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—— Abstract

We introduce the data structure variant of the well-known element distinctness problem. Given an
array of n elements, the goal is to preprocess the array into a data structure that supports queries
asking whether all elements within a given query range are distinct. This has applications in text
indexing and possibly also in other algorithmic domains.

In the indexing model (where access to the input array is allowed), we design a data structure
using O(%) bits and answering queries in the time needed to solve an online element distinctness

instance of size O(b), for any b > 1. As a concrete instantiation of this, there exists an index that

n log2 (logloglogn)
logloglogn

Moving to the encoding model (where access to the input array is not allowed), we begin by

answers queries in O(logloglogn) time using O( ) bits of additional space.

proving an information-theoretic lower bound for the space usage of 2n — O(logn) bits, and then
design a matching encoding with O(1) time queries. We then consider the case in which the alphabet
size o is constant. In this setting, the lower bound can be refined to nlogr, — 3log (o +2) + O(1)
bits, where r, = 4 cos® (a%uz) This lower bound is matched by an encoding with O(1) time queries.
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1 Introduction

Given an array A of n elements drawn from an alphabet X, let A[l,r] denote the subarray
of A from position [ to r. A range query ga(l,r,---), for some 0 <! <r < n (and possibly
additional parameters “---”), is any function whose value depends only on the subarray
All,r] (and on the additional parameters, if any). Prominent examples of range queries
include: range minimum queries, defined as RMQ 4 (I, ) = argmin;,,.{ A[¢]}, which return
the position of the minimum element in A[l, 7] when ¥ is totally ordered [8]; rank queries,
defined as RANK4(I,7,¢) = [{i : | < i < r A A[i] = c}| for some ¢ € ¥, which count the
occurrences of the symbol ¢ in A[l,r] [14]; and range mode queries, which return the most
frequent element in A[l,r] [17]. Many other examples have been studied in the literature [24].
We are interested in the data structure perspective of range queries, i.e., given a static array
A and a function g4 (or simply ¢ in the following), the goal is to build a compact data
structure D(A4, ¢) that allows us to answer queries efficiently.

We introduce a new type of query which, despite its fundamental nature, to the best of our
knowledge appears not to have been previously studied from the data structure perspective:
element distinctness queries. Formally, a query ALL-DISTINCT 4(I,r) returns TRUE if all
elements in A[l, 7] are distinct, and FALSE otherwise.
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In an algorithmic setting, where the task is to detect whether an array contains any
duplicate elements, this is a well-studied problem; see [25] for recent progress in that context.

We argue that it is worth considering this problem in the array query setting. When A is
the document array [20] of a text collection, an index returns the suffix array interval [I, ]
corresponding to a given pattern P. Asking whether P occurs exactly once in each text then
corresponds precisely to a ALL-DISTINCT 4(I,r) query, which could, for example, provide
insight into the biological function of a queried DNA fragment.

There are two models of range query problems [6], depending on whether the input array
A is available at query time (indexing model) or not (encoding model). In the indexing model,
some space for the data structure D can potentially be saved, as the query algorithm may
compensate for missing information by consulting A when answering the queries. However,
since access to A is required at query time, the total space usage, which is |A| 4 |D| bits, can
never be sublinear in the space needed to store A itself.

This contrasts with the encoding model, where the data structure D must be constructed
so that queries can be answered without consulting A. Any encoding data structure Dy is
automatically also an indexing data structure. Conversely, an indexing data structure Dy
can always be converted to an encoding data structure by storing Dy together with a copy
of A. Consequently, distinguishing between the two models is meaningful only if there exist
indexing data structures that use less space than the best encoding data structures, and if
encoding data structures can achieve space usage sublinear in |A|.

As for range minimum queries [8], we show that this is indeed the case for ALL-DISTINCT-
queries. Specifically, in Sect. 2 we prove the following result, which, for the sake of generality,
is stated in terms of parameters Ty;s:(b,0) and Sgist(b, o) denoting the time and space
complexity of online algorithms for the element distinctness problem:

» Theorem 1. Let A be an array of n elements drawn from a totally ordered set of size 0 < n
and b > 1. Assuming that the element distinctness problem on an O(b)-sized instance can be
solved in Taist(b, o) time using Sq;st(b, o) bits of additional space, there exists an indexing
data structure using 2 (2+logb) + o(n/b) bits of space and answering ALL-DISTINCT queries
in Tyist(b, o) time and Sqgist(b, o) bits of working space. The data structure can be constructed
in O(n) time and O(clogn) bits of additional working space.

Let us give two concrete instantiations of the theorem for the choice of b = ©(logn),
which yields an index using O(nloglogn/logn) = o(n) bits of space. First, assuming that
o = O(nloglogn/ log? n), we can solve the element distinctness problem using counting
sort in Tyiee(b,0) = O(logn) time and Sgist(b,0) = O(nloglogn/logn) bits of working
space, which does not exceed the space of the index. Second, without any restriction on o,
one can use comparison based sorting to solve element distinctness queries in Ty;s (b, 0) =
O(log nloglogn) time using only a negligible amount Sy, (b, o) = O(log® n) bits of working
space. We refer to [25] and references therein for other space-time trade-offs for the element
distinctness problem. Using comparison sort, we can actually set the block size to any b = w(1)

. . . . . i)
to achieve sublinear space and O(blogb) query time. For instance, with b = % for a

positive constant integer k, where log[k] n denotes k iterations of the logarithm, the space of
[k+1] n)2

the index is O(%) = o(n) bits, and the query time is O(log[k] n).

Moving to the encoding model, in Sect. 3, we begin by showing the following result:

» Theorem 2. Let A be an array of n elements drawn from a totally ordered set of size
o < n. There exists an encoding data structure answering ALL-DISTINCT queries in O(1)
time while using 2n + O(%) bits of space, which is asymptotically optimal. The data
structure can be constructed in O(n) time and O(clogn) bits of additional working space.
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We then consider restricted alphabet sizes, where we refine Thm. 2 as follows:

» Theorem 3. Let r, = 40052($), and A be an array of n elements drawn from a

totally ordered set of constant size o < n. There exists an encoding data structure using
nlogry, + O(logn) bits of space and answering ALL-DISTINCT queries in O(1) time, which is
asymptotically optimal. The data structure can be constructed in O(n) time using o(n) bits

of working space.

Interpreting the term logr, as a function of o, we observe that 1/4 < cos?(;45) < 1,
therefore 0 < log(4 COS2(UL+2)) = logr, < 2, and hence the leading term in the space usage of
Thm. 3 is never larger than 2n bits. Some special cases for small alphabet sizes (o = 2, 3,4) can
be computed explicitly as n, 2nlog((1 + v/5)/2) = 1.388n, and nlog3 = 1.585n, respectively.
Interestingly, these are the same values for range minimum queries on restricted alphabets [16].

Finally, we note that all our results hold in the transdichotomous word-RAM model, where
the word size w satisfies w = O(logn), and arithmetic as well as bitwise operations on w
bits are performed in constant time. Additionally, our results also require the alphabet to be
linearly sortable (e.g., characters drawn from a universe of size nO(l)). This assumption is
necessary to compactify the alphabet to [1,0] in linear time; otherwise, we would violate the
natural O(nlogn) lower bound for duplicate detection in in the comparison model [18].

2 Indexing

In the indexing version of the ALL-DISTINCT problem, the data structure is allowed to access
the input array while answering queries. In this section, we design an index whose space
usage and query time can be tuned based on an input parameter b > 1. To this end, we first
introduce two sequences that form the basis of our solution:

» Definition 4. Let A be an array of n elements drawn from a totally ordered set of
size o. For every 0 < i < m, let Pali]| = min{j < i | ALL-DISTINCT(j,%1) = TRUE} and
N4li) = max{j > i | ALL-DISTINCT (i, j) = TRUE}.

Both P4 and N4 are monotone, with P4 being non-decreasing and N4 being non-
increasing. Moreover, by the pigeonhole principle, any range of length greater than ¢ must
contain at least one duplicate. It follows that for each 0 < i < n, we have max{0,i—o+1} <
P,li] <4 and similarly ¢ < Na[i] < min{n — 1,7+ 0 — 1}.

Constructing either of these two sequences can be easily done in O(n) time and O(c logn)
bits of space. We describe the procedure for P4, but the same idea applies to the construction
of N4. We compute P4[i] for all 0 < i < n in increasing order, starting with P4[0] = 0. We
maintain an auxiliary array C|0, o — 1], initialized with negative values, where C[k] stores the
index of the last occurrence of symbol k in the current range [z, j]. When computing Py [i],
we can inductively assume that P4[i — 1] has already been computed. If C[A[i]] < Pali — 1],
we set Py[i] to P4[i — 1], as the new symbol A[é] does not induce a duplicate in A[Pa[i — 1], 1].
Otherwise, we set P4[i] to C[A[i]] + 1, which is the minimal index j such that A[i] is not
repeated in A[j,¢]. In all cases, we update C[A[j]] to j.

Having access to either P4 or N4 is already sufficient to answer any ALL-DISTINCT(I, )
query in O(1) time: because of Def. 4, the answer is FALSE if P4[r] > [, and TRUE otherwise
(equivalently, one may check whether N4[l] < r). However, even though P4 and N4 can
certainly be stored in fewer than n[logn| bits, it is impossible to use less than (roughly)
a linear number of bits without having access to A (see Sect. 3 for details). Therefore, we
proceed to show how this can be achieved in the indexing setting.

9:3
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Our index is obtained by first partitioning the input array A into [n/b] blocks of size
1 <b<n. For each 0 <i < [n/b], we sample the array P4 at position (i + 1)b — 1, i.e., the
last element of the i-th block, and store the resulting value in a separate array Sp,. Similarly,
for the same values of i, we sample the array N4 at position @b, i.e., the first element of the
i-th block, storing these values in another array Sy ,. After collecting these samples, the full
arrays P4 and N4 are discarded, and only their sampled versions are used to answer queries.

Sp, and Sy, both require % [logn]| bits each if stored plainly, but we can save space
using ideas similar to Elias-Fano codes [21, §3.4.3]: Let us now focus on Sp,, as the same
considerations apply to Sy,. For each 0 < i < [n/b], we compute the integer division
Sp,[i]/b, and store the quotient in @p,[i], and the remainder in Rp,[i]. Qp, is again
monotonically increasing, with each 0 < Qp, [i] < n/b, hence by encoding the differences
between consecutive elements in negated unary and augmenting the resulting binary sequence
with SELECT; support [15, 13] we can access each element of Qp, in O(1) time while using
28+ o(*%) bits of space. Rp, is stored plainly using % [logb] bits, and supports O(1) time
access. Each Sp, [i] can then be reconstructed in O(1) time as b- Qp,[i] + Rp, [i]. Overall,
this encoding for both Sp, and Sy, requires 2%(2 + logb) + o(%) bits of space.

Answering queries with our index is straightforward. Given a query ALL-DISTINCT(L,7),
we first split the range [l,r] into three parts: [I, I’ — 1], [I', 7], and [’ + 1, 7], where [I, 7]
is the maximal subrange of [, r] that perfectly aligns with full blocks of size b in A. Using
the same idea as for answering queries with either P4 or N4, we check in constant time
whether the aligned portion [I’, '] contains any duplicates by verifying if Sp, [r'/b] > I or
Sn,[I'/b] < r. If this test fails, the answer to the query is immediately FALSE. However,
this is insufficient to guarantee uniqueness over the entire range [I,7]. Indeed, an element
in A[l, I’ — 1] may also appear in A[r’ + 1, 7], and such duplicates are not yet detected by
simply verifying the previous condition. Therefore, A[l, I" — 1] U A[r' + 1, r] must be checked
for duplicates, which is an O(b)-sized instance of the element distinctness problem.

Construction. The data structure can be easily constructed in O(n) time by running the
previously sketched algorithm only on the sampled positions of Sp,, and directly storing
the values in @p, (via bit vector appends) and Rp, (via simple array writes). Augmenting
@ p, with support for SELECT; operations can be done in-place in time linear in the size of
the bit vector. Symmetrically, the same procedure applies to all arrays based on N4, which
completes the proof of Thm. 1.

3 Encoding

We now consider ALL-DISTINCT queries in the encoding model, in which the underlying
array A cannot be accessed at query time. We first consider the general case, developing
upper and lower bounds that are independent of the alphabet size o (Thm. 2). We then
focus on restricted alphabets, where tighter bounds can be obtained (Thm. 3).

3.1 Unbounded Alphabet

The following easy lemma forms the basis of the lower bound in Thm. 2.

» Lemma 5. Let A and B be two arrays of length n, each drawn from a totally ordered set
of size o. For all 0 <1 <r < n, we have ALL-DISTINCT 4 (l,7) = ALL-DISTINCTE(l,7) if
and only if Py = Pg.
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Proof. Let us assume that A # B, otherwise the lemma immediately follows. We prove
the two implications by contradiction. ( = ) Suppose that ALL-DISTINCT4(l,7) =
ALL-DisTINCT (I, 7) for all 0 < < r < n, but P4 # Pp. Let j be the smallest index such
that P4[j] # Pglj], and assume without loss of generality that P[j] > Pg[j] (the other case
is symmetric). Then ALL-DISTINCTp(Pg[j],j) = TRUE while ALL-DISTINCT 4 (Pg[j],j) =
FALSE, which is a contradiction. ( <= ) Suppose that P4 = Pg, but there exists a range
[I,7] such that ALL-DISTINCT4(l,7) # ALL-DISTINCT5(l,7). Without loss of generality,
assume ALL-DISTINCT4(l,7) = FALSE. This implies that there exists a j > [ such that
P4lr] = j. Since ALL-DISTINCTg(!,7) = TRUE, it must be that Pg[r] < [, which in turn
means P4[r] # Pg[r], a contradiction. <

Lemma 5 implies that the number of equivalence classes of the ALL-DISTINCT problem
corresponds to the number of possible P-arrays as in Def. 4. From a simple information-
theoretic argument, taking the logarithm of such a quantity yields the lower bound of Thm. 2.
To perform such a counting, we begin by introducing the following definition:

» Definition 6. The delta sequence Ap, of P4 is defined by setting Ap,[0] = 0 and, for
each 1 <i<n, Ap,[i| = Pali] — Pali — 1].

Notice that, because of Def. 4, 0 < Ap, [i] < o for each 0 < i < n. The following result is
already formulated more generally to make it also applicable to restricted alphabet sizes (in
this section, it should be interpreted with o = n):

» Lemma 7. The set of P4 arrays computed from any array A of n elements drawn from a
totally ordered set of size o < n is in bijection with the set of ordered trees with n + 1 nodes
and height at most o + 1.

Proof. We prove this by giving a bijection with balanced parenthesis sequences of length
2(n 4 1) having maximum excess o + 1, which in turn gives the desired bijection. Given P,
we construct the sequence B as follows: Initially, B is empty. Then, for all 0 < i < n
in increasing order, append Ap, [i] closed parentheses and a single open parenthesis to B.
Finish by appending (n — 1) — P[n — 1] 4+ 1 closed parentheses and enclose everything in
another pair of open and closed parentheses.

It is easy to see that B has length 2(n + 1) and is balanced. The latter follows because,
for any position 1 < ¢ < 2(n + 1), if we denote by k the step in which its parenthesis is
generated, then EXCESS(i) > k41— P[k+1] > 0 (there are k+ 1 open parentheses before ),
and EXCEss(2(n + 1)) = 0. Using a similar argument, we also obtain that, for any position i,
ExXCESS(i) < k+2— P[k], which is at most k42 —max{0,k —o+1} by Def. 4. If k < o, then
ExCEss(i) < k+1 < o+ 1. Otherwise, if k > o, then EXCESS(i) <k+2—k+o—-1=0+1.

It remains to prove that our mapping is bijective. Surjectivity follows easily, since any
sequence of balanced parentheses allows us to construct Ap, and hence P4. Injectivity can
be proved by contradiction, in a way similar to the proof of Lemma 5. |

From Lemma 7, the number of different P4-arrays for o = n is given by the n-th Catalan

number C,, = #(2:)7 which implies the following:

n+1

» Lemma 8. Let A be an array of n elements drawn from a totally ordered set of size n.
Any encoding data structure for A supporting ALL-DISTINCT queries must use at least
2n — O(logn) bits of space.

We are now left with designing a data structure that uses space close to the lower bound
of Lemma 8 while still providing efficient queries. As already mentioned in Sect. 2, if we
have access to P4, answering any ALL-DISTINCT 4(, ) query reduces to checking whether

9:5
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P4lr] > I. Since P4 is a monotone sequence satisfying P4[i] < i for all 0 <4 < n, we can
store it succinctly by encoding the Ap,-values in negated unary encoding in a bit vector
G, ie., G = 02ral0l10Aralll  0AP4a[*=1]1, G has n ones and Z?;Ol Ap,[i] = Paln —1]
zeros, and since by Def. 4, P4[n — 1] < n — 1, the overall size of G is at most 2n bits. We
conclude by noticing that P4[i] = SELECT;(G,i + 1) — 4, and that the SELECT; operation
can be supported in O(1) time by only adding O(%> bits on top of G [15, 13].
Construction. G can be constructed directly using the algorithm from Sect. 2, and aug-
menting it with SELECT;-support can be done in-place. Overall, we proved Thm. 2.

3.2 Restricted Alphabet

In this section, we consider the ALL-DISTINCT problem under a restricted alphabet (i.e.,
o < n). We first prove a lower bound that explicitly depends on o, providing a refinement of
Lemma 8 for this setting. We then complement this result by designing an encoding whose
space usage approaches the lower bound while still supporting O(1) query time.

For the special cases 0 = 2 or o = 3, the lower bound of Lemma 8 can be surpassed. It
suffices to store the input array A directly (after compactifying the alphabet), using n bits
for 0 = 2 or nlog3 ~ 1.585n bits for o = 3. Queries of length at most 2 (or 3, respectively)
can then be answered by scanning the corresponding elements of A, while longer queries must
necessarily contain a duplicate. However, already for o = 4, this simple approach cannot use
fewer than 2n bits. Nevertheless, a tighter bound can still be achieved.

3.2.1 Lower Bound

» Lemma 9. Let A be an array of n elements drawn from a totally ordered set of constant
size o < n. For large enough n, any encoding data structure for A supporting ALL-DISTINCT

. . _ 2 i
queries must use at least nlogr, —3log (o + 2)+O(1) bits of space, where r, = 4 cos (J—H)

Proof. Exploiting Lemmas 7 and 5, the number of equivalence classes for the ALL-DISTINCT
problem on a restricted alphabet 0 < n is given by the number of ordered trees having
n + 1 nodes and maximum height at most o + 1. Let us denote with C’Zill this number. De
Bruijn et al. [3] already studied this combinatorial problem, giving the following asymptotic
equivalence for any constant o:

gntl ™ s
Co’+1 2(n+1) t 2
ntl a+2COS o-+2 an o+ 2

The asymptotic equivalence f ~ g means lim, ..o

(n . In our case, this implies that,

for large enough n, C1} = © (4ﬂ_:2 cosz("Jrl ( ) tan (U +2>) with an hidden constant ¢

arbitrarily close to 1. Observing that 7 € (0, ) for all o > 1, and recalling that tanx >

‘\./

N

0+2
we obtain the following lower bound on log CJf}, from which our claim follows:

on (0, %), we have tan ( +2> > Usmg this inequality, and letting r, = 4 cos? ( +2>

log C7H = nlogr, + 2log <tan (L)) —log (0 +2)+O(1)
g

> nlogr, + 2log (12) —log (o +2)+0(1)
g

=nlogr, —3log (o +2)+ O(1) <
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3.2.2 Upper Bound

We show how to represent P4 in space as close as possible to the lower bound of Lemma 9,
while still allowing arbitrary entries to be retrieved in constant time. ALL-DISTINCT queries
are then answered as in Sect. 2, hence checking whether P4[r] > I. Our approach follows the
idea of the 2n-bit indexing data structure for O(1) range minimum queries [8]. Specifically,
we partition the array Ap, into sufficiently small blocks, assign a type to each block that
uniquely identifies it among all possible blocks, and use a universal lookup table that stores
precomputed answers to queries within a block. A running example is provided in Fig. 1.

Notice that, due to the bijection with ordered trees of bounded height of Lemma 7, a
natural approach to proving Thm. 3 would be based on tree covering [4] or, possibly, on

hypersuccinct trees [19], in the spirit of [16]. In Appendix B, we sketch such an alternative.

However, its space has a larger second-order term than Thm. 3, and, more importantly, we
are not aware of a space-efficient construction algorithm analogous to that in Thm. 3.

b=6
: : :
i i i i
A ‘1‘1‘:5‘4‘2‘1‘:5‘4‘3‘2‘4‘2‘4‘3‘:5‘2‘:}‘2‘1‘4‘1‘:5‘4‘3‘1‘2‘1‘3‘2‘1‘
! ! ! !

0 1 2 3 4 546 7 8 9 10 11,12 13 14 15 16 17,18 19 20 21 22 23,24 25 26 27 28 29
' ' ' '

; ; ; ;
Py [o]oJufafe]2]s a7 ] 78 rwfu]uia]ra]rs]r6]16]r6 19 [19]2022 22 [22]25 25 26 ]27]
01 2 3 4 5 ; 6 7 8 9 10 H;]Z 13 14 15 16 17;\8 19 20 21 22 23;‘2'1 25 26 27 28 29
| | | |

| | |
[3Jofr]2]1Jo]3]o]1]1JoJo]3]o]1]2]oJo]3]o]1]1]
8 9 10 11:12 13 14 15 16 17:18 19 20 21 22 23:2'1 25 26 27 28 29
' ' '

Ap, [o]r]oJoJo]s
01 2 3 4 5

=

30 (30,30)
29
28
27
26
25
24
23
22
21
20
19
18

1 2/3'14 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
.

=
N

Figure 1 Example of the main components of our encoding data structure for an instance of size
n = 30 over an alphabet of size o = 4.
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Given an array A, we partition P4 into consecutive blocks of b > 1 elements each. For
every such block, we sample its first value and store it relative to its position in a separate
array Sp, (i.e., for the j-th block Sp,[j] = j-b— Palj - b], which is always bounded by
o — 1). The key idea is that, once the first value of a block is known, all the P4 values
within that block can be reconstructed from the corresponding portion of the delta sequence
Ap,, without using P4. Indeed, for each position 0 < i < n, if we let j = |i/b] be its
corresponding block and k£ = j - b its starting position in P4, then:

Pali]=j-b=Sp, il + > Ap,lZ] (1)
z=k+1

Notice that, because of the samples, the first Ap, value of each block is not used when
reconstructing an entry of P4. In Fig. 1, to recover the value of P4[20] in position i = 20,
we access the sample array Sp, in position j = |20/6| = 3, then, using Ap,, we compute
P4[20] =36 — Sp,[2] + Ap,[19] + Ap,[20] =18 =2+ 0 + 3 = 19.

Therefore, to efficiently compute Eq. 1, we use the following precomputed tables:

T, which stores, for each block of size b, an integer identifying its type. For all 0 <1, j <

[n/b], we have T'[i| = T[j] if and only if Ap,[i-b+ k] = Ap,[j-b+ k] for all 1 <k < b.

L, which stores, for each possible block type ¢t and every position j within such a block,

in L[t][j] the sum of deltas up to that position starting from the second element of the

block, with the first entries L[¢][0] always set to zero.

Having access to those tables, Eq. 1 can be computed in O(1) time as follows:
Pali] = (5 - b= Sp,[j]) + LIT[f]][i mod b] , (2)

with j = |i/b] being the block number of 7. It remains to show how to assign types to
blocks based on their Ap, sequence, and that the combined space usage of T', L, and Sp,
approaches that of Lemma 9.

3.2.2.1 Computing the Block Types

We begin by describing an algorithm for assigning types to blocks. To this end, it is
convenient to interpret the delta sequence Ap, as a two-dimensional lattice path in the
Cartesian plane going from (0,0) to (n,n) and consisting only of Fast and North steps (i.e.,
(1,0) and (0,1)). Such a path can be obtained using the same idea we exploited to prove the
bijection with balanced parenthesis sequences (see Lemma 7). For 0 < i < n in increasing
order, perform Ap, [i] North steps followed by a single East step. Terminate by appending
(n —1) — P4[n — 1] + 1 North steps. Notice that, because of Def. 4, the number of North
steps is never more than the number of East steps. Consequently, the path never goes above
the main diagonal and therefore corresponds to a Dyck path [10, p.76]. Moreover, the vertical
distance between the path and the main diagonal (i.e., the difference between the number of
East and North steps) is bounded by o. See Fig. 1 as an example.

Each block of size b in Ap, naturally corresponds to a Dyck path fragment confined
within a parallelogram of base b and height 0 + 1. As an example, see the region delimited by
the points (6,2), (6,6), (12,8), and (12,12) in Fig. 1, corresponding to the second block of
APA
regard it as having a parallelogram extending below the z-axis, with its path starting at its

in the example. This holds for every block except the first one, but we can conceptually

leftmost top vertex and always beginning with ¢ North steps. Notice, however, that due to
Eq. 1, we are only concerned with paths of length b — 1, since the first Ap, value in each
block is not used.
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N Ap, Entry Type
__ 365 ,‘ 365
ST 0 10001 3 (3)s- 0
B 1 1 | 13012 0 (0)s - 86
_. 1094 1 1094 1729
A T 2 | 03011 1 (1), - 113
¥ b ! I 3 | 03012 1 (1);-86
3281 13281 ' 2187 ' 1093
T ST N 4 | 03011 1 (1)s- 113

Figure 2 Left: the extended graph G for 0 = 4 and b — 1 = 5. Right: the types of the blocks
from the example in Fig. 1, with two example blocks (red/blue) whose normalized paths are also
shown in G. Notice that, despite having different Ap,-sequences, without appending the binary
encoding of their entry height, they would end up with the same code.

Exploiting this reduction to Dyck paths, we are now left with the problem of assigning
the same identifier to blocks corresponding to the same path. To this end, we begin by
defining the following (conceptual) graph G. See Fig. 2 for an example with b = 6 and o = 4;
ignore the dotted part in the lower left corner.

» Definition 10. Graph G has nodes (p,q) for all0 <p <b—1and allp < q<p+o. Each
node (p,q) with p < q has an outgoing edge to (p,q+ 1) if ¢+ 1 —p < o, and an outgoing
edge to (p+1,q9) ifp+1<q.

We then assign to each node (p,q) a value representing the number of distinct paths
starting at (p, ¢) and reaching the terminal node (b—1,b+ o —1) (i.e., the only node without
outgoing edges, shown as the top rightmost vertex in Fig. 2). These values are stored in a
table N[0,b —1][0,b+ 0 — 1] of b- (b + o) elements, such that N[p][q] stores the number of
paths from node (p,q) to (b—1,b+ o — 1), with 0’s in cells not corresponding to any node.
By exploiting the fact that there are at most two options for the next step from (p, ¢) (either
first going North or first going East), the following formula allows us to precompute the
N-array in O(b(b+ o)) time:

! ifp=b—landp<g<b+o—1
N[PHQ]: 0 ifp>qorg>o+p (3)
Nlp+1][¢] + N[p]lg +1] otherwise

9:9
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Algorithm 1 Computing all block types.

Input: The sequences P4 and Ap,, table IV, block size b, alphabet size o
Output: The type table T

§40; // Initial entry height of the first block
for j < 0to [n/b] —1do
h< min {Pali]—i+0—1} // distance to lower diagonal
Jb<i<(j+1)b

s+ (s+Ap,[j-b—1)—h; // skip first element and normalize path
code + 331 NI1]ldl;

(p,q) < (1, 5);
for k< 1tob—1do

for h+ 1to Ap,[j-b+ k] do

if p+1<q then

code + code + Np+ 1][q] ; // Add missed paths

end

qg+—q+1; // North step
end
p+p+1; // East step

end

T[j] + concatenation of s (using [log o] bits) and code;
54 s+q—D;
end

return T

In Fig. 2, the non-zero N-values are shown next to each node in G. Note that the numbers
C9*1! from Sect. 3.2.1 appear on the upper diagonal of G.

We proceed by describing an algorithm for computing the type of the j-th block, that is,
for the sequence of deltas Ap,[j-b+1],Ap,[j-b+2],...,Ap,[(j +1)-b— 1] (remember
that the first delta of each block is ignored). As before, this sequence of deltas can be seen
as a path in G, starting at (0, s) for some height 0 < s < ¢, and ending at (b — 1,¢t) for
some t. We begin by normalizing the path by shifting it downward as much as possible, by
simply computing the minimum vertical distance between the path and the lower boundary,
subtracting this value h from every point along the path. This prevents assigning different
codes to paths having the same shape but different starting heights.

To ensure each path starts at (0,0), we modify it by prepending s North steps. We then
assign the codes as follows: initialize a variable code to 0, and each time the path moves
from (p, q) to (p,q+ 1) via a North step, increment code by the number of paths that would
be skipped if the path were to take an East step to (p + 1,¢); that is, by N[p + 1][q] if
such a node exists, or 0 otherwise. Lastly, we note that, following this numbering scheme,
paths starting from different nodes may be assigned the same code. As an example, see
the paths corresponding to the second and fourth blocks in Fig. 2, which would both get
code 86, although the delta sequence of the blocks is different. To still ensure a unique code
for different blocks, we prepend the binary encoding of the starting height s to code using
[log o] bits to obtain the final block type. See Alg. 1 for a complete, formal description
of our block type assignment procedure, which runs in O(n) time, since all paths together
contain at most 2n North and East steps.
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It remains to prove that the algorithm we just described is a valid numbering scheme,
that is, it never assigns the same code to two blocks having the same starting height and
representing different normalized Dyck path fragments. In the following, we sketch the main
idea of the proof and defer the complete formal argument to Appendix A.

» Lemma 11. Let T be the table produced by Alg. 1. For all indices 0 <i < j < [n/b], if
T[i] = T[j] then for all1 <k <b, Ap,[i-b+k|=Ap,[j-b+K].

Proof Sketch. We proceed by contradiction. Suppose there exist 0 <1 < j < [n/b] such
that T'[i] = T'[j], but for some 1 < k < b, Ap,[i-b+ k] # Ap,[j-b+ k]. This difference then
translates to a difference in the corresponding Dyck path fragments of the two blocks.

Let P, and P, be the paths corresponding to blocks ¢ and j, and let (p, ¢) be the first
node at which they differ. Moreover, without loss of generality, assume that at (p,q) the
path P; takes a North step while P> takes an East step.

The key idea of our proof is that, starting from (p, ¢), the minimum possible code that
can be assigned to the remaining suffix of P; is strictly larger than the maximum possible
code that can be assigned to the remaining suffix of P,. This can be proved by induction
after characterizing such quantities. Overall, this implies that the code assigned to P differs
from the code assigned to Py, contradicting the assumption that T[i] = T[j]. <

3.2.2.2 Space Analysis

To show that the space usage of our encoding approaches that of Lemma 9, we introduce the
following definition:

» Definition 12. Let b and o be positive integers with b > o. We denote by My the number
of distinct normalized paths in G from any (0,s) to (b—1,b4+ 0 —1) for all0 < s < o.

Ideally, we would like to analyze the sizes of L and 7" in terms of M _,, but unfortunately,
we are not aware of a closed formula for M ,, and neither for the numbers Ng][q].

However, we can still derive an upper bound as follows. Consider again the conceptual
graph G from Def. 10: As depicted by the dotted part in Fig. 2, we can extend G to the left
by adding o levels according to the same construction rule, and only keeping the nodes lying
at the same height and above node (0,0). If we consider all paths in the extended graph
using only North and East steps and running from its leftmost node to its top rightmost
node, these paths are in bijection with Dyck paths of length b+ ¢ — 1 and maximum height o,
which are counted by C’l‘f:[,l. Moreover, for every path and every entry height in the original
graph, there exists at least one such path in the extended graph that starts at its leftmost
node and reaches that height (see the example in Fig. 2). Consequently, M7 < C,‘;:Tl, and
the space usage in bits of the type table T'[0, [n/b] — 1] can be bounded as follows.

7= [3] Mog My ] <[] log Cit)]
< (% + 1) ((b+o)logr, —log (o +2) + O(1))
=nlogr, + O(%)
The space usage in bits for the table L storing the prefix sums can be bounded as follows:

L] = My, (b— D)[log(bo)] < CZF2(b— 1)(log(bo) + 1)
- @(rgb+f’>blog b)
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Choosing the block size as b = [% - 0—‘ for an arbitrarily small constant € > 0

makes |L| = O(n'~“lognloglogn) = o(n/logn) bits. The sample array Sp, requires
#llogo] = O(n/b) bits; hence, the overall size of the encoding is nlogr, + O(f5g7) bits.
Queries are answered in O(1) time as shown in Eq. 2 using only 7" and L.

Construction. Table N can be computed optimally in O(b (b + o)) = O(log® n) time while
using O(b (b + o) logn) = O(log® n) bits of space, and is only needed at construction time.
The type table T is filled using Alg. 1 in O(n) time. Moreover, the same algorithm can
be modified easily to operate block-wise (i.e., computing Ps[j - b,(j + 1) - b — 1] and the
resulting Ap,-sequence only when the j-th block is processed), it never uses more than
O(bologn) = O(log®n) bits of working space. Lastly, the relevant entries of L can be
computed on-the-fly in no more than o(n) bits of space and time. Overall, we proved Thm. 3.

4  Conclusions

We introduced a new type of range query on arrays, with potential applications in text
indexing as well as other algorithmic realms. Our algorithms build on techniques that are
inspired by range minimum queries [7, 8], but needed substantial new ideas and adaptations
to work for ALL-DISTINCT. We note that in cases where an ALL-DISTINCT query returns a
negative answer, our algorithms can be easily modified to report the position of a duplicate in
the query range, if desired. Future research directions include: proving a space-time trade-off
lower bound in the indexing model [1]; extending the techniques to higher dimensional
arrays [2]; considering upper and lower bounds for random instances [19]; compressing the
data structures [9, 12]; learning from the distribution of the data [5]; or exploring relaxed
variants, such as parameterized queries that return TRUE if the query range contains at most
k repeated elements, with k specified either at preprocessing or at query time. So far, we
have considered only the simplest case of queries testing the distinctness of values in a range.
More challenging problems include deciding whether a unique element exists in the query
range, as well as counting or reporting distinct or repeated elements, similarly to [11].
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A Proof of Lemma 11

To simplify the proof of Lemma 11, we introduce two auxiliary lemmas. Their proofs proceed
by induction on the cells of N[0,b — 1][0,b + o — 1], following the reverse sum order: for
any two pairs of coordinates (p’,¢’) and (p,q), (p’,q’) < (p,q) if and only if p’ + ¢ > p+¢q.
Under this ordering, the smallest coordinate is (b — 1,b+ o — 1), while the largest is (0, 0).
Intuitively, this ordering is more suited for the indexing of the N-array (see Figure 2). Finally,
for ease of presentation, throughout the following proofs, we assume that N[p|[q] = 0 for
everyp>b—1lorg>p+o.

> Lemma 13. For every 0 <p<b—2andp<q<p+o, Njpllg = P77 N[p+1][q +1].

Proof. The base case immediately follows from Def. 3. For the inductive case, consider a
generic coordinate (p, ¢), and assume the predicate holds for all (p,¢’) < (p, ¢). Then:

Nipllg] = Nlpllg + 1] + Np + 1][q]
pt+o—qg—1
= Np+1][q] + Z Nlp+1][¢+1+i (Inductive hypothesis)

pt+o—q

= > Np+1]fg+1] <

i=0
» Lemma 14. For every0 < p < b—1 andp < g < p+o, Np|[q] > Z?;épH) Np+1+i)[g+1i].

Proof. The base case holds since by Def. 3, N[b—2][b+0c—3] = N[b—1][b—1+0]+ N[b—
1J[b+0—2] =2 and N[b—1][b+ 0 — 3] =1 (see Figure 2). For the inductive case, consider
a generic coordinate (p, ¢), and assume the predicate holds for all (p’,¢") < (p,q). Then:

Npllg] = Nlp + 1][q] + N[p|[g + 1]
> N[p+1][q] + N[p+1][g + 1] (Expanding N([p][g + 1], N[p][qg + 2] > 0)

b—(p+3)
> Np+1][q] + Z Nlp+2+i][g+1+14] (Inductive hypothesis)
i=0
b—(p+2)
= > Np+1+illg+i <

=0

For ease of reference, we restate Lemma 11 here, and proceed with a formal proof based
on the argument sketched in Sect. 3.2.2.

» Lemma 15. Let T be the table produced by Algorithm 1. For all indices 0 < i < j < [n/b],
if T[i] = T[j] then for all1 <k <b, Ap,[i -b+ k] =Ap,[j-b+ K]

Proof. We proceed by contradiction. Suppose there are two indices 0 < i < j < [n/b] such
that T'[i] = T'[j], but for some 1 < k < b, Ap,[i-b+ k] # Ap,[j-b+ k]. This difference then
translates to a difference in the corresponding Dyck path fragments of the two blocks.

Let P; and P, be the paths corresponding to blocks ¢ and j, and let (p, ¢) be the first
node at which they differ. For k € {1,2}, let the portion of Py up to and including (p, q) be
called the prefix of Py, denoted as pref(Py), and let the remaining part be its suffix, denoted
as suff (Py).
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Without loss of generality, assume that at (p, ¢) the path P; takes a North step while P,
takes an East step. Note that 0 <p < b—2 and p < ¢ < p+ o, otherwise these steps cannot
be performed.

Since the paths coincide up to (p, q), we have pref(P;) = pref(Ps). The key idea of our
proof is then to show that, after the mismatched step, the largest possible code that can be
assigned to suff(P,) is strictly smaller than the minimum possible code that can be assigned
to suff(P;). This gives a contradiction, because then the overall codes of the two blocks
cannot be the same, and thus Ti] # T[j].

Let ¢; denote the smallest possible code for suff(P;). After the initial North step from
(p, q), which contributes N[p 4 1][¢] to ¢1, this minimum is achieved by taking ¢ — p + 1 East
steps and then following the lower diagonal of the graph until reaching node (b— 1,0 —1). It
is immediate that, besides the initial North step, all the remaining steps do not contribute
to ¢1, hence ¢; = N[p + 1][q].

Similarly, let ¢y denote the largest possible code for suff(P;). After the initial East step
from (p, q), which does not contribute to cq, this maximum is achieved by first taking p+o—gq
consecutive North steps. Each of these North steps contributes N[p + 2][q + i] to c¢g for
0 <i < p+0—q. Once these North steps are completed, the path reaches the upper diagonal
of the graph and then follows that diagonal until it arrives at the node (b—1, b+o0 —1). Each
North step performed while following the upper diagonal contributes N[p+3+i][p+o+1+1]
to ¢cg for 0 < i < b— (p+4). Overall, the value of ¢g is given by the following expression:

pto—q b—(p+4)
co= Y Np+2g+il+ Y, Np+3+ilp+o+1+i (4)
=0 =0

Finally, we obtain the following chain of inequalities relating c¢; to ¢z, from which our
claim follows:

c1 = Nlp+1][q]

pto—q+1
= Y  Np+2|g+i (Lemma 13)

1=0

p+o—q
( > N[p+2][Q+i]> +Np+2|[p+o+1]

1=0
p+o—q b—(p+4)
> Y Np+2lg+il+ > Nlp+3+ilp+o+1+i] (Lemma 14)
=0 i=0
= C2 (Eq. 4) <

B An Alternative Encoding Based on Tree Covering

As mentioned in Sect. 1, it is possible to design an alternative encoding in the restricted
alphabet setting of Sect. 3.2. This encoding is based on Lemma 7, which gives a bijection
between the set of P-arrays of length n over an alphabet of size o, and ordered trees with
n + 1 nodes and height at most o + 1. In particular, if we denote by T4 the ordered tree
corresponding to P4 under this bijection for some input array A, then each P4li] is related
to the depth of the (¢ + 1)-th node visited in a pre-order traversal of T4.
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» Lemma 16. Let T4 be the ordered tree corresponding to P4 under the bijection of Lemma 7
for some input array A. For every 0 <1i < n and every node u with pre-order rank i + 1 in
T4, Pali] =i+ 2 — DEPTH(u).

Proof. Let B be the balanced parentheses sequence of T4 obtained from P4 through the
bijection of Lemma 7. Because of the fictitious node, for every 0 < ¢ < n, a node u with pre-
order rank i+1 has its opening parenthesis in B at position i+1 —1—22:0 Ap,[k] = i+1+Pyli].
In particular, there are i+2 opening parentheses and P4[i] closing parentheses. The difference
between these two quantities gives the depth of w in T4. Therefore, DEPTH(u) = i+ 2 — P4li],
which implies P4[i] = i 4+ 2 — DEPTH(u). <

The encoding is then based on the following observation. By Lemma 7, the height of T4,
and hence the depth of each node, is bounded by o + 1. It follows that this bound also holds
locally for any subtree in any partition of the nodes of T4 into subtrees. The key idea of
this second encoding is therefore to decompose T4 into a certain number of subtrees and,
for each possible subtree shape, store a small precomputed table that maps nodes to their
corresponding depth within the subtree. By Lemma 16, this allows us to access the values of
P4 and ultimately answer ALL-DISTINCT queries on A. To this end, we employ the following
tree decomposition technique by Farzan & Munro [4].

» Lemma 17 (Tree Covering [4]). For any parameter b > 1, an ordinal tree with n nodes can
be decomposed, in linear time, into ©(n/b) connected subtrees (so-called micro trees) having
the following properties:

Each micro tree contains at most 2b nodes.

Micro trees are pairwise disjoint aside from their roots.

Apart from edges leaving the micro tree root, at most one other edge leads to a node

outside of this micro tree.

We apply Lemma 17 to T4 using a parameter b > 1, to be fixed later, obtaining
m = O(n/b) micro trees, each having a height bounded by ¢ 4 1. For each micro tree p, we
store the depth of its root, its size, and the pre-order rank of its root in T4.

The depths of the roots and their sizes can be stored respectively using O((n/b)log o)
and O((n/b)logb) bits. As for the pre-order rank of the roots, we observe that these values
form a set of ©(n/b) elements from a universe of size n; therefore, we encode them using a
Fully Indexable Dictionary (FID), e.g., [23, 22] in O((n/b)logbd) bits.

For each micro tree size 1 < j < 2b, we store a precomputed table D; mapping the local
pre-order rank of nodes inside the micro tree to their depth (local to the micro tree). Overall,
these precomputed tables use the following space in bits:

2b—1 2b—1
S ID; =Y C7Hlilog (o 4+ 1)] < C5(2b — 1)%[log (0 + 1)]
j=1 j=1

This last quantity is ©((r2b)? log o). By setting b = [2(110;,)0 log n_‘ for an arbitrarily small

constant ¢ > 0, the space usage of the tables becomes O(n'~¢log? n) = o(n/logn) bits.

We then proceed by assigning a code to each micro tree of size 1 < j < 2b using the same
algorithm based on lattice paths of Sect. 3.2.2. In this setting, we apply Lemma 7 to convert
each micro tree into its corresponding P-array, which is then converted into a Dyck path.
Notice that here, each such path starts from (0,0) and reaches (4, j). Therefore, contrary to
Sect. 3.2.2, we can avoid prepending [log o] bits to the obtained code, and we can directly
use C91! to analyze the resulting type table T. Therefore, let s;, denote the size of the k-th
micro tree, the space usage in bits of T can be bounded as follows:
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T =3 og 021 = S (s logrs — 3log (o +2) + O(1))
k=1 k=1
<nlogr, + m(logr, —3log (o +2) + O(1)) ,

where the last inequality follows since each micro tree in the worst case can contain a
duplicated root (i.e., Yy, sk < n+ m, see Lemma 17). Hence |T| = nlogr, + O(i5g)-

Finally, it is possible to prove that by using O(nloglogn/logn) bits data structures,
indices of P4 can be mapped to their corresponding micro tree in O(1) time [4].

Therefore, given an ALL-DISTINCT 4 (I, ) query, we first map r to its corresponding micro
tree p,-. We then subtract from r the pre-order rank of the root of u, to obtain the local
pre-order rank of r within u,.. Using this value, together with the size and the type of ., we
access the corresponding precomputed table to retrieve the local depth of the node associated
with 7. We add this local depth to the depth of the root of u, and, by Lemma 16, derive the
value of P4[r]. The query is then answered as usual by checking whether P4[r] < 1.

All the above operations are performed in O(1) time, and the overall space usage of the

encoding is nlogr, + O(%) bits, which matches the lower bound of Thm. 9 up to

lower-order terms.

We conclude by highlighting that the encoding of Thm. 3 presented in Sect. 3.2.2 has
the same query time, but an asymptotically smaller lower-order term in the space usage,
namely O(n/logn) against O(nloglogn/logn). Moreover, to the best of our knowledge, we
are not aware of a space-efficient construction algorithm for the tree covering of Lemma 17
as in Thm. 3. Lastly, the alternative encoding we presented here is not a mere black-box
application of the technique by Farzan & Munro. In particular, our method for assigning
types to height-restricted Dyck paths, and hence to trees of bounded height, is still needed
for construction.
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