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—— Abstract

Steinke [9] recently asked the following intriguing open question: Can we solve the differentially private
selection problem with nearly-optimal error by only (adaptively) invoking Gaussian mechanism on
low-sensitivity queries? We resolve this question positively. In particular, for a candidate set ), we

o(1)

achieve error guarantee of O (log |)|), which is within a factor of (loglog|Y|) of the exponential

mechanism [8]. This improves on Steinke’s mechanism which achieves an error of O(log®/? |Y]).
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1 Introduction

Differential privacy (DP) [5] has become one of the most widely used notion of privacy, partly
due to its mathematically rigorous protection for the user’s data. In the original work that
proposed DP [5], Dwork et al. also provided a mechanism that satisfies DP: If the desired
output has low sensitivity, then we can simply add an appropriately-calibrated Laplace noise.
Later on, other noise distribution — such as the Gaussian distribution [4] — has also been
studied. These so-called Laplace and Gaussian mechanisms remain a staple of DP, both in
theory and practice.

Meanwhile, another widely-used mechanism is the Ezponential Mechanism [8], which can
be easily described through the Selection problem, defined below.

» Definition 1 (Selection). In the Selection problem, there is a candidate set Y, and for
each candidate y € ) there is a sensitivity-1 loss function £, : X* — R. Given an input
X € X*, the goal of a selection algorithm is to output yous that approzimately minimizes the
loss £, (X). We say that an algorithm M : X* — Y solves Selection with expected error v if

EyoutNM(X) [gy()ut (X) - 21615 gy(X)] S V.

Stmilarly, we say that an algorithm solves Selection with error v with probability 1 — 5 iff

P ! X) — mi X)Y<v|>1-4.
youtN]IQ(X) [gyout( ) Iyréli} éy( ) — V] - ﬁ

When there is no ambiguity, we simply write ¢, instead of £,(X) for brevity.

The e-DP Exponential Mechanism solves Selection with expected error O(log|Y|/e).
Since Selection can be used to model a variety of tasks, such as convex optimization [1],
combinatorial optimization [7] and PAC learning [2]. Exponential mechanism immediately
yields DP algorithms for these tasks, often with nearly tight error guarantees.
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Nearly-Optimal Private Selection via Gaussian Mechanism

Given the importance of both types of mechanism, it is natural to ask whether we can
implement the Exponential Mechanism using only noise addition mechanisms. Steinke [9]
recently formalized this problem using the Gaussian mechanism. To further elaborate on
this, it is best to focus on the notion of zero-concentrated differential privacy (zCDP) [6, 3].
Any e-DP satisfies %—ZCDP; thus, the aforementioned Exponential Mechanism is an p-zCDP
mechanism which solves Selection with expected error O(log|Y|//p). Meanwhile, adding

Gaussian noise N (O, ﬁ) to any sensitivity-1 query satisfies p-zCDP. Furthermore, the
composition theorem for zCDP is to simply add up to p values!
formalize the model as follows?:

. As a result, one may

» Definition 2 (Gaussian Mechanism with Budget [9]). In the Gaussian mechanism with
budget model, the algorithm is given a finite budget p > 0 and can select the number of
rounds M. At the i-th iteration, the algorithm can issue a sensitivity-1 query q; : X* — R

and the budget p;, and it will receive back q;(X) + Z; where Z; ~ N (0, %) Here we enforce
that Ez]\i1 pi < p.

[9] asked whether one can solve Selection with expected error O(log |Y|/,/p) (similar to the
Exponential Mechanism) in this model. Note that the trivial baseline — which queries £, (X)) for

all y € Y using equal budget — results in an error of O (m / ﬁ), significantly higher than
that of the Exponential Mechanism. Perhaps surprisingly, Steinke [9] gave a simple algorithm
that significantly improves upon this and achieves an expected error of O (%\/ZD’I). (See
Section 2.1 for more detail.) Nevertheless, there is still a gap of O(y/log[V]) between this

bound and the error of the Exponential Mechanism. Thus, Steinke [9] asks whether this gap
can be closed.

1.1 OQOur Contribution

The main contribution of our work is to answer this positively, up to a lower-order term. In

. o)
particular, we give an algorithm with error O (log Yl (lof/lgg L) ), as stated below.

» Theorem 3 (Informal; See Theorem 5). There is an algorithm in the Gaussian mechanism

log |Y|-(log log |Y])**
NG )

with budget model that solves Selection with expected error O (

At a high-level, our algorithm exploits the following observation: When there is a large
gap between the smallest and second-smallest losses, the problem becomes significantly easier.
In fact, when the gap is O (\/log Y|/ \/f)), Steinke’s algorithm can already find the optimal
index with high probability. Given this, our algorithm then proceeds in three steps. First,
use subsampling to produce multiple instances (with different sampling rates). Secondly,
recursively solve Selection on these instances but with the loss set in such a way that we
prefer an instance with a large gap. Finally, we run Steinke’s algorithm on the instance with
large gap. The main challenge in the analysis is to ensure that, by carefully selecting the
different sampling rates, at least one of the subsampled instances has both a large gap and a
small optimal loss.

! In particular, this works even in the fully adaptive composition (aka privacy filter) setting [10].
2 Strictly speaking, Steinke [9] proposed a model where the queries have equal budget. However, it is
simple to see that the two models are equivalent; see Appendix A.
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1.2 Discussion and Open Questions

An interesting open question here is to remove the lower order term (of (loglog|Y])°™)
and completely achieve O (ﬁ -log |y|) error, which would exactly match the guarantee
from the Exponential Mechanism. We remark that below we did not try to optimize the
exponent of 11 in our (loglog |V|)®™®) term, and indeed we suspect that it might be possible
to make exponent arbitrarily close to two by slightly modifying the algorithm and the proof.
Nevertheless, we do not see how the current technique can get rid of such a term completely.

Another interesting direction is to consider the model with Laplace mechanism, instead of
Gaussian mechanism. Steinke’s mechanism [9] gives an error of O, (log? |)|). Unfortunately,
our technique does not seem to achieve a tight bound in this setting since Laplace noise
is not as concentrated as Gaussian; thus, one needs a much larger gap when working with
Laplace noise®.

Lastly, the algorithm we describe can only be implemented to solve Selection when the
candidate set |)| is finite. Meanwhile, the exponential mechanism can be well-defined on
probability spaces with infinite sample spaces. It would be interesting to discover ways to
use low-sensitivity queries to implement Selection in this setting. We believe it would require
fundamentally different uses of the low-sensitivity queries, as opposed to the tree-based
method used here and in [9].

2 Preliminaries

Throughout, we use log to denote base-2 logarithm.

The sensitivity of a function g : X* — R is A(g) := maxx x/ |9(X) — g(X')| where
the maximum is over all neighboring inputs X, X’. All results stated below work for any
neighboring notion.

2.1 The Binary Tree Algorithm

We recall the “binary tree” algorithm proposed in [9]. Roughly speaking, the algorithm
constructs a balanced full binary tree with the candidates being the leaves. The algorithm
then starts at the root and, at each step, uses a single low-sensitivity query to determine
whether the minimum value of the left subtree or the right subtree is larger; it then traverses
accordingly. The algorithm is described more formally in Algorithm 1. The guarantee shown
in [9] is as follows:

» Lemma 4 ([9]). For any p > 0, Algorithm 1 solves Selection with expected error
@ (108;3/2 |y|>
ve )"

P

3 Nearly Optimal Algorithm for Selection

The main result of our work is an improvement over Steinke’s algorithm (Lemma 4). Namely,

we devise an algorithm with expected error O (i -log |y|>, as stated formally below.

v

3 Specifically, the tail bound for Laplace only gives 7 = ©(K) instead of ©(v/K) in Lemma 8. To satisfy
Lemmas 10 and 11, we then need £ > Q(vVK),v > Q(K*'-%). In other words, the best bound one could
hope for is O (log;l'5 |y|)

4:3
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Algorithm 1 BINTREE((4y)ycy;p) [9)]-

Input: Loss functions (¢,),cy, Parameter: Privacy budget p
Output: Index yout € Y

1: C«+ )Y > C is the current candidate set

2: K < [log|Y|]

3: while |C| > 1 do

4: Partition C into C; U Co where the sizes of C1,Cy differ by at most one.

5: Query ¢ := 3 (miny, ¢, £y, (X) — miny,ec, £y, (X)) with budget £; let the answer be
q

6: if ¢ > 0 then

7 C+ Cy

8: else

9: C+C

10: return the only index in C

» Theorem 5 (Main Theorem). For any p > 0, Algorithm & solves Selection with expected
error O (ﬁ -log |Y| - (loglog DJ|)11).

The remainder of the section is devoted to the proof of Theorem 5.

3.1 Binary Tree, Revisited: Gap Instances Are Easy

We start by observing that, in many cases, the binary tree algorithm is already doing much
better than Lemma 4 is suggesting. In particular, when there is a “gap” between the smallest
and second smallest loss values, the algorithm already does well. To state this, let us first
formalize the “gap”.

» Definition 6 (Minimum Index). We say that y* is ¢ minimum index of (¢)ycy if y+(X) =
minyey £, (X).

» Definition 7 (Gap). For any non-empty set Y, the gap of an instance (£y)ycy is defined as

ly), = in  £,(X)—{,-(X),
gap ((ly)yey) yegl\lﬁ,*} y(X) = £y-(X)

where y* is any minimum index of Y. When |Y| = 1, we define the gap to be co.

Our observation here is that if an instance has gap at least © (\/log Y|/ \/ﬁ>, then we
output the minimum index w.h.p., as stated more formally below.

» Lemma 8 (Binary Tree for Gap Instances). For any p > 0,8 € (0,0.5), let 7(|V], p, ) :=
2\/ﬂogwu»(log(—“%‘y” )

7 . If an instance (£y)ycy has gap at least T(|Y|, p, B), then Algorithm 1
outputs the minimum index y* with probability at least 1 — 3.

Proof. By standard concentration of Gaussian and the union bound, we have that |§ — ¢| <

\/([)1/7) -/log(K/pB) = M for all rounds with probability at least 1 — 3. When this

holds, since the instance has gap at least 7(|)|, p, 8), we will always pick C; that contains
the minimum index y*; that is, we output y* in the end. <
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3.2 Our New Recursive Algorithm and Its Guarantee
In this subsection, we present our main contribution, which is an algorithm that with high

v

» Theorem 9 (Main Theorem). For any p > 0, € (0,0.001), Algorithm 2 solves Selection
with error O (ﬁ log|Y| - (loglog |Y|)*° - log <l°gﬂﬁ)) with probability at least 1 — f.

probability achieves an error bound of O (i log |y |) The exact bound is stated below.

Before we present the algorithm, let us describe the intuition behind the algorithm. The
high-level description of the algorithm is very simple: (i) subsampling “many” subsets and
(ii) recursively call the algorithm to select the subset with (approximately) largest gap, and
then (iii) call BINTREE (using the guarantee in Lemma 8). The main argument is regarding

how should we sample and how “many” subsets do we need to get a gap of O (\/log |V \) as

required in Lemma 8. For convenience of discussion, suppose that || = 2K where K € N
is a perfect square. Intuitively, a “worst” case here is the following: For all i € [K], there
are 2! candidates whose losses are within O (i) of the optimal. The reason here is that, if
the losses are “more packed”, then all candidates would result in an error less than O (K),
which would satisfy our desired bound. On the other hand, if the losses are “less packed”,
then the gaps are larger and thus it is easier for our steps (i) and (ii). Now, coming back
to this instance, if we sample 2% -VEK candidates from Y, then with probability @(2_\/?),
we will select the optimal candidate and none of the other 2VE candidates that are within

o) (\/E )-close to it. Such a set yields O (\/E ) gap required for Lemma 8. Moreover, since

the probability of sampling such a subset is @(2_\/?), it suffices for us to sample 0(2‘/?)
such sets. This means that, in the recursive step (ii), the “error” in the selection is O (\/E )
which can be absorbed by the gap if we select the parameters carefully.

While the above presents the overview for the “worst” instance, in general the instance
can be a lot more complicated; e.g. for some i € [K], there might be more or fewer than 2
candidates whose losses are within O (i). For example, if there are many more candidates
(say 2“’(\/?)) whose loss are very close to the optimum, then sampling as above will not be
sufficient. Thus, in the main algorithm, we also randomly sample the sampling probability
(i.e. subset size) by taking them to be a random power of two. We can show that, at least
one such power of two results in a large gap with probability at least 2—2VE) (Lemma 12).
We also need to incorporate the minimum loss value in the subset into the loss function in
the recursive step (ii) (see Algorithm 2 in Algorithm 2); this is to prevent us from selecting a
subset with a large gap but with a large optimal loss value. Our entire algorithm is given in
Algorithm 2.

While not the focus of our work, we remark that the running time of Algorithm 2

is dominated by the loop (Lines 7 to 10), which takes O(|Y| - T) = |Y[*t°(M) time (i.e.

nearly-linear time).

3.2.1 Proof of Theorem 9

We will now formalize the above intuition Theorem 9. It is simple to check that the created

loss functions ¢; have sensitivity at most one. As such, our algorithm is valid in the model.

We next proceed to argue its accuracy guarantee.
Recall the definition of £ from Algorithm 2 of Algorithm 2. Throughout the remainder of
the proof, we also let

v(m, p, B) = 2 - [logm] - {([logm], p, ). (1)

4:5
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Algorithm 2 RECURGAP(({y)yey; p, B).

Input: Loss functions (¢,),cy, Parameter: Privacy budget p, failure probability £
Output: Index yout € Y
cif Y] < 21000 or 3 < 27K then
return BINTREE(({y)ycy; p)

1
2
3: K « [log|Y|]

4: T «+ [23\/?_11.

5 E(K,p, B) + %(1 + log K)1%10g(1000(K + 1)/3)

6: y* + minimum index of ) > Tie broken arbitrarily
7: for t € [T] do

8 Sample uniformly k; ~ [K].

9: S; + a random subset of ) of size 25K k¢,

10: Uy % - max {minyest by — Ly — (K + VK) - £(K, p, ), —gap ((éy)yest)}

11: tous ¢~ RECURGAP ((Et)tem; 2, %)

12 Yout = BINTREE ((€y)yes,. 5 £)
13: return Yot

Our choice of v above is based on the fact that we need the following two inequalities to
hold. (Here K and T are as defined in Algorithm 2.)

» Lemma 10. If K > 1000 and 8 € (0,0.001), then K - € (K, p, 8) + 2v (T%ﬂ%) <
v (Yl p, B)

4 4
» Lemma 11. If K > 1000 and 8 € (0,0.001), then VK - € (K, p,3) — 2 (T,g,?ﬂ) >
r(91.2.%)

The proof of these lemmas (which are mostly tedious calculations) are deferred to
Appendix B. For the remainder of the proof, we write £ as a shorthand for (K, p, ).

With these lemmas stated, we are now ready to prove Theorem 9. We prove by induction
on |Y| that Algorithm 2 solves Selection with error at most (||, p, 8) with probability 1 — 3.

Base Case

For |Y| < 21990 we simply run BINTREE. Similar to the proof of Lemma 8, with probability
1 — 3, the noises added in every step in Algorithm 1 is at most \/M. When this is

the case, the error is at most 2K - @/w. For K < 1000, it is simple to verify that
this is at most y(|V|, p, B)-

Inductive Step

Assume that the guarantee holds for all | Y| < m where m > 21990, We will show that this
also holds when |Y| = m. First, note that if 3 < 275 then we have that v(|Y|,p, ) >

2K -4/ w. Thus, as argued above, Algorithm 1 suffices to handle this case. Henceforth,

we may assume that g > 27X,

We start with the following lemma, which shows that our random sampling procedure

results in a “good” set with probability at least 2~ 2(VE),
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» Lemma 12. For each t € [T, Pr |20, < —VK - £| > 223?.

Proof. Let y,...,y2") be the elements of J ordered in non-decreasing losses. (Note that
y = y*)) Let

i* := argmin ﬂy(zi) —1-&.
1€{0,...,K}

Notice that, by our choice of i*, we have
Loty = by =i &+ (L) =" €) = (0 —0-) <" E <K€
Rearranging this yields
by by — (K +VE) - € < —VE ¢ @)

Next, let k&* := i* 4+ [v/K]. Consider two cases:

CaseI: k* > K. In_*this case, consider the event k; = K and the only element of S; comes
from {y), ...,y )}. This event occurs with probability

1 2i*>1 11
K 2K = K 9VE+1 = 2VK’

where the first inequality follows from ¢* + [V K| = k* > K and the second inequality
comes from the lower bound on K.
When these event occurs, we have

~ (2)
20, < iey =Ly — (K + VEK)- ¢ < —VK - €,

where, in the first inequality, we also use that fact that gap ((¢,)yes,) = oo since |S;| = 1.

Case II: £* < K. In*this case, consider the following two events:
o & |{yWM,... ,yz(z )} NS =1.

o & {y(Q(i*)'H), . 7y(2k*)} NS =0.

Notice that, when both of these events hold, we have

gap(Sy) > €y<2’c*+1) - €y<2i*>
— (K E—i )+ (zy@w) K .g) - (éy@i*) g .g)
=2 (k- §—i"-¢)
> VK-,
where the second inequality is due to our choice of i* and the third is due to the choice
of k*.

Recall also Equation (2). As a result, when these events occur, we have 20, < —VK - £.
Finally, notice that the probability that these events occur can be bounded as follows:

Pr[€ AE') > Prlky = k*] -PrlEAE | ky = k7]

oK _ok”

K (2K2:*)
_ 1 2" (22:*_163,11)
K 213% ’ (2K2i(k:1—1)

4:7
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11 P rar g
7=0
K=k _g «

1 1 2k 1
= g 1l (1 - K)

K 2 0 9K —1—

K—k*
11 , ok _q ?
=K VR 9K _9K—k* 1|
oK —k*

1 1 ) ok
= K 9VEK+1 2K _ 9K —k

The last term on the RHS can be bounded using the Bernoulli’s inequality as follows.
(Recall that k* < K — 1 in this case.)

L
2K—k

2k” 2kK”
1_2K_2K—k* = 1_2K_2K—I~c*
2K—1 2
(1- )
oK _ 9K—k~
1 2
= (1 - W)
1 2
>(1—-— > 0.1
- ( 1.5) -

where we use the Bernoulli’s inequality in the first inequality above, and the second
inequality follows from v K > 1.
Combining the above two inequality, we get

ZK—k*—l 2

Y

1 1
n>_—. 0.1 > .
Pr[S/\S]_K e 01_22\/?

Thus, in both cases, the desired inequality holds. |

With the above lemma ready, we are now ready to finish the accuracy proof.

Good Events

Consider the following “good” events:
& minte[T] ZZt < VK &
&gt by, < (T» 2, %) + minge ) £y

53 : gyout = mlnyGStout ﬁy

From Good Events to Accuracy

Before we bound the probability that these event occurs, let us show argue that, when these
good events occur, we get the desired accuracy. To do this, first note that &, &, together
implies

4p 48

> 22260\“ = max{ min £, — £, — (K + \/E) -E(K,p, B), —gap ((éy)yegtout)} . (3)

yestout
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By focusing on just the first term in the max in (3), we get

. 4p 45
by <l +K-t+2v(T,22 22
sl ty =t t é47(’5’5)

Then, from &3, we have

. 4p 4/6’ (Lemma 10)
gyouc = yglgll’l éy S Ey(l) =+ K . f =+ 2’}/ T, g, ? S gy(l) + ’Y(|y|,p, ﬁ), (4)

“out

as desired.

Bounding the Probability of Good Events

We have
Pr[& AEx N 53} = Pr[Sg ‘ E1 N 52] . PI‘[E1 A 52] > Pl"[g3 | E1 N 82] — Pr[—|51] — Pr[—\é’z}. (5)

We next bound each term separately.

Bounding Pr[&€; | &1 A &3]

Assume that both &1, &, hold. By focusing on just the second term in the max in (3), we have

(Lemma 11)
gap((6y)yes, )zﬁfm(Tflp M) > T<y|,” 5>.

“out

55 5710
Thus, by Lemma 8, Pr[€5 | & A &] > 1 — 5/10.

Bounding Pr[—&;]

From Lemma 12, we have

T . -
Pr[-&] < (1 ) <e 2VE < e_zm ' < B/10,

- 92VEK

where the penultimate inequality is from our choice of 7" and the last inequality is from our

_ VE—
assumptions K > 1000, which implies % > =27 and B> 27K,

Bounding Pr[—&;]

It follows immediately from the inductive hypothesis that Pr[=&;] < 45/5.

Putting Things Together

Putting the three bounds together with Equation (5), we have that Pr[&; A &2 A& > 1 — B.

As argued earlier, when &1, &, &5 all occur, Equation (4) holds. This concludes our proof of
the inductive step.

4:9
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Algorithm 3 COMBINED((¢y)yey; p)-

Input: Loss functions (¢,),cy, Parameter: Privacy budget p
Output: Index yout € Y

D K ﬂog M

B+ f

y;ut < RECURGAP ((Ku)yey; %ﬁ)

Yout < BINTREE ((y)yey; §)

Query q := (€ 3‘lt( ) — byz (X)) with budget £; let the answer be ¢
ifg>0 then

2
yout — yout
else

1
Yout — yout
return yous

3.3 From High-Probability to Expected Error: Proof of Theorem 5

Finally, we can turn the high-probability guarantee from Theorem 9 to an expected error
guarantee. The idea is simple: We run our algorithm and the binary tree algorithm. We
then use a query to compare the two outputs and select the best one. This is described more
formally in Algorithm 3 and analyzed below.

Proof of Theorem 5. Let Z = ¢ — ¢ denote the noise added to the query ¢. Recall that
Z~N (O, %) Note that £, ,, — min {Eyl by t} < 2|Z|. As a result, we have

Blty,.) < B [min {6, 0,z }] +ER12) < B [min{e,: 65 ] +0 (%) ,

Next, let v =0 ( -log Y| - (loglog |Y|)1° - log (1og|y\ )) denote the error guarantee from
Theorem 9. From thls, consider y’ defined as follows:

y/ _ yéut if éyéut < minyEy ey +7,
y2, otherwise.

Clearly, ¢,, > min {Eyl by t}. Also recall that K = [log |)Y|]. Thus, we have
E [min {Eyé ,éygut}}
<E [fy’]

out

1 i -Pr £, in /¢
—&—]E[ﬁ 2 ‘E >§/r.1€1§}1€y+’y} r[yout>g1€1§}1 y—i—’y}

= E |:€y(1)ut gyéut < Iylleiijl gy + 7:| ’ Pr |:£yéut < Iylleiijl gy + /7:|
E ] Pre in, 6
+ ygut r |: yéut > Lrélijl Y + ,7:| ( )

< (grg}l Ly + ’y) - Pr [fy(lmt < znelar;l 4, + ’y}

. K32 .
+ (Znelijlgy—‘rO( 7 )) - Pr [zyéut >Zn€1§)1£y+'y} (7)
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K3/2
< min/ 0 14 in £
_21€1§)1y+"y+ <\/ﬁ> [1 >21€1§)1y+”y

yout
K3/2
< mint 0 . 8
Sminly +v+ <\/ﬁ>ﬁ (8)
1
< mint, + O [ — - K(log K)'* 9
<mipt, +0 (7= Kllog )" ) )

where (6) is due to the fact that y2,, is independent of the event ¢, 1 >mingey by + 7, (7)
follows from Lemma 4, (8 ) follows from the guarantee of RECURGAP (Theorem 9) and (9)
is due to our setting § = ? in Algorithm (3).

Thus, we can conclude that E[¢, .| < minyey £, + O (%

=+ K (log K)“) as desired. <«
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A  On Equal vs Unequal Budgets

We use a model (Definition 2) in which we are allowed to associate different budgets to the
different queries. Strictly speaking, this is not the same as the model proposed in [9], which
uses the same budget for all queries. This is stated more precisely below.

» Definition 13 (Gaussian Mechanism with Equal Budget [9]). In the Gaussian mechanism
with equal budget model, the algorithm is given a finite budget p > 0 and can select the
number of rounds M. At the i-th iteration, the algorithm can issue a sensitivity-1 query

qi : X = R, and it will receive back q;(X) + Z; where Z; ~ N (O M)

» 2p
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Nevertheless, using the fact that the sum of Gaussian noises remain Gaussian, it is simple
to show that the two models are equivalent, as formalized below. Note that the condition
(that an upper bound on the number of rounds M is known) is quite mild, and it can be easily
seen that all algorithms discussed in this paper (e.g. Algorithm 2) satisfy this condition.

» Lemma 14. Let A be any algorithm in the Gaussian mechanism with budget model that
works in at most M rounds and uses total budget p. Then, A can be implemented in the
Gaussian mechanism with equal budget model with total budget 2p.

Proof. We simulate A using M’ = 2M rounds in the Gaussian mechanism with equal budget
model with total budget p’ = 2p as follows:
At round i of A, suppose that A issues a query ¢; with budget p;.

We simulate it in the equal budget model by issuing g; a total of m; = P/Z L -‘ times to
get back answers ¢}, ..., c'jﬁn

s _ 1 (A ~i 1 M’
We then send back the answer ¢; = o (qi S q:n) +N (07 T 2p,mi).

It is simple to verify that the distribution of the answer ¢; is the same as that in the
Gaussian mechanism with budget model, and that the total budget used is no more than 2p
as desired. |

We note that our reduction does not work for Laplace mechanism because the sum of
Laplace noises does not follow the Laplace distribution.

B Proof of Lemmas 10 and 11

To prove these lemmas, we will use the following proposition. Note that here and throughout,
we allows the first arguments of £,y to be any positive real numbers.

» Proposition 15. For all K € R such that K > 1000 and for all f € R such that
0 < 8 <£0.001, the following inequality holds:

E(K,p,B) >36-¢ (:NK 4{ 45)

Proof. We begin by substituting the definition of £ into the inequality. The inequality
becomes:

1000(K 41 12503V K +1
%(1+10g2 K)"log, <(ﬁ+)> > 18\/5-% (1 +log2(3\/E))1010g2 <(\5F+)>

Rearranging yields the equivalent inequality:

250
(b g bm(Bn)
1+1og,3VEK)/)  log, (% -5(3\/K+1)) N

The proof proceeds by establishing lower bounds for the two multiplicative terms on the left.

Lower Bound for the First Term. Let us analyze the first term, which we denote Ry (K):

. (K)< 1+log, K )10( 1+log, K >1°
® ~ \1+log, (3VK) B 1+logy 3+ £ logy K
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Consider the base of this term as a function of z = log, K. Let g(z) = mogljﬁ. The
derivative with respect to x is:
(z) = (1)(1 +logy 3 4 0.52) — (1 +2)(0.5) 0.5 + logy 3 50
g\ = (1+ logy 3+ 0.52)2 " (I+1logy3+05z)2 ~

which implies that g(x) is a strictly increasing function of x. For the domain K > 1000, the
minimum value of ¢g(z) occurs at the minimum value of x, which is z;, = logy, 1000. We
have g(x) > g(Tmin) > 1.448. Thus, R (K) > (1.448)10 > 40.5.

Lower Bound for the Second Term. We claim that the second term is at least one. This
is because 4(K + 1) — 5(3VK +1) = 3VK (VK — 5) + (K — 1) > 0 under our assumption
K > 1000.

Conclusion. By combining the lower bounds established in the preceding paragraphs,
we have:

250
1 1 K 10 10g2 = 4(K + 1)
( + 08 )) ( ’ ) > 40.5 > 18V/5. <

1+ log,(3VK log, (% 5(3VE + 1))
Lemmas 10 and 11 now follow rather simply from the above proposition.

Proof of Lemma 10. Notice that ¢ is non-decreasing in its first argument and that [log T <
3V K. Thus, we have

K-&(K,p,B) + 2y (T,45p,455) =K -&(K,p,B)+2-2[logT] ~§(f10gT17?»?>
gK.g(K,p,ﬁ)HQ\/E-g(:ax/E,?,?)
(Proposition 15) < (K + \/f> -§(K, p, B)
< 2K -{(K,p, B)
=71V, p, B).- <

Proof of Lemma 11. Similar to the proof of Lemma 10, we have

VE-€(.p0) -2y (1.8 ) = VE € (1. p.0) 2 2M08 ] € (Toe 1. L, )

> \/E'g(Kvpaﬂ) 712@5 (3\/?’4;’?)
(Proposition 15) > \/—f € (K, p,B)
VE 1000 10
- W(1 +log K)'°log(1000(K +1)/8)
> E . % -1+ 4/log(10K /)
2
B p B
=T <|y75710> <
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