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—— Abstract

In this work, we study periodicity in strings with wildcards. A string 7" with at most k& wildcards is
called strongly (p, k)-periodic if the wildcards in T' can be replaced with alphabet symbols to obtain
a string with period p, and weakly (p, k)-periodic if T'[;] matches T'[i 4 p] for all . Intuitively, both
generalize to (< g, k)-periodicity, which is the property of being (p, k)-periodic for some p € [1..g].

An e-tester for a property P is an algorithm that distinguishes between strings that satisfy P
and strings where one needs to change at least an e-fraction of the symbols to obtain a string that
satisfies P. We study one-sided error testers, where strings satisfying P must always be accepted,
while strings that are e-far must be rejected with probability at least 2/3. The complexity of a tester
is the worst-case number of symbols of an input of length n it must read to make the decision.

We design the following testers for p,g < n/2:

An e-tester for strong (p, k)-periodicity with complexity O.(1) *.
An e-tester for strong (< g, k)-periodicity with complexity @6(\/@

An e-tester for weak (p, k)-periodicity with complexity O (min(k, 7).
An e-tester for weak (< g, k)-periodicity with complexity O, (min(k + /gk, %))

i S .

Additionally, we show a lower bound on the complexity of e-testers for weak (< g, k)-
periodicity, implying that our tester for weak (< g, k)-periodicity is optimal up to a multiplicative
(e log(gk))°M factor for a wide range of g and k. Finally, our tester for strong (< g, k)-periodicity
generalizes the one of [Lachish and Newman; Algorithmica 2011] for strings without wildcards,
matching (up to polylogarithmic factors) the unconditional lower bound of Q(,/g) in said work for
constant .
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Periodicity Property Testing on Strings with Wildcards

1 Introduction

In this work, we study property testers for periodicity in the presence of wildcards. An
e-tester is an algorithm that, given an input string, must decide whether it satisfies a given
property, while querying as few symbols of the input as possible. Often, it is impossible to
make an exact decision without querying the entire input; instead, one wants to distinguish
between strings that have the property and those that are far from having the property,
where far means that one has to change an e-fraction of the symbols of the input to obtain a
string satisfying the property (for a given ). The tester does not access the input directly
and instead uses oracle queries of the form: what is the symbol at a given position? The
number of queries a tester makes is referred to as its complexity. We study one-sided error
testers, which always accept strings satisfying the property, while rejecting strings that are
e-far from having the property with probability at least 2/3.

A string T'[0..n) without wildcards has a period p if T[i] = T[i + p| for all i € [0..n —p).
Property testing for periodicity in such strings has been previously studied in [9,10] and [15].
Ergiin et al. [9,10] studied the problem using three generalizations of periodicity that lead to
different interpretations of approximate periodicity. They show that the resulting definitions
of approximate periodicity are constant approximations of each other and that it is possible

to distinguish between the case when T has an e-approximate period p € [1..[2]] and T is

e-far from having a period p € [1.. % ]] using O(y/n - polylog n) queries, even f02r constant &.
Lachish and Newman [15] showed a property tester that decides whether a string has a
period p < n/2 and has complexity O(1/e). They further showed that, to decide whether
there is a period p € [1..g] for g < n/2, it suffices to query O(e~*y/glogg) symbols.

In this work, we focus on strings with wildcards. A wildcard, denoted by ¢, matches all
symbols from the alphabet, intuitively representing a symbol whose exact value is irrelevant
or unavailable. We consider two natural extensions of the notion of periodicity to strings
containing wildcards: strong periodicity and weak periodicity.

A string T'[0..n) with at most k wildcards is said to have a strong period (p, k) if there
exists a wildcard-free string 77[0..n) that matches T and has period p. Equivalently, T
has a strong period (p, k) if its wildcards can be replaced by alphabet symbols so that the
resulting string 7" satisfies T'[i] = T"[i 4+ p] for all i € [0..n — p).

For weak periodicity, we relax this requirement: we say that T has a weak period (p, k)
if T[{)=T[i+ p] for all i € [0..n — p), where a =b if and only if a = b or at least one of a
and b is a wildcard. For example, xxx ¢ yy is weakly (1, 1)-periodic (but not strongly). Both
notions of periodicity with wildcards have previously been studied extensively in the context
of generalizing the Fine-Wilf periodicity lemma [11]; see [2-7,14,18-20].

Our e-testers. For a string T[0..n), integers p < n/2, g < n/2, and k, and a value ¢, we
design the following testers:

1. An e-tester for strong (p, k)-periodicity with complexity O(e~2); for k < en/32, we
achieve complexity O(s71). See Lemma 9.

2. An e-tester for strong (< g, k)-periodicity with complexity O(s~1y/glogg); for k < en/32,
we achieve complexity O(s~/2\/glogg). See Lemma 10.

3. An e-tester for weak (p, k)-periodicity with complexity O, (min(k, knTp)) See Corollary 23.

4. An e-tester for weak (< g, k)-periodicity with complexity O, (min(k + v/gk, %)) See Co-
rollary 24.

The starting point of our testers is a conceptual partition of the input string 7" into
equivalence classes for a fixed period p. Each equivalence class is a subsequence of T
consisting of the symbols of T" whose positions are in the same class modulo p. If T is strongly



C. Barton et al.

(p, k)-periodic, then every equivalence class must be unary. Intuitively, a witness against
strong periodicity is a pair of positions in an equivalence class in which the symbols do not
match. On a very high level, we show that for far instances the number of such witnesses
is large, which allows detecting them with a few queries. For weakly (p, k)-periodic strings,
every equivalence class contains at most k£ + 1 maximal unary factors separated by wildcards.
Here, a witness consists of k + 1 non-matching pairs that do not overlap. Intuitively, each
wildcard can “fix” one such pair (for example, consider a ¢ b< ¢ which is weakly (1, 2)-periodic
and has two such pairs), but we would need k + 1 wildcards to fix k£ 4+ 1 non-overlapping
non-matching pairs, which we simply do not have. To show that the number of such witnesses
in far instances is large, we demonstrate that a far instance can be decomposed into k + 1
factors, where each factor is far from unary. We then need to find one non-matching pair in
each factor, which can be done with a few queries.

Lower bounds. Lachish and Newman [15] showed a lower bound on the complexity of testers
for periodicity on strings without wildcards. Namely, they showed that every 1/32-tester for
(< g,0)-periodicity must query €2(,/g/logn) symbols of the input, for every g. This implies
that, for constant k£ and ¢, the tester in Lemma 10 is optimal up to polylogarithmic factors.

Finally, in Theorem 31, we show a lower bound on the complexity of testers for weak
(< g, k)-periodicity. In a simplified form, it states that any 1/64-tester for weak (< g,k)-
periodicity has complexity Q(min(v/gk, max(y/n, %))). In the regime when g and k are
sufficiently small, for example, when g,k < /n, our tester for weak (< g, k)-periodicity

(Corollary 24) matches this bound up to polylogarithmic factors.

Other related work. Awofeso et al. [1] studied property testing for quasiperiodicity. The
quasiperiodicity studied in this work is a cover, where they presented an algorithm that can
decide if a string has a cover of length ¢ using O(¢71¢%logq) queries. Chan et al. [8] and
then Jin and Kociumaka [13] studied property testers for pattern matching.

2 Preliminaries

For integers i,j € Z, we write [i..j]=[i..j+1)=(i—1..4]=(i—1..5+ 1) to denote
{k€Z:i<k<j}, and [i] to denote [0..4). Let Primes denote the set of prime numbers.

An alphabet ¥ is a finite set whose elements are called symbols. We consider a special
symbol ¢ € X called a wildcard and denote ¥ U {0} by X,. For two symbols a,b € X we say
that a matches b and write a = b if either a,b € ¥ and a = b, or at least one of a and b is a
wildcard. Otherwise, we say that a and b do not match and write a % b.

A length-n string T" over an alphabet %, is a sequence of n symbols from ¥,. We write
T[0..n) to denote that T is a string of length |T| = n. For i,j € [0..n), we write T[i] to
denote the i-th symbol in T, and Ti..j]=T[i..7+1)=T(i—1..j]=T@GE—1..5+1) to
denote the sequence T[i|T[i +1]...T[j] if i < j, and the empty string € otherwise. TTi..j] is
called a factor of T. We say that T is a k-wildcard string if it contains at most k wildcards.

Consider two strings T1,T> € X7. We say that 77 and T5 match and write T =15 if, for
all i € [n], T [i] = To[i].

Strong and weak periods. We now give formal definitions of strong and weak periods of
strings containing wildcards. Intuitively, a string is strongly periodic if we can replace all its
wildcards with symbols from X to obtain a periodic string in ¥*.

28:3
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» Definition 1 (Strongly periodic string). Let T[0..n) € X%, k € [0..n], and p € [n]. We say
that T is strongly (p, k)-periodic or that T has a strong period (p,k) if T contains at most
k wildcards and there is a string Q € XP such that T=Q>[0..n), where Q> is an infinite
string obtained by concatenating infinitely many copies of Q.

Weak periodicity is a more relaxed notion that, intuitively, allows wildcards to act as
transition points.

» Definition 2 (Weakly periodic string). Let T[0..n) € £%, k € [0..n], and p € [n]. We say
that T is weakly (p, k)-periodic or that T has a weak period (p, k) if and only if T contains at
most k wildcards and T[0..n —p)=T[p..n).

Property testers. In the property testing model, the goal is to decide whether the input
has a certain property or is far from having it by querying as few of the input symbols as
possible. We next formalize what it means for a string to be far from having some property.

» Definition 3 (e-far). We say that a string T is e-far from having a property P if one needs
to change at least €|T| symbols of T to obtain a string that has property P.

» Definition 4 (Property tester). A one-sided e-property tester for a property P is an
algorithm that receives as an input a string T and:
returns “yes” if T satisfies the property P with probability 1,
returns “no” with probability at least 2/3 if T is e-far from satisfying the property,
returns “yes” or “no” otherwise.

In this work, we focus on non-adaptive property testers, meaning that the symbols to
query are selected offline, i.e. the, position of the i-th queried symbol does not depend on
the first ¢+ — 1 queried symbols. Consistent with the literature, we define the complexity of a
tester as the number of symbols of the input string that they query in the worst case.

Structure of strings with wildcards. Before describing periodicity property testers, we first
introduce additional notation used throughout the paper. For analyzing whether a string
T[0..n) is (p, k)-periodic for some p and k, we define the following strings Tp,...,Tp—1:
for i € [n], we have T; mod p[|i/p]] = Ti], i.e., T} is obtained by restricting 7' to positions
equivalent to j (mod p). We refer to strings Ty, ...,Tp—1 as equivalence classes.

We will analyze (factors of) equivalence classes via symbol frequencies. For any string
S € ¥} and any symbol s € X, we define #5(s) to be the number of occurrences of s in S.
If s € X, then we further define #5(8) = |S| — #s(s) — #5(¢), i.e., the number of occurrences
of symbols that are neither s nor ¢. The majority symbol of S is s € ¥ that maximizes
#s5(s); if multiple symbols satisfy this definition, then we choose the one that occurs first
in S. For this uniquely defined majority symbol s, we write #:g = #s5(s) and #4 = #s(5).
All other symbols are called minority symbols.

» Proposition 5. For every string S € X%, there is a bipartition A,B of ¥ such that
Diseatts(s) = #g/2 and 3 g #s(s) = max{#tg /2, (|S] - #s(0))/2}

Proof. Let s* be the majority symbol of S. We start with empty sets A and B and process
the symbols in 3\ {s*} in an arbitrary order. We add each symbol we encounter to the set
that currently contributes fewer positions to S. Clearly, at any point in time, the terms
Y scaFts(s) and Y #s(s) differ by at most #1. We assume, without loss of generality,
that in the end we have b := ) _p#s(s) < a:= ) 4 #s5(s), meaning that a > #¢/2.
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Finally, we insert s* to B. Then, we have ) _p#s(s) = b+ #JSr > a > #5/2, which
concludes the proof since ) _p #5(s) > aand a+ ) 5 #s(s) =|S| — #5(¢) imply that
2sen #s(8) = max{#g /2, (S| = #s(0))/2}. <

3 Strong Periodicity

We start by introducing the notion of witnesses of strong non-periodicity.

» Definition 6 (Witnesses). Let T € X%, and p > 1. We say that (i,j) € [n]? is a p-witness
if 7 =i (mod p) and T[i]ZT[j]. We denote the set of all p-witnesses of T by W,(T).

» Observation 7. A string T € X2 is strongly (p, k)-periodic if and only if it is a k-wildcard
string and W,(T) = 0.

In strings that are far from periodic the number of p-witnesses is large:

» Lemma 8. Let k € [n] and T € X2 be a k-wildcard string that is e-far from being strongly
(p, k)-periodic. We have |W,(T')| > =0’ Purther, if k < en/32, then |W,(T)| > en?

’I’L2
2p Z T6p°

Proof.

Case | (unbounded k). There are at least en positions ¢ € [0..n) such that T[i] € ¥ and
T[i] is a minority symbol of T; med p. Otherwise, we could simply replace each minority
symbol to obtain a strongly (p, k)-periodic string, contradicting the fact that T is e-far. Let
us fix such a position ¢, and set s := T'[i] and j := ¢ mod p. Our fixed symbol can be paired
with each symbol from 3\ {s} in 7T} to give a witness pair, and the number of such symbols
is #}j + #E — #1,(8) > #i In particular, by summing over all minority symbols from
3., we conclude that each equivalence class contributes at least (#;j)2 /2 unordered pairs,

resulting in (#i )2/2 p-witnesses (where we divide by 2 to avoid double-counting). Then, by
2
the Cauchy-Schwarz inequality, we have Z?;é(#iﬁ /2> (Zf;é #i.) /(2p) > £2n?/(2p).

Case Il (k < en/32). The bound on k implies that there are < ep/8 classes with > n/(4p)
wildcards. The combined length of these classes is < ep/8-[n/p] < en/4. We claim that there
are > 3en/4 positions i € [0..n) such that T'[i] € ¥ is not the majority symbol of T} mod , and
#T, moa ,(©) < n/(4p). Otherwise, we could simply overwrite the at most ep/8 classes that
have > n/(4p) wildcards with unary strings, using en/4 substitutions, and then replace the
minority symbols in the remaining classes with the majority symbol using another < 3en/4
substitutions. This contradicts that T is e-far from being strongly (p, k)-periodic. Among the

at least 3en/4 positions specified above, fix a position i, and let s := T'[i] and j := ¢ mod p.

The symbol s can be paired with every symbol from X \ {s} in T} to give a p-witness. The
number of such symbols is |T};| — #r,(¢) — #sz (s) >n/p—n/(4p) — n/(2p) > n/(4p). Thus,
in total, we have > 3en/4 - (n/(4p))/2 = 5, p-witnesses (we have again divided by 2 to
avoid double-counting). <

3.1 Strong Periodicity Testers

We now show testers for strong periodicity.

» Lemma 9. Foralle € (0,1) andp € [1..[5]], Algorithm 1 is a one-sided c-property tester
for strong (p, k)-periodicity with complexity O(e=2). The complexity is O(e~1) if k < en/32.

28:5
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Algorithm 1 A strong (p, k)-periodicity tester for a fixed candidate period p € [1..[%]].

Input: values € € R>o, n € Nxo, k € [n], p€ [1..|5]], a k-wildcard string T' € X7

[32/¢], if k <en/32,
1. r «
[4/¢%], otherwise

2: sample r pairs (z,y) € [n]?, x =y (mod p), independently and uniformly at random
3: for each sampled pair (x,y) do

4: if T[z]2T[y] then

5: return “no”

6: return “yes”

Proof. The algorithm never returns “no” if it receives a strongly (p, k)-periodic string by
Observation 7. Next, consider a k-wildcard string 7" € X7 that is e-far from being strongly
(p, k)-periodic. Since the number of pairs (z,y) € [n]? such that z = y (mod p) is at
most "752, the probability that a randomly selected pair belongs to W,(T') is at least ani(/q;:)l'

Hence, the probability that our algorithm returns “yes” is at most (1 — |[W,(T)|/(n?/p))" <
exp(—r - |W,(T)|/(n?/p)) < e~? < 1/3, where the penultimate step is due to Lemma 8. <

We now generalize the algorithm to test for strong (< g, k)-periodicity. A key observation
from the algorithm above is that roughly p/(g%n) independent pairs of positions suffice to
discover a p-witness. By sampling around +/g/(e2n) positions, we can still form roughly
g/(e%*n) > p/(?n) pairs. By slightly increasing the sampling rate, we can account for the fact
that the pairs are not entirely independent, and also boost the success probability enough to
succeed for all p € [1..g] with high enough probability. This results in the lemma below,
whose proof is provided in Appendix B.

Algorithm 2 A strong (< g, k)—periodicity tester for g € [2.. [ % ]].

Input: values € € R>o, n € Nxo, k € [n], g € [1..[5]], a k-wildcard string T' € £3

e {1024W, if k < en/32,
10241/2 - glng/(e2n?), otherwise.

2: sample each position ¢ € [n] independently with probability r

3: I + the set of the sampled positions

4: if |I| > 2rn then return “yes”

5. for p € (|g/2]..g] do

6: if I does not contain a p-witness then return “yes”

7: return “no”

» Lemma 10. For g € [2..|5%]] and € > (lnTg)l/(s, Algorithm 2 is a one-sided e-property
tester for strong (< g, k)-periodicity with complezity O(e~1\/glogg).

Ifk <en/32, forge [2..|5]] and e > (1“79)1/3, Algorithm 2 is a one-sided e-property
tester for strong (< g, k)-periodicity with complexity O(s~/?\/glogg).

» Remark 11. For constant g, Lemma 10 requires that ¢ is at least constant. However, in
this case, we can obtain a tester for small g and arbitrary € by simply invoking Lemma 9 for
each p € [1..g] (a few times to ensure that the error probability does not blow up).
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4 Weak Periodicity

We first introduce the notion of witnesses for weak periodicity. For Lemma 14 below, we
essentially apply Proposition 5 to each class of T that does not contain too many wildcards.

» Definition 12. Let T' € ¥ be a k-wildcard string and p € [1.. % ]].
A p-witness is a pair (a,b) such that a =b (mod p) and T[a] ZT[b].
An explicit p-witness is a p-witness (a,b) such that b = a + p.
An implicit p-witness is a set of k + 1 pairs {(ag,bo), - - ., (ag,br)} such that
for each i € [0..k], either a; = b; and T[a;] = T[b;] = o, or (a;,b;) is a p-witness, and
for each distinct i,j € [0..k], if a; = a; (mod p) then [a;..b;) N [a;..b;) =0 (dis-
jointness condition).

» Lemma 13. Weakly (p, k)-periodic strings admit neither explicit nor implicit p-witnesses.

Proof. Assume that some string T is weakly (p,k)-periodic. In this case, it does not
contain explicit p-witnesses because T[i| = T[i + p| for all i. Furthermore, assume towards a
contradiction that there exists an implicit p-witness {(ag, bo),. .., (ax, br)}. For every (a;, b;)
such that a; = b; and T'[a;] = T[b;] = ©, we obviously have T'[m;] = ¢ for m; := a,. For every
(ai,b;) which is a p-witness, there exists m; € (a;..b;) with m; = a; (mod p) and T[m;] = ¢
(as otherwise the class Ty, mod p cannot be weakly 1-periodic). By the disjointness condition,
all m; are distinct, and hence T' contains k + 1 > k wildcards, a contradiction. <

» Lemma 14. For k < en/16, consider a k-wildcard string T € ¥ andp € [L..|3]]. If T
is e-far from being weakly (p, k)-periodic, then there is a set J C [0..p) and, for each j € J,
sets Aj, B; C [0..]T;|) satisfying:

for every j € J and (a,b) € Aj x Bj, Tjla] 2 T;bl;

>jes |4l = en/4, and, for every j € J, |B;| = n/(8p);

if each position in [n] is sampled independently with probability r < p/(2n), the sample

hits A; (resp. B;) independently with probability at least r|A;|/2 (resp. r|B;|/2).

Proof. Consider the equivalence classes Tp,...,T,—_1. For each j, define the set M; C
[0..]T}]) to contain the positions corresponding to the minority symbols of T}, i.e., | M| = #i .
We have Z?;& |M;| > en. Otherwise, we could merely replace all minority symbols with
the majority ones to obtain a (p, k)-periodic string, contradicting the fact that T is e-far.
Let J C [0..p) be the set containing exactly the indices j € [0..p) such that T} contains at
most n/(4k) wildcards. Note that there are at most 4kp/n classes that contain more than
n/(4k) wildcards and they contribute at most 4kp/n - [n/p] < 8k < en/2 minority elements.
Furthermore, |J| > p—4kp/n > p/2 (where the second step is due to k < n/8). We have shown
that ZjEJ |M;| > en/2. For each class T; with j € J, by Proposition 5, we can bipartition
its positions into sets A; and B; of sizes |A;| > |M;|/2 and |B;| > (|T;| —n/(4p))/2 > n/(8p)
such that every pair in A; x B; yields a mismatch in 7}. For the final point, all sets are
disjoint and thus hit independently. We observe that |A4;| < |T;| < n/(2p). Hence, r|A4;| < 1.
The probability of not missing A4; is at least 1 — (1 — r)l4il > 1jr|;?fglj| > r|A;|/2 (using
1—x<e®<1/(1+z)). The proof for B; is symmetric. |

4.1 Testing Weak (p, k)-Periodicity Through Implicit Witnesses
We start with testers for a fixed period p.

» Lemma 15. For p > 2560k /e, Algorithm 3 is a non-adaptive one-sided error e-tester for
weak (p, k)-periodicity with complexity O(e~1k).

28:7
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Algorithm 3 A weak (p, k)-periodicity tester for fixed large period p.

Input: values € € R>o, n € Nxo, k € [n], p € [1..[§]] with p > 2560k /e,

a k-wildcard string T' € X7
sample each position i € [n] independently with probability r = 1280k /(en)
I < the set of the sampled indices
if |I| > 2rn then return “yes”
I'+ 0
for i eI do

I' «+ I' U{i'}, where i’ € [n], i’ =i (mod p) is chosen uniformly at random

if 1 U I’ contains an implicit p-witness then return “no”

return “yes”

Proof. Observe that the algorithm only returns “no” if it finds an implicit p-witness. By
Lemma 13, a weakly (p, k)-periodic string contains no implicit p-witness; thus, the tester has
one-sided error, i.e., it answers “yes” for every weakly (p, k)-periodic string.

Now, assume that T is e-far from being weakly (p, k)-periodic. If the algorithm answers
“yes”, then at least one of the following holds:

the algorithm samples more than 2rn positions in the first stage;

the set of sampled positions does not contain an implicit p-witness.
The probability of the first event is at most exp(—rn/3) < exp(—400) < 0.01 via a Chernoff
bound (Fact 33 invoked with 6 = 1). We only query the input if |I| < 2rn and thus
|I UT'| <4rn. Hence, the complexity is as claimed. For the second event, we show that, with
constant probability, we find k£ + 1 (non-explicit) p-witnesses in k 4 1 different equivalence
classes. These pairs form an implicit p-witness.

We use the construction from Lemma 14, consisting of J C [0..p) and, for j € J,
sets Aj, B; such that T;[a| 2T}[b] for every (a,b) € A; x Bj. Since we sample with rate
r < p/(2n), by Lemma 14, we expect to hit each set A; independently with probability at
least 7| A;|/2. If we hit A;, then we also sample another position from the same equivalence
class in the second stage. This position is in B; with probability at least |B;|/|T;| > 1/16
due to Lemma 14. Hence, with probability at least r|A;|/32, we hit both A; and B;.

Finally, the expected number of j € J for which we succeed, i.e., for which we hit both
A; and Bj and thus find a witness pair, is at least p > Z’;;é Tlg;jl > 158 = 10k, where the
middle step follows from Lemma 14. Since each j succeeds independently, we can apply a
Chernoff bound (Fact 33) with § = 9/10 to show that we succeed for less than k + 1 classes
with probability at most 2exp(—62/3) < 2exp(—2.7k) < 0.15. Otherwise, the at least k + 1
discovered pairs constitute an implicit witness. Finally, using the union bound for the two
sources of error, we answer “yes” for an e-far instance with probability < 0.16 < 1/3. |

In the approach above, we guarantee that the p-witnesses are disjoint by finding them
in distinct equivalence classes. Hence, the approach becomes unsuitable for small p. For
example, if p < k, then we have to find multiple witnesses in one equivalence class.

We propose a different approach for small p. In this case, let ¢ € N>; and assume that
p < ck/e, and k < e%n/(8c). We introduce the following factorization scheme that will be
used to detect witness pairs: first, we split 7(0..n) into equivalence classes Ty, ..., T,_1,
and then we read and factorize each 7} from left to right. Assume that we have already
factorized T;[0..4). The next factor is Tj[i..¢ + ¢), where £ is the minimal value such that
either i + ¢ = |T}| or #rli. ity = e2n/(8ck) > 1. Hence, each factor is the shortest prefix of
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the remaining string that has exactly [¢2n/(8ck)] occurrences of minority symbols. Further,
we call a factor with exactly [e2n/(8ck)] occurrences of minority symbols a complete factor.
This factorization only serves the proof and is not actually computed.

» Lemma 16. If T is e-far from being weakly (p, k)-periodic, then T has at least k + 1
complete factors over all the equivalence classes, assuming that p < ck/e and k < £2n/(8¢c)
for some ¢ € N>.

Proof. We first show that T has at least p+ k + 1 factors. If T has at most p + k factors, we
can obtain a weakly (p, k)-periodic string with en substitutions as follows. We first substitute
all minority symbols of each factor with its majority symbol. Since £2n/(8ck) > 1, we have
[e2n/(8¢ck)] < e2n/(4ck). Hence, substituting the minority symbols requires at most

(p+k)-e*n/(4ck) < (ck/e + k) - e*n/(4ck) < 2ck/e - e*n/(4ck) < en/2

substitutions. We perform another &k substitutions to replace each wildcard with the majority
symbol of its surrounding factor. Afterwards, each factor is over a unary alphabet. Since
there are at most p + k factors, and each of the p equivalence classes contributes at least
one factor, there are only k boundaries between factors. For each boundary, we perform one
substitution to make one of the boundary symbols into a wildcard. As a result, the entire
string is weakly (p, k)-periodic. The total number of substitutions is at most en/2 4+ 2k < en.
Hence, T has at least p + k + 1 factors, and thus at least k + 1 complete factors. |

Algorithm 4 A weak (p, k)-periodicity tester for fixed small period p.

Input: values € € R>o, n € N>g, k€ [n], p € [1..[%]] with k < e®n/(8¢) and p < ck/e,
a k-wildcard string T € X7
sample each position i € [n] independently with probability r = 16¢k - In(20(k + 1)) /(e%n)
I + the set of the sampled indices
if |I| > 2rn then return “yes”

if I contains an implicit p-witness then return “no”

return “yes”

» Lemma 17. Let ¢ € N>y, For p < ck/e, and k < £2n/(8¢), Algorithm J is a non-adaptive
one-sided error e-tester for weak (p, k)-periodicity with complezity O(cklogk/e?).

Proof. Since we only answer “no” if we find an implicit p-witness, we always answer “yes”

for periodic instances due to Lemma 13. Assume now that T is e-far from being weakly
(p, k)-periodic. Consider a complete factor of T. By Lemma 16, there are > k + 1 of those.
By Proposition 5 there is a bipartition A, B of the alphabet such that the symbols of A
(resp. B) correspond to a set of at least £2n/(16¢k) positions of the factor. Crucially, if we
pair up any position with a symbol from A with any position with a symbol from B, we
obtain a witness pair. Furthermore, since factors in the same equivalence class do not overlap,
a set of k + 1 witness pairs over the k + 1 different factors forms an implicit witness. As a
result, if the algorithm answers “yes”, then at least one of the following holds:

the algorithm samples more than 2rn positions;

the algorithm misses a witness pair in at least one of the complete factors.
The probability of the first event is at most exp(—rn/3) < exp(—161n40/3) < 0.01 via a
Chernoff bound (Fact 33 invoked with § = 1). We only query the input if |I| < 2rn, and thus
the complexity is as claimed. The probability of not sampling a position corresponding to a
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symbol in A (analogously in B) in a fixed factor is at most (1 — 7")52”/(160’“) < emren/(16ck) —
1/(20(k + 1)). Hence, by the union bound, we fail for at least one factor with probability at
most 0.1. Combining the two sources of failure by the union bound, we answer “yes” for a
far instance with probability at most 0.2. |

4.2 Testing Weak (< g, k)-Periodicity Through Implicit Witnesses

We now present a tester for weak (< g, k)-periodicity which uses implicit witnesses.

Algorithm 5 A tester for weak (< g, k)-periodicity for small g.

Input: values € € R>o, ¢,n € Nxo, k € [n], g € [L.. [2]] with g < ck/e and k < £2n/(8c¢),
a k-wildcard string T € X7

1: sample each i € [n] independently with probability r = 16ck - In(20(g(k + 1)))/(e?n)

2: I + the set of the sampled indices

3: if |I| > 2rn then return “yes”

4: forpe[l..g] do

5 if I does not contain an implicit p-witness then return “yes”

6

: return “no”

» Lemma 18. Let ¢ € N»y. For g < ck/e and k < &*n/(8c¢), Algorithm 5 is a non-adaptive
one-sided error e-tester for weak (< g, k)-periodicity with complexity O(cklog(gk)/e?).

Proof. The analysis is similar to that of Algorithm 4, but with a higher sampling rate. By
Lemma 13, the algorithm answers “yes” for strings that have a weak period p € [1..g].
Otherwise, i.e., for an input that is e-far from being weakly (< g, k)-periodic, the algorithm
only answers “yes” if it samples more than 2rn indices, or if, for a certain p < g, it does not
find a witness pair in at least one complete factor. The first event occurs with probability
at most exp(—rn/3) < exp(—161n40/3) < 0.01 via a Chernoff bound (Fact 33 invoked
with 6 = 1). For a fixed p < g and a fixed complete factor, the second event occurs with
probability at most 1/(20(k + 1) - g) (via the same calculation as in Lemma 17). Therefore,
over all g possible periods and their 2 - (k + 1) - g sets of positions, the union bound implies
that we fail for at least one set with probability at most 0.1. If 7" is indeed e-far from being
weakly < g-periodic, and thus also from being weakly (p, k)-periodic for every p € [1..g],
then with probability at least 0.8 we can report a witness for every p. |

Algorithm 6 A tester for weak (< g, k)-periodicity for g € [1..[5]].
Input: values € € R>g, n € Nxg, k € [n], g € [1..[%2]] with k < &?n/(8 - [4096 + (Ing)/k]),
a k-wildcard string T' € X7
g’ < min(g, [4096(k +1ng)/e])

¢ < [4096 + (Ing)/k]
run Algorithm 5 with parameters ¢ and ¢’ and input T three times

if Algorithm 5 returned “yes” every time then return “yes”

if ¢’ = g then return “no”

g+g +1

sample each ¢ € [n] independently with probability r = /gq/(2n)
I + the set of the sampled indices

if |I| > 2rn then return “yes”

10: for p € [g..g] do
11: if I does not contain an implicit p-witness then return “yes”

12: return “no”
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» Lemma 19. For k < ?n/(8 - [4096 + (Ing)/k]), Algorithm 6 is a non-adaptive one-sided
error e-tester for weak (< g, k)-periodicity with complexity O(log® g/e* + klog(gk)/e? +

Vg - (k+logg)/e).

Proof. We only answer “no” if both of the following events occur: Algorithm 5 returns
“no” at least once (which by Lemma 18 implies that T has no period < ¢’), and we find an
implicit p-witness for every period p € (¢’..g]. Hence, we never return “no” if the input
string is weakly (< g, k)-periodic. It remains to handle strings that are e-far from all periods
in [1..¢']. We have to show that we accept them with probability at most 2/3.

First, by Lemma 18, if T is e-far from being weakly (< ¢’, k)-periodic, then the probability
of all three calls to Algorithm 5 returning “yes” is 1/3% < 0.05. The number of queries
is O(ckIn(g'k)/e?) = O(ckIn(gk)/e?), which is bounded by O((In?g)/e?) if k = O(Ing);
otherwise, ¢ = O(1) and hence the number of queries is O(k In(gk)/e?).

We next bound the probability of sampling at least 2rn indices. This happens with
probability at most exp(—rn/3) < exp(—q/6) < exp(—4096/6) < 0.01 via a Chernoff bound
(Fact 33 with 6 = 1). We only query the input if the total number of samples is at most 2rn.
Hence, the complexity is as claimed.

If we enter the second stage, then let G, be the event that the algorithm does not find an
implicit p-witness. By the union bound, we answer “yes” due to one of these events with
probability at most Zpe[q. 4 Pr[G,]. Hence, we can conclude the proof by showing that
Pr[G,] < 1/(9g), which implies that we answer “yes” with probability at most 1/9. Then,
via the union bound, the error probabilities from all sources sum to 0.05 4+ 0.01 +1/9 < 1/3.

From now on, fix any p € [¢..g]. We perform the analysis with a lower sampling
rate 7’ := /pq/(2n) < r, which can only lower our success probability. We use the
construction from Lemma 14, consisting of J C [0..p) and, for j € J, sets A;, B; such
that Tj[a] 2 T;[b] for every (a,b) € A; x Bj. Due to ' < p/(2n), by Lemma 14, we expect
to hit each set A; (resp. B;) independently with probability r'|A;|/2 (resp. r’|B;|/2). For
any j € J, we hit both A; and B; (and thus discover a witness pair) with probability at
least r’2|Aj| -|B;|/4 > r’Qn\Aj|/(32p). The expected number of different j for which we are

ful i > p—1 r"%n|A;]| r'2en? _ gqe
successful is p > ijo 325 2 Tosy = 53

to Lemma 14. Finally, applying the Chernoff bound from Fact 33 with § = 7/8, we are
successful for at most k +Ing < (1 — §)u classes with probability at most exp(—d2u/2) <
exp(—3k —31lng) < 1/(99). <

> 8k + 81n g, where the second step is due

4.3 Testing Weak Periodicity Through Explicit Witnesses

» Lemma 20. Consider a k-wildcard string T € 3% that is e-far from being (p, k)-periodic,
where k < en/4. There are at least (p + k) - €/8 explicit p-witnesses.

Proof. At least ep/2 of equivalence classes of T' are not weakly (1, k)-periodic. Otherwise
we could simply overwrite these classes with unary strings using less than ep/2 - [n/p] < en
substitution. This would result in a weakly (p, k)-periodic string, which contradicts the fact
that T is e-far. Consequently, ep/2 classes have at least one explicit p-witness each.

We now prove that the number of explicit witnesses exceeds €k/2. To do so, we further
greedily factorize each equivalence class from left to right into maximal factors of the form
S € {s,0}* for any s € . We then obtain a string 7" without wildcards by replacing each
wildcard in T" with the symbol of its surrounding factor. This requires k < en/4 substitutions
and results in a string 7" that is 3e/4-far from being weakly (p, k)-periodic. Furthermore,
if 77 contains k + z explicit witnesses, then T contains at least x explicit witnesses.
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Let t be the total number of maximal unary factors over all equivalence classes in T".
Since T" is 3¢ /4-far from being weakly (p, k)-periodic, we have t > k + 1, or else it could be
made into a weakly (p, k)-periodic string by adding at most k wildcards at factor boundaries.
We say that a maximal unary factor is short if it is among the shortest ¢ — k£ > 0 maximal
unary factors, and long otherwise. We claim that the short factors must contribute at least
en/2 symbols overall. Otherwise, we can again show that 3en/4 substitutions are sufficient to
make 7" periodic: We replace each symbol of a short factor with the symbol populating the
closest long factor in its equivalence class (or with a if such run is undefined). This effectively
merges each short factor with a long one. Every remaining run is either an extension of one
of the original k long factor, or an equivalence class that consists of a single factor. The total
number of long factors in all classes that contain at least two long factors is at most k. Hence,
we can fix their at most k& boundaries with wildcards. The total number of substitutions is
less than en/2 + k < 3en/4.

Since short runs contribute > en/2 symbols, there is a short run of length ¢ > en/(2t—2k).
Consequently, all long factors have length at least £. The total length of long runs is therefore
at least k-0 > k- =2 On the other hand, it is upper-bounded by n, which implies

2t—2k "
k-e/2 4+ k < t. Hence, the number of explicit p-witnesses in 7" is at least k + £k/2, which
implies that T' contains at least ek/2 explicit p-witnesses, concluding the proof. |

Algorithm 7 A tester for weak (p, k)-periodicity.

Input: values € € R>g, n € N>, k € [n], pe [1..|5]] with k <en/4,
a k-wildcard string 7' € 32
1: for £ =1 to [ 2451 do
2 draw i € [0..n — p) uniformly at random
3: if T[{)2T[i + p] then return “no”
4

: return “yes”

The following two lemmas follow from Lemma 20 in a straightforward manner.

» Lemma 21. Algorithm 7 is a non-adaptive e-tester for weak (p, k)-periodicity with com-
plexity O(e~'n/(k + p)).

Proof. Since weakly (p, k)-periodic strings do not contain explicit p-witnesses (see Lemma 13),
they are accepted by Algorithm 7. Consider now a string that is e-far from being weakly
(p, k)-periodic. By Lemma 20, the probability that a given pair sampled by the algorithm is
an explicit witness is at least E(pnﬂ. Hence, the probability that the algorithm does not find

2n
an explicit witness is at most (1 — W)E@M) <e2<1/3. <

» Lemma 22. Algorithm 8 is a non-adaptive e-tester for weak (< g,k)-periodicity with

complexity O (n\ / 1°fg>.

Proof. First, consider a weakly (p, k)-periodic string for some 1 < p < g. It does not contain
an explicit p-witness, and hence is accepted by Algorithm 8. Now, consider a string 7" that is
e-far from being weakly (p, k)-periodic for all 1 < p < g. Fix one p, 1 < p < g. By Lemma 20,
T has at least e(k + p)/8 explicit p-witnesses. Furthermore, since there are at most 2 explicit
p-witnesses sharing the same index, there are at least e(k + p)/16 explicit witnesses that
are mutually disjoint. Let X be the number of these explicit p-witnesses sampled by the
algorithm. X is a sum of independent indicator random variables, and therefore we have

Pr(X =0) < (1 —r2)s(k+p)/16 < e~ re(k+p) _ o—(k+p)In(1009)/k ~ 1

~ 100g°
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Algorithm 8 A tester for weak (< g, k)-periodicity.

Input: values € € R>o, n € Nxo, k € [n], g € [1..[5]] with k < en/4,
a k-wildcard string 7' € X7

sample each i € [n] independently with probability r = 44/ %
I < the set of the sampled indices
if |I| > 10rn then return “yes”
forpe[l..g] do
if I does not contain an explicit p-witness then return “yes”

return “no”

Hence, by the union bound, the probability that the algorithm misses an explicit witness for
at least one p such that T is e-far is at most 0.01. Furthermore, by Fact 33 invoked with § = 9,
the probability that the algorithm samples more than 10rn positions is at most 0.01. By the
union bound, the probability that the algorithm answers “no” is at least 0.98 > 2/3. |

4.4 Testers for Weak Periodicity: Wrap-up

» Corollary 23. For k < en/4, there is a non-adaptive e-tester for weak (p, k)-periodicity
with complezity O(min(e2klogk,en/(k + p))).

Proof. We first show that there is a tester with complexity O(e~2klog k). If k > £2n/320 then
the claimed number of queries exceeds n, and we simply query the whole string. Otherwise,
at least one of p > 2560k /e or p < 40k /e holds, and hence we can use one of Lemma 15 and
Lemma 17 with ¢ = 40. The final claim follows by combining with Lemma 21. <

» Corollary 24. For k < en/4, there is a non-adaptive e-tester for weak (< g, k)-periodicity
with complexity O(min(log® g/e? + klog(gk)/e? + /g - (k +logg)/e,n /%)).

Proof. We first show that there is a tester with complexity O(log?® g/ 4 klog(gk)/e? +

g-(k+logg)/e). If k> e%n/(8-[4096 + (Ing)/k]), then klog(gk)/e? = Q(n), and we can
simply query the whole string in the claimed complexity. Otherwise, we use Lemma 19. The
final claim follows by combining this result with Lemma 22. <

5 Lower Bounds for Weak Periodicity Testing

The proof of the following proposition is deferred to Appendix B.

» Proposition 25. Let M C [0..n), m = |M]|, and g € [2..|5]]. Forp € [2..g], define the
set My = {(i,j) € M? | i < jand i=j (mod p)}. If we choose p € (|g/2]..g] N Primes
uniformly at random, then for all x > 0, Pr(|M,| > x) < (m?log, nlng)/(gx).

» Proposition 26. Let T[0..n) be a string with at most k wildcards, M C [0..n) a subset
of its positions, and [ : M — X satisfy T[i] = f(i) fori € M. If M contains neither an
implicit nor an explicit p-witness, then the symbols Ti], i ¢ M, can be chosen so that T is
weakly (p, k)-periodic.

Proof. Consider an equivalence class T} of T'. If T contains only undefined symbols, we
fill it with an arbitrary symbol of ¥ and exclude it from further consideration. Otherwise,
we divide T} from left to right into maximal factors such that, for each such factor, all its
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symbols are either equal to a fixed symbol of ¥ or undecided. For two neighboring factors
Fy =Tjlz..y)and Fy = Tj[y .. z), we cannot have both the symbols adjacent to the boundary
defined (i.e., we cannot have both (y — 1)p + (j mod p),yp+ (j mod p) € M). Otherwise, the
maximality property implies that Fy[|F;| — 1] and F»[1] must be different, and hence we have
an explicit p-witness in M. Let k; be the number of factors in T;. We have 3, (k; —1) <k,
or otherwise we can form an implicit p-witness in M by taking pairs of positions of defined
symbols in neighboring factors. Now, we explain how to complete T. We place a wildcard in
one of the boundary positions of each pair of neighboring factors, which requires at most
k wildcards. Then, we fill each factor with the single symbol from ¥ occurring in it. The
resulting string is weakly (p, k)-periodic and contains at most k wildcards. |

Next, we define and analyze an auxiliary distribution F on strings in >™. We start by
drawing a potential period p € [|g/2] .. g] N Primes uniformly at random. The classes T}, for
j €10..[8ep]), are chosen to be unary: for all 4, T;[i] = j + 2. The remaining classes are
constructed as follows. For each j € ([8ep]..p), we consider a partition T; = T} T; T?T},
where each T7 is of length | |T;|/4] or [|T;|/4], TJO contains only zeros, and T} contains only
ones. Tj2 is constructed using a two-state Markov chain as follows: T}[2] = 1 and, for every
position i € [1..[T7]), we assign T7[i] = 1 —T7[i — 1] with probability = 100(p + k)/n, and
Tj2 [1] = Tj2 [i — 1] otherwise. TJ3 is defined in the same way as sz, but starting with a 0.

» Lemma 27. A random string T of length n drawn according to F satisfies each of the
following for integers k and g with k < g/4 < g <n/(641lun) and a constant e < 1/64:
T is e-far from a weakly (p', k)-periodic string for all p’ # p with p’ < g with probability 1
and e-far from a weakly (p, k)-periodic string with probability at least 0.8;
T has less than 2000(p + k) explicit p-witnesses with probability at least 0.99.

Proof. The lemma follows directly from Claims 28, 29, and 30 shown below.
> Claim 28. T is e-far from a weakly (p’, k)-periodic string for any p’ # p with p’ < g.

Proof. For every j € [0..[8ep]) we have T;[i] = T[i-p+j| # Tli-p+j—p'] = Tj—p' mod pli],
because j — p’ mod p # j, meaning that T'[i-p+ j — p'] is in a different class modulo p (either
in a different class among the first [82p] classes or in a binary class). This implies that in
order to obtain a weak (p/, k)-periodic string from T one needs to change at least half of
the symbols of the classes T}, j € [0..[8¢p]), or 8p - (|n/p]/2 — 1) > en symbols in total.
Hence T is e-far from every period in ([1..2p]\ {p}) 2 [1..4]\ {p}. <

> Claim 29. With probability at least 0.99, T" has less than 2000(p + k) explicit p-witnesses.

Proof. Let Nj be the number of pairs (a,a + 1) such that a > |T7T}| and Tj[a] # Tj[a + 1].
Let N = >3.(2+ N;) = 2p+ > ; Nj, which is an upper bound on the total number
of explicit p-witnesses in T. We have N; ~ Bin([|T}|/2],r) + X, where X; € [-5..5]
takes care of the ceilings and floors, and the transition between sz and Tf. Hence, we have
> Nj ~ Bin([(n—p)/2],7)+Xp, where X € [—5..5]. Then, by Fact 33, Bin([(n—p)/2],r) <
5rn < 1000(p + k) with probability 0.99. As we have 2p + 1000(p + k) 4+ 5p < 2000(p + k),
the claim follows. <

> Claim 30. With probability at least 0.8, T is e-far from a weakly (p, k)-periodic string.

Proof. To make T weakly (p, k)-periodic, we must ensure that each equivalence class Tj can
be partitioned into k; factors of identical symbols separated by k; — 1 wildcards, where
>_i(kj —1) < k. We show that we cannot achieve this by changing at most en symbols
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with good probability. Since k < g/4 and |g/2] < p, there are at least p/4 classes T}
such that k; = 0. Among those, there are at least p/8 classes where we can change at
most e8n/p symbols. We consider one such class T; with j > [8ep], which is possible since
e < 1/64. Tt contains at least |T}| zeros and at least |T}| ones. Hence, we must change at
least |n/4p| > 8n/p symbols to obtain a unary string. <

<

» Theorem 31. Every non-adaptive one-sided e-tester for weak (< g,k)-periodicity has

complezity Q(min(\/gk/(lognlogg), max(y/n/logg,n/k))), assuming € < 1/64 and k <
g/4<g<n/(64lnn).

Proof. We use Yao’s principle adapted for one-sided algorithms: to prove that a one-sided
tester requires at least m queries, we show a distribution D on k-wildcard strings for which
every deterministic tester that performs m queries either answers “no” on a weakly (< g, k)-
periodic string with non-zero probability, or answers “yes” on an e-far string with probability
greater than 1/3 (when the string is drawn via D). The distribution D is defined as follows:
with probability 3/4, a string is drawn according to F, and with probability 1/4 we draw a
weakly (p, k)-periodic string uniformly at random.

By Proposition 26, if the set of queried positions does not form either explicit or implicit
p/-witnesses for some p’ < g, the input can be completed as a weakly (p’, k)-periodic string.
Thus, assuming that the tester does not return “no” on weakly (p’, k)-periodic strings with
positive probability, the tester must return “yes” if the set of queried symbols contains neither
explicit nor implicit p’-witnesses for some p’ € [1..¢].

Henceforth, we assume that the input string drawn according to D is e-far from a weakly
(< g, k)-periodic string, which by Lemma 27 happens with probability at least 0.6. It suffices
to upper bound the probability that a deterministic algorithm hits either an implicit or
an explicit p’-witness for all p’ € [1..g] on such string. By Lemma 27, this probability is
upper-bounded by the probability that an algorithm hits an implicit or an explicit p-witness.

Fix an arbitrary set M C [0..n) of size m. If m < 0.01 - y/gk/(logynlng), then by
Lemma 27 the probability that |M,| > k and hence the probability that the algorithm hits
an implicit p-witness is at most (0.01)? (regardless of the actual string).

Now note that the space of explicit p-witnesses can be defined as [n], since for each
explicit p-witness (a,b) we have b = a + p. Consequently, if m < n/(20000(p + k)), then by
Lemma 27, the expected number of explicit p-witnesses hit by a deterministic algorithm is
less than 1/10, which implies that a deterministic algorithm misses an explicit p-witness with
probability at least 0.9 by Markov’s inequality (Fact 32).

Finally, let M, = {(i,j) € M? | i < jand i = j (mod p)}. By Proposition 25, we
have Pr(|M,| > 1000m?Ing/g) < 0.001. If m < \/gn/(4-10*(p + k) Ing), then Pr(|M,| >
n/(2-10*(p + k))) < 0.001. Furthermore, by Lemma 27, the expected number of explicit p-
witnesses hit by M is less than | M,|-2000(p+k)/n < (n/(2-10*(p+k)))-2000(p+k)/n < 1/10
conditional on |M,| < n/(2-10%*(p + k))). Hence, the probability that that a deterministic
algorithm misses an explicit p-witness conditional on |M,| < n/(2-10*(p+k))) is at least 0.9
by Markov’s inequality (Fact 32). By the union bound, the probability that an algorithm
misses all explicit witnesses in this case is at least 0.8.

Thus, if any of these conditions of m is satisfied, the algorithm fails with probability at
least 0.6 - 0.8 > 1/3, a contradiction. The statement follows. |
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C. Barton et al.

A Probability Inequalities Used in This Work

» Fact 32 (Markov's inequality). Let X be a nonnegative random variable and t > 0.

E
Pr[X > 1] < %
» Fact 33 (Multiplicative Chernoff bounds, see e.g. [16]). Let Xi,...,X,, be independent
random variables taking values in {0,1} and let X = Y1 | X;, p = E[X]. Then, for any
0<d<1,

2u 2u
Pr[|X — pu] > 6u] < 2exp -5 ) and Pr[X < (1-4)u] <exp 5 |

and for any 0 > 0,

u
Pr[X > (1+06)pu] < exp 275

» Fact 34 (The extended Janson inequality [12, Theorem 2.14 and Remark 2.15]). Let Q2 be a
finite universal set and let R be a random subset of Q given by Pr[r € R] = p,., these events
are mutually independent over r € Q.
Let {A;}ier be subsets of Q, where I a finite index set, and B; be the event A; C R. Let
X; be the indicator random variable for B; and X =), X; be the number of A; C R.
Fori,j eI we writei~ j ifi#j and A; UA; # 0. Define A = %ij Pr[B; A Bj] and
1 =E[X], then Pr[Aje[B;] < e/ (n+24) 2

B Omitted Proofs

» Lemma 10. Forgc [2..|5]] and e > (thg)l/ﬁ, Algorithm 2 is a one-sided e-property
tester for strong (< g, k)-periodicity with complexity O(e~*v/glogg).

Ifk <en/32, forge [2..|5]] and e > (m79)1/3, Algorithm 2 is a one-sided e-property
tester for strong (< g, k)-periodicity with complexity O(s~/?\/glogg).

Proof. Assume that the given string is strongly (p, k)-periodic with p € [1..¢g]. Let h = |g/p],

then ph € (|g/2]..g]. By the definition of witnesses, every ph-witness is also a p-witness.

By Observation 7, the tester does not find a ph-witness and returns “yes”. We have shown
that the tester accepts all strings that have a strong (p, k)-period for some p € [1.. g].
Now, assume T is e-far from being strongly (< g, k)-periodic. If the algorithm answers

“yes”, then at least one of the following holds:

the algorithm samples |I| > 2rn positions (henceforth called event B);

I does not contain a p-witness for some p € (|g/2]..g|] (henceforth called event G).
We will show that Pr[G] < 1/9 and Pr[B] < 1/9. Then, by the union bound, the probability
that at least one of the events occurs (and hence the probability to answer “yes”) is at
most 2/9 < 1/3. The probability of B is at most exp(—rn/3) < exp(—1024/3) < 0.01 via
a Chernoff bound (Fact 33 invoked with § = 1). We only query the input if |I| < 2rn and
hence the complexity is as claimed.

2 The original claim in [12] states 2A instead of p + 2A; for ¢t = p, this can be strengthened to A by
observing that p(—t/p) = ¢(—1) = 1.
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For estimating the probability of G, let G, be the event that the algorithm does not find a
p-witness. Then, by the union bound, Pr[G] <3~ (|, /2). 4 PrlGp]. Hence, we can conclude
the proof by showing that Pr[G,] < 1/(9¢), which implies Pr[G] < 1/9.

Let W, be the set of p-witnesses. Lemma 8 implies that |[W,| > 10242 - gIlng/(pr?).
(One gets this bound by observing that, in both cases for k, the product of r? and the
corresponding bound from Lemma 8 equals 10242 - glng/p). For a fixed p-witness, the
probability of sampling both of its positions is 72. Hence, the expected number of sampled
p-witnesses is at least p :=r2|W,| > 10242 - glng/p > 10242 - In g.

By the extended Janson inequality (Fact 34), the probability of not sampling any p-
witness is at most exp(—pu?/(p + 2A)). Here, A is a correlation term that accounts for the
fact that pairs are not sampled independently. To explain A, we introduce the following
notation. For two potential witnesses w; := (a,b) € [0..n)? and wy := (c,d) € [0..n)?, we
write wy ~ wq if and only if |{a,b, ¢, d}| = 3, i.e., if they share exactly one position. Note
that the probability of sampling both w; and ws is 73. Also, the three distinct positions of
wi and ws are in the same equivalence class. Now we can define A and provide an upper
bound using

3,3 433
M= Y8 < Y <p.<f”§pw)r3<“; <t

wl,wQEWp wl,wQE[O..n)z
w1 ~ W w1 ~ W

For our range of ¢, we have r < 1024 - \/16-94/3 In?? g/n2, which readily implies
2A <1024% - 64 - Ing. Finally, if 1 > 2A then pi?/(u+2A) > p/2 > 1-1024%-Ing. Otherwise,
w2/ (4 2A) > p?/(4A) > 10244 In /(10243 - 128) > 81Ing. Hence, exp(—u?/(1u + 24)) <
exp(—8Ing) = 1/¢g® < 1/(9g) for g > 2, which concludes the proof. |

» Proposition 35. For every integer g > 2, we have |[|g/2] .. g] N Primes| > g/(101ng).

Proof. The number of primes in [|g/2]..g] is at least 1 > ¢/(101lng) for 2 < g < 16. For
g > 16, it is at least g/ Ing—(g/2)(In(g/2)—3/2) > ¢/(101n g), see Theorem 2 and Corollary 1
of [17]. <

» Proposition 25. Let M C [0..n), m = |M|, and g € [2..|%]]. Forp € [2..g], define the
set M, := {(i,j) € M? | i < jand i = j (mod p)}. If we choose p € (|g/2]..g] N Primes
uniformly at random, then for all x > 0, Pr(|M,| > x) < (m?logynlng)/(gz).

Proof. By Proposition 35, [2..g] contains at least g/(101n g) primes. For every (i,7) € My,
we know that p divides d := j —i. By the prime factorization theorem, d has at most
log, d < log, n distinct prime factors, and thus each pair (i,j) € M? participates in the
set M, for at most log, n different choices of p. Hence, Zpé[l. glnPrimes | Mp| < m? - logy n.
Therefore, E[|M,|] < 10 - (m?logynlng)/g. The claim follows by Markov’s inequality
(Fact 32). <
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