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—— Abstract

Classifying points in high-dimensional spaces is a fundamental geometric problem in machine learning.

In this paper, we address the problem of classifying points in the d-dimensional Hilbert polygonal
metric. The Hilbert metric is a generalization of the Cayley-Klein hyperbolic distance to arbitrary
convex bodies and has a diverse range of applications in machine learning and convex geometry.
We first present an efficient LP-based algorithm in the metric for the large-margin SVM problem.
Our algorithm runs in time polynomial in the number of points, the number of bounding facets,
and the dimension. This is a significant improvement over previous work, which either provides no
theoretical guarantees on runtime or suffers from exponential runtime. We also consider the closely
related Funk metric. Finally, we present efficient algorithms for the soft-margin SVM problem and
nearest-neighbor-based classification in the Hilbert metric.
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1 Introduction

In machine learning, binary classification is a supervised learning task where an algorithm
learns to map input data (feature vectors in RY) to one of two mutually exclusive classes,
often denoted as positive and negative. The primary objective is to train a model that can
accurately predict the class of a new, unseen data point. Binary classification is one of the
most fundamental geometric problems in machine learning [5,11,37,39]. Support vector
machines (SVMs) were introduced by Vapnik and Chervonenkis [41] as a robust binary
classification algorithm [10]. Given two sets of training points PT and P~, SVM computes a
hyperplane that separates the two sets such that the minimum distance from each point set
to the separating hyperplane, called the margin, is maximized.

SVMs are widely used across diverse fields such as computer vision [26,40], natural
language processing [13,22], and computational biology [20]. Traditionally, these models
are built upon Euclidean geometry. However, there has been a massive recent surge of
interest in non-Euclidean spaces, particularly hyperbolic geometries. This interest stems
from the unique exponential volume growth property of hyperbolic space, which allows it
to embed trees and complex hierarchical structures with minimal distortion. Consequently,
hyperbolic representations have become highly effective for modeling word hypernymy and
linguistic structures in natural language processing [14, 31], capturing complex user-item
interactions and implicit hierarchies in recommendation systems [8], and mapping structural
connectivity in brain networks in neuroscience [2]. SVMs have been successfully adapted to
these hyperbolic settings to respect this intrinsic geometry [9].

While unbounded spaces (like the hyperbolic Poincaré disk) excel at representing hierar-
chical data, a vast number of critical domains in modern machine learning are intrinsically
constrained within bounded convex polytopes. In this paper, we study the SVM problem from
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the perspective of the Hilbert geometry and the closely related Funk geometry. The Hilbert
metric (defined formally in Section 2) generalizes the Cayley-Klein model of hyperbolic
geometry to arbitrary bounded convex sets. It boasts several desirable properties, such as
straight-line geodesics and invariance under projective transformations [34]. In bounded
domains, distances must be acutely sensitive to the proximity of a point to the boundary of
the feasible region. The Hilbert metric naturally imposes this penalty, diverging to infinity
as points approach the boundary.

The motivation for developing classification algorithms specifically tailored to bounded
polytopal boundaries under the Hilbert metric is driven by several pivotal paradigms in
contemporary machine learning:

Compositional Data and the Probability Simplex: Compositional data, such as
market shares, genomic relative abundances, and topic distributions, consist of nonnegative
vectors that sum to one. These vectors naturally reside within a bounded polytope known
as the probability simplex. Euclidean distances are notoriously ill-suited here because they
fail to capture relative variations near the boundaries (i.e., when probabilities approach 0
or 1). The Hilbert metric implicitly respects these compositional constraints and boundary
sensitivities, serving as a powerful intrinsic geometry for clustering and classification in
the simplex [32,33].
Optimal Transport and the Birkhoff Polytope: In optimal transport, matching,
and assignment problems, the set of feasible transport plans (doubly stochastic matrices)
forms a bounded convex domain known as the Birkhoff polytope [29]. Solving machine
learning problems over permutations or transport plans frequently requires navigating
this highly structured polytope [6,38]. An SVM formulated in the Hilbert metric provides
a theoretically sound mechanism for large-margin classification of transport matrices by
explicitly respecting the linear constraints that define the Birkhoff polytope.
Deep Learning on Symmetric Spaces and Siegel Networks: There is a growing
interest in representation learning on symmetric spaces, such as the bounded Siegel disk
or the cone of symmetric positive-definite matrices. These spaces are foundational in
advanced architectures such as Siegel networks and are crucial for applications in quantum
information theory, medical imaging, and deep learning [21,24,27,36]. The Hilbert metric
naturally models the intrinsic geometry of these bounded domains, particularly when
they are approximated by high-dimensional bounding facets.
Combinatorial Reasoning and Tropical Geometry: Recent advances at the in-
tersection of machine learning and combinatorial optimization utilize tropical geometry
to map discrete algorithms into continuous, piecewise-linear, polyhedral structures. In
tropical geometry, feasible solutions and decision boundaries trace the faces of polyhedral
complexes [18,43]. Classifying or routing information within these spaces requires a metric
that aligns with polyhedral boundaries. A Hilbert SVM provides an exact, geometrically
grounded decision boundary for neural algorithmic reasoning over such combinatorial
domains.

1.1 Related Work

In the Euclidean metric, SVMs are typically solved by formulating them as convex opti-
mization problems, specifically quadratic programming, which efficiently maximizes the
margin between classes [3,7]. This formulation frequently exploits Lagrangian duality, al-
lowing the problem to be expressed purely in terms of inner products, which can then be
elegantly generalized via the kernel trick [19]. However, generalizing this dual formulation
to non-Euclidean spaces, such as hyperbolic or Hilbert geometries, is highly non-trivial.
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Substituting the Euclidean inner product or distance with a non-Euclidean metric generally
destroys the positive semi-definiteness of the kernel or the convexity of the objective function.
Consequently, the standard trick of solving the dual problem yields a nonconvex optimization
problem when applied naively to these geometries.

Because of this inherent non-convexity, previous attempts to formulate SVMs and linear
classifiers in hyperbolic spaces have faced significant computational hurdles. Cho et al. [9]
were among the first to consider large-margin classification in hyperbolic space. While
they demonstrated that their approach significantly outperforms Euclidean classifiers on
hierarchical benchmarks by respecting the data’s intrinsic geometry, their method directly
optimized a non-convex margin objective using Riemannian gradient descent. Without
careful initialization, such approaches are highly susceptible to local minima and provide
neither a guarantee of a global optimum nor a worst-case polynomial running time. Other
continuous optimization techniques for representation learning in hyperbolic spaces similarly
rely on iterative local methods lacking rigorous theoretical convergence guarantees [15, 35].
Furthermore, as highlighted by Mishne et al. [30], training hyperbolic learning models via
Riemannian optimization frequently suffers from severe numerical instability and convergence
issues, leading to catastrophic floating-point failures. By formulating our Hilbert SVM as a
series of exact LPs, our approach completely obviates these Riemannian convergence and
numerical stability bottlenecks.

Another potential avenue for solving SVMs in the Hilbert metric is to exploit isometric
embeddings. Extending results of de la Harpe [12], Vernicos [42] presented an elegant isometry
mapping the polytopal Hilbert geometry into a finite-dimensional normed vector space. While
one might be tempted to map the input points into this embedding space to solve a standard
SVM, this approach is fundamentally flawed for linear classification. Because the mapping is
highly non-linear, a simple linear classifier (a hyperplane) computed in the embedding space
does not translate back to a linear hyperplane in the original input space. Furthermore,
computing the complex intersection of the resulting decision boundary with the polytope’s
feasible image is analytically and computationally impractical.

Recently, Acharya et al. [1] addressed the exact polytopal SVM problem in the Hilbert
metric without relying on non-convex optimization or non-linear embeddings. They showed
that the Hilbert SVM could be modeled precisely as an LP-type problem. While their
algorithmic framework achieves a running time linear in the number of training points, its
complexity grows polynomially with the total number of vertices of the polytope defining
the metric balls. Unfortunately, the vertex complexity of a polytope defined by m facets
generally grows exponentially with the dimension d. As such, their method suffers from the
curse of dimensionality and remains unsuitable for high-dimensional spaces, where the vast
majority of machine learning applications lie.

1.2 Qur Contributions

In this paper, we explore an alternative algebraic viewpoint of Hilbert geometry to develop an
efficient, globally approximate algorithm for the Hilbert SVM problem. The defining feature
of our approach is that the running time scales only polynomially with the dimension of the
space, successfully circumventing the exponential bottleneck that plagues prior vertex-based
methods while avoiding the local-minima pitfalls of Riemannian optimization.

Rather than relying on non-convex gradient descent or explicit vertex enumeration, our
algorithm leverages Birkhoff’s formulation of the Hilbert metric to reduce the maximum-
margin problem to a sequence of linear programming (LP) feasibility tests. Because we rely on
numerical LP solvers, we assume the input coordinates and bounding hyperplane coefficients
are represented as bounded B-bit rational numbers, and we compute the maximum margin
to within a user-supplied additive approximation error €.
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The following theorem formalizes our main result:

» Theorem 1. Consider a polytope Q in R? defined by m hyperplanes, and two linearly
separable point sets Pt and P~ of total size n contained within Q’s interior. Assume further
that all of the defining coordinates and coefficients are representable as B-bit rational numbers.
Then there exists an algorithm running in time O(poly(n,m,d, B,log(1/¢)) that computes a
separating hyperplane whose margin in the Hilbert metric defined by Q is within an additive
error € of the optimum.

This polynomial dependence on the ambient dimension d is a crucial advancement for
modern machine learning applications. Furthermore, our framework is highly extensible:
Asymmetric Metrics: We generalize our LP-feasibility results to the closely related asym-

metric Funk geometry, which is useful for directed spaces and specific optimal transport

problems (Section 2.1).

Soft-Margin Classification: To handle real-world datasets that contain noise or are not
perfectly linearly separable, we provide a robust soft-margin formulation for the Hilbert
SVM that scales penalties based on boundary proximity (Section 4.1).

Nearest-Neighbor Classifiers: While isometric embeddings fail for hyperplane SVMs, we
leverage Vernicos’s mapping to design an efficient approximate nearest-neighbor-based
classifier for non-linear decision boundaries (Section 4.2).

2 Mathematical Preliminaries

In this section, we provide a number of definitions and facts, which will be used throughout.
We will use different fonts, specifically p and p, to distinguish between a point p € R? and its
associated d-dimensional column vector p. We represent a (d — 1)-dimensional flat, that is a
hyperplane, L in R? as a pair (w,c) € R? x R represented by the function fr(z) = w'x+c.
A hyperplane partitions space into three sets, L=, L, LT, where a point x € R? belongs to
each of these sets depending on whether f7,(z) is < 0, =0, or > 0, respectively.

Given a set of m hyperplanes, £ = {L; : (w;,¢;)}7 let Q = Q(L) denote the closure of
the space bounded by the positive half-spaces L:‘, that is, Q = cl( Nty L:‘) Let 92 denote
the boundary of Q. Throughout, we assume that €2 is bounded and full-dimensional. Given
a nonnegative integer m, let [m] denote the index set {1,...,m}.

Given two points p, ¢ € int(Q2), let pg denote the chord of Q passing through these points,
that is, the intersection of €2 with the line through p and ¢. Let ﬁ denote the line that
passes through them, and ;@ denote the ray starting from p and passing through gq.

Given p,q € RY, let d(p, q) denote their Euclidean distance. Given a hyperplane L, let
d(p, L) denote the minimum Euclidean (perpendicular) distance from p to L.

2.1 Hilbert Geometry

In this section, we introduce the Funk and Hilbert distances. Given a convex body €2 and
any two points p, ¢ € int(Q2), let p’ and ¢’ denote the endpoints of the chord pg ordered as
®',p,q,q") (see Figure 1). If p = ¢ all the distances are defined to be zero. Otherwise, the
Funk and Hilbert distances are defined as:

/
Funk: d5(p,q) := 1HM 1
i =1 m
. drF 4 o le=Pll
Reverse Funk: d&y (p,q) = dg(g,p) = In ] 2)
df drF 1 oy o
Hilbert: dff(p,q) — 2P0 +d5®a) _ 1) llo=pllp-d| -

2 2 p=pllllg—dl
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Intuitively, df (p, q) is a measure of how far ¢ is from p relative to the boundary that lies
beyond ¢, and d (p, q) is just the reverse of this. The Hilbert distance d (p, q) symmetrizes
these by taking their arithmetic mean.

()

Figure 1 The (a) forward Funk, (b) reverse Funk, (c¢) and Hilbert distances between p and ¢ in Q.

These distance functions are all nonnegative and satisfy the triangle inequality [34]. The
Hilbert distance defines a metric over int(€2). The Funk and reverse Funk are asymmetric
and hence define weak metrics over int(€2). Observe that as either point approaches the
boundary of €2, the Hilbert distance approaches co. The Hilbert distance is invariant under
invertible projective transformations.

2.2 Birkhoff’s Formulation and Metric Balls

Birkhof! [4] provided an alternative, equivalent definition of these metrics that is better suited
to our approach.

» Proposition 2 (Birkhoff's Formulation). Given a set of m hyperplanes, L = {L; :
(Wi, ¢;) Y™y, then for any pair of points p,q € int(2(L)):
d(p, Li) w/ p+e
dE(p,q) = lo : = max log —4———
a(p.q) i€[m] o8 d(q, L;) ielm] W] q+¢
d(q, L;) w,q+c
dF(p,q) = maxlog ——<% = max log —
G (Pa) = N g L) T N e
L; L 1 wip+cwl
d(p,q) = = max log (p, L) dlg, L) = — max log ij lefrq+ck .
2 j.ke[m)] d( ) d(p, L) 2 j.ke[m)] wiq+c; wpp+c

This follows from the fact that 2 is convex, and observing that if pg intersects dQ in ¢/,
on the bounding hyperplane Ly, then by similar triangles

d(‘]a q,) d(Q7 L’L) .

Intuitively, this provides a way to define the metrics without explicitly calculating where the
line ﬁ intersects d€). One consequence of the proposition is that the metrics can be reduced

to a sup norm over R for some finite dimension ¢, using a non-linear mapping function [28].
Another useful consequence is its application to constructing metric balls in high dimensions.

Letting dg, denote any of the above metrics and given a point p € int(2) and scalar r > 0,
the associated metric balls are defined in the standard way.

Bh(p,r) = {q€Q : dy(p,q) <7}

1:5
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It is well known that the Funk ball about a point p is a scaling of €2 about p by an appropriate
factor that depends on the radius. This can be derived directly from Proposition 2:

Bi(p,r) = {qeQ: df(p,q) <1}

T .
= {qu : maxlogW’IH_CZ <r}

i€[m)] w;rq—l-ci_
T .
= {qEQ:logwgr,ViE[m]}
w, q+ ¢
= {qeQ:0<w/q+c—e (W p+ac), Vie[m]}
— m‘e[ }{qu : ng;q—i—ci—e”(w;rp—i—ci)}. (4)

Fixing p and r, let ¢ :=¢; — e "(w, p + ¢;), and let S be the hyperplane represented
by (w4, c}) (See Figure 2(a)). Observe that S is parallel to L;. We have the following:

» Lemma 3 (Funk Balls). Given a set of m hyperplanes, L as in Proposition 2, the Funk
ball Bg(ﬁ)(p, 7) is a polytope bounded by the m hyperplanes, SE : (w;,c}), fori € [m].

. A i {gH

() (b) ©

Figure 2 Defining balls and their bounding hyperplanes for (a) Funk, (b) Reverse Funk, and
(c) Hilbert.

A similar result can be proved for reverse-Funk balls (see Figure 2(b)). We next use
Proposition 2 to demonstrate the Hilbert balls are convex polytopes, but the number of
bounding facets is larger by the square. Following the same reasoning as in Eq. (4), we have

B (p,r) = {aeQ:df(p,q) <r}

qge: 1 max log W;»rp-i-cijq—l-ck <r
2 j.ke[m] ijq—l—cjw;p—i-ck -

N fac0: (wpte) (wiata) < (wip+a) (wate)).
J.k€[m]

Fixing p and r, let oy := €*" (W;p + ck) and a}yk = (W;'—p + cj). We have
T
Bl (p,r) = mj ke[m] {q €Q:0 < (ajpwy —ajewr) -+ (ajnes — a;,cck)}. (5)

Let w¥, = (a;xw; — o, wy), and ¢, = (jre; — o pex). Let ST be the hyperplane
represented by (w; &> c;‘k) Observe that ka is a linear combination of L;, and Lj, and
therefore ka passes through the intersection of L; and Ly, (see Figure 2(c)). In summary,
we have the following:

» Lemma 4 (Hilbert Balls). Given a set of m hyperplanes, L as in Proposition 2, the Hilbert

ball Bg(ﬁ) (p,7) is a polytope bounded by the at most m(m —1) hyperplanes ka, for 4,k € [m].
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3 Hilbert SVM

In this section, we present our solution to the SVM problem in the Hilbert geometry. Recall
that our objective is to compute a maximum-margin hyperplane (with respect to the Hilbert
distance) that separates two point sets PT and P~ of total size n.

We are given an index set I = {1,...,n}, and a partition of I into I, and I~, that is
ItUl-=1,IT NI~ =, along with the associated d-dimensional point sets: P* = {p; :
iel}, Pt ={p; :ielIt}, P~ ={p; : i € I"}. Throughout this section, we assume P+
and P~ are linearly separable, that is, there is a hyperplane K such that P C K1, and
P~ Cc K~. (In Section 4.1, we will consider the general case.)

Define the Hilbert distance of a point p € 2 to a hyperplane L to be dg(L,p) =
minger, d (x,p). We define the margin of PT and P~ with respect to a separating L as
min,e p+ dH (L, p), the minimum distance of any point to L. Finding the maximum margin
of any separating hyperplane can be expressed formally as

max {7 : 3K such that P* ¢ K*, P~ C K~, and dH(K,p) >+, Vpe Pi}. (6)

Our algorithm will yield an absolute approximation to the optimal solution. In particular,
given an approximation parameter € > 0, our algorithm will produce a separating hyperplane
that achieves a margin of at least 7 — &, where ~y is the optimal margin.

Assuming K is represented by the pair (w,c), this can be expressed equivalently as the
following optimization problem:

maximize: vy

subject to:  w ' p4+c¢ > 0, Vpe Pt
wip+ec < 0, Vpe P~
dd(K,p) > v, VpeP* K :(w,c). (7)

It is not immediately straightforward as to how to solve Opt (7). One difficulty lies
in finding a reasonable representation for d4 (K, p), the Hilbert distance of a point to
a hyperplane. This was done in an earlier work on the SVM in the polytopal Hilbert
geometries [1], but the size of the representation given there depended on the number of
vertices in the Hilbert ball, which grows exponentially with the dimension. Other ways of
formulating the SVM problem in hyperbolic spaces usually mirror that in the Euclidean
setting, framing it as a non-convex optimization problem, with no theoretical guarantees
on the runtime [9]. However, by exploiting the geometry of the polytopal Hilbert metric
and using the alternative viewpoints of the metrics as presented in Proposition 2, we can
significantly improve upon prior attempts.

3.1 Overall Algorithm

We assume every input parameter is given to us as a rational number, expressed as a fraction
of two nonzero B-bit integers. We call this representation a B-bit rational number. Each
of the n points p € P* is represented as a d-vector p whose coordinates are B-bit rational
numbers. The domain 2 is defined by a set £ of m hyperplanes, each of whose (w,¢)
representation is given as a sequence of d + 1 B-bit rational numbers. We say that the
resulting SVM problem instance has size parameters (d,n, m, B). The total bit complexity of
such an instance is O(d(n + m)B).

Before describing the overall algorithm, we first establish an upper bound on ~, the
maximum margin in terms of the bit size of the input. Let K be the corresponding separating
hyperplane for which « is achieved. Observe that for an arbitrary p, € P+, and p_ € P~

1:7
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we have df (p_,p;+) > dH (p_, K) + dH (p4, K) > 2. Now let the line joining p_ and p,
intersect Q) in bounding hyperplanes L_ : (w_,c_), and Ly : (w,c;). Therefore,

1. d(py,L)d(p-,Ly) 1. (wlpy+e)(wip- +cy)
di (p_, = -1 = -1 .
Qo p) = S8 G T A L)~ 3 B (Wl T o) (Wips er)

Consider any one of the terms in the numerator, say, (w' p; +c_). Now, w_, and p,
are given by d B-bit rational numbers, therefore their inner product can have an absolute
value of at most d - 228, Hence, the entire term w.! p4 + c_ has an absolute value at most
d-2%B 4 28, Recalling that the Hilbert distance is the logarithm of ratios, up to constant
factors, d (p_,py) is at most (8B + 4logd)log2 = O(B + log d), implying that v < M for
some M € O(B + logd). Thus, we have:

» Lemma 5. Given an SVM instance with size parameters (d,n,m,B), the separation
margin 7y for any hyperplane is at most M(d,n,m,B) = O(B + logd).

Our overall algorithm is as follows. Since we are interested in the optimum margin up to
an accuracy of €, we check if P and P~ are separable with a margin of at least r, where r
is an element from the range: T' = [¢, 2¢, 3¢, ..., M|, where M = M(d,n,m, B). To check
separation for a particular value r, we will conduct an (approximate) LP-based feasibility
test. We employ this test as part of a parametric binary search over the range I'. This
implies that we only need to solve O(log B + loglog d + log(1/¢)) many feasibility tests. We
next describe this LP-based subroutine.

3.2 LP-feasibility

We consider the problem of determining whether it is possible to achieve a given margin -,
up to an additive error of e. For a particular margin r, recall that BE (p,r) is the Hilbert
ball of radius r centered at p. By Lemma 4, B (p,r) is a polytope bounded by m(m — 1)
hyperplanes. (In Section 3.3, we will show how to construct them efficiently.) Let B(r)™ =
{BH (p*,r) | p* € PT}, the collection of the Hilbert balls of radius 7 around the positively
labeled points, and define B(r)~ analogously for P~.

The feasibility of v reduces to determining whether the collections of balls B(r)* and
B(r)~ are linearly separable. For i € [n], let A(r,7) be an m(m — 1) X d matrix and let b(r, %)
be an m(m — 1) x 1 vector such that

X € Bg(pi,r) <~ A(r,i)x+b(r,i) > 0.

We can construct A(r,i) and b(r,i) from the hyperplanes ka : (W, ¢ ) described in
Lemma 4. In particular, for ¢ € [m(m — 1)), if (w}, ¢}) denotes the ¢-th bounding hyperplane
of BH (pi,r), then w; is the ¢-th row of A(r,i) and ¢} is the t-th element of b(r, ).

Therefore, finding whether B(r)™ and B(r)~ are linearly separable is equivalent to the
following decision problem:

3K : (w,c), such that
Vpi € P, wix+¢>0, Vx:A(ri)x 4+ b(r,i)

r,1) >0,
Vpi € P7, wix+¢<0, Vx:A(r,i)x+b(ri) > 0. (9)

A\VARY

For fixed r and 7, let A = A(r,4) and b = b(r,i). Eq. (8) can be rewritten as:

MiN{x: Ax+b>0} wix4+c > 0.
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By standard LP duality (see, e.g., [16, pp. 81-84]), we have
Min (. Ax4+b>0} w'x = MaX(y: ATy—w, y>0} ~b'y.
Therefore we can simplify Eq. (8) as follows:
wix+c >0, Vx:Ax+b>0
= (min{x; Ax+b>0} w'x+ c) >0

= (max{y: ATy—w, y>0} —bTy+c) >0
< Jy(i): A(r,i) y(i) = w, y(i) >0, b(r,i) y(i) <ec

Analogously, Eq. (9) can be simplified to
Iy(i): A(r,i) y(i) = w, y(i) >0, b(r,i) y(i)>c

Hence, to determine whether the collections B(r)* and B(r)~ are linearly separable we
solve the following LP-feasibility problem in the parameters wyx1, ¢, and y (i), (m—1)x1, for
i€ [n].

Minimize: 0
Subject to: b(r,i) y(i) < ¢, Vielt
b(r,i)Ty(i) > ¢, Viel™
A(r,))Ty(i) = w, Viel
y(i) > 0, Viel
1'w = 1. (10)

We add the final constraint to avoid the trivial solution in which all the parameters are zero.

» Remark 6 (Intuitive Description). Opt. (10) can be understood intuitively by observing
the following. B(r)* and B(r)~ being linearly separable implies there exists a hyperplane
K : (w,c), such that for every BT € B(r)™, there is a hyperplane Kp+ that is parallel to
and above K, and is tangent to some ball in BT. Similarly, for every B~ € B(r)~, there is a
hyperplane Kp- that is parallel to and below K, and is tangent to some ball in B~ (see
Figure 3).

Figure 3 Intuitive description of the dual: K separates B(r)* and B(r)~. Kp is a conical
combination of S; and Sy while lying strictly above K.

A hyperplane L that is tangent to a polytope €, with bounding hyperplanes L1, ..., Ly,
can be written as a positive linear combination (often referred to as the conical combination)
of the bounding hyperplanes.

1:9
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The vector y(i) in Opt. (10) corresponds to the factors for this conical combination. The
third constraint in Opt. (10) guarantees a hyperplane Kp parallel to K, along with being a
conical combination of the supporting hyperplanes for each B € B(r)™ U B(r)~. The first
two constraints ensure Kp is above or below K, depending on whether B € B(r)* or B(r)~.

» Remark 7 (LP for Funk). The LP feasibility formulation for the Funk metric is similar
to Opt. (10). We briefly mention the required modifications. By the construction given
in Lemma 3, for ¢ € [n], let A(r,7) be an m x d matrix and let b(r,4) be an m x 1 vector
such that

x € B (pi,r) < A(r,i)x +b(r,i) >0

For this case, y(i) will be an m x 1 vector. The remainder of the analysis and formulation is
exactly the same as in the case of the Hilbert metric.

3.3 Constructing Hilbert Balls

In this section, we present a procedure for constructing the bounding hyperplanes for a
Hilbert ball, BE (p;, 7). Recall that £ = {L;}™, denotes the set of hyperplanes bounding .
First, we take two bounding hyperplanes of Q: L; : (wj,¢;) and Ly : (wg,cx), j # k,
j,k € [m]. For p; € PE, we find S(i,7);x : (u(é,r) k), t(i,7)j%), the hyperplane at a
Hilbert-distance of  from p; with respect to the boundary defined by L; and Ly, such that
there exists a line £ that intersects L;, S(4,7); %, pi, and Ly in that order (see Figure 4).

Figure 4 Constructing B (p:,r).

It is clear that 3 o : 0 < a < 1, such that
S(Z',?“)j)]~C = ozLj — (1 — a)Lk. (11)
For any point s on S(i,7);%, s € Lj+ N L:, it is easy to see that

d(s,Ly)  «
d(S,Lj) B 1—04.

Solving for « using the following:

.
WipPi+¢ o«

exp(2 - df (pi, S(i,7)1)) = = exp(2r). (12)

W’;rpi+6k'1—05

For p; € int(Q), r is finite and positive: 0 < r < co. Therefore, Eq. (12) can be equivalently
written as a linear equation in «. Since for j, k € [m], j # k, i € [n], S(4,7);, is a bounding
hyperplane for B (p;,7), we can use Egs. (11), and (12) to construct BE (p;,r), for all
pi € P* in O(ndm?) time.
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» Remark 8 (Funk Balls). We can use a similar approach to construct B (p;,r), the Funk
ball of radius r around p;. Recall that the Funk ball around p; is a scaled copy of 2
around p;. Therefore for a bounding hyperplane of Q, L; : (wj,¢;), j € [m], we have
S(i,r); = (wj,c5(i,7)) as a bounding hyperplane of BE (p;,r) for some constant ¢ (i,r). We
solve for ¢} (4, 7) using the following equation:

) w]pi+c
exp(dgy (pi, S(i,7);)) = m = exp(r). (13)
J AN

As before, for any r > 0, this can be expressed as a linear function in ¢*(4,7). Therefore, we
can construct BE (p;,r), for all p; € P* in O(nmd) time.

3.4 Complexity Analysis

Recall that to obtain v within an additive error of &, we solve O(log B + loglog d + log(1/¢))
LPs of the form Opt. (10). We can use any standard interior-point method, such as
Khachiyan’s Ellipsoid method [25] or Karmarkar’s method [23] to solve Opt. (10) in time
that is polynomial in the number of variables, number of inequalities, and bit-length of each
variable. We first establish the bit-length required to encode a parameter in our LP-feasibility
problem (Opt. (10)).

Recall that we are searching for r over the range I' = [e,2¢,..., M], with M =
M(d,n,m,B) = O(B + logd). Therefore, the quantity e*" can take on values in the
range ['. = [e2¢,e%¢ ... e*M]. Instead of fixing r’s value exactly over T, it is sufficient for
our purposes if we search for r over [r1,72,...,7a/c], where (i — 1)e <7y < ie.

€

The minimum difference between two elements in T, is at least e — €2* > e. (This
can be verified using Taylor’s series for e, at * = 0.) Therefore, to represent I, it is
sufficient for our purposes to find a bit-representation which allows for a maximum value
e?™ up to a resolution of ¢. This can be done by using O(M) bits for the integer part, and
O(log(1/¢)) bits for the fractional part. Hence, it is sufficient to represent the elements of T,
as O(M +1log(1/e)) = O(B + logd + log(1/¢))-bit rational numbers.

Using Eq. (12), we solve for and represent «, using O(B + logd + log(1/¢))-bit rational
numbers. Therefore, using Eq. (11) every parameter of S(¢,7); %, which acts as a bounding
hyperplane for BE (p;, r), can also be represented using O(B + log d + log(1/¢))-bit rational
numbers.

Now, the number of variables in Opt. (10) is O((n+d)m?), with the number of inequalities
being O(n(m? + d)). Hence, we can determine if Opt. (10) is feasible in O(poly(n, m,d)(B +
logd + log(1/¢)) time, for a fixed r. And since we solve O(log B + loglog d + log(1/¢)) such
LPs, our overall running time is O(poly(n, m,d, B,log(1/¢)). This proves our main result in
Theorem 1. Recall that the input bit-length is d(n 4+ m)B, implying the overall running time
is also polynomial in the input bit-length and the log of the desired accuracy.

4 Extensions

In this section, we will explore two extensions to binary classification and SVM problem
in the Hilbert geometry. The first is a soft-margin classifier, which is applicable when the
point sets are not linearly separable, and the second is a binary classifier based on nearest
neighbors.

1:11
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4.1 A Soft-Margin Classifier

Up to this point, we assumed PT and P~ are linearly separable. If they are not, a common
approach is to use a hyperplane classifier with appropriate penalties for misclassifying points
in the training set. In this section, we propose a formulation for such a “soft” classifier.

We modify our LP-feasibility problem: Opt (10) to introduce penalties in the form of
slack variables. Reiterating the observation from Remark 6, we note that the first two
constraints of Opt (10) enforce the condition that, for p € P, BH (p,r) is completely above
the separator K : (w,c). Instead, we only require that B (p,r) is above K’ : (w,c+ &)
for some positive £&. Here & works as a penalty for the improper separation of Bg (p,7). We
similarly set individual penalties for each point.

Next, we want the following desirable property: points that are closer to the boundary
of 2 should pay a heavier penalty for being misclassified. It is because for a fixed point g,
dH (p;, q) scales inversely with p;’s distance to the boundary. Therefore, we scale the penalty
associated with p; by w;, defined as the inverse of its distance to the boundary:

1
w; = (min dg(Lj,pi)) .
J€[m]

Finally, we propose the following LP in the parameters w, ¢, and &;, y(4), for i € [n], to
minimize the overall weighted penalty for a fixed Hilbert radius r:

Minimize: = = Zwifi
i€[n]
Subject to: b(ri) y(i) < c+&, Yiel"
b(r,i) y(i) > ¢—§&, Yiel”
A(r,i))Ty(i) = w, Viel
y() > 0, Viel
1w =1
& >0, Viel. (14)

Let the optimum value derived from Opt. (14) be E,., and the corresponding separating
hyperplane, K, = (w,c). Recall that r attains values over I'. = [ry,72,...,757/], Where 7;’s
are any values satisfying (i — 1)e <r; < ie, and M = O(B + logd). To find an appropriate
classifier K*, we take

K* = K,, where s = argmaX;cp/e] <ri -C H”) .

n
Note that C' is a user-defined constant, a weight associated with improper separation. A
higher value would favor proper separation, while a lower value would favor a larger margin.
A slight drawback of this approach is that it no longer suffices to perform a binary search
on the range T',.. Rather, we need to perform a grid search, i.e. solve Opt. (14) for every

value of r € T',. in the worst case. This implies the overall running time for the soft-margin
classifier is O(poly(n,m,d, B,1/¢)).

4.2 A Nearest Neighbor-based Classifier

In this section, we consider an alternative approach to binary classification in the Hilbert
geometry. Rather than using a separating hyperplane, we select two sites g™ and ¢~, and
classify a point p according to which of these two sites it is closer to. In the Euclidean setting,
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the bisector between two points is a hyperplane, and this is no different from SVM. However,
in Hilbert, bisectors are generally not hyperplanes. (An analysis of the structure of Hilbert
bisectors in the 2-dimensional case was presented in [17], where it was shown that they are
piecewise conics.)

As before, we assume that Hilbert geometry is defined with respect to a polytope €2 in
R? defined by m bounding hyperplanes £ = {L;}™,. Extending results of de la Harpe [12],
Vernicos presented an elegant isometry from the polytopal Hilbert geometry (€2, dg ) to a
finite-dimensional normed vector space [42]. In particular, he presented an isometric mapping
fo: (Q,d8) — (R™ 1|+ ||s,..), where || - ||ss,,, is a norm defined by a regular polytope
bounded by 2m facets in R™~!. In other words, the embedding space is R™~! with Xy, as
the unit ball.

Although one might be tempted to solve the SVM problem in the embedding space, the
result would be far from ideal. Since fq is nonlinear, a linear classifier K in the embedding
space would not translate to a simple classifier in the input space. Moreover, since fq is not
a bijection it is not clear how complex the intersection of K with the image of Q, fo(Q),
would be.

Instead, we propose a simple nearest neighbor-based classifier in the embedding space.
Given Q, let ¢;, @, and Q~ denote the images of p;, P, and P~ under the embedding fq.
(g; for all i € [n] can be computed in O(m?) time by solving m linear equations). We find
two representative centers ¢, and ¢—, for QT, and Q~ respectively such that the following
is maximized:

min, co-|lgT —q~ i - —qt
B = max ( min o co-lld d ”2, min mingcq- | 9 HE) (15)
ct,cmeRm-1 \gteQt lat —ctlls 4= €Q- la= —c Iz

Stated differently, 8 is the value such that any point ¢ is at least § times away from its
nearest neighbor in the opposite class, as from its representative. This implies that the
points can be correctly classified using an approximate nearest-neighbor algorithm with
approximation factor at most 3.

This can be rewritten as an optimization problem over the variables c*, ¢=, and 1/3

1
Minimize: —
B
1
Subject to: l[at —cs < EHOﬁfq’llz, Vgt € QT Vg~ € Q™
_ _ 1, _ _ _
la” —c7[ls < BHq -qfs, V¢t €eQt,VgT €Q. (16)

We note that ||g™ — q~||s in the above optimization is a pre-determined constant. If we
let W = {w1,wa,...,Wa,,} denote the directions determining the norm polytope X, then
the condition that ||x||s <t can be expressed as a set of linear inequalities: w, x < ¢, for

€ [2m]. Therefore, Opt. (16) is an LP in O(m) variables, and O(nm) inequalities.
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