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—— Abstract

Classical clustering problems such as Facility Location and k-Median aim to efficiently serve a

set of clients from a subset of facilities — minimizing the total cost of facility openings and client
assignments in Facility Location, and minimizing assignment (service) cost under a facility count
constraint in k-Median. These problems are highly sensitive to outliers, and therefore researchers
have studied variants that allow excluding a small number of clients as outliers to reduce cost.
However, in many real-world settings, clients belong to different demographic or functional groups,
and unconstrained outlier removal can disproportionately exclude certain groups, raising fairness
concerns, especially when the facilities correspond to critically needed facilities for emergencies such
as fire stations, hospitals and other emergency services.

We study Facility Location with Fair Qutliers, where each group is allowed a specified number of
outliers, and the objective is to minimize total cost while respecting group-wise fairness constraints.
We present a bicriteria approximation with a O(1/€) approximation factor and (1 + 2¢) factor
violation in outliers per group. For k-Median with Fair Outliers, we design a bicriteria approximation
with a 4(1 + w/e€) approximation factor and (w + €) violation in outliers per group improving on
prior work by avoiding dependence on k in outlier violations. We also prove that the problems are
W]1]-hard parameterized by w.

We complement our algorithmic contributions with a detailed empirical analysis, demonstrating
that fairness can be achieved with negligible increase in cost and that the integrality gap of the
standard LP is small in practice.
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1 Introduction

The facility location problem (FL) is a classical problem in combinatorial optimization in
which we are given a collection of potential facility locations F, each with an opening cost f;.
The goal is to serve a set of clients C' using the closest open facility with the objective
function of minimizing the sum of the costs of opening facilities and the sum of the distances
of all clients to their closest open facility. Once we select the facilities to open, the rest of the
cost is completely determined, since each client simply connects to its closest open facility.
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This classical problem has been extensively studied, with a variety of heuristics as well as
fast approximation algorithms being developed — not just that — it has been the bedrock of
showcasing different techniques for the problem, including greedy algorithms, LP-rounding
algorithms, randomized rounding, Primal-Dual algorithms, etc [43, 41]. So much so, that
many valuable techniques can be traced back to early work on this problem. After many
years of research, we finally have very fast and practical algorithms, even with an amazing
understanding of their worst-case behavior (both lower and upper bounds).

Moreover, this problem is closely related to fundamental clustering problems, such as
k-median (KM), which asks that k cluster centers be chosen to minimize the sum of distances
of all points to the closest cluster center. In fact, one of the first approximation algorithms for
the k-median works by essentially reducing it to a collection of facility location instances with
different facility opening costs with each point being viewed as a client. Multiple solutions are
then combined by a randomized algorithm to produce a feasible solution [31]. In most basic
clustering problems, the user has to specify k, the number of clusters in advance without
full knowledge of the data — with facility location by setting different values for facility costs
we can obtain a spectrum of solutions that essentially creates clusters (nodes in C' that are
connected to a common open facility).

All of these measures are highly sensitive to outliers in the data and can lead to very
skewed solutions. This led researchers to consider the problem of clustering with outliers [13].
Here, we wish to find the best possible clustering for a given (user-specified) fraction of the
points. Several basic questions were considered — including k-centers, k-median and Facility
Location. Over time, hundreds of papers have appeared that address the issue of outliers in
many contexts [13, 29, 15, 20, 34, 23, 12, 24, 10, 14].

Our work is motivated by Almanza et al. [1] who wrote “Clustering problems and
clustering algorithms are often overly sensitive to the presence of outliers: even a handful
of points can greatly affect the structure of the optimal solution and its cost. This is why
many algorithms for robust clustering problems have been formulated in recent years. These
algorithms discard some points as outliers, excluding them from the clustering. However,
outlier selection can be unfair: some categories of input points may be disproportionately
affected by the outlier removal algorithm.”

Returning to the basic facility location problem, we are simply asked to serve a given
number of clients with the open facilities (see Figure 1) so as to minimize the cost of opening
facilities and serving a given number of clients in the cheapest possible way. Thus, we have
no way to control which clients become outliers.

In many applications, we deal with clients possessing diverse demographic or functional
attributes. For example, urban services must be planned to serve distinct communities,
yet traditional outlier-aware algorithms offer no control over which groups are dispropor-
tionately excluded. This lack of control has documented real-world consequences: a 2016
Bloomberg investigation revealed that Amazon’s Prime Free Same-Day Delivery service
excluded predominantly Black neighborhoods — such as Roxbury in Boston and the Bronx
in New York — while fully covering the surrounding white neighborhoods [28]. Similarly,
car-sharing fleets are often concentrated in affluent zones, failing to provide accessibility to
underserved communities [17]. Such disparities highlight the urgent need for group-level
outlier control to ensure that fairness is not sacrificed for cost efficiency. In our model, we
incorporate this fairness by explicitly bounding the number of allowed outliers within each
community.

In particular, our model incorporates fairness across groups by explicitly controlling the
number of outliers allowed in each community. Let (M,d) denote a metric space where
M is a finite set of points and d : M x M — R7T is a distance function satisfying triangle
inequality and symmetry. The model can now be formally defined as follows:
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Figure 1 A car rental company wants to create a new rental location in a major city in order to
target residents who will temporarily rent a car for a day trip. In City A, most residents live alone
with no children (purple circles), while in City B there is an even split between single residents and
families with children (teal squares). The car rental company wants to promote its cars as being
useful to both single adults and families with children. Building the center in City B will accomplish
this goal of being available to both demographic groups with only a small increase in cost.

» Definition 1 (Facility Location with Fair Outliers). We are given a set 7 C M of potential

facility locations and a set of clients C' C M partitioned into w disjoint groups: C1,Cs,...,C,,.

Each facility ¢ € F has an associated opening cost f;. Additionally, for each group C,, we

are given an upper bound ¢, on the number of clients that may be designated as outliers.

The goal is to select a subset of facilities ' C F to open and, for each group Cy, a subset of
outliers ¢ C C, with |C}| < ¢, to minimize the total cost:

S Y d

i€F 9=1;€C,\C,
where d; r denotes the cost of assigning client j to its nearest open facility in F'.

The k-Median with Fair Outliers problem is same as Facility Location with Fair Outliers
except that, instead of facility opening costs, the k-Median variant imposes a hard budget k
on the number of facilities that may be opened. Formally,

» Definition 2 (k-Median with Fair Outliers). We are given a set F C M of potential facility
locations, and a set of clients C' C M partitioned into w disjoint groups: Cy,Cs,...,C,.
For each group Cy, we are given an upper bound ¢, on the number of clients that may
be designated as outliers. Additionally, we are given an integer k& bounding the number of
facilities that may be opened. The goal is to select a subset of facilities F' C F to open with
|F'| <k and, for each group Cj, a subset of outliers Cy C C, with |C| < /£, to minimize:

w
XD dir
9=1j€C,\C}

These problems are N P-hard and so researchers have resorted to the design of heuristics
and approximation algorithms.

1.1 Qur Contributions

We first study facility location with fair outliers problem for arbitrary number of groups in
Section 3 to give a O(1/¢) factor approximation for the problem with (14 2¢) factor violation
in the outliers for any group. In particular, we present Theorem 3.

9:3
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Inamdar and Varadarajan [27] gave an O(logw)-approximation for the facility location
problem with fair outliers for arbitrary w. More recently, Bajpai et al. [4] studied the case of
a constant number of groups and obtained a 4-approximation. However, both these results
rely on solving an exponentially large linear program using the ellipsoid method, and are
therefore impractical to implement even for small values of w > 1.

» Theorem 3. There exists a polynomial time («/€)-factor approximation algorithm with
(1 + 2¢) factor violation in outliers for each group for facility location with fair outliers
problem where a is the approximation factor for classical facility location problem, number
of groups is arbitrary and € > 0 is a fized parameter.

We will show that the standard LP formulation for the problem has unbounded integrality gap
even when w = 1 and hence we present a bi-criteria algorithm using LP rounding technique.
Moreover, for arbitrary w, there is a known hardness of Q(logw) due to [27] unless P = NP
ruling out any proper (as opposed to bi-criteria) polynomial-time approximation algorithm
for an arbitrary number of groups.

In this paper, we also give a stronger hardness result. In particular, we show via a series
of reductions that the problem Facility Location with Outliers is W/1/-hard parameterized
by w.

A problem is W[1]-hard with respect to a parameter k if no algorithm can solve it in time
f(k) - poly(n), where f(k) is an arbitrary function of k, and n is the size of the input.

» Theorem 4. Fucility Location with fair outliers problem is W/[1]-hard parametrized by w.

We next study the k-median with fair outliers problem in Section 4, where we present a
bi-criteria approximation algorithm. To the best of our knowledge, the only prior practical
result for this problem is the bi-criteria approximation by [1]. They gave a constant-factor
approximation, however, their algorithm allows a violation of factor in 3k + 2 outliers per
group, which can be prohibitive in practice, especially when k£ is large. In contrast, our
algorithm eliminates this dependence on k in the violation bounds, making it more practical
and scalable. The result is formally stated in Theorem 5.

The k-Median formulation presents unique algorithmic challenges and remains essential
for practical applications. Historically, k-Median with outliers has proven far more complex to
approximate than its Facility Location counterpart (FLO). While FLO admits straightforward
2-factor greedy or 3-factor primal-dual approaches, k-Median with outliers requires more
sophisticated techniques, such as Lagrangian relaxation combined with iterative local search
to achieve a constant-factor approximation [15], or iterative rounding on strengthened LPs to
reach a 7.081 factor [23]. Furthermore, k-Median cannot always be emulated by FL because it
enforces a hard cardinality budget k. In real-world scenarios with absolute funding or land-use
limits — such as siting a fixed number of fire stations or hospitals — an FL formulation may
produce a solution that opens more facilities than the budget allows, rendering it physically
or financially infeasible. By explicitly bounding the facility count, k-Median ensures the
solution remains within strict resource boundaries despite the added computational difficulty.

» Theorem 5. There exists a polynomial time 4 (1 + w/€) factor approzimation algorithm
with a (w+ €) factor violation in outliers for each group for k-median with fair outliers
problem where number of groups is arbitrary and € > 0 is a fixed parameter.

We also show that the hardness result for facility location extends to the k-median with
fair outliers problem with slight modification in the reduction. In particular, we prove the
following.

» Theorem 6. k-median with fair outliers is W/[1]-hard parameterized by w.
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Finally, we implement our facility location and k-median algorithms and evaluate their
performance on a real-world and synthetic datasets. For the facility location problem with
fairness constraints, even for small values of w (e.g., 2 groups), existing approximation
algorithms [27, 4] — though polynomial-time — are impractical due to their reliance on solving
exponentially large linear programs via the ellipsoid method. In contrast, our bi-criteria
algorithm is significantly more efficient in practice. Empirically, it consistently outperforms
its worst-case guarantees in both cost and fairness.

In summary, we observe that fairness our algorithms can ensure fairness with minimal
increase in the cost of the solution with respect to non-fair algorithms (facility location with
outliers).

For the k-median problem, we implement the bi-criteria algorithm and compare its
performance — in both cost and fairness — against the non-fair variant, namely k-median with
outliers [13]. Similar to the facility location case, we find that (i) our algorithm consistently
outperforms its worst-case guarantees in practice, and (ii) it achieves significantly better
fairness, while incurring virtually no increase in cost compared to the unfair baseline. We
do not directly compare with Almanza et al. [1], as their experiments focus on the k-means
objective, whereas our focus is on k-median. Nonetheless, our empirical findings support
their conclusions in the context of the k-median objective as well.

1.2 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we review the related work.

Sections 3 and 4 give details of approximation algorithms for facility location with fair outliers
and k-median with fair outliers respectively. In Section 5 we layout our experimental results
for facility location. The experimental results for k-median can be found in Section 6. The
proof of W[1] hardness is discussed in Appendix A. Proofs of statements marked by { can be
found in the appendix.

2 Related Work

Our work lies at the intersection of two important areas: the well-studied domain of clustering
with outliers and fairness in clustering. We review relevant literature from both individual
domains, as well as prior work at their intersection.

Clustering with Qutliers. The concept of outliers in facility location problem was first
introduced by Charikar et al. [13]. They observed that the standard linear programming (LP)
relaxation for the Facility Location with Outliers (FLO) problem has an unbounded integrality
gap. To address this issue, Charikar et al. [13] proposed a technique that involves guessing
the cost of the most expensive facility in the optimal solution. After guessing the most
expensive facility, they leverage the primal-dual framework of Jain and Vazirani [31] to
develop a 3-factor approximation algorithm. The approximation ratio was later improved
to 2 by Jain et al. [29] through a simple greedy algorithm, analyzed using the dual-fitting
technique.

Charikar et al. [13] also studied the outlier variant of k-Center and k-Median Problem.

For the k-Center! with Outliers problem, they presented a 3-factor approximation algorithm
based on a greedy strategy, which was subsequently improved to a 2-factor approximation

1 k-Center is same as k-Median except in k-Center the goal is to minimize the maximum distance instead
of total distance.

9:5
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via LP rounding [12, 24]. In the case of k-Median with Outliers (kXMO), they proposed a bi-
criteria approximation algorithm that achieves a cost approximation factor of 4(1 + %), while
allowing a (1+4e€) violation in the number of outliers. It is important to note that our approach
builds directly upon this foundational work of Charikar et al. [13]. We extend their approach
by incorporating group-wise fairness constraints into the underlying formulation, allowing
the rest of the algorithmic process to follow their established technique seamlessly. We
complement these theoretical extensions with detailed empirical experiments, demonstrating
that our fair approach works efficiently in practice.

As with FLO, the standard LP relaxation for kMO also exhibits an unbounded integrality
gap. However, unlike FLO, it is not straightforward to overcome this challenge, making
the kMO problem more challenging and less well-understood. The first constant-factor
approximation for kMO was obtained by Chen [15] using a Lagrangian relaxation approach,
inspired by the framework of Jain and Vazirani [31], combined with iterative local search.
However, the approximation factor in Chen’s result, while constant, is relatively large and
unspecified. Krishnaswamy et al. [34] significantly improved upon this by applying iterative
rounding on a strengthened LP formulation, yielding a 7.081 approximation. This result was
further refined by Gupta et al. [23], who improved the approximation factor to (6.994 + ¢)
through enhancements in the iterative rounding technique. Friggstad et al. [20] employed
natural multi-swap local search heuristics to address outliers in the k-Median problem. Their
approach provides a (3 + €)-factor approximation with a (1 4 €)-factor violation in the
cardinality. They also show that any constant size multi-swap local search algorithm has
unbounded locality gap for the problem, which implies that the violation in k& or number of
outliers is inevitable.

Incorporating outliers into clustering problems such as FL and kM significantly increases
the complexity of these problems. Techniques that perform well in the standard (non-outlier)
setting — such as LP rounding, primal-dual methods, and local search — do not extend
straightforwardly to their outlier variants, partially because;

1. the standard linear programming (LP) relaxations for the outlier variants exhibit un-
bounded integrality gaps as shown in Section 3 for facility location and by Charikar et al.
[13] for k-Median and,

2. multi-swap local search algorithms of constant size have unbounded locality gaps [20].

Consequently, the approximation guarantees in the presence of outliers are substantially

worse and require more sophisticated algorithmic techniques. Currently, the best-known

approximation ratios for FLO and kMO are 2 [29] and 6.994 + ¢ [23], respectively. In compar-
ison, their non-outlier counterparts — FL and kM — admit significantly better approximations
of 1.488 [35] and 2.613 [21], respectively. Notably, the outlier variants do not currently have

stronger lower bounds also; the best-known bounds remain at 1.463 [22] for FL and 1.763

[30] for kM.

Fairness for Qutliers. In a parallel line of research, fairness has also been explored in
clustering with outliers, where the goal is to ensure that the exclusion of certain data points
as outliers does not unfairly impact individuals or communities. Traditional algorithms
for clustering with outliers lack any control over which clients are discarded, which may
inadvertently lead to biased decisions as shown empirically in [1] and in our experiments.
The idea of fairness for groups in the presence of outliers was first introduced in the
context of the vertex cover problem? by Bera et al. [9]. They called the problem as partition
vertex cover problem and gave an O(logw) approximation for the problem which is best

2 Given a graph G = (V, E), find a minimum-weight subset U C V such that, for all e € E, at least one
endpoint is in U.
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possible when w is an arbitrary integer. Bandyapadhyay et al. [5] studied the problem when
the vertices are unweighted. They achieve a (2 + €)-approximation in time nP«/€) Hong and
Kao [25] studied the problem in hypergraphs and presented a (f - H,, + H,)-approximation,
where f is the maximum edge size and H,, is the w'” harmonic number.

In the context of facility location, Inamdar and Varadarajan [27] studied facility location
with fair outliers. They showed that this problem is (logw)-hard to approximate for an

arbitrary w. They also presented a matching upper bound, O(log w), approximation algorithm.

Recently, Bajpai et al. [4] obtained a 4-approximation for the problem with constant number
of groups. For the k-Center with fair outliers problem, the first algorithm was proposed by
Bandyapadhyay et al. [6], providing a polynomial time 2-approximation while allowing &k + w
centers. A subsequent result by Anegg et al. [2] eliminated the violation in k and obtained
a 4-approximation in time O(n*), which was later improved to a 3-approximation in time
O(n*") by Jia et al. [32] .

For k-Median with fair outliers, Almanza et al. [1] presented a bi-criteria approximation
algorithm, that is, they presented an O(1) approximation algorithm with (3k 4+ 2) factor
violation in outliers of every group.

We continue this line of research for facility location and k-Median problem. As noted
by Almanza et al. [1], this setting is “quite flexible and allows one to enforce popular
fairness constraints such as demographic parity [7], calibration within groups [39], statistical
parity [19], diversity rules (e.g., 80 percent rule) [11], and proportional representation
rules [36].”

3 Facility Location with Fair Outliers

In this section, we present a bi-criteria approximation algorithm for the Facility Location with
Fair Outliers problem. We begin by formulating the problem as an integer linear program.

In this formulation, y; indicates whether facility 4 is open, z; indicates whether client j is
an outlier, and z;; denotes whether client j is served by facility ¢. Constraints (1) and (2)

ensure that each client is either assigned to an open facility or designated as an outlier.

Constraints (3) impose bounds on the total number of outliers for each group.

Minimize Z fiyi + Z Z dijij

icF jeCieF

subject to
Z:L'U+Z]21 VJEC (1)
ieF
Tij S Yi VjeC,ieF (2)
> <l Vg € [w] (3)
jec,
Tij, Yi, zj € {0,1} Vie F,jeC

We relax the integer constraints, allowing x5, y;, 2; to take values in the continuous range
[0, 1], resulting in the LP relaxation.

The LP formulation exhibits an unbounded integrality gap even when w = 1. Consider
the following example: suppose there is a single facility with opening cost f, and M clients
co-located at that facility. If the number of allowed outliers is M — 1, the LP can fractionally
open the facility to an extent of 1/M and serve each client to the same extent, effectively
serving one full client in total. In contrast, any integral solution would need to fully open the
facility and serve one client, incurring a cost of f, which becomes arbitrarily large relative to

9:7
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the LP cost as M increases — thus leading to an unbounded integrality gap. The example
can be modified to allow a smaller number of outliers relative to the total number of clients
by adding additional groups of clients served by facilities with zero opening cost. For these
added groups, both the LP and the integral solutions coincide, so they do not affect the
integrality gap, which still arises from the original group.

Let p* = (z*,y*, z*) be an LP optimal solution for the LP. For any solution p = (z,y, z)
to the LP, let cost(p) denote its cost.

3.1 Identifying the Outliers

We now identify the set of clients to be treated as outliers in our solution. The idea is to
declare a client as an outlier if it is predominantly an outlier in the LP solution p*. For a
given € > (0, we partition the client set C' into:

(i) Co={jeC:z; >1—¢}

(i) C.=C\C,
We define a new solution p = (&, 9, 2) as follows:

(i) For j € Cy, set 2; =1 and &;; =0 for all i € F.

(i) For j € Cy, set 2; = 27 and #;; = x; for all i € F.

(iii) For all i € F, set §; = y;.
For any group g € [w], we observe:

d 5 < 1; D2 < (14204

JEC, JEC,

Moreover, cost(p) < cost(p*).

3.2 Reduction to Facility Location

We now scale the assignment variables for j € C,. so that each such client is fully served,
while maintaining feasibility. Let p’ = (2/,y’, 2’) be the updated solution:
1. For all j € C, and all i € F, set:

S -
1y At
YicF Eij

2. For each i € F, set:

/

, . . Lij
y; =minq1,9; - max — .

JECH:2;;>0 Tij

Note that for j € C., > ,c 7 Tij > €, so

j},, R g
vy < =5 and g <y < T

It follows that p’ is a fractional feasible solution to the standard Facility Location problem
with client set C,., and:

cost (o) < cost(p) < cost(p )

€ €

Let (Z, y) be a solution to the Facility Location problem on C,. with cost at most «-LP¢,,
where LP¢, is the cost of the optimal solution to the LP relaxation restricted to C;. Then,
the solution (z,y, £) constitutes a -approximate solution to the Facility Location with Fair
Outliers problem, violating the group outlier bounds by at most a factor of (1 4 2¢). Hence,
we obtain the following theorem.
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» Theorem 3. There exists a polynomial time (a/€)-factor approximation algorithm with
(1 4 2¢) factor wviolation in outliers for each group for facility location with fair outliers
problem where « is the approximation factor for classical facility location problem, number
of groups is arbitrary and € > 0 is a fized parameter.

Note that once the set of outliers has been identified, any standard facility location
algorithm [29, 3, 16] can be applied to determine which facilities to open for the remaining
clients. In our experiments, after removing the outliers, we use a simple heuristic for facility
location in which we directly round the fractional facility openings and assign remaining
clients to nearest facility. The variable values are in fact close to 0/1. This is the primary
reason we do not violate the outlier or cost constraints once we solve the LP.

4 k-Median with Fair Outliers

In this section, we focus on the k-Median with Fair Outliers problem. We develop a bi-criteria

approximation algorithm leveraging the well-studied framework of k-Median with Penalties.

The core idea is to encode fairness constraints via appropriately scaled penalties and then

apply a known constant-factor approximation algorithm for the penalty-based variant. This

approach allows us to recover both cost and fairness guarantees in the original problem.
We begin by defining the k-Median with Penalties problem.

» Definition 7 (k-Median with Penalties). Given a metric space (M, d), a set of facilities
F C M, aset of clients C' C M, penalties p; > 0 for each client 7 € C, and an integer k
bounding the number of open facilities, the goal is to select (i) a subset F' C F with |F| < k,
and (ii) a subset C’ C C of outliers paying penalties, minimizing the total cost

D dirt D
jec\c’ jecr
where d; r is the distance from client j to its nearest open facility in F.

Charikar et al. [13] provide a 4-approximation algorithm for this problem:

» Theorem 8 ([13]). Let C be the assignment cost of the returned solution and P be the total
penalty paid by outliers. If OPTp denotes the cost of the optimal solution to the penalty-based
problem, then C + 4P < 40PTp.

4.1 Our Algorithm

We design our approximation for k-Median with Fair Outliers as follows:

1. Guess the optimal cost OPT¢ of the k-Median with Fair Outliers instance within a factor
(1+e¢).

2. For each group g € [w] and each client j € Oy, set the penalty p; = 22T
is a parameter to be chosen.

y-egc’ where v > 0

3. Solve the corresponding k-Median with Penalties instance with penalties {p;} using the
4-approximation algorithm from Theorem 8.

4. Let F be the set of opened facilities, C, be the set of outliers paying penalties, and ¢ be
the assignment of remaining clients C'\ C,, then output F' as the set of opened facilities,
C, as the set of outliers, and o as the assignment of remaining clients C \ C, for the
k-Median with Fair Outliers instance.

9:9
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4.2 Analysis

» Proposition 9. For k-median with w groups and £, outliers per group, the optimal cost
OPT¢ can be guessed within a factor (1 4 €) using polynomially many trials.

Proof. Let duyin and dpyax denote the smallest and largest pairwise distances in the metric,
and ¢ = 25:1 £4. Since each non-outlier client contributes at least dpyin and at most dmax
to the cost, we have(n — £)dmpin < OPT¢ < (n — £)dmax. By considering powers of (1 + ¢)
within this range, we require only O( logy . n) guesses to identify an estimate within a (1+¢)

factor. <
Now, we can slightly reword Theorem 5:

» Theorem 10. For the k-Median with Fair Outliers problem with w groups, there exists a
polynomial-time algorithm that returns a solution with cost at most

4 (1 4 “’) OPT¢,
v

and with at most (w + v){y outliers in each group g.

Proof. Consider the optimal fair solution with cost OPT¢ and ¢, outliers per group g. Using
the penalty assignment defined above, this solution is feasible for the k-Median with Penalties
problem so,

OPTp < OPTo + &f%g — OPT¢ (1 n w) .
v v

g=1 g

We can also take this instance of k-medians with penalties and run it through the black
box algorithm. It returns a solution of cost C' with £ outliers. We partition the outliers by
color. By Theorem 8 and the above inequality,

“. OPT w
C+4ZTCC% < 40PTp < 40PT¢ (1+7> .

c=1

Since all terms are non-negative, we have

w
w 1 w
C <40PT¢ <1+> and — <14 =
v ;’Vég g Y

Again, each term is non-negative, so £y < £, (w +7).
By Proposition 9, we can guess OPT¢ within a (1 + ¢) factor, so the guarantees on C'
and E’g for each group g hold within the same factor. <

5 Experiments for facility location

5.1 Datasets

We use a dataset inspired by Snyder and Daskin [40]. In their paper, they study the facility
location from the lens of reliability after the failure of some constructed facilities. We use two
of their datasets and pull key pieces of information for our application. The two datasets we
use are a 49-node set on the capital cities of the continental United States and an 88-node set
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on the first set with the 50 most populated cities added.? These numbers are from the 1990
census. Each city is also a facility, and the facility opening costs are the median property
value in the city. The distances are the pairwise great-circle distances.

We then add more information to the data for our purposes. We partition the cities
of the 49-node set based on the political party of the state governor at the time (|Cg| =
23, |Cp| = 26). In the 88-node set, the additional cities get their own group (|Cc| = 39).
Finally, we scale down the property values by a factor of 10* to account for the fact that we
do not incorporate the demand used in the original paper.

5.2 Algorithms

We evaluate our bi-criteria algorithm based on LP rounding. We compare the cost and
fairness of this algorithm against classical facility location with outliers that does not enforce
group-level fairness constraints. Additionally, we compare the solution costs of all algorithms
to the LP optimal value for benchmarking.
We next describe the two algorithms in detail:
LPR-F (LP Rounding with Fairness): This is our main bi-criteria algorithm. It
begins by solving the fair LP relaxation with group-level outlier constraints and declares
clients outliers if they are outliers to an extent of over 1 — €. In the second phase, it uses
the simple 4-approximation from Chudak et al. [16].
LPR-NF (LP Rounding, Non-Fair): A baseline variant of LPR-F that does not
enforce fairness. The LP includes only a single constraint on the total number of outliers.
The rounding process follows as in LPR-F.
LPH-F (LP Rounding Heuristic with Fairness): The first phase follows LPR-F. In
the second phase, it applies a simple heuristic for facility location problem: facilities with
fractional opening values close to 1 are opened, and each client is assigned to its nearest
open facility.
LPH-NF (LP Rounding Heuristic, Non-Fair): A variant of LPH-F that does not
enforce group fairness constraints.

5.3 Results and insights

We define the unfairness as max {maxg {f;/ﬁg} , 1}, where ¢} is the number of outliers
assigned to group C, by the algorithm. This definition reflects a situation in which each
group is aware of its designated number of outliers and feels underrepresented when this
budget is exceeded. However, a group does not experience unfairness if it is overrepresented
in the covered population.

We say that an outlier budget is proportional if ¢,/ |Cy| = €5,/ |C}] for all groups Cy, Ch,.
Similarly, we define a proportional outlier budget as one where ¢, =~ « - |C,| for all groups C,
and fixed 0 < o < 1.4

We observe in Figure 2 that the initial LP solution differentiates between “strong outliers’

with z; close to 1 and “weak outliers” with z; close to 0. Moreover, the facility opening

variables y; show this same bimodality. In this real-world instance, the LP produces
near-integer variables, without the need for rounding, when the outlier budgets are close
to proportional.

)

3 Eliminating repeated cities.
4 We use ~ to account for rounding issues.
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Figure 2 Histogram showing the distribution of fraction LP variables when changing outlier
budgets [¢r,{p]. Uses the 49-node set.
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Figure 3 Effects of redistributing the same number of outliers among the two groups. In
Figure 3a, the histogram for fractional z; variables appears. When the outliers are not distributed
proportionately, there is a larger number of cities that are not outliers to an integral extent. Uses
the 49-node set and € = 0.1.

Because the fractional variables are so close to integral in the first LP, simply rounding the
facility variables in the second stage performs extremely well. In all cases, the heuristic
rounding procedure exceeds the cost of the LP optimal solution by a factor of at most 1.4.
The cost is affected by the way the per-group outliers are distributed. When the total
number of outliers is fixed, moving the per-group outlier budget away from proportional
increases the cost when following the budget. When the per-group budgets are close to
proportional, the cost of a fair assignment is close to the cost of simply ignoring the total
number of outliers. In Figure 3, this trend is demonstrated most strongly by LPR-F.
We also observe that the algorithm without fairness can fail to provide a fair assignment
while our fair algorithm consistently does. Although the bicriteria allows for violation in
outliers, the z; variables tend towards integral values, so we do not violate the outlier
budgets. Moreover, ensuring proportional fairness only increases the cost by a factor
of 1.3 at most.

» Corollary 11. k-median with fair outliers is W[1]-hard parametrized by w.

6 Experiments for k-Median

6.1 Datasets

We use publicly available datasets, as preprocessed in [1]. The Adult dataset [18] contains
U.S. census information, where we use the sex attribute as the group label. The Bank
dataset [38] comprises data from a direct marketing campaign by a bank, with group labels



R. Dabas, S. Khuller, and E. Rivkin

1400 15
1200
1000
1.0
u
800 | |—— LPR-F a
4 LPRNF 2
3 LPHF E
u LPH-NF 08
600 | OPT-F =
OPT-NF 3
0.5
400
200 e —— — S
—— LPR-F
LPR-NF
] 0.0
0.05 0.10 015 0.20 025 0.05 0.10 0.15 0.20 0.25
o o
(a) Costs. (b) Unfairness.

Figure 4 The effect of an increasing fraction of outliers on the cost and unfairness. Uses the
88-node set and € = 0.1.
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(a) Cost vs. percentage of outliers. (b) Unfairness vs. percentage of outliers.

Figure 5 Performance of different algorithms on the adult dataset grouped by sex for the k-median
problem.

based on the marital status attribute. For both datasets, we retain only the available
numeric attributes, each of which is normalized independently. Due to the computational
overhead of our algorithm on a non-commercial machine, we use a random subset of 500
points, and we generate a set of candidate facility locations using the k-means algorithm of
Khandelwal et al. [33]. For all experiments, we use k = 5.

Note that both datasets are fully unsupervised — that is, they lack ground-truth cluster
labels. Consequently, we cannot directly evaluate clustering accuracy. To address this

limitation, we also evaluate our algorithms on synthetic datasets with known cluster structure.

The Synthetic dataset includes two group designations: “in” and “out”. In-group members
are drawn from the distribution N(0,10)®2?, while out-group members are drawn from
N(10,20)®2. We generate 500 “in” and 50 “out” points.

6.2 Algorithms

For k-Median with fair outliers, we implement the algorithm described in Section 4 with a
minor modification and compare the fairness and cost of our algorithm against two baselines
for k-Median with outliers (non-fair). The three algorithms we evaluate are:
R+LS-F (Reduction + Local Search, Fair): We implement the algorithm described
in Section 4 with a minor modification: instead of using the primal-dual algorithm of
Charikar et al. [13] for k-Median with penalties, we employ the local search algorithm
proposed by Wang et al. [42]. The primal-dual algorithm is computationally expensive due
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Figure 6 Performance of different algorithms on the bank dataset grouped by marital status for

the k-median problem.
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Figure 7 Performance of different algorithms on the synthetic dataset with known group structure

for the k-median problem.

to the use of Lagrangian relaxation; specifically, it requires solving two facility location
subproblems — one using fewer than k facilities and one using more — through a binary
search, with each step involving a call to a facility location solver. This significantly
increases the runtime in practice. In contrast the local search is efficient. The algorithm
begins with an arbitrary set of k open facilities and repeatedly considers swapping
one currently open facility with one currently closed facility. Specifically, for each pair
(fout, fin) where fout is an open facility and fi, is closed, it computes the cost of the
solution obtained by replacing fout with fi,, reassigning each client to its nearest open
facility. If such a swap results in a decrease in total cost of at least 1%, it is accepted. This
process continues until no improving swap exists, at which point the algorithm terminates.
Importantly, substituting the local search algorithm for the primal-dual method does not
materially affect the worst-case approximation guarantees: the cost bound remains the
same, and the violation bound increases only slightly.

R+LS-NF (Reduction 4+ Local Search, Non Fair) The algorithm is same as R+LS
except we have no notion of group-wise fairness. The penalties are defined according to
the total number of outliers. This is the algorithm for k-median with outlier given by
Charikar et al. [13].

LS-NF (Local Search, Non-Fair): This algorithm performs standard local search for
the k-Median objective, starting with an arbitrary set of k open facilities and repeatedly
considering facility swaps as in R+LS. After convergence, the farthest ¢ clients (based on
their distances to the nearest open facility) are dropped as outliers.
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We use the same unfairness metric to measure the fairness of a solution and evaluate cost as
the total client-to-facility connection cost. We plot the same charts as in the facility location
experiments: cost vs. percentage of outliers and unfairness vs. percentage of outliers for all
three algorithms.

6.3 Results and Insights

The fair algorithm (R+LS-F) achieve unfairness close to 1, while the non-fair baselines
R+LS-NF and LS-NF exhibit significant group-level unfairness of up to 1.12 and 1.25
for adult dataset, 1.50 and 2 for bank dataset, and 13 and 13 for synthetic dataset,
respectively (see Figures 5b, 6b and 7b).
Enforcing fairness results in some increase in cost, it is not prohibitively large and is
justified by the improved group-level guarantees (see Figures ba, 6a and 7a).
As with the facility location experiments in this paper and the k-means results of Almanza et
al. [1], our findings for k-Median demonstrate that fairness can be achieved with no significant
increase in cost.

7 Conclusion

Our algorithms succeed at maintaining fairness constraints without significant increase in
cost. However, the worst-case guarantees of these algorithms are poor. A further direction of
study is to use a combinatorial algorithm to achieve both scalability and a constant-factor
approximation. This work can also be generalized to the case where a client can have multiple
group attributes.
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A Lower Bounds

» Theorem 12. Fucility location with fair outliers is W/[1]-hard parametrized by w.

We use the following lemmas to prove this statement. First, we need to define the
problems we will use along the way.

» Definition 13 (Multidimensional Subset Sum [26]). This is a known W([1]-hard problem. An
instance (V,T of MSS consists of n d-dimensional vectors with non-negative entries in Z and
a target vector T. We want to determine if there is a subset U C V such that ZveU v="T.

» Definition 14 (kMSS). This is a variant on MSS where we want to know if there is a
suitable U with cardinality k.

» Definition 15 (kMSS>). Given a set of d-dimensional vectors V with non-negative,
integer-valued entries and a target vector T', we want to find a subset U C V such that
Ul <kandforall j=1,....d %, o = ;.

» Lemma 16. kMSS is W/1/-hard.

Proof. Take an instance (V,t) of MSS. For each k = 1,...,n, use the decider for k£ MSS to
determine if (V,t, k) is an instance of kMSS. If (V,t) € MSS, then there exists some k for
which (V,t, k) € kMSS. If (V,t) ¢ MSS, then there is no such k. Therefore, we can use the
decider for £k MSS to solve an instance of MSS. |

» Lemma 17. kMSS> s W/[1/-hard.

Proof. Take an instance (V,t, k) of k MSS. For a sufficiently large constant L and for each k' =
1,...,k, consider an instance (V’, ', k") of k MSS> where v’ = (v1,...,vq4,L —v1,...,L — vq)
for every v € Vand t' = (t1,...,tq, k'L —t1,..., k'L — tq).

We can use the decider for kK MSS> to determine if (V,¢, k) € k MSS. We assumed that L
is sufficiently large (perhaps k - t1---t4). As a result, we do not have to worry about the
case where k'L — t; < (k' — 1)L; we can treat the sum to k'L and the sum to —t; separately.
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If (V',¢',k") € kMSS>, then there are exactly k' vectors in the set U’ with
dvh=> L-wv>ty=kKL-t
v ey’ v ey’

for j=d+1,...,2d. Since we know that the k'L is only coming from the contribution of L
from each vector, this implies that

Z 'Uj S tj.
v’ eU’
Moreover, those same vectors in U’ have
D= vzt
v €U’ v ey’
for j =1,...,d. If a set U’ exists, then it is a size k' < k subset of V' with
> <ty
v €U’
Therefore, (V,t,k) € kMSS. If there is no ¥ < k where (V',¢/,k’) € kMSS>, then
(V,t, k) ¢ kMSS. <
Now, we can prove the theorem.

Proof. For each vector, create a facility with co-located clients. These facilities are some
large distance away from each other. Specifically, for each vector v € V', create a facility ¢
with f; = 1. For each dimension g = 1,...,d, place v, clients of group g colocated with the
facility. Now, we have an instance of facility location with fair outliers, (F, C,¢), where we
have to cover at least £, clients from each group.

By using the decider for the facility location with fair outliers problem with cost no more
than k, we can solve the instance of k£ MSS>. <
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