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—— Abstract

Pattern languages (PAT) are a class of languages generated by expressions called patterns that may
contain variables. In a pattern, each variable can be instantiated with an arbitrary string. Typed
pattern languages extend PAT by associating a type (constraint) with each variable that restricts
the domain of allowed substitutions. In this paper, we study regular-typed PAT (PATwRT), where
all types are represented either by a regular expression or by an e-NFA. We consider the PATwRT
matching problem for patterns with a single repeated variable of the form P = a18a28 - Bakx. We
present simple algorithms whose running time is linear in K and quadratic in the input length IV,
with polynomial dependence on the sizes of the type representations. Our results extend previous
quadratic-time work in two directions: (1) the quadratic-time algorithm for untyped PAT of Fernau
et al. (STACS 2015), and (2) the quadratic-time algorithm for the restricted PATWRT K = 3, i.e.,
a1 fazfas of Nogami and Terauchi (MFCS 2025).
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1 Introduction

In this paper, we study the following decision problem for the formalism of reqular-typed
pattern languages (PATWRT).

Matching Problem for Regular-Typed Pattern Languages

Input 1: An input string W.

Input 2: A pattern P and a type constraint C.

Task: Deciding whether W € L¢(P) where L¢(P) denotes the language generated by
P under C.

To explain PATwWRT, we first recall pattern languages (PAT), since PATWRT is an
extension of them. Pattern languages were introduced by Angluin in the context of automata
learning theory [4, 5]. In PAT, variables can be used to describe repeated substrings. For
example, consider the following pattern:

P=af#pa where «, § are variables and # is a letter.
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Over an alphabet ¥, the language L£(P) generated by P consists of all strings obtained by
substituting strings we,wg € X* for @ and B, respectively; that is,

L(P) = {wa wp # wg Wa : Wa, ws € X°}.

For example, let ¥ = {#,0,1} and consider an assignment ¢ such that ¢(a) = 01 and
¢(B) = 111. Then, the instantiated string ¢(P) = 01111# 11101 belongs to L(P). For
Y = {#,0, 1}, the language L£(P) is neither regular nor context-free (cf. [31, Theorem 8§]). In
general, the language class PAT is contained in NL, the class of languages recognized by
nondeterministic log-space Turing machines [6, 23]. On the other hand, PAT does not include
all regular languages. For example, the regular language L£((ab)*) = {e, ab, abab, ababab, . . .}
cannot be generated by any pattern.

To restrict the domains used when assigning strings to variables, typed pattern languages
(PATwTy) were introduced by Wright [36] and studied by Koshiba [25] in the context
of learning theory. In PATwTy, in addition to pattern expressions, we consider a type
constraint C that assigns a type C(v) to each variable v. For example, in the pattern P above,
if we set C(8) = {w € X* : the numbers of 0s and 1s in w are equal}, then L¢(P) contains
110101 #0101 11, but not 11010 # 010 11.

If all types are regular languages, we obtain regular-typed pattern languages (PATwWRT).
Let us consider the following example pattern ) and type constraint C:

Q=a#pfay, Cla)=E\{#H, CB)=Cly)=E\{#D)",

where # is a separator letter. The generated language L¢(Q) under C is the following:

L={w#wiwwy:w e (S\{#} T, wi,w € (Z\ {#})*}.

Using this language L, we can perform pattern matching as follows. To test whether a target
String wiarget € (X \ {#})T occurs in a text T € (X \ {#})7, it suffices to check whether
Warget # 1 € L. As this example illustrates, and since PATWRT is strictly more expressive
than both REG and PAT, developing faster algorithms for the PATWRT matching problem
is of both practical and theoretical interest. Moreover, PAT and PATwRT can be viewed
as important fragments of regular expressions with backreferences, REWB [33, 24]. Efficient
matching algorithms for PATwRT provide efficient procedures for a non-trivial fragment of
REWB and play an important role in practical text processing.

Our Contribution

To state our main results clearly, let us formalize our matching problem and its parameters.
For an integer K > 3, we consider the matching problem for the pattern

Py =aifazfazf---Boag,

where a1, ..., ak, 0 are distinct variables, and only S occurs more than once in Pg. Let W be
an input string of length NV := |W/|. For the type constraints C associated with the variables,
let m := max{|C(a1)|,...,|C(ax)|,|C(5)|} be the maximum size of the representations, where
|C(v)| denotes the expression size |E| if given by a regular expression E, or the number of
states |@Q 4| if given by an e-NFA A.

» Theorem 1 (Complexity with Regular-Expression Representation). The matching problem
W € Lc(Pk) with reqular-expression types can be solved in O((K + 1) N2 m?) time.



Y. Uezato

» Theorem 2 (Complexity with e-NFA Representation). The matching problem W € L¢(Pk)
with e-NFA types can be solved in O((K + 1) N> m®) time.!

In particular, if K is fixed, then Theorems 1 and 2 yield O(N? m?)-time and O(N? m®)-
time algorithms, respectively.

As we will see in Section 2, our result extends previous work in two directions. We
generalize the quadratic-time result of Fernau et al. [12, 13] for untyped pattern languages
to the regular-typed setting. We also extend the result of Nogami and Terauchi [29] from
the restricted form a;SasfBas to the general form considered here.

Organization. In Section 2, we compare our results with previous work by Fernau et
al. [12, 13] and by Nogami and Terauchi [29]. We also review existing results on pattern
languages. In Section 3, we introduce the necessary preliminaries. In Section 4, we define and
compute our key building block Subs,c.. In Section 5, we introduce and compute our data
structure R. In Section 6, we combine Subs,.. and R to obtain a quadratic-time algorithm
for the basic case ajfBasfBas. In Section 7, we extend this algorithm to the general form

ayBazBasf-- - Bog.

2 Related Work

We first review the result of Fernau et al. [12, 13] for (untyped) pattern languages.

» Theorem ([13, Theorem 4.2]; [12, Lemma 2]). The matching problem for PAT,y,, <1 is
solvable in O(N? + N|P|) time, where |P| is the length of the input untyped pattern P.

In their notation, PAT,.., < 1 denotes the class of patterns with at most one repeated

variable. Their result addresses the untyped case of this restriction. The present paper

studies the regular-typed matching problem for patterns of the form a;fasf - - - Bak and

shows that, for fixed K, it is solvable in quadratic time in N. In this sense, our result can be

viewed as a regular-typed extension of the quadratic-time result of Fernau et al. [13, 12].
We next review the result of Nogami and Terauchi [29].

» Theorem ([29, Theorem 5 (Recap.)]). The matching problem for REWB of the form
eo (€)1 e1 \1 ea, where eg, e, €1, ey are regular expressions, can be solved in O(N? M?) time,
where M := |eg| + |e| + |e1]| + |ez].

They consider regular expressions with backreferences (REWB) eq (€)1 e1 \1 eq, rather than
(regular-typed) pattern languages. However, this expression is equivalent to the following
simple instance of PATWRT:

the pattern: a; Sas Sas where C(a1) = eg, C(8) = e, Claz) = e1, C(ag) = ea.

It should be noted that they only consider the very restricted form aqSasfBas and do not
consider the general case oy BagsBazf - Bak. Since O(M?) = O(m?) holds for the
parameter M in their statement, our result extends theirs to the general form. Furthermore,
our approach is technically simpler and relies only on elementary tools such as suffix tries.

! 'We recall that the constant w is the exponent of fast Boolean matrix multiplication: given two n x n
Boolean matrices M7 and Ms, we can compute their matrix product My Mz in O(n®) time. The current
value of w is < 2.371339 [3].
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For REWB, Schmid shows that every fixed REWB expression can be simulated by a
two-way multihead finite automaton (2WMFA) [33, Lemma 18]. Since the language class of
2WMFA coincides with NL [19], the language class of REWB is contained in NL. Schmid
also gives an automata-theoretic characterization of REWB by introducing memory automata
(MFA) [34]. Freydenberger and Schmid consider a deterministic subclass of REWB (DRX)
and give an efficient linear-time matching algorithm [17].

It is natural to employ regular languages as types. Similar systems have been studied from
several directions [10, 30], [6, Definition 4.7]. It should be noted that Campeanu and Yu’s
formalization [10] permits nesting of pattern variables, and thus is different from standard
typed pattern languages (cf. [10, Example 1]).

The general matching problem — deciding, for an input pattern P and a word w, if
w €7 L(P) — is NP-complete even without types [4, 11, 22, 27]. This NP-hardness does not
contradict the above quadratic-time algorithm by Fernau et al. [13, 12], since it concerns the
general matching problem, whereas their (and our) algorithm treats the number of repeating
variables as a fixed parameter. Fernau and Schmid [14] refine the NP-completeness by
analyzing bounded-parameter restrictions (such as the number of variables and the alphabet
size |X|) and determining when they remain NP-complete or not. Fernau et al. [15] show that
many natural parameterizations are W|[1]-hard. Under ETH (Exponential Time Hypothesis,
cf. [20]), they also rule out algorithms with subexponential dependence on the number of
variables even when || is bounded. For a comprehensive survey on matching patterns with
variables, refer to [26].

As mentioned in Introduction, the language class of patterns PAT is incomparable with
the language class REG (the class of regular languages) and CFL (the class of context-free
languages) [4, Theorem 3.10]. Besides, the language class PAT is contained in NL [6, 23].
Jain et al. studied conditions under which a given pattern belongs to REG (and CFL) [21].
By their results, it can be shown that a pattern P, = «affa forms a non-context-free
language [21, Lemma 11] (if |X| > 2). On the other hand, a similar pattern P, = affy
generates a regular language: indeed, £L(P;) = X*. Reidenbach and Schmid studied the
setting |X| = 2 or |X| = 3 [31]. They showed that the language of a (fixed) pattern varies
significantly by changing the alphabet size |X|. For a pattern Q = « 05881, (1) if ¥ = {0, 1},
then £(Q) is regular; however, (2) if ¥ = {0, 1, 2}, then £(Q) is not regular [31, Proposition 9].

3 Preliminaries

Strings and Languages

Let ¥ = {01,09,...,0,} be a finite alphabet. We write |X| for its size. In this paper, we
regard ¥ as fixed. Hence, |X| is treated as a constant in time complexity.

A word (string) over ¥ is a finite sequence of symbols from 3. The special symbol &
denotes the empty word. For a word w, we write |w| for its length; in particular, |e| = 0.
We write w; - wy (or simply wjws) for the concatenation of words w; and we. We extend
concatenation to sets of words (languages) as follows: A- B := {w; - ws : w1 € A,wy € B}
for two languages A and B. We write X¢ for the set of all words of length i over ¥ and write
¥* for the set of all words over X: X* := |J,5, 2" with ¥° = {e}. We write wli] for the
i-th letter of w. We use 1-based indexing; thus, w[1] is the first letter. We write w[i .. 5] to
denote the substring wlijw[i + 1] - - - w[j] and w[i .. j) to denote wlilw[i + 1] -+ - w[j — 1]. In
particular, w[i .. j] = ¢ with j < ¢ and w[i..j) = € with j < 4. To denote a prefix, we write
w]..7) instead of w[l..7). To denote a suffix, we write wli..) instead of w[i..|w|].
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Boolean Matrices over the Boolean Semiring

Let B = ({0,1},V,A) be the Boolean semiring, where 0 and 1 represent false and true
respectively, addition is the Boolean-OR V, and multiplication is the Boolean-AND A.

Let M7 and M5 be n x n Boolean matrices. To denote the Boolean matrix multiplication,
we write M7 ® My. As mentioned in Introduction, we can compute M; ® Ms in O(n*) time.
In particular, it is known that w < 2.371339 [3].

We write My @ My for the elementwise Boolean OR of M7 and Ms. It is clear that we
can compute M; & My in O(n?) time.

Regular Expressions

Regular expressions over ¥ are inductively defined by the following grammar:
E:=c|ec|0|E+E|E-E|E"

where o € ¥ is a symbol. We write REGEX(X) to denote the set of regular expressions
over X.
The language L£(o) C ¥* is defined inductively in the usual way:

L(o) ={o}, L(e)={e}, L) =0,
L(Ey + Ey) = L(E1) U L(Es), L(Ey - Es) = L(Ey) - L(Es), L(E*) = (L(E))*.

For E € REGEX(X), we write |E| to denote the size (i.e., the number of symbols) of E.

e-NFAs (Nondeterministic Finite Automata with e-transitions)

An e-NFA A is a tuple A = (Q, %, A, &, qo, F') where @ is a finite set of states, ¥ is an input
alphabet, A C Q x ¥ X @ is a set of transition rules, £ C @ X @ is the set of ¢ transitions,
go € Q@ is the initial state, and F C @ is a set of final (accepting) states. We write |A| to
denote the number of its states |Q 4.
For each transition (p,o,q) € A, we write p = q. For (p,q) € £, we write p = ¢. A rule
o . . £
p — g means that we can move from p to ¢ by consuming the letter 0. We write p = ¢

if ¢ is reachable from p by a (possibly empty) sequence of e-transitions: p = --- = q. We
also write p = ¢ if we can move from p to ¢ while consuming exactly one letter o: i.e.,

I, peQ. p=p 5 p = ¢q We naturally extend this notation to arbitrary words

w € ¥* as p = ¢. Then, the language of A, denoted £(.A), is the set of words accepted by
A, formally defined as:

LA):={weX*:3gcF g = q}.

By well-known Thompson’s construction, every regular expression E can be translated in
linear time into a sparse e-NFA Ag.

» Proposition 3 (Thompson's construction [35];[32, Sec. 5]). Every reqular expression E
can be translated into a sparse e-NFA Ap = (Q,X,A,€,q0, F) in O(|E|) time such that
L(E) = L(Ag). Moreover, |Q|,|Al,|E] € O(|E]).
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Pattern Languages

Let ¥ be a finite alphabet, V = {«, 8,7, -} be a set of variables, disjoint from ¥. A pattern
P is a string of XUV, P € (X UV)*. For example, P =01lafade f is a pattern where
a,f € V are variables and 0,1,d,e, f € X are symbols. To instantiate the variables in a
given pattern, we use assignments ¢ : V — ¥*. We naturally extend ¢ to the monoid
homomorphism ¢ : (¥ U V)* — £* by letting ¢(o) = o for every o € ¥. For example, when
(o) = 1111 and ¢(B) = 010, then the above pattern P is instantiated as follows:

$(P)=0-1-1111-010-1111-d-e- f.
The language generated by P is
L(P):={¢(P):¢:V — X" is an assignment }.

Note that we consider the erasing semantics of pattern languages, where variables can be
replaced by the empty word €.

Typed and Regular-Typed Pattern Languages

Typed pattern languages are an extension of pattern languages with constraints on variables.
In plain pattern languages as defined above, we cannot restrict the domains of words
assigned to variables. For example, let us consider generating the language {w#w : w €
¥*,w does not contain #} where # € X. However, the plain pattern Q = a#«a generates
L(Q) = {wH#w : w € £*}, and in particular ### € L(Q).

For practical applications, however, it is often useful to restrict the word domains for
variables. To this end, in typed pattern languages, we introduce constraints (types) on the
variables. Although the original papers introducing typed pattern languages allow a very
general class of types [36, 25|, in this paper, we use regular languages as types.

We write C(v) for the type assigned to v, represented either by a regular expression over
Y or by an e-NFA: i.e., C(v) is a regular expression F or an e-NFA A. Thus, |C(v)| means
the size |E| of the assigned expression E or the number of states |A|(= |Q.4]) of A.

An assignment ¢ : V — X* is proper with respect to C if p(v) € L£(C(v)) for all variables v
occurring in P. The language generated by a regular-typed pattern P under C is

Le(P) :={@(P) : ¢ is proper with respect to C}.

For example, let ¥ = {#,...} and V = {«}, and again consider @ = a#«. Using the
type C(a) = (2 \ {#})*, we obtain L¢(Q) = {wH#w : w € (X \ {#})*}, and ##+# ¢ Lc(Q).

4 Our Key Data Structure

Let W be the string used throughout this section, and let N := |W| denote its length. We
assume that the alphabet ¥ is fixed in advance and is not part of the input.

In this section, we introduce our key data structure, Subs,.., which stores, for every
(distinct) non-empty substring of W, all of its occurrences in sorted order. Our construction

is very simple and in fact uses only suffiz tries (rather than suffix trees) to build Subs,c. in
O(N?) time.
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4.1 Sorted Occurrences and Size Bound

Let Subs(W) (or simply, Subs) be the set of nonempty substrings of W. In this paper, a
substring is a contiguous factor of W. Namely, for S = abcde, bed is a substring of S whereas
ace is not.

Notation for Substrings

For any substring v of W (i.e., u € Subs(W)), we introduce the following notation:
Occw (u) denotes the set of all the occurrences of w in W. That is, the set of starting
positions ¢ with 1 <4 < N —|u| 4+ 1 such that W[i..i + |u] ) = u.
Soccw (u) = [i1,42,...,i,] denotes the sorted list of OcCy (u) in ascending order, so
i1 < ig < -+ < in. In other words, SOCCyy (e) is the sorted version of OccCyy (e).

If there is no ambiguity, we simply write Occ(u) and Socc(u) instead of OcCy (u) and
Soccw (u), respectively.

» Example.

index 12345678910
If w= otter aabaababb a then Socc(ab) = [2,5,7].

The following straightforward proposition bounds the total size of all occurrence lists,
which corresponds to the total number of all substring occurrences in W.

» Proposition 4.

> |0co(u) = > [Socc(u)| = O(N?).

u € Subs u € Subs

We can show this bound by a simple calculation. The proof can be found in Appendix A.

4.2 Building Our Data Structure in O(N?) Time

While Subs(W) is just the set of nonempty substrings of W, our actual data structure is
Subs,e. (W) := {{u,Socc(u)) : u € Subs(W)}.

We now show how to compute this data structure in O(N?) using the suffiz trie of W. Before
delving into the formal algorithm, we illustrate our approach.

lllustration of Our Approach. Our strategy is to augment the standard suffix trie of W
into a decorated version, where each node is labeled with the sorted occurrence list of the
substring it represents. The following example illustrates this target structure. The left tree

is the (plain) suffix trie of W$ = ézéé;}% constructed by our procedure, where $ ¢ X is the
standard extra terminal symbol used in suffix tries. The right tree is its decorated version,
where each non-root node n is labeled with SoccCyy¢(I'(n)). Here I'(n) denotes the substring
represented by node n.

11:7
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Suffix Trie

We briefly recall the standard definition of suffix tries [9, 8]. A suffix trie of W is a rooted tree
of maximum out-degree |X| + 1 representing all suffixes of the string Wg := W$, where § ¢ ¥
is a unique terminal symbol. The suffix trie can be constructed by the following procedure:
1. Initialize .7 to be the empty tree whose root is unlabeled.

2. For every suffix s = ajas...ar$ of Wy, traverse 7 from the root using the letters
ai,as,...,ag,$ in this order. When traversing, if there is no outgoing edge labeled by
the current letter from the current node, add such an edge to a fresh child node.

3. Assign an integer ldx(ns) to each leaf node ny, denoting the starting index of the suffix
represented by n, in Wg.

We write Ty to denote this suffix trie built for Wg. We can construct Ty in O(N?) time.
» Proposition 5 (Known Fact). The suffiz trie Zyw can be constructed in O(N?) time.

For every node n of Jy, we write I'(n) for the string spelled on the path from the root
to n. Namely, if root = ny 22 --- 2% n, then I'(n) = 0102 - - - 0. In particular, for every
leaf node n; labeled with ldx(ny), the string I'(ny) is the suffix of Wy starting at Idx(ng).

Decorated Suffix Trie

We define the decorated suffix trie % as the suffix trie Jjy augmented with an additional
label Y gocc(n) for every non-root node n, satisfying Y socc(n) = SOCCw, (I'(n)).

» Lemma 6. We can transform Fy into the corresponding %y in O(N?) time.

Proof. We traverse J by a DFS in postorder.

When visiting a leaf node n; of Fy, we simply set Tsoee(ne) := [ldx(ng) ].

Next, consider an internal node n. Suppose that n has k children
{(01,¢1),(02,¢2),...,(0k,cr)} where o; € ¥ U {$} and the pair (0;,c;) means that there
exists an edge n = ¢; in 4. Then, I'(¢;) = I'(n)o; holds.
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In this postorder DFS; all lists Y occ(c;) for ¢; € children(n) = {c1, ..., ¢} have already
been computed when n is visited. Hence, we build Yoe(n) as follows:

Tsocc(n) = merge(Tsocc(Cl)a Tsocc(c2)7 B Tsocc(ck))-

Here T occ(n) indeed equals SocCwy, (I'(n)), because every occurrence of I'(n) in Wy is followed
by exactly one character, which determines a unique child ¢; € children(n). In particular,
the lists Tspee(€1), ..., Tsoee(cr) are pairwise disjoint. Since each Ygpee(c;) is a sorted list,

we can efficiently merge them using the well-known k-way merge (or k-pointer) technique.

Because k < |X| 4+ 1 = O(1), the time needed for this merging is O(Zle T soce(ci)])-
Summing over all internal nodes, the total merge cost (i.e., the running time) is ©(N?)
as follows:

> Y Muw@l= D M@= ) [Soccw,(u)=6N?).

n:internal node c¢ € children(n) n:nodes,n#root uESubs(Wyg)

For the last equation, we apply Proposition 4 to Wg. Since |Wg| = N + 1, this yields
O(N?). <

To build our goal Subs,..(W), we only need to visit every internal node except the root
node of %V because the sentinel $ appears only at the leaves, meaning that the internal
nodes (excluding the root) exactly correspond to all nonempty substrings of W. This leads
to the main result of this section.

» Lemma 7. We can build Subs,..(W) in O(N?) time.

5 Data Structure for Range Query

Let W be the string used throughout this section and let N := |W| denote its length.

Let A=(Q,%,A,&,qo, F) be an e-NFA. Recall that A is the set of labeled transitions
p 2 q and £ is the set of e-transitions p = q.

In this section, we show an efficient way to compute a Boolean table R[i][j][p][¢] that
satisfies the following: for 1 < i < j < N and p,q € Q,

R[J)pllgl =1 < q is reachable from p by consuming the substring Wi .. j].

Preprocessing.
For &, we build its adjacency list ADJg¢ in O(|€|) time and adjacency matrix Mg in
O(|Q|?) time.
For A, we build its adjacency list ADJA (o) in O(JA|) time and adjacency matrix Ma (o)
in O(|Q|?) time for each o € X.

5.1 Computing R for Sparse NFAs

Let S C @ be a set of states. We represent S as a Boolean array indexed by states, so that
membership queries ¢ € S can be answered in O(1) time.
We first consider the following two functions:

e-closure(S) :={q€Q:Ipec S.p=q}, move(S,0):={qeQ:IpecS pLq}

(1) We can compute e-closure(.S) in O(|Q| + |€]) time as follows. We consider the directed
graph G¢ := (Q, &) consisting only of e-transitions. Then e-closure(S) is exactly the set
of vertices reachable from the source set S in G¢. Hence, using the adjacency list ADJg

11:9
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of Gg, we can compute e-closure(S) by a standard multi-source graph search: initialize the
queue with all states in S, mark them as visited, and traverse only e-edges. By the standard
linear-time analysis of BFS on adjacency-list graphs [7, Chapter 20], this takes O(|Q| + |£])
time. (2) We can compute move(S,o) in O(]A|) time by scanning the labeled transition
set A once and collecting all targets ¢ such that (o,q) € ADJa(p) with p € S.

We now counsider the following function that computes the set {g€ Q:Ip € S. p = q}:

consume(S, o) := e-closure(move(e-closure(S), 7)).

It can be computed in O(|Q|+|E|+|A|) time. This construction and time bound are standard
in the context of efficient e-NFA simulation; see, e.g., [2, Section 3.7].

Now we can compute the table R in O(N? - |Q| - (|Q| + |€] + |Al)) time as follows. We
assume all entries of R are initialized to 0.

1. for each i € [1..N] do

2 for each p € Q do

3 for each q € consume({p}, W]i]) do
L RAERG =1

5: for each j € [(i+1)..N] do

6 for each p € Q do

7 S={qeQ:RI[j —1]lpllq] =
8 for each ¢ € consume(S, W[j]) d

9

L RELR = 1

}

» Proposition 8. We can compute R for A in O(N? -|Q|- (|Q| + |E] + |A])) time.

5.2 Computing R for Dense NFAs

When the e-NFA is dense (i.e., |A| + €| = ©(|Q|?)), the above procedure for R requires
O(N?|QI?) time. Here, for dense e-NFAs, we give an alternative O(N? |Q|)-time algorithm.

Computing £ in O(|Q|*) time. We first compute the e-reachability relation ECQxQas
a |Q| x |Q| Boolean matrix in O(|Q|*) time. Note that computing £ by running the above
e-closure({q}) for every ¢ € Q would take O(|Q|?> +|Q||€|) time, which becomes cubic when
sl=e(QP). i

Observe that £ is the reflexive transitive closure of Mg. Namely, £ = M5 holds. Now,
we use the following classical result for efficiently computing M%. On the Boolean semiring IB,
for a given n x n Boolean matrix M, we can compute the reflexive transitive closure M™* of
M in O(n¥) time [28, 18, 16, 1]. This leads to the following property.

» Proposition 9 (Known Result [28, 18, 16];[1, § 5.9]). We can compute € in O(|Q[*) time.

Computing R. Using &, we can compute R in O (N?|Q| ) time as follows.
_ For each o € ¥, we pre-compute A, =E® Ma(o)®E in O(|Q[*) time. By definition,
Aslpllg) =1 iff p % g. We then run the following O(N?|Q|“)-time DP algorithm. For

notational convenience, we identify R[][j] with the |@Q|x |Q| Boolean matrix whose (p, ¢)-entry

is R[][5][p]lal-
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1: for i € [1..N] do

2: R[i][i] := Awp;

3: forje[(i+1)..N]do

4 RE] = REG - 1] ® Awg;

This procedure leads to the following time complexity.

» Proposition 10. We can compute R for A in O(N?|Q|“) time.

6 Quadratic Time Algorithm for a; B a3 B as

In this section, we consider the matching problem for the pattern o 8 as 8 as. Namely, given
an input string W, we decide whether there exists a decomposition

W = wy wgwawgws such that w; € L(C(w;)) for i € {1,2,3} and wg € L(C(B)).

In Section 7, we extend the algorithm presented here to the more general patterns

ayBagBazf---Bak.

Notation

We first set up the notation used in this section. Let W be an input string and N := |W]|.

We work uniformly with e-NFA representations: for ¢ € {1,2,3}, let A; denote the e-NFA
for C(ay;), and let B denote the e-NFA for C(3). If a type is given by a regular expression, we
first replace it by the equivalent e-NFA obtained by Thompson’s construction (Proposition 3).

Let m = max{ [C(a)], [C(a2)], IC(as)], |C(8)[} and mq = max(|Qa, |, Qs Q. s |Q1).
In the regular expression case, Thompson’s construction yields mg = O(m). In the e-NFA
case, by definition, mg = m.

For any e-NFA A = (Q,X,A, &, qo, F), once the table R 4 has been computed using
Proposition 8 or 10, we define a Boolean table ACC 4[i][j] for 1 <i < j < N by:

ACC 4[i][j] =1 <= A accepts the substring Wi .. j].
Given R 4, the table ACC 4 can be built in O(N?|Q|) time by checking, for each 1 <i < j < N,
whether there exists ¢ € F with R .4[i][j][q0][g] = 1.

We also use half-open interval notation for these tables. For ¢ < j, we write R4[i. .. J)
for R 4[i][j — 1]; in particular, R 4[i...%) is the e-reachability matrix. Similarly, we write
ACC 4li ... 7) for ACC 4i][j — 1] when i < j. We set ACC 4[i..7) =1 iff e € L(A).

Finally, for substring u of W, we write Socc,, for Socc(u) and #u for |Socc,|. For
1 < x < Fu, we write z° for SOCC,[z].

Preprocessing Cost

Building Subs,..(W) takes O(N?) time by Lemma 7.
Once the four tables R 4,, R 4,, Ra,, R have been computed, building the corresponding
four ACC tables takes the following time in total:

O(N?(1Qa,| +1Qu,| + Q| + 1Q5)) < O(N?*myg).

If the input types C(v) are given by regular expressions, then by Thompson’s construction
(Proposition 3), each type is translated into a sparse e-NFA with O(|C(v)]) states and
transitions. Hence, by Proposition 8, computing the four R-tables takes the following time:

O(N*(1Qa, > +1Qu, > + 1@y |* + 1Q5I%)) < O(N*m3).

11:11
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If the input types are given by e-NFAs, then by Proposition 10, computing the four
R-tables takes the following time:

O(N*(1Qa]” + Qx| +1Qus|” +1Q5[°)) < O(N*mi).

Therefore, using mg = O(m) in the regular-expression case and mg = m in the e-NFA
case, we obtain the following time bound.

» Proposition 11. The total preprocessing time is O(N?m?) when the types are given by
regqular expressions, and O(N*m®) when they are given by e-NFAs.

6.1 Our Procedure

Concentrating on wg 7# . We first handle the easy case wg = €. If € € L(B), let A’ be
the e-NFA obtained by concatenating A1, Az, As, where |Z4/| = O(|24,| + |Ea,| + |2 45]) for
E e {Q,A,E&}. Then deciding whether W € L(A’) is just the standard membership problem
for e-NFAs, which can be solved in O(N - (|Qa/| + |Aa/| + |E4:])) time by standard e-NFA
simulation [2, Section 3.7]. If this test succeeds, we return MATCH.

Therefore, in the remainder of this section, we focus on the non-empty case.

Our Strategy. Our overall strategy is as follows:

1. For each pair (u, SOCC,) € Subs,.(W), we treat u as a candidate for wg.

2. Check whether u € £(B) in O(1) time by picking arbitrary ¢ € Socc, and testing
ACCgli .. i + |ul).

3. If u € L(B), we decide whether there exists a valid decomposition W = w; v ws uws in
O(#u|Q4,]?) time. This deciding procedure will be given below (Section 6.2).

The total running time over all candidates u is

> oulal) = 0(IQalt DD #u) = pens ON Q). ()
(u,50CC,, ) ESubsgec (W) (u,S0cC,, ) ESubsgec (W)
6.2 Procedure for Deciding whether W = w; u w2 u w3

For a fixed substring u of W, we give a decision procedure for deciding whether there exists
such a decomposition that runs in O(#u |Q4,|?) time.
Before giving our procedure, we introduce an auxiliary procedure NEXTPHASE as follows.

NEXTPHASE(CUR, A)

Input: CUR: #u-length Boolean vector and A: e-NFA.
Output: NEXT: #u-length Boolean vector that satisfies the following condition called
(#): for every x € [1.. #ul,

NExXT[z] =1 <= Fz € [1..#u]. 2°+|u| < 2° A CUR[z] = 1 A W[2°+]u|..2°) € L(A).

We give a complete implementation of this procedure in Section 6.3. In particular, this
procedure runs in O(#u |Q4|?) time.
Using NEXTPHASE, we build our procedure FINDDECOMPOSITION(u) as follows:
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procedure FINDDECOMPOSITION (u)
check 4, + [0,0,...,0]; > Initialize #u-length Boolean array
for all z € [1..#u] do
L if ACC4,]..2°) then
 check, [z] « 1;
check 4, + NEXTPHASE(check 4,, As2);
for all z € [1..#u] do
L if check 4, [z] and ACC 4,[z° + |u|..) then
: . return 1 (as MATCH);
10: return 0 (as UNMATCH);

1:
2
3
4
5:
6
7
8
9

» Remark. For any e-NFA A, if i =N +1, ACCli..) =1iff e € L(A).

By Lines 3-5, we have check 4, [z] = 1 < W][..2°) € L(A;). We then have the
following from the property (¢) of NEXTPHASE:

check 4, [z] =1 <= Jz € [l..#u]. 2°+|u| <x° A W[..2°) € L(A1) A W[2°+]u|..2°) € L(A2).
This equivalence and Lines 7-10 immediately lead to the correctness of our procedure.

» Lemma 12. FINDDECOMPOSITION(u) returns 1 iff there exists a wvalid decomposition
W = wy uws uws such that wy € L(Ay), we € L(A3), and ws € L(A3).

Time Complexity. The above procedure runs in O(#u |Q 4,|?) for each fixed substring u.
Hence, the total time is O(N?|Q 4,|?) as (¥). Proposition 11 leads to the following results.

» Lemma 13. The matching problem W € L¢ (a1 Bazfas) can be solved in O(N?m?) time

when the types are given by reqular expressions, and in O(N?m<) time when they are given
by e-NFAs.

6.3 Implementation and Properties of NextPhase

A naive implementation of NEXTPHASE checks condition (#) for every pair (z,z) with
1 < z < < #u. This takes O(#u?) time, which is slow for our target bound.

To avoid this quadratic dependence on #u, our approach is based on a monotone two-
pointer scan. Let Init4 be the |Q 4|-length Boolean vector representing the e-closure of the
initial state of A.

1: procedure NEXTPHASE(CUR, A)

2: y <+ 1;

3 states « [0,0,...,0]; > |Qal-length array
4: NEXT « [0,0,...,0[; > #u-length array
5: for all z € [2.. #u| do

6 states < states ® R a[(x — 1)°..2°);

7 > The invariant Inv holds here. N
8 while y < #u and y° + |u| < z° do

9 if Curly| then

10:  states « states @ (Init 4 ® Ra[y° + |u| .. 2°));

11: y<—y+1;

12: > The invariant Inv is restored here. N
13: if states N F4 # () then

14: B L NEXT[z] := 1;

15: return NEXT;

11:13
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For a fixed target occurrence z°, after Line 6 the vector states already contains the
contribution of all already-scanned indices z < y with CUR[z] = 1, advanced from the previous
endpoint (x —1)° to the current endpoint 2°. The while-loop then scans newly eligible indices
y satisfying y° + |u| < 2°. Whenever CUR[y] = 1, we add the runs of A starting at y° + |u|
and ending at z°. Hence, after the while-loop terminates, states represents exactly the states
reachable from the initial state of A after reading W[z° + |u] .. 2°) for all already-processed
indices z < y with CUR[z] = 1. We formalize this argument by the following invariant.

~ Invariant Inv(states,z,y) N

For all states ¢ € Q 4, the following conditions are equivalent:
states[¢] = 1
there is an index z such that
z <y and CUR[z] =1 and 2° + |u| < z° and
q is reachable from the initial state of A after reading W[z° + |u| .. 2°).

N J

With the invariant Inv(states, z,y) formally defined, we now state the key preservation

property of this invariant. This property serves as the cornerstone for proving the overall
correctness of our algorithm.

» Lemma 14. During the execution of the procedure NEXTPHASE(CUR, A), the invariant
Inv(states, z,y) holds at Line 7 and Line 12.

The key point is that Line 6 advances all already represented runs from (z — 1)° to z°,
while the while-loop incorporates each newly eligible witness exactly once. The full proof is
deferred to Appendix B.

We now use this preservation property to derive the correctness of NEXTPHASE.

» Lemma 15. NEXTPHASE(CUR, A) returns a vector NEXT that satisfies the following
condition: for every x € [1..#u],

NExTjz] =1 <= Fz € [l..#u]. 2°+ |u] <2° A CUR[z] =1 A W[2° + |u|..2°) € L(A).

Using Lemma 14, we observe that, when the while-loop terminates, no unprocessed index
can still satisfy z° 4 |u| < 2°. Hence the invariant captures exactly all valid witnesses. The
full proof is deferred to Appendix C.

We next analyze the running time of NEXTPHASE.

» Lemma 16. The time complexity of the procedure NEXTPHASE(CUR, A) is bounded by
O(#u - |Qal?), where |Q.a| is the number of states of A.

The key observation is that the pointer y moves only forward, so the body of the while-loop is
executed at most #u times in total. The full amortized analysis is deferred to Appendix D.

7 Quadratic Time Algorithm for General Case

We now extend the construction of Section 6 to the general form a;fBasf--- fak. As in
Section 6, we first handle the easy case wg = € separately: if ¢ € L(B), we test whether W
is accepted by the e-NFA obtained by concatenating A;As - - - Ax. In the remainder of this
section, we therefore focus on the case wg # ¢.
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Procedure for a Fixed Candidate u

As a representative example, consider the pattern a;fSasfBasfBay. For a fixed nonempty
candidate substring u, we extend our FINDDECOMPOSITION as follows.

: procedure FINDDECOMPOSITION (u)
check 4, + [0,0,...,0];
for all z € [1..#u] do
L if ACC4,] ..2°) then

 check, [z] « 1;
check 4, < NEXTPHASE(check 4,, As2);
check 4, « NEXTPHASE(check 4,, Aj3);
for all z € [1..#u] do

: L if check 4, [x] and ACC,[2° + |u|.. ) then

10: return 1;
11: return O;

1
2
3
4:
5:
6
7
8
9

By the same argument as in Lemma 12, FINDDECOMPOSITION(u) returns 1 iff there

exists a valid decomposition W = w; uwws uws uwy such that w; € L(A;) for ¢ € {1,2,3,4}.

The same construction extends immediately to the general pattern Px = a;fasf -+ - Bak:
for a fixed candidate u,
1. First, define check 4, [z] = 1 iff W[ .. 2°) € £(A;); and then
2. Next, iteratively set check 4, := NEXTPHASE(check 4, ,,A4;) fori=2,... K — 1.

3. Finally, accept iff there exists x such that check 4, _,[z] =1 and ACC 4, [z°+ |u].. ) = 1.

Time Complexity

For a fixed candidate wu, the procedure performs K — 2 calls to NEXTPHASE.

Hence, by Lemma 16, its running time is O((K — 2)#um?) where m =
max{|C(a1)|,...,|C(ak)],|C(B)|} Summing over all candidates « and using
2 ucSubs(w) U = O(N?), we obtain O((K — 2) N>m?). Recall that, for a type C(v),
if C(v) is a regular expression F, then |C(v)| is its expression size |E|; if C(v) is an e-NFA A,
then |C(v)| is its number of states |Q4|.

In the regular-expression case, together with the preprocessing cost for the K 4+ 1 e-NFAs
Ai,..., Ag and B, this yields O((K + 1) N>m?). In the e-NFA case, together with the
preprocessing cost, this yields O((K + 1) N2 m¥).

Now we have the following main theorems, which are restated from Introduction.

» Theorem 1 (Complexity with Regular-Expression Representation). The matching problem
W € Lc(Px) with regular-expression types can be solved in O((K + 1) N2 m?) time.

» Theorem 2 (Complexity with e-NFA Representation). The matching problem W € L¢(Pxk)
with e-NFA types can be solved in O((K + 1) N>m®) time.
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A  Proof of Proposition 4

» Proposition 4.

> |0co(u)| = > [Socc(u)| = O(N?).
u € Subs u € Subs
Proof. Let h be an integer with 1 < h < N, and write Subs; for the set of h-length
substrings: Subsy, := {u € Subs: |u| = h}.
For all positions ¢ with 1 < ¢ < N — h + 1, there is a unique h-length substring
u = Wli..i + h). Thus, the multiset of all occurrences of all h-length substrings is in

one-to-one correspondence with the set of all possible starting positions {1,..., N —h 4+ 1}.
Therefore, Z |Occ(u)] = N — h + 1 holds.

u € Subsy,
Summing over all lengths h =1,2,..., N, we obtain

N
S Joco() =S (N —h+1) = w — O(N?),
h=1

uESubs

Since |Socc(u)| = |Occ(u)| by our definition, the above equation completes the proof. <«

CPM 2026


https://doi.org/10.1007/978-3-642-40447-4_10
https://doi.org/10.1007/3-540-59119-2_192
https://doi.org/10.1007/978-3-030-28796-2_1
https://doi.org/10.1007/978-3-030-28796-2_1
https://doi.org/10.1007/978-3-642-59136-5_4
https://doi.org/10.1016/0020-0190(71)90006-8
https://doi.org/10.4230/LIPIcs.MFCS.2025.81
https://doi.org/10.4230/LIPIcs.CPM.2025.4
https://doi.org/10.1016/j.tcs.2013.07.035
https://doi.org/10.1017/CBO9781139195218
https://doi.org/10.1142/S0129054113400340
https://doi.org/10.1016/j.ic.2016.02.003
https://doi.org/10.1145/363347.363387
http://dl.acm.org/citation.cfm?id=92595
http://dl.acm.org/citation.cfm?id=92595

11:18

Matching Regular-Typed Pattern Languages: Quadratic-Time Algorithms

B Proof of Lemma 14

» Lemma 14. During the execution of the procedure NEXTPHASE(CUR, A), the invariant
Inv(states, z,y) holds at Line 7 and Line 12.

(Line 7 and Line 12 refer to the numbered comment lines in the pseudocode.)

Proof. Fix an outer-loop index = € [2.. #u]. We show that Inv(states, z,y) holds at the
following two evaluation points:

(1) Line 7: immediately before each test of the while-condition in the z-th iteration; and
(2) Line 12: immediately after the increment of y inside the while-loop.

For the base case, consider the first outer-loop iteration x = 2. At the first evaluation
point (Line 7), Line 6 has already been executed. Since states was initialized to the all-zero
vector, multiplying it by R.4[(x — 1)°..2°) still yields the zero vector. Besides, y = 1. As
there is no index z < 1, both sides of the equivalence are false for every state q.

Next, assume the invariant holds after termination of the while-loop in the (z — 1)-st
outer iteration. Then Line 6 multiplies states by R4[(z — 1)°..x°), which advances every
currently represented run from endpoint (xz — 1)° to endpoint z°. Moreover, since the
previous while-loop terminated only when no further eligible index remained, every index
z < y already satisfies 2° 4 |u| < (z — 1)°. Therefore, at Line 7, all runs already represented
in states are correctly advanced to the new endpoint z°, and the corresponding witnesses
z < y remain valid. Hence the invariant also holds at the first evaluation point (Line 7) in
the z-th iteration.

Now assume that the invariant holds before some test of the while-condition, and suppose
the condition is true. If CUR[y] = 0, then Line 10 is skipped, states is unchanged, and
incrementing y does not add any new witness; hence the invariant continues to hold. If
Cur[y] = 1, then Line 10 adds exactly the states reachable from the initial state of A after
reading Wy°® + |ul .. 2°), i.e., it adds precisely the missing witness z = y. After the increment
of y, the invariant is restored in the form with z < y.

Thus the invariant holds at all claimed program points. |

C Proof of Lemma 15

» Lemma 15. NEXTPHASE(CUR, A) returns a vector NEXT that satisfies the following
condition: for every x € [1..#u],

NExT[z] =1 < 3Fz € [1..#u]. 2°+|u| <z° A CUR[z] =1 A W[2° + |u| ..2°) € L(A).

Proof. First, consider the base case x = 1. For = 1, in the right-hand side of (#), any
candidate witness z satisfies z > 1, hence 2° > x°. Since |u| > 1, we have z° + |u| > z°.
Therefore the right-hand side of (#) is false. Since NEXT[1] = 0 holds, (¢) also holds.

Next, fix an outer-loop index x € [2.. #u|. By Lemma 14, the invariant Inv(states, x,y)
holds at every evaluation point of the while-loop: namely, immediately before each test of
the while-condition (Line 7), and, whenever the loop body is executed, immediately after
the increment of y (Line 12). Therefore, when the while-loop terminates, the invariant still
holds: if the loop body has been executed at least once, this is given by the last occurrence
of Line 12; otherwise, it is given by the first occurrence of Line 7.

Observe the termination condition of the while-loop. It terminates when either y > #u
or y° + |u| > x°. Because the sequence of occurrence indices z — z° is strictly increasing,
this termination condition guarantees that no index z > y can satisfy 2° + |u| < z°. In other
words, any index z € [1..#u] satisfying z° + |u| < 2° must strictly satisfy z < y.
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Therefore, we can safely drop the restriction z < y from the invariant. It follows that for
every state ¢ € Q 4, we have states[q] = 1 if and only if there exists an index z € [1 .. #u]
such that CUR[z] = 1, 2° + |u| < 2°, and ¢ is reachable from the initial state of A after
reading W[z° + |ul .. 2°).

At Line 14, the procedure sets NEXT[z] = 1 if and only if states N Fu # (). This
intersection is non-empty exactly when there exists an accepting state ¢ € F 4 such that
states[g] = 1. Combining this with the above equivalence, we obtain:

NExT[z] =1
<= dg € F,4. states[q] =1
<— Jzell.#u]. 2°+|u| <z° ACUR[z] =1
A g € F4. q is reachable from the initial state of A after reading W[z° + |u] .. 2°)
< Jzel.#u]. 2°+ |u] <2° ACUR[z] = 1 AW[2° + |u..2°) € L(A).

Together with the base case x = 1, this establishes (#) for all z € [1.. #u]. |

D O(#u|Q4|?)-time Complexity Analysis of NextPhase

We show the following about NEXTPHASE(CUR, .A).

» Lemma 16. The time complexity of the procedure NEXTPHASE(CUR, A) is bounded by
O(#u - |Q|?), where |Q 4| is the number of states of A.

Proof. Recall that every precomputed R 4[a..b) can be accessed in O(1) time.
We break down the cost of each operation as follows.

1. Initialization Phase. Lines 2-4 perform the necessary initializations. Initializing the
index y takes O(1) time. The Boolean array states, which acts as a state configuration vector,
is initialized to all zeros in O(|@ 4|) time. Similarly, the Boolean array NEXT of length #u is
initialized to all zeros in O(#u) time. Thus, the total initialization cost is O(#u + |Q4l).

2. Main Loop and Vector-Matrix Multiplications. The (outer) for-loop iterates #u — 1

times. In each iteration, we perform the following key operations:
State Extension (Line 6): We compute the multiplication of a Boolean row vector
states of size |Q 4| and a Boolean matrix R 4 of size |Q.4] X |Q.4]. Using standard matrix
multiplication over the Boolean semiring, this operation takes O(|Q4|?) time per iteration.
Over the entire for-loop, this contributes O(#u - |Q4]?) to the total running time.
Acceptance Check (Lines 13-14): Checking the intersection states N F 4 # () corresponds
to a bitwise AND operation between two Boolean arrays of size |Q 4], followed by a check
if any bit is set. This takes O(|Q.4]) time per iteration, contributing O(#u - |@Q.4]) overall.
Assigning 1 to NEXT[z] takes O(1) time.

3. Amortized Analysis of the While Loop. The while-loop incrementally adds the contri-
butions of newly eligible y with CUR[y] = 1 to states. Although it is nested within the for
loop, the index variable y is initialized to 1 and is only incremented at Line 11. Because y is
never decreased and can reach at most #u, the body of the while loop is executed at most
#u times in total across all iterations of the outer for loop. The total number of evaluations
of the while-condition is also O(#u), which does not affect the final bound.

Inside the while loop, the array lookup CUR[y] takes O(1) time. The dominant operation
is Line 10, where we again multiply the Boolean vector Init 4 by the precomputed matrix
Raly® + |ul..2z°) and compute the element-wise Boolean OR (@) with the current states
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array. The vector-matrix multiplication takes O(|Q4|?) time, and the Boolean OR takes
O(|Q.4|) time. Since this inner body runs at most #u times globally, the aggregated time
spent inside the while loop over the entire procedure is strictly bounded by O(#u - [Q.4/|?).

Summing the costs of initialization, the outer loop operations, and the globally bounded
inner loop operations, the overall time complexity is:

Lines 2-4 total Line 6 total Line 10  total Line 13

——
O( #u+ |Qual+#u-|Qal®+#u Q4>+ #u- Q4| ) = O(F#u-|Qal?). <
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