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Abstract
The width of a point set – the minimum distance between two parallel hyperplanes enclosing the
data – is a fundamental geometric measure that captures how “flat” or “fat” a dataset is. As such,
it serves as a basic shape descriptor used in visualization, convex hull approximation, and geometric
data analysis. Despite its importance, width is highly sensitive to single-point changes, and no
differentially private algorithm for approximating it was previously known.

We present the first pure ε-differentially private algorithm that approximates the width of a
dataset. Our algorithm is a private adaptation of Chan’s approximation scheme [8] and operates
by privately approximating the solution to a collection of suitably formulated linear programs. In
addition to estimating the width, our method privately identifies a corresponding direction, enabling
a private “fattening” transformation of the dataset – a basic structural preprocessing step for many
geometric algorithms. This work advances the understanding of how geometric shape descriptors
can admit good approximations even under the constraints of differential privacy.
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1 Introduction

This work is motivated by the problem of data-visualization, and is aimed at finding the
data’s “geometric shape” using differentially private techniques.

A key geometric measure we focus on is the directional width, which captures how spread
out a point set is along a given direction. Formally, for a unit vector u, the directional width
of a point set P ⊂ Rd in direction u is

wu(P ) = max
p,q∈P

{(p− q) · u}

The collection of directional widths over all directions characterizes the global geometric
shape of the data and its convex hull. For any fixed direction u, computing the maximal
and minimal projection reduces to a one-dimensional range query, a problem that has been
extensively studied in differential privacy [5, 9, 15]. However, extending such guarantees
simultaneously to all directions or finding representing u-directions for the data is substantially
more challenging.

This issue is best demonstrated by the two extremal directional widths: the diameter,
which is the maximum directional width over all directions; and the width of the set, defined
as the minimum directional width over all directions. We denote that data’s width as w∗(P ).
The width captures how “flat” or “fat” a dataset is. When the width is comparable to the
diameter, the dataset is well-rounded or fat. In contrast, when the width is significantly
smaller than the diameter, the dataset is nearly degenerate and concentrated around a
low-dimensional structure. This distinction has significant algorithmic consequences. Many
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18:2 A Differentially Private Approximation of the Width Problem

geometric approximation schemes – such as those for convex hull simplification, geometric
packing, coresets, extent measures, bounding volumes, and LP-type problems – become
substantially simpler and more efficient when the input is fat [14, 7, 10]. Conversely, when
the width is very small, these problems often require more complex constructions to obtain
comparable guarantees.

The main contribution of this work is thus a (pure) ε-DP algorithm that outputs an
approximation w̃ to the data’s width as well as a direction u on which it is obtained. Once
those are found, it is fairly straight-forward to identify an interval in the direction of u of
length w̃ that holds most of the data, and then linearly stretch this interval so that the
spread of the data along direction u will be roughly as large as the diameter. So by repeating
this process at most d− 1 times we are able to create a “fat” dataset.

Beyond its structural role, the width problem also has direct geometric implications. For
example, a ball of radius w∗

2 is guaranteed to fit inside the convex hull of the data, a property
that is useful in algorithms that seek a point in the convex hull [19, 17]. Thus, width provides
both structural and algorithmic insight into the dataset.

Non private width algorithms

In the non-private setting, the width problem on a dataset of size n can be solved exactly
in two dimensions in time O(n log n) [25] and in three dimensions in time O(n3/2+δ) [1]. In
higher dimensions, an algorithm running in O(n⌈d/2⌉) time is noted in [8]. More importantly,
there are known O(n · exp(d))-time approximation schemes for the width problem developed
by Duncan, Goodrich, and Ramos [11] and by Chan [8] in his seminal work. The latter forms
the basis of our work.

The Setting: Low-dimensional data with an exponentially large grid

It is evident that the algorithms that approximate the width run in exp(d)-time, and so in
this work we assume that the data is low-dimensional. Indeed, there exists datasets that hold
sensitive information and are intrinsically low-dimensional, such as 2D-locations, trajectories
or medical records composed of only a few features. And so we assume the given input P

is composed on n points in the d-dimensional cube [−1, 1]d. However, as proven by Bun et
al. [5], no DP-algorithm is feasible if the data’s range is infinite, so we are also provided with
a finite grid G ⊂ [−1, 1]d that the data resides on. We assume this grid has granularity τ ,
yet this granularity is exponentially small. (As a rule of thumb, think of τ = 2−32, as if each
coordinate in the data is given in C’s ints.) And so our algorithms must avoid brute-search
over all points in G.

Our contribution

It is fairly obvious to see that adding or removing a single datum to a data can change
its width by an arbitrarily large amount, rendering the DP-techniques that rely on the
global sensitivity of the width unapplicable. However, note that for any fixed pair of parallel
hyperplanes the number of points between them changes by at most one across neighboring
datasets. Thus, while the optimal width is highly unstable, the score function that counts
how many points lie within a given slab has sensitivity one.

Building on this observation, we present a differentially private version of Chan’s ap-
proximation algorithm [8]. Chan reduces the width problem to solving a collection of linear
programs (LPs), one for each direction in a (finite) cover of the unit sphere. We give a detailed
explanation of Chan’s non-private algorithm in Section 2.2.1, where we formalize these LPs.
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However, roughly speaking, these LPs seek a vector x (of largest possible magnitude) where
by taking the dot-products of all points in P with x, these dot-products fall inside an interval
of length 1.

And so in this work we introduce the notion of a score of a possible LP solution x, defined
as the maximal number of points from P whose dot-product with x reside inside an interval
of length 1. (See Section 3 for the formal definition.) Similarly, the score of a region (a closed
rectangle in Rd) is the maximal score of all xs in the region. These definitions enables us to
use simple SVT-based algorithm to conduct our private width approximation, seeing as the
sensitivity of the score is at most 1.

This approach yields the first pure ε-differentially private algorithm for approximating
width. Given a privacy parameter ε > 0, an approximation parameter γ > 0 and a failure
parameter β > 0, our algorithm achieves a (γ, ∆)-bi-criteria approximation: with probability
at least 1− β the returned width w̃ satisfies: w̃ ≤ (1 + γ)w∗(P ), where w∗(P ) denotes the
minimum width of the dataset. Moreover, there exists a pair of parallel hyperplanes at
distance w̃ that sandwich all but at most ∆ points of P .

Formally, our main result is as follows.

▶ Theorem 1. Fix d ∈ N, ε > 0, and γ > 0. Let τ > 0 and let G be the grid in [0, 1]d of
granularity τ . There exists an ε-DP algorithm that, given a set P ⊂ G of size n, (γ, ∆)-
approximates the width problem, where

∆ = O

(
d

ε
log

(
log(1/τ)

γβ

))
.

The algorithm runs in time

O

(
d log(1/τ)

γ
· γ− d−1

2 · (ndωd−1 + nd+1 log n)
)

,

where ωd denotes the time required to solve d linear equations in d variables.1

In addition, we give an ε-DP algorithm that outputs both an approximate width w̃ and
two parallel hyperplanes at distance w̃ that enclose at least n−∆′ points, where

∆′ = O

(
d

ε
log( 1

γβ
) + d4

ε
log2(d

τ
) log( log(d/τ)

β
)
)

.

Organization. In the remainder of the introduction we survey the few results that do exist
in the intersection of DP and computational geometry. We then survey background material
in Section 2, detailing also Chan’s non-private approximation algorithm. In Section 3 we
give our ε-DP algorithms for approximating the width, and detail the main definitions of
a score of a point and of a region. The main technical hurdle, which is how to find the
score of a region without brute-force iterating over all grid-points in this region, is given in
Sections 4 and 5. First, in Section 4 we compute it for 2D data (which is arguably the only
case where iterating over a cover is practical); and in Section 5 we show how to compute it
in d-dimensions. Finally we conclude with open problems in Section 6.

1 Currently, the best known bound is ωd = d2.38....
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18:4 A Differentially Private Approximation of the Width Problem

Related Work. We note that no prior work focuses specifically on the width problem and its
DP-approximation. However, the problem of privately approximating geometric structures
has been studied from several angles. In [16] the authors aim to learn a shape from the data,
assuming there are many points inside and outside the shape. The works of Beimel, Moran,
Nissim and Stemmer [2] and of Kaplan, Sharir and Stemmer [19] provide differentially private
algorithms for finding a point that lies inside the convex hull of a dataset, using the notion of
Tukey-depth [26]. Building on this notion of Tukey-depth, the work of Gao and Sheffet [13]
investigates how to privately approximate the convex hull and the structure of Tukey-regions.
Among the algorithms proposed by Gao and Sheffet is an algorithm that approximates the
width of a Tukey-region, but only under the premise that the width is proportional to the
diameter (as they simply approximate the directional width for each direction is a cover
of the unit-sphere). Several works [23, 22] look at the 1-cluster problem under differential
privacy, which can be applied to approximate the data’s diameter (even in a high-dimensional
setting).

Chan’s approximation method focuses on solving multiple linear programming problems.
Our algorithm addresses how to solve these problems privately and efficiently. A related
work is [17], which provides a DP-algorithm for solving linear problems, but whose efficiency
depends on the “roundness” parameter, defined as the radius of the smallest ball that fits
inside the LP polytope. This quantity is related to the width, since the roundness cannot be
smaller than the minimal width of the point set. (See more discussion in Section 2.3.)

2 Preliminaries

2.1 Differential Privacy

A dataset P ⊂ Rd is a multi-set of points in Rd. Two datasets P and P ′ are called neighbors
if they differ on a single point. An algorithm M is said to be ε-differentially private (ε-DP)
if for any two neighboring P and P ′ and any measurable set S of outputs it holds that

Pr[M(P ) ∈ S] ≤ eε Pr[M(P ′) ∈ S]

One of the basic mechanisms that preserves ε-DP is the Laplace mechanism. First,
given a query q from datasets to the reals R, we say that the query is 1-sensitive if
∀P, P ′ neighbors, |q(P ) − q(P ′)| ≤ 1. Given a 1-sensitive query, it is known that the
mechanism that on input P outputs q(P ) + Lap( 1

ε ) is ε-DP, where Lap(λ) denotes a random
variable drawn from the Laplace distribution with PDF(x) ∝ e−|x|/λ. Another basic property
of DP is the basic composition of two DP algorithms, where for any ε1, ε2 > 0 the joint
output of a ε1-DP mechanism and of a ε2-DP mechanism is (ε1 + ε2)-DP.

Sparse Vector Technique (SVT)

One of the tools we use repeatedly in this work is the Sparse Vector Technique (SVT) (also
known as the Above-Threshold algorithm in [12]). In this setting we are given a sequence of
k queries, q1, q2, ..., qk where all queries are 1-sensitive, and our goal is to identify the first
query whose value exceeds a publicly known threshold T .

▶ Fact 2. The SVT is a ε-DP algorithm which satisfies the following. Set ∆ = 6
ε log( k+1

t ).
Then, if SVT halts on query qi∗ then w.p. ≥ 1− β we have that qi∗(P ) ≥ T −∆, and for
every i < i∗ it holds that qi(P ) ≤ T + ∆.



M. Hale and O. Sheffet 18:5

2.2 Width of a Set
The width of a set of points P ⊂ Rd is defined as the smallest distance between two parallel
hyperplanes that enclose all points in P . Formally, if we denote the set of points by P

and given a unit vector u ∈ Rd, the directional width of P along direction u, denoted
wu(P ) = max

p,q∈P
{(p− q) · u}. The width of dataset P is thus w∗(P ) = min∥u∥=1 wu(P ).

2.2.1 Chan’s Approximation Algorithm of the Width
In [8], Chan reformulates an algorithm originally presented by Duncan et al. [11] to approx-
imate the width of a set.

A rather natural “first attempt” at obtaining a (1 + γ)-approximation of the width
would work as follows. Discretize the unit sphere into a O(γ)-cover, and find the minimum
width among all directions in the cover. However this approach guarantees only an additive
O(γ · diam(P)) approximation to the width, which may be very large for datasets with
diameter ≫ width. In other words, in order to obtain a multiplicative guarantee for the
width approximation problem, this approach requires a very fine discretization of the unit-
sphere (proportional to the data’s width). This, in turn, renders the naïve approach of
applying the Exponential Mechanism [21] over a cover of the unit-sphere infeasible. Chan’s
approach avoids this issue by adapting to the geometry of the data via linear programs, one
per each direction in the cover.

We now reiterate Chan’s algorithm for clarity. Recall that the width problem is: w∗(P ) =
min

∥x∥=1
{maxq∈P x · q −minq∈P x · q}. We can write the problem as:

w∗(P ) = min
0 ̸=x∈Rd

[
z2

∥x∥
− z1

∥x∥

]
s.t. z2 = max

q∈P
x · q, z1 = min

q∈P
x · q.

Equivalently, we can write:

w∗(P ) = min
0 ̸=x∈Rd

[
z2 − z1

∥x∥

]
s.t. ∀q ∈ P : z1 ≤ x · q ≤ z2.

Note that in the latter formulation, for any x ̸= 0 we have that both x and λx for any scalar λ

lead to the same minimal value. So we restrict the solution by requiring that z2 − z1 = 1.
This constraint fixes the norm of x. Thus, we obtain the following problem:

w∗(P ) = min
x∈Rd

1
∥x∥

s.t. ∀q ∈ P : z1 ≤ x · q ≤ z1 + 1.

which is equivalent to the problem

max
x∈Rd

∥x∥

s.t. ∀q ∈ P : z ≤ x · q ≤ z + 1. (1)

In this formulation of the problem all constraints are linear, yet the objective isn’t a concave
function and so we cannot obtain its maximization easily. Instead, Chan suggestes using a
cover Vθ of all directions. Let Vθ be a set of unit-length vectors with the property that for
any unit-length u there exists some a ∈ Vθ such that ∡(u, a) ≤ θ. It is known that a cover of

FORC 2026



18:6 A Differentially Private Approximation of the Width Problem

size O(( 1
θ )d−1) exists. It now follows that the optimal solution x to the above-mentioned

optimization problem becomes “almost aligned” with some grid direction a – namely, we set
θ ≤ √γ, and have that for some a ∈ Vθ it holds that:

∥x∥ ≥ a · x = ∥x∥ · cos(∡(x, a)) ≥ ∥x∥ cos θ ≥ ∥x∥(1− θ2

2 ) ≥ ∥x∥ · (1− γ

2 )
γ≤1
≥ ∥x∥

1 + γ

And so, Chan suggestes we solve all |Vθ| LPs of the form:

LP(a): max
x∈Rd

a · x

s.t. ∀q ∈ P : z ≤ x · q ≤ z + 1. (2)

and take the maximum over all solutions, and this guarantees a solution whose width is
w ≤ w∗(P )(1 + γ).

Min. Possible Width. In our setting, all points in P are known to reside on a predefined
grid G of granularity τ . We wonder as to the smallest possible value of w∗(P ). clearly, if
all points lie on some strict subspace of Rd then their width is 0. So, we pose the question:
what is the smallest non-zero value w∗(P ) can take assuming the data isn’t degenerate?

We answer this question using Chan’s formulation. Based on (2), we know that the
solution to LP(a) is attained at a vertex of its feasible polytope. Such a vertex is determined
by a system of (d + 1) linear equations in (d + 1) variables, where each non-zero coefficient
in the system lies between τ and 1. By Cramer’s rule, each coordinate of the solution is
given by a ratio of two determinants. By Hadamard’s inequality, the numerator is at most
(
√

d + 1)d+1 (since the norm of each row is bounded by
√

d + 1), while the denominator is at

least τd+1. Hence each coordinate of x is bounded by X =
( √

d+1
τ

)d+1
.

It follows that the LP objective value is at most d
( √

d+1
τ

)d+1
. Since this objective only

approximates the inverse width, we incur an additional constant factor of 2 when translating
the bound to the true objective. Inverting this bound, the smallest possible non-zero width
satisfies w∗(P ) ≥ τd+1

2d(d+1)(d+1)/2 ≥
(

τ
d+1

)d+1
.

The analysis on the min-possible width is required for our ε-DP algorithm for two reasons.
First, it is required as part of the SVT-analysis, whose utility bound depends logarithmically
on the number of queries posed – and we pose one for every (approximated) value of the
LP value. Second, this analysis plays an even more important role in Section 3.1, where we
give the algorithm that finds an approximated LP solution (and not merely the LP-value).
The algorithm merely conducts DP-binary search over the grid of possible solutions to the
LP, and this grid needs to be of granularity 1

X . As a result, in the processes of conducting
said binary search, we may lose additional poly log( 1

X )/ε many points. Needless to say, if we
replace this worst-case grid with a grid of larger granularity, then the cost of the latter part
can significantly improve.

2.3 Baseline
An off-the-shelf DP-algorithm for approximating the width would therefore be to run a
DP-LP solver for the problems {LP(a)}a∈Vθ

, and apply private selection algorithms [20, 24]
to choose a good solution. The DP-LP solver of Kaplan et al. [18] runs in exponential time, as
it requires convexifying the set of points that satisfy precisely k constraints of the LP for any
value of k. The current best DP-LP solver is given in a work of Kaplan et al. [17] where they
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bound the number of violated LP constraints at O( d5polylog( 1
τρ )

ε ) where τ is the granularity of
the given grid and ρ is a new parameter known as the width of the LP, which we don’t know
how to apriori control.2 In contrast, our work yields the bound ∆ = O( d

ε log( log(1/τ)
β )), so we

enjoy both a better dependency on d and a double-log dependency on 1
τ . This unfortunately

comes at the expense of the runtime – our algorithms run in time O(nd+1) whereas the
runtime of the LP solver of [17] runs in time fully polynomial in d. But recall that Chan’s
approximation algorithm solves O(|Vθ|) many LPs anyhow, so a runtime with exponential
dependency on d is unavoidable (to the best of our knowledge).

3 Private Width Approximation Algorithms

We begin with a high-level description of the full private width-approximation pipeline. At
a conceptual level, the algorithm proceeds in two stages. First, it privately estimates the
width value by searching over candidate values and checking, for each one, whether there
exists a direction and an associated LP solution that places almost all projected points inside
an interval of length 1. Second, once such a width value is found, the algorithm privately
recovers a corresponding direction and LP solution, from which one can also derive a pair of
enclosing hyperplanes. The detailed subroutines used in these stages are given later in this
section and in the following sections. The high-level procedure:

Run Algorithm 1 on P to obtain an approximate width w̃.
Run Algorithm 3 on input (P, w̃) to obtain a vector x̃ witnessing this approximate width.
Project the points of P onto x̃ and privately identify an interval of length 1 containing
many projected points.
Convert this interval into a pair of parallel hyperplanes orthogonal to x̃, at distance 1

∥x̃∥ .

We now describe the first stage of the algorithm, namely the private estimation of the
width value. As outlined above, this stage reduces to searching over candidate width values
and identifying the largest value for which there exists a direction and an associated LP
solution that captures almost all points. At its core, the algorithm is a simple SVT: we are
conducting a search for the optimal value of the width w∗, where we start with a guess of 1
and reduce it from there all the way down to the lowest possible value of ( τ

d+1 )d+1. Thus, the
number of guesses of w is upper bounded by W = ⌈log 1

1+γ
(( d+1

τ )d+1)⌉ = (d + 1) ·O( log(d/τ)
γ ).

We denote our guessed values as {w0 = 1, w1 = 1
1+γ , ...., wW }.

For each guess wi, our SVT asks if there exists at least one LP(a) (as in Equation (2))
for which there exists some x that satisfies x · a = 1

wi
and when projecting points onto x,

then many points fit inside an interval of length 1. More formally, we are looking for some x

of the form x = 1
wi

a + y for some y perpendicular to a, and ask for the maximal number of
points whose projection onto x fits in an interval of length 1.

▶ Definition 3 (Score at a Point). Let P ⊂ G be a set of points. Fix a scalar w > 0 and a
direction a ∈ Vθ. Given a point y perpendicular to a we denote the score of y with respect to
w and a, denoted scP

w,a(y), as the maximum number of points in P whose dot-product with
x = 1

w a + y lie inside an interval of length 1.
Formally, given P, w, a and y, we denote x = 1

w a+y. For any z ∈ R consider the interval
[z, z+1] and denote Sz ⊂ P as Sz = {p ∈ P : p·x ∈ [z, z+1]}. Then scP

wi,a(y) = maxz∈R |Sz|.
(We omit the superscript P from the score function when the context is clear.)

2 Kaplan et al. bound it at O( 1
d·(d/τ)d ).
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18:8 A Differentially Private Approximation of the Width Problem

In the 2-dimensional setting, we often fix the orthogonal direction to a, a⊥, and identify
the point y with the scalar µ such that y = µa⊥, namely define scw,a(µ) = scw,a(y). We use
a similar brevity in d-dimensions as well. Given an orthonormal basis {u1, u2, ..., ud−1} to
the subspace perpendicular to a, we denote the score of (λ1, λ2, ..., λd−1) as the score of the
point y =

∑
j λjuj , i.e. scP

w,a(λ1, λ2, ..., λd−1) = scP
w,a(

∑
j λjuj).

Efficiently computing the score of a point

We argue that the score of a given point y, scw,a(y), can be efficiently computed in time
O(nd + n log(n)) (for any dimension d). Indeed, all we need to do is the following.
1. Compute the dot-product of each p ∈ P with x = 1

w a + y.
2. Sort the resulting dot-products to obtain {c1, c2, ..., cn}.
3. Iterate over the n intervals [ci, ci + 1] to check how many points fall inside this interval.
4. Return the maximal number of points found in Step 3.
This takes O(nd + n log(n) + n)-time (Step 3 can be done in O(1)-time per interval by simply
holding two indices i, j where index i points to the first dot-product ≥ ci and j points to the
first dot-product > (ci + 1)).

Score at a region

The main hurdle is that we do not know which point y in the subspace orthogonal to a yields
the highest possible score or how to find such a y. And this is the main technical contribution
of this paper: we show that in order to find a y of large score, there are O(nd) points of
interest in Rd−1 whose score we need to check and y will be among them. But we table the
discussion on runtime analysis to Sections 4 and 5, and continue with the formal definitions.

Again, we first consider the 2-dimensional case. Our goal is to find y = µa⊥, or µ, of
large score. So we thus define the score of any closed interval I ⊂ R to be the maximal score
of any µ ∈ I. The same idea is generalized to any d in the following definition.

▶ Definition 4 (Score at a region). Let I1, I2, ...Id−1 ⊂ R be d − 1 closed intervals in R
(including perhaps the case that Ij = R for some j), and let R = I1 × I2 × ... × Id−1 be a
closed rectangle in Rd−1. Let P ⊂ G be a set of points. Fix a scalar w > 0 and a direction
a ∈ Vθ. Fix {u1, u2, ..., ud−1} to be some orthonormal basis of the subspace perpendicular to
a in Rd. Then the score of the region R is defined as

scP
w,a(R) = max

(λ1,λ2,...,λd−1)∈R
scP

w,a(λ1, λ2, ..., λd−1)

The rest of the definitions we give are simply notations for maximal scores. We now
define the score of a direction a as scP

w(a) = scP
w,a(Rd−1), and the score of a guess w as

scP (w) = max
a∈Vθ

{
scP

w(a)
}

= max
a∈Vθ

{
scP

w,a(Rd−1)
}

(3)

(Again, we omit the superscript P from all score-functions when the context is clear.)
It should be clear that for any two neighboring P and P ′ and any w, a and y, we have∣∣∣scP

w,a(y)− scP ′

w,a(y)
∣∣∣ ≤ 1

or, alternatively, that the sensitivity of the score at a point is at most 1. It follows that
for any (d− 1)-dimensional rectangle R the sensitivity of the query scw,a(R) is also 1, as a
maximum over queries of sensitivity 1. (See [4] for a proof of this fact.) Similarly, we also
have that the query scw(a) is also of sensitivity 1, and so does sc(w). And so our algorithm
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simply uses SVT for the sequence of W queries, where qi(P ) = sc(wi), and halts on the first
guess wi∗ whose score is too low, and returns the next-to-last query. The details appear in
Algorithm 1.

Algorithm 1 Differentially Private Width Estimation.

1: Input: Dataset P ⊂ G of size n where G is a d-dimensional grid of granularity τ , privacy
budget ε > 0, failure parameter β > 0, approximation parameter γ > 0.

2: Set W ← ⌈log 1
1+γ

(( d+1
τ )d+1)⌉ and set w ← 1.

3: Initialize noisy threshold: T̃ ← n− 6
ε ln

(
W +2

β

)
+ Lap

(
3
ε

)
4: for i from 0 to W do
5: if (scP (w) + Lap

( 3
ε

)
< T̃ ) then ▷ as defined in Equation (3)

6: return (1 + γ)w ▷ the next-to-last guess whose noisy score ≥ T̃ .
7: else
8: Update w ← w · 1

1+γ

9: end if
10: end for
11: return w = 0

▶ Theorem 5. Algorithm 1 is a ε-DP, that returns w.p. ≥ 1− β an (3γ, ∆)-approximation
of the width for ∆ = O(d

ε · log( log(1/τ)
βγ )). Moreover, let T = T (n, d, log(1/τ)) denote the

runtime of computing the score of a region (Definition 4). Then Algorithm 1 runs in time
O( d log(1/τ)

γ · 1
γ

d−1
2 · T )

Proof.

Privacy. The fact this algorithm is ε-DP follows directly from Theorem 2. The entire
algorithm is composed of W + 1 = O(log(1/τ)/γ)) queries, each is 1-sensitive, for which we
run the SVT algorithm, therefore it is ε-DP. Moreover, simple tail bounds on the Laplace
distribution give that w.p. 1 − β all W + 2 random variables drawn from Lap( 3

ε ) in the
execution of Algorithm 1 are all of magnitude ≤ 3

ε log( W +2
β ).

Utility. We argue that for each guess wi satisfying wi ≥ w(P )(1+γ), it holds that sc(wi) = n.
Let x∗ be an optimal solution to Equation (1), before restricting to the discretized directions
Vθ, and let a∗ be the closest direction to x∗ in Vθ. Decompose x∗ as x∗ = λ∗a∗ + y∗, where
y∗ ⊥ a∗. By the grid approximation guarantee, we have λ∗ = a∗ · x∗ ≥ 1

w(P )(1+γ) . Since
wi ≥ w(P )(1 + γ), it follows that λ∗ ≥ 1

wi
.

In the algorithm, the coefficient of a∗ is required to be exactly 1
wi

. Thus, consider the
scaled vector x∗∗ = ηx∗ = 1

wi
a∗ + ηy∗, where η = 1

wiλ∗ and therefore 0 ≤ η ≤ 1. Since
the projections of all n points onto x∗ lie within an interval of length 1, scaling by η ≤ 1
implies that the projections onto x∗∗ lie within an interval of length at most η ≤ 1. Hence,
scwi,a∗(ηy∗) = n.

Therefore, for each guess wi ≥ w∗(P )(1 + γ) we get that sc(wi) = n. It follows that the
noisy score must be ≥ n− 3

ε log( W +2
β ) whereas the noisy threshold T̃ ≤ n− 3

ε log( W +2
β ) and

so the SVT skips on this guess and continues to the next guess. Therefore we can only halt
once wi < w(P )(1 + γ), which implies we return wi(1 + γ) ≤ (1 + γ)2w(P ) ≤ (1 + 3γ)w(P )
(assuming γ ≤ 1). Finally, observe that the noisy score at guess wi−1 = (1 + γ)wi was greater
than T̃ . It follows we return guess wi−1 for which the score must be at least n− 12

ε log( W +2
β ),

hence ∆ = 12
ε log( W +2

β ) as required.
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Runtime. Lastly, the runtime is composed of W iterations in which we do O(1)-work plus
the time of computing sc(w). In order to compute sc(w) as per Equation (3) we need to
iterate over all vectors a ∈ Vθ, of which there are O( 1√

γ

d−1)-many, and for each one find the
max score of any point in the subspace orthogonal to a – which takes T -time. So overall our
runtime is O(W · |Vθ| · T ). ◀

3.1 Finding the Direction that Yields the Width
Next we turn our attention to finding an approximated solution to the LP , and not just its
value. Assume Algorithm 1 has returned some w̃. The main idea is to do the DP-version of
tracing-back our steps in computing the score to find a good solution x for our problem.

In more detail, given w̃, we first run another SVT to find the direction a with a large
score scw̃(a) – i.e., where only a few points do not fall into an interval of size 1. This SVT
involves |Vθ| many queries. Once a is found, we conduct a binary search over the region of
possible solutions: we equi-partition the region R along some axis to obtain two rectangular
regions R1 and R2 = R \ R1, query to see whether the score of R1 is large – and if so we
continue to R1, otherwise we continue to R2. We halt our binary search once our region R

holds a single grid point and return that point. Given the solution x̃ to the LP, the last step
is to conduct a search along the direction of x for an interval of width w̃ that contains many
points, thereby finding the two hyperplanes that yield the width.

There’s just one subtlety. While the given n points of P do reside on the given grid G, it
doesn’t assure as that the solution of the LP(a) lies on the same grid. Moreover, in our binary
search we look for approximated solutions of LP(a) (one that only places the projection on
points of some subset P ′ ⊂ P inside an interval of length 1). Luckily, we already established
in Section 2.2.1 that each coordinate of any vertex in such a polytope is upper bounded by a
ratio of two determinants of matrices whose entries are integer multiplications of τ . Thus,
each coordinate of a solution we seek is upper bounded by X = (

√
d+1
τ )d+1, and any non-zero

coordinate is lower bounded in magnitude by 1
X = (

√
d+1
τ )−(d+1). So let G′ be the grid in

[−X, X]d of granularity 1
X . (Thus, the new grid has X2d many points.) Our binary search is

conducted on this grid. The full details of the algorithm are given in Algorithm 3, which is
deferred to Appendix A along with its proof of correctness.

4 Computing the Score in 2D

We now turn our attention to the question of computing the score of a region R ⊂ Rd−1.
In this section, we detail the algorithm that finds a score for a region when the input is
two-dimensional. This means that the region in which we search for a point of maximal score
is simply a closed interval I.

Recall that our goal is to find µ∗ ∈ I which maximizes the score scw,a(µ), which is defined
as the maximal number of points whose dot-product with the vector xµ = 1

w a + µa⊥ reside
in an interval of length 1. So we represent any p ∈ P as p = λpa + µpa⊥, and it follows that
x · p = λp

w + µµp. Algorithm 2, we iterate over all possible choices of two distinct points, p1
and p2, which xµ sends to the bottom and top of the interval of length 1 resp.

▷ Claim 6. Algorithm 2 returns scw,a(I) in time O(n3 log(n)).

Proof. Fix I. Let µ∗ ∈ I be the point of maximal score. Let P ∗ be the set of points
whose dot-products with x∗ := x(µ∗) = 1

w a + µ∗a⊥ lie inside an interval of length 1. Thus
scw,a(µ∗) = |P ∗|.
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Algorithm 2 Compute Score for an Interval (when the Data is 2-Dimensional).

1: Input: Width w, direction a and its orthogonal direction a⊥, dataset P ⊂ R2, interval
I = [Is, Ie].

2: Split each p ∈ P to its component over a and a⊥: λp = ⟨p, a⟩, µp = ⟨p, a⊥⟩.
3: Initialize candidate set C ← {Is, Ie}.
4: for each point p1 ∈ P do ▷ lower point
5: for each point p2 ∈ P , p2 ̸= p1 do ▷ upper point
6: if (µp1 = µp2) then
7: continue
8: end if
9: Solve for µ the equation:

(
λp2
w + µµp2

)
−

(
λp1
w + µµp1

)
= 1.

10: if (Is ≤ µ ≤ Ie) then
11: Add µ to C

12: end if
13: end for
14: end for
15: return max

µ∈C
{scw,a(µ)} ▷ compute the score for each µ ∈ C and return the largest

For each pair p, q of distinct points in P we say it is degenerate if µp = µq, and otherwise
admissible. Note that pairs that are degenerate have a fixed distance between their dot-
products with x regardless of the value of µ. It is only the distance between admissible pairs
that is affected by the value of µ. For a set P and vector x, define the maximal distance
within P ’s dot-products with x as

f(P, x) = max
p,q∈P admissible

(
x · p − x · q

)
.

Our focus in this proof is on f(P ∗, x∗). In the extreme case there are no admissible pairs
in P ∗, which makes f(P ∗, x∗) ill-defined. But in this case it follows that all points in P ∗

have the same µp value, and so the distance between their dot-products with x isn’t affected
by µ. So computing the score on either ends of I should allow us to find |P ∗|.

So assume f(P ∗, x∗) is well-defined. By the definition of P ∗ we know that all dot-products
lie inside an interval of length 1, so f(P ∗, x∗) ≤ 1. Now if f(P ∗, x∗) = 1, then there exists
an admissible pair p∗, q∗ so that (q∗ − p∗) · x∗ = 1. Clearly, p∗, q∗ define µ∗, and so when
the for-loop of our algorithm reaches this admissible pair, we add µ∗ to the list of candidate
values, and the algorithm therefore returns scw,a(µ∗).

Otherwise, f(P ∗, x∗) < 1. As we increase µ the quantity x(µ) · (p − q) varies linearly
for each pair p, q ∈ P ∗. Since f(P ∗, x(µ)) is the maximum over finitely many such linear
functions, it varies continuously in µ. Define

µ′ = min
{

µ > µ∗ : ∃ an admissible pair p, q ∈ P ∗ with x(µ) · p− x(µ) · q = 1
}

.

Note that this set of larger µ-s isn’t empty. Fix some pair of admissible p and q with µp > µq,
and we can see that the function f(µ) = x(µ) · (p− q) = λp−λq

w + µ(µp − µq) is increasing
in µ. As at µ∗, by assumption, all admissible pairs satisfy x∗ · (p − q) < 1, then we must
increase µ to obtain the value that sets x(µ) · (p− q) = 1.
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Having established that µ′ is well defined, denote x′ = x(µ′). By construction, we
have f(P ∗, x′) = 1, and moreover, for every µ ∈ [µ∗, µ′) we have that f(P ∗, x(µ)) < 1.
Thus all points in P ∗ have dot-products with x(µ) that fall inside an interval of length 1,
and so scw,a(µ) = |P ∗| for every µ ∈ [µ∗, µ′]. Now, in its for-loop, our algorithm reaches
the admissible pair that yields µ′. And so if µ′ ≤ Ie we add it to C, and we have that
scw,a(µ′) = |P ∗| is returned by the algorithm. Otherwise, Ie ≤ µ′, but in this case we test
the score on Ie, and so scw,a(Ie) is returned by the algorithm.

Finally, observe that our algorithm does O(n2) iterations to find the µ values, and then
does O(n(2 + log(n))) work per score computation, so overall the runtime of our algorithm is
O(n3 log(n)). This completes the proof. ◁

We comment that the algorithm can be “massaged” so that it computes the score of all
O(n2) possible µ-values in advance, and given an interval I finds the max-score by looking
at the appropriate intersection. This is especially useful when Algorithm 3 runs its binary
search and repeatedly invokes Algorithm 2 over the same choice of w and a.

5 Computing the Score in General Dimension

In this section we generalize the previous 2D-algorithm to a general dimension d. The
algorithm’s main idea is again to brute-force search over a pairs of points that will determine
the end points of the interval of length 1 and then guess additional d− 2 constraints: either
points at the interval extremes or region bounding constraints. For each choice of d tight
constraints we solve the linear system to obtain a candidate point. This fixes at most O(nd)
candidate points. Due to brevity, we defer this section in its entirety to Appendix B.

6 Open Problems

In this work we give the first DP algorithm that bi-approximates the width of a dataset P ,
one of the first measures of a shape of P . Our work leaves many questions unanswered.
First, we ponder as to a lower-bound for the problem: can we argue that any ε-DP algorithm
that approximates the width must omit Ω(∆) many points? Or does there exists a better
bi-criteria approximation of the width?

A second question we raise is regarding the efficiency of the binary search for the point of
highest score inside a region. In our work we used the most straight-forward binary search,
using pure-DP. However, is it possible to adapt the (ε, δ)-DP technique of Bun et al. [6] for
binary search to this setting (over a general function)?3 This should allow us to conduct a
binary search with k queries while omitting only O(log(k)) many points.

3 The score function isn’t quasi-concave, so the recursive technique of [3] is inapplicable in this setting.
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Thirdly, we ponder as to the applicability of our approach to general LPs. Can the ideas
from this work be successfully applied to any low-dimensional LP? Is there a simpler and
more efficient algorithm than the algorithm of [17] for solving LPs in lower dimensions?

Lastly, we would like to extend our work to other notions and properties studied in
computational geometry, and devise DP algorithms for estimating those as well. (This includes
other notions of responsible computing – like fair algorithms or reproducible algorithms.) Of
course, this requires us first to devise robust analogs of these notions and properties, analogs
that generalize. Namely, if it is the case that P is drawn i.i.d. from some distribution P,
then the estimator over P should be indicative as to the same property over P. Ultimately,
we would love to describe P ’s shape using DP algorithms – afterall, if P ’s shape is “robust,”
then adding or removing a single datum shouldn’t change its overall shape, and we should
be able to say that P ’s in the shape of say, a rectangle, using DP techniques.
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A A Differentially Private Algorithm for Finding the Hyperplanes that
Yield the Width

Algorithm 3 Differentially Private Estimation of the Direction x on which The Width is Obtained.

1: Input: Dataset P ⊂ G of size n, estimated width w with a guarantee of enclosing
n′ = n − ∆ many points. Privacy budget ε, approximation parameter γ > 0, failure
parameter β.

2: Set θ ← √γ and Vθ as a θ-cover of the unit sphere.
3: Initialize noisy threshold: T̃ ← n−∆− 6

ε log
(

|Vθ|+1
β

)
+ Lap

( 3
ε

)
4: Set b←⊥
5: for each direction a ∈ Vθ do
6: if scw(a) + Lap

( 3
ε

)
≥ T̃ then

7: Set b← a and break
8: end if
9: end for

10: if b =⊥ then
11: return fail
12: end if
13: Fix some orthonormal basis of the subspace perpendicular to b: {u1, u2, ..., ud−1}.
14: Set n′′ ← n−∆− 12

ε log
(

|Vθ|+1
β

)
.

15: Set X ← (
√

d+1
τ )d+1. Let G′ be a grid of [−X, X]d−1 of granularity 1

X .
16: Set i← 0, R← [−X, X]d−1, and t← ⌈2(d− 1) log2(X)⌉.
17: while R holds more than one grid point of G′ do
18: Equipartition R along some axis to R1 and R2 = R \R1.
19: if scw,b(R1) + Lap( t

ε ) ≥ n′′ − (2i + 1) · t
ε log( t

β ) then
20: R← R1 and increment i

21: else
22: R← R2 and increment i

23: end if
24: end while
25: p← the single grid point in R.
26: return 1

w b +
∑d−1

j=1 pjuj

▶ Theorem 7. Algorithm 3 is a 2ε-DP, that returns w.p. ≥ 1 − 2β a vector x so that
the dot-product of at least n − ∆′ many points with x lies in an interval of length 1, for
∆′ = O(d

ε log( 1
γβ ) + d4

ε log2( d
τ ) log( log( d

τ )
β )). Moreover, let T = T (n, d, log(1/τ)) denote the

runtime of computing the score of a region (Definition 4). Then Algorithm 3 runs in time
O(( 1

γ

d−1
2 + d2 log( d

τ )) · T )

Proof.
Privacy. The algorithm is composed of two subalgorithms: one for finding a direction a

with a large score (Lines 2-12); and another that finds a grid point of large score using binary
search (Lines 13-25). The former is ε-DP as it simply a SVT over |Vθ|-many queries, all of
sensitivity 1. The latter is composed of t = 2(d − 1) log(X) = O(d2 log( d

τ )) many queries,
each of sensitivity 1; so we partition the privacy budget to ε

t and add noise of Lap( t
ε ) to

each – which preserves ε-DP overall. Moreover, w.p. ≥ 1− β, all |Vθ|+ 1 r.v.s we draw in
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the former part (from Lap( 3
ε )) are of magnitude ≤ 3

ε log( |Vθ|
β ); and w.p. ≥ 1− β, all t r.v.s

we draw in the latter part (from Lap( t
ε )) are of magnitude ≤ t

ε log( t
β ). So w.p. ≥ 1 − 2β

both event holds. We continue our analysis assuming all r.v.s are bounded in magnitude.

Utility. Based on Theorem 2, it is simple to see that the direction b ∈ Vθ we find satisfies
that scw(b) ≥ n − ∆ − 12

ε ln
(

log(|Vθ|+1)
β

)
. This implies that some point y ∈ R satisfies

scw,b(y) ≥ n′′ for the same n′′ defined in Line 14.
We now argue inductively, that in each iteration i of the binary search we have a region R

of score ≥ n′′ − 2i · t
ε log( t

β ). The base case (iteration i = 0) was already established. The
induction step is also straight forward once we assume all r.v.s in the binary search have
bounded magnitude – at most t

ε log( t
β ). If the induction hypothesis holds in the beginning

of the iteration, then the point of score n′′ − 2i · t
ε log( t

β ) lies either in R1 or R2. If it is in
R1 then we ought to pass the threshold-query in Line 19, and continue to work with R1 and
then in the next iteration scw,b(R1) = scw,b(R) as required. Whereas this point of high score
lies in R2 we either fail or pass the threshold-query of Line 19: if we fail it then we continue
to R2 and scw,b(R2) = scw,b(R) as required; and if we pass it then we continue to R1, where
because of passing the query we know that scb,w(R1) ≥ n′′ − (2i + 1) · t

ε log( t
β )− t

ε log( t
β ) =

n′′ − (2i + 2) · t
ε log( t

β ).
It follows that end of the binary search, namely, after t iterations, we’re left with a single

grid point p ∈ G′ of score ≥ n′′ − 2t·t
ε log( t

β ). And so ∆′ = ∆ + 12
ε log( |Vθ|+1

β ) + 2t2

ε log( t
β ) =

O( d
ε log( 1

γβ ) + d4

ε log2( d
τ ) log( log( d

τ )
β )).

Runtime. Lastly, we detail the runtime of Algorithm 3. The former part (SVT on all
directions) takes O(|Vθ| · T ) time, and the binary search takes O(t · T ). So overall we get a

runtime of O(
(

1
γ

d−1
2 + d2 log( d

τ )
)

T ). ◀

We comment that Algorithm 3 finds a vector x so that the dot-product of n−∆′ many
point with x lie in an interval of length 1. (So the projection onto the direction x

∥x∥ of at
least n−∆′ many points fits inside an interval of width 1

∥x∥ .) If it is our goal to find a pair
of parallel hyperplanes that hold n −∆′ points between them, then we need to return in
addition to x some scalar c so that many points satisfy that their dot-product with x falls
inside the interval [c, c + 1]. This requires us to conduct another binary search for this c using
the 1-dimensional dataset of projected points p · x : p ∈ P . This binary search of course may
omit a few more points from n−∆′, but only Õ( log2( d

τ )
ε ) many. We thus omit the details of

this last binary search as they are subsumed by the (d− 1)-dimensional binary search for x.

B Computing the Score in General Dimension

In this section we generalize the previous 2D-algorithm to a general dimension. Recall, we
are given a scalar w and a direction a and we fix some basis {u1, u2, ..., ud−1} of the subspace
orthogonal to a. In addition, we are given a rectangular region R = I1 × I2 × ...× Id−1. This
means that our goal is to find d− 1 scalars (µ1, µ2, ..., µd−1) so that when taking dot-product
of the points in P with

x(µ1, µ2, ..., µd−1) = 1
w

a +
d−1∑
i=1

µiui
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we maximize the number of points that fit into an interval of length 1. The algorithm for
computing the score of the region R (which is the score of the best (µ1, µ2, ..., µd−1) ∈ R) is
given in Algorithm 4.

Algorithm 4 Compute Score for a Rectangular Region (when the Data is d-Dimensional).

1: Input: Width w, direction a with orthogonal basis {u1, u2, ...ud−1}, dataset P ⊂ Rd,
rectangular region R = [Is1 , Ie1 ]× [Is2 , Ie2 ]× ...× [Isd−1 , Ied−1 ].

2: Split each p ∈ P into its coordinates over {a, u1, u2, ..., ud−1}:

λp = ⟨p, a⟩, µi,p = ⟨p, ui⟩,∀1 ≤ i ≤ d− 1

3: Initialize set of constraints S with 2(d− 1) constraints of the form: {µi = Isi
}, {µi = Iei

}
for each 1 ≤ i ≤ d− 1.

4: for each pair p1, p2 ∈ P do

5: Add to S the constraint
{

λp2 −λp1
w +

d−1∑
i=1

µi(µi,p2 − µi,p1) = 1
}

6: end for
7: Initialize the candidate set C ← ∅.
8: for each distinct d− 1 constraints in C do
9: if the system of d− 1 linear constraints is invertible then

10: Set its solution as (µ1, µ2, ..., µd−1).
11: if for each j, Isj

≤ µj ≤ Iej
then

12: Add (µ1, µ2, ..., µd−1) to C

13: end if
14: end if
15: end for
16: return max

(µ1,µ2,...,µd−1)∈C
scw,a(µ1, µ2, ..., µd−1) ▷ evaluate the score at each candidate

and return the maximum

▶ Lemma 8. Algorithm 4 returns scw,a(R).

Proof. Fix a vector x∗ ∈ R of maximal score, and let P ∗ be the maximal set of points whose
dot-products with x∗ lie in an interval of length 1. We show that we can find a vector x′

satisfying d− 1 constraints from S with the property that the dot-products of all points in
the same P ∗ with x′ fall inside an interval of length 1.

We proceed by induction on the number |S′| of linearly independent constraints currently
satisfied by x∗, and show how to iteratively shift x∗ to a new vector that satisfies more
and more constraints in S. Starting from the base case: |S′| = 0. This implies that all
dot-product differences x∗ · (pi − pj) for pi, pj ∈ P ∗ are strictly less than 1. Fix a direction v

in the (d− 1)-dimensional parameter space, and move x continuously from x∗ along v: in the
affine subspace {x∗ + λv}λ∈R. Because all dot-product differences vary continuously and only
finitely many pairs exist, there is a smallest λ ≥ 0 such that either (i) some pair pi, pj ∈ P ∗

satisfies (x∗ + λv) · (p2 − p1) = 1, or (ii) we reach the boundary of the feasible rectangle. In
either case a new constraint becomes tight, so set x∗ ← x∗ + λ0v, which means now |S′| ≥ 1.

Now assume |S′| ≥ 1. The set of vectors satisfying the current constraints in S′ is an affine
space of dimension d− 1− |S′|. As long as |S′| < d− 1, this space has positive dimension, so
fix some nonzero direction v that preserves all currently tight constraints. We now move
x∗ to x∗ + λv, where λ is the smallest value for which either a new pair pi, pj ∈ P ∗ reaches
projection gap 1, or a new boundary of the rectangle is hit. (Here “new pair” means that their

FORC 2026



18:18 A Differentially Private Approximation of the Width Problem

projection gap at x∗ was strictly less than 1, i.e., x∗ · (pj − pi) < 1.) Since shifting x∗ along v

preserves all previously tight equalities and never increases any projection gap beyond 1, all
points of P ∗ remain inside some interval of length 1. Thus one new constraint is added and
|S′| increases. We argue that this additional constraint leaves S′ linearly independent: it is
the only constraint with a component in direction v whereas all other constraints originally
in S′ were orthogonal to v.

Since at most d− 1 constraints can become tight, repeating this process finitely many
times yields a vector x′ satisfying exactly d− 1 linearly independent constraints, while still
preserving the property that all points of P ∗ project into an interval of length 1. ◀

Now, as written, Algorithm 4 runs in time O(n2(d−1) ·ωd−1) where ωd is the time required
to solve a system of d linear equations in d variables. From the proof it follows that we can
refine our search – rather than trying all O(n2) pairs of points for each constraint, our search
can work as follows. First we pick one pair of points p1, p2 that go to the two endpoints
of the interval (namely, so that x · (p1 − p2) = 1). Once p1 and p2 are chosen, iterate over
the choice of d− 2 other q1, q2, ..., qd−2 points and all 2d−2 options of assigning them to the
same end as p1 or the same end as p2. This gives d − 2 additional equations of the form
x · (p1 − qi) = 0 (or x · (p2 − qi) = 0), and now solve the system of d− 1 equations in d− 1
variables in time ωd−1. This requires time O(n2 · (2n)d−2 · ωd−1) = O(ndωd−1). Now, each
one of those might yield a vertex on which we need to test the score, so this costs overall
O(ndωd−1 + nd+1 log(n)).
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