than that of no-revelation.

Note that in our example, V = 1/q, so that the approximation ratio for majorization in
Theorem 1 is O(log n/ϵ). Clearly, the above two policies do not achieve this.

We now construct a policy that is simultaneously a constant-factor approximation to
the social welfare of full-revelation and the max-min fair value of no-revelation. The sender
designs a scheme for each agent i ∈ {1, . . . , n}: if its true value is 1/q, send a “HIGH” signal
with a small probability p = 1/(nq); otherwise, send a “LOW” signal. This ensures the
probability of any single agent sending a HIGH signal is exactly q · p = 1/n. The receiver’s
posterior means are then:

E[vi|HIGHi] = 1/q =
√

n, since the HIGH signal is only ever sent in the high-value state.
For the LOW signal, we use Bayes’ rule:

E[vi|LOWi] =
Pr(LOW|vi = 1

q ) Pr(vi = 1
q ) · 1

q + Pr(LOW|vi = 1) Pr(vi = 1) · 1
Pr(LOW)

=
(1 − p)q · 1

q + 1 · (1 − q)
(1 − p)q + (1 − q) = 1 − p + 1 − q

1 − pq
= 2 − q − p

1 − pq
.

Substituting p = 1/(nq), for large n this posterior mean is 2−1/
√

n−1/n1.5

1−1/n , which is slightly
smaller than 2 − q.

The receiver’s strategy is as follows: if any HIGH signals are received, select one of these
agents (posterior mean =

√
n); if all signals are LOW (an event with constant probability for

large n), select agent 0 (value 2 − q) over the others (posterior ≈ 2). This policy achieves an
expected social welfare of Θ(

√
n), which is within a constant factor of the optimal welfare.

At the same time, it guarantees a max-min utility of Θ(1/n), as agents 1, 2, . . . , n are selected
with probability Θ(1/n) each. This single policy is therefore a constant-factor approximation
to both the optimal social welfare (achieved by full revelation) and the optimal max-min
utility (which is Θ(1/n)).

C Impossibility of Majorization with Non-Polymatroidal Constraints

We construct a simple, deterministic allocation problem to show that for certain non-
polymatroidal constraints, the approximation factor for majorization must grow at least
linearly with the number of agents, showing that Theorem 1 cannot be generalized to arbitrary
constraint sets, and requires special properties of polymatroids. Our counterexample holds
when V = 1 and all value distributions Di are deterministic, so that no signaling is required.

Consider n agents, each with a deterministic value of vi = 1. Utility is therefore equal to
allocation. The set of feasible allocations P is the convex hull of n vectors {u(1), . . . , u(n)} ⊂
Rn. For a large constant M > n, the vector u(j) is defined by its components u

(j)
k = M j if

k ≥ j and u
(j)
k = 0 if k < j. Any feasible allocation is a convex combination x =

∑n
j=1 pju(j)

for some probability vector p. A crucial property of this construction is that any feasible
allocation x is sorted: xk =

∑k
j=1 pjM j = xk−1 + pkMk ≥ xk−1. Thus, the j smallest

utilities are simply the first j components of the allocation vector, and Qj(x) =
∑j

k=1 xk.

FORC 2026
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First, we find the optimal policy for each prefix sum objective. The objective Qj(x) is a
linear function of the probabilities p, so its maximum must be achieved at a vertex of the
probability simplex, i.e., by a pure policy pk = 1 for some k. If we choose the policy pk = 1,
the allocation is x = u(k), and the prefix sum is Qj(u(k)) = (j − k + 1)Mk if j ≥ k, and
0 otherwise. Since M > n, this value is maximized over k ∈ {1, . . . , j} when k = j. Thus,
the optimal policy for maximizing Qj is the pure strategy pj = 1, and the optimal value is
Q∗

j = M j .
Now, let us assume a single policy x =

∑
pju(j) is β-majorized for some β = o(n).

This requires Qj(x) ≥ Q∗
j /β = M j/β for all j ∈ {1, . . . , n}. The exact value of the prefix

sum is Qj(x) =
∑j

i=1 piM
i(j − i + 1). We can bound this by isolating the dominant

term: Qj(x) = pjM j +
∑j−1

i=1 piM
i(j − i + 1). The summation is clearly bounded above

by nM j−1 (since
∑

pi ≤ 1 and j − i + 1 ≤ n). The majorization condition thus implies
pjM j +nM j−1 ≥ M j/β. Dividing by M j , we get pj +n/M ≥ 1/β, which gives the necessary
condition pj ≥ 1/β − n/M for each j. Summing over all j = 1, . . . , n:

1 =
n∑

j=1
pj ≥

n∑
j=1

(
1
β

− n

M

)
= n

β
− n2

M
.

Rearranging this gives a lower bound on the required approximation factor: β ≥ n
1+n2/M . By

choosing M to be a sufficiently large polynomial in n (e.g., M = n3), this implies β ≥ Ω(n).
This contradicts the assumption that β is sub-linear. Therefore, no such policy can exist.

D Discussion on Lemma 11

We now present two pieces of evidence to show the non-triviality of Lemma 11, in that it
needs delicate arguments that are tailored to the setting we consider. First, we show that
for non-polymatroidal allocation constraints, 1-majorization in the allocation space will not
imply majorization in the utility space, to any sub-linear approximation. This shows that
our proof crucially requires the polymatroidal structure of the allocation space. We next
show that part of our argument is not a generic result for polymatroids, and is specific to
the utility polytope we define. In particular, we show that the result B(g) ⊆ U is not merely
a consequence of the submodularity of g (where g is the saturation function of U), and the
result is only true for the specific U (utility vectors of the receiver-optimal allocation) that
we define.

D.1 Impossibility with Majorized Allocation Set
We first show a non-polymatroidal allocation set that has a 1-majorized point, but even with
deterministic values of the agents, the corresponding set of utility vectors does not have a
point with sub-linear approximation to majorization. This rules out generalizing Lemma 11
to non-polymatroidal constraints.

In the example below, the value distributions Di are deterministic, so no signaling
is required. Consider 2n agents, evenly partitioned into n groups g1, . . . , gn, such that
gi = {i, 2n − i}. The feasible allocations is the convex hull of the indicator vectors
{1[g1], . . . ,1[gn]} ⊂ Rn. The allocation that selects each gi with probability 1/n is a
1-majorized policy.

Let N = ω(n2n). For 1 ≤ i ≤ n, let agent i take value vi = n2i and agent 2n − i take
value v2n−i = N − n2i. Since the total value of any group is N , the set of receiver-optimal
allocations is the probability simplex {p⃗ |

∑n
i=1 pi = 1}, where pi is the probability of

selecting group gi.
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We first derive a lower bound for the sum of the smallest i utilities. Consider the following
class of allocations {Ai}n

i=1. Define Ai to be the allocation that selects gj with probability
1/n2 for j ̸= i and gi with probability 1 − (n − 1)/n2. Then, the ith smallest utility for Ai is(

1 − n − 1
n2

)
· n2i ≥ n2i − n2i−1.

This then lower bounds the sum of the i smallest utilities.
Suppose next that there is an α-majorized policy A for the set of utility vectors, which

selects gi with probability pi. Then, the sum of i smallest utilities is at most
i−1∑
j=1

n2j + pi · n2i ≤
(

pi + 2
n2

)
· n2i.

For A to be α-majorized,

α ·
(

pi + 2
n2

)
· n2i ≥ n2i − n2i−1.

Therefore,

α ·
(

pi + 2
n2

)
≥ 1 − o(1), and pi ≥ 1 − o(1)

α
− 2

n2 .

Since this holds for all i and
∑n

i=1 pi = 1, we have

n(1 − o(1))
α

− 2
n

≤ 1.

This implies

α ≥ n(1 − o(1))
1 + 2

n

= n(1 − o(1)).

Therefore, the best majorization factor for the set of utility vectors grows linearly with the
number of agents, despite the existence of a 1-majorized point for the set of allocation vectors.

D.2 Submodular Saturation Functions do not Suffice
We next show that the result B(g) ⊆ U is not a general result for arbitrary convex polytopes
U that are constant sum and whose saturation function g is submodular. Here, constant-sum
means the sum of coordinates is a constant. Also recall that the saturation function g(S) for
a polytope is the maximum over the polytope of the sum of the coordinates in S. We show
an example where a constant sum convex polytope U has submodular saturation function g,
but is strictly contained in the base polytope B(g). This shows the proof of Lemma 11 is
delicate in requiring specific properties of the U that we define.

We start by defining the submodular function g. Let h be defined as h(0) = 0, h(1) = 1,
h(2) = 1.9, and h(3) = 2.5. This is clearly concave. Let g(S) = h(|S|) for sets S of size
at most three. Consider the 3-dimensional base polytope B(g). This is defined by the
constraints:

{(x, y, z) ≥ 0 | max{x, y, z} ≤ 1; max{x + y, y + z, x + z} ≤ 1.9; x + y + z = 2.5} .

Projecting onto the (x, y) plane, we obtain the following hexagon:

{(x, y) ≥ 0 | max{x, y} ≤ 1; min{x, y} ≥ 0.6; 1.5 ≤ x + y ≤ 1.9} .

FORC 2026
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Note that there is a one-to-one mapping between the points in the planar hexagon and the
points in B(g). Further, every edge in the planar hexagon corresponds to one saturation
function of B(g). For instance, the edge x + y = 1.5 corresponds to z = 1 (corresponding
to the set S = {3}, the dimension for z). Similarly, x = 0.6 corresponds to y + z = 1.5
(corresponding to the set S = {2, 3}, the dimensions for y, z). The vertices of the hexagon
are of the form (a, b), where a ̸= b, and a, b ∈ {1, 0.9, 0.6}.

Now consider some vertex of the hexagon, say (1, 0.6) and the corresponding vertex
v ∈ B(g). Define U ⊂ B(g) by intersecting the planar hexagon with a halfspace that removes
v from B(g), but preserves the other edges and vertices. For instance, add the halfspace
x − y ≤ 0.39. Note that the resulting projection of the convex polytope U on the plane is
defined by all of the original halfspaces of the planar hexagon, plus the new halfspace. This
means that for any subset S of dimensions, the function g′(S) that maximizes the sum of
the coordinates in S over U coincides with the same function for B(g), which is g(S). But
U ⊂ B(g) by construction. This also means U is constant sum, since x + y + z = 2.5 by
construction. Therefore, we have an example U whose saturation function g is submodular,
but which lies strictly within B(g).
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