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—— Abstract

We revisit two well-known algorithmic problems on strings: computing a shortest unique substring
(SUS) and a shortest absent substring (SAS) in a string S of length n. Both problems admit folklore
O(n)-time solutions using the suffix tree of S. However, for small alphabets, this complexity is not
necessarily optimal in the word RAM model, where a string of length n over alphabet [0,0) can be
stored in O(nlogo/logn) space and read in O(nlogo/logn) time.

We present an O(nlogo/y/logn)-time algorithm for computing a SUS in S. This algorithm
decomposes the problem according to the length and the period of the sought substring and uses
several tools and techniques, such as synchronizing sets, the analysis of runs, and wavelet trees,
to reduce the computation of a SUS to a simple geometric problem. Further, we adapt this
algorithm and combine it with an efficient construction of de Bruijn sequences in order to obtain an
O(nlogo/+/logn)-time algorithm for computing a SAS in S.
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1 Introduction

Given a string S over an alphabet X, a string P is called unique in S if it occurs exactly once
in S as a substring. A unique substring P of S is called a shortest unique substring (SUS)
of S if there is no shorter string that is unique in S. Similarly, a string P over ¥ is said to
be absent from S if it does not occur in S as a substring. A string P that is absent from S
is called a shortest absent substring (SAS) of S if no shorter string that is absent from S
exists. For example, for string S = gcattgcgtaggt over the alphabet ¥ = {a,c, g, t}, we
have that ag is a SUS of S and aa is a SAS of §.

Shortest unique substrings (SUSs) and shortest absent substrings (SASs) have a wide
range of applications in bioinformatics, information retrieval, and data compression. In
bioinformatics, SUSs are employed in alignment-free sequence comparison methods [22],
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whereas in information retrieval they are used to extract minimal text snippets from a
document collection containing a query term [31]. Note that the notion of SUS used in [31]
is position-dependent: for a given position in the input string, one seeks a SUS covering that
position. In contrast, in this work we consider the global variant of the problem, where the
goal is to compute a shortest substring that is unique in the entire string. SASs are likewise
of significant importance in bioinformatics and data compression. They provide highly
specific genomic signatures for pathogens such as SARS-CoV-2 [32], thereby facilitating the
development of rapid diagnostic assays and targeted therapeutics [34]. Moreover, SASs are
utilized in alignment-free sequence comparison methods [8] and constitute the foundational
concept of compression schemes based on antidictionaries [13].

It is a classical exercise to compute a SUS or a SAS of a string S of length n in O(n)
time using the suffix tree of S [37]. In particular, all SUSs and SASs are naturally encoded
in the suffix tree of S; see Figure 1 for an illustration.

root

Figure 1 A schematic illustration of two suffix trees. Left, the root-to-v path-label, appended
with letter a, is a unique substring that occurs as a prefix of the suffix represented by the leaf 4.
Right, the root-to-v path-label, appended with letter g ¢ {a, c,t}, yields an absent substring.

Here, we consider the unit-cost word RAM model of computation with word size w =
O(logn) for inputs of size n, and a standard instruction set including arithmetic operations,
bitwise Boolean operations, and shifts. We measure the space complexity of our algorithms
in terms of the number of machine words used. A packed representation of a string S over an
integer alphabet ¥ = [0, o) stores ©(log, n) letters per machine word (possibly apart from
the last one), thus representing S in O(1 + |S|/log, n) machine words. A string given in
this representation is referred to as a packed string.

A large body of work exploits bit-level parallelism in the word RAM model to accelerate
classical string processing tasks when the input consists of packed strings. In particular, the
problems for which speed-ups have been obtained include pattern matching [1, 3, 4, 5, 7, 20,
21, 30], text indexing [6, 18, 36], computing palindromes [12], constructing longest common
extension data structures [25], computing a longest common substring [9], constructing
the BWT [25], computing Lempel-Ziv (LZ77) factorizations [16, 27], counting squares and
locating runs [11], computing Lyndon arrays [2], computing covers [33], and constructing
compressed suffix trees and compressed suffix arrays [26].

In this paper, we ask the following question for a string of length n:

Can a SUS (or a SAS) be computed in o(n) time in the packed setting?

Our results. We answer this question in the affirmative, improving upon the folklore
linear-time solutions for computing a single SUS or SAS in the packed setting.

» Theorem 1 (SUS). Given a packed string S of length n over an integer alphabet [0, 0),
a shortest unique substring of S can be computed in O(nlogo/v/logn) time.

» Theorem 2 (SAS). Given a packed string S of length n over an integer alphabet [0,0),
a shortest absent substring of S can be computed in O(nlogo/v/logn) time.
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Our techniques and paper organization. We obtain Theorem 1 by decomposing the problem
based on the length and the period of the sought substring of S. For short substrings, we
employ tabulation. For medium-length aperiodic substrings, we modify an existing technique
for longest common substrings [9] that is based on an efficient construction of wavelet
trees [29]. For long aperiodic substrings, we combine sampling via string synchronizing
sets [17, 25] with a heavy-light decomposition [35] of two compacted tries T' and T®. Then,
using pairs of heavy paths, we reduce the search to a 2D geometric problem that, as we show,
underlies the computation of SUSs. For periodic substrings, we exploit the runs in S [23]:
we group them by their Lyndon roots and sparse-Lyndon roots [11] and use this grouping to
reduce the search to another instance of said geometric problem. See Section 3.

We obtain Theorem 2 using the same framework, augmented with a new efficient con-
struction of de Bruijn sequences [14] in packed representation. See Section 4.

We start in Section 2 with the necessary preliminaries. Any materials omitted due to
space constraints are provided in the full version [10].

Other related work. Kempa and Kociumaka [28] studied the hardness hierarchy for problems
whose fastest known word-RAM algorithms run in O(n+/logn) time on inputs of ©(n) machine
words. This class includes string processing problems such as constructing the BWT [25],
computing a longest common substring [9], and computing LZ77 factorizations [27]. For
these problems, they showed that the known O(n/+/log n)-time algorithms for binary strings —
equivalently, O(n+/logn)-time algorithms when the input size is measured in machine words —
are conditionally optimal, with conditional lower bounds established via non-trivial reductions
to a variant of dictionary matching. Computing a SUS (Theorem 1) or a SAS (Theorem 2)
for binary strings shares the same time complexity. It remains an interesting open problem
whether one can improve upon our algorithms or prove that they are conditionally optimal.
Let us note that proving a conditional lower bound for our problem using the framework
of Kempa and Kociumaka [28] seems challenging. The reductions in said work highlight as
the underlying hardness in the studied problems the task of looking for an occurrence of
some (sub)string P in a string S (e.g., as in the longest common substring problem). The
problems we study here are of a different flavor: in SUS we look for substrings that do not
occur elsewhere in S while in SAS we look for strings that do not occur at all in S.

2 Preliminaries

Strings. An alphabet ¥ is a finite set of elements called letters. A string S = S[0]S[1] - S[n—
1] of length |S| = n is a sequence of n letters from X. We refer to each ¢ € [0,n) as a position
of S. We consider throughout an integer alphabet ¥ = [0,0) with 0 = n®®). A string P is a
substring of a string S if we have P = S[i]--- S[i + |P| — 1] for some position ¢ of S. In this
case, we say that P occurs at position ¢ of S. Such an occurrence is called a fragment of .S
we denote it by either S[i..i+ |P|) or S[i..i + |P| — 1]. The set of the starting positions
of the occurrences of a string P in S is denoted by Occ(P,S). A prefiz of S is a fragment
of the form S[0..7), and a suffiz of S is a fragment of the form S[i..n). A substring P
of S is called proper if P # S. The reverse of string S, which we denote by S%, is defined
as S® = S[n —1]S[n — 2] --- S[0]. The concatenation of two strings S and S’ is denoted by
S-S’ and the concatenation of k copies of a string S is denoted by S*.

» Definition 3 (Period). An integer p > 0 is a period of a string P if P[i] = P[i+ p], for all
i € [0,|P| — p). The smallest period of P is called the period of P and is denoted by per(P).
A string P is called periodic if per(P) < |P|/2 and aperiodic otherwise.
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» Example 4. For string P = abaaabaaabaaaba, we have per(P) = 4. Note that 8 is also a
period of P. Since per(P) =4 < |P|/2 =15/2, P is periodic.

» Definition 5 (Run). A fragment F = S[i..j] of a string S is called a run of S if
per(F) < |F|/2, and extending F either to the left or to the right (if possible) would
result in an increase of its period, that is, S[i — 1] # S[i — 1 + per(F)] (or i = 0) and
Sli+1] # Sl +1 = per(F)] (or j =S| =1).

» Definition 6 (Lyndon Root). The Lyndon root of a run F, denoted by Lroot(F), is defined
as the lexicographically smallest rotation of the prefiz F[0..per(F)) of F.

» Definition 7 (Lyndon Representation). The Lyndon representation of a run F is a quadruple
Lrepr(F) = (A e, a, B) such that:
A = Lroot(F), and
F=P-)X¢-T, where P is a (possibly empty) suffiz of A with |P| =« < ||, and T is a
(possibly empty) prefix of X with |T| = 8 < ||

» Example 8. Let S = abaaabaaabaaabab. The underlined fragment F = S[0..14] =
abaaabaaabaaaba is a run with per(F) =4 < |F|/2 = 15/2. Observe that extending F' to
the right yields the fragment S[0..15] = S, whose period is 14; hence extending F' increases
its period. Moreover, we have Lroot(F') = aaab and Lrepr(F') = (aaab, 3,2, 1).

» Definition 9 (7-Run). A run R of a string S is called a T-run, for an integer 7 > 0, if
|R| > 37 — 1 and per(R) < i7.

» Lemma 10 (Lemma 2.8 [9]). Let S be a string of length n over an integer alphabet [0, 0),
with o = n®M) | and let T > 0 be an integer. Then S contains O(n/7) T-runs. Moreover,
ifm < %bga n, all T-runs in S can be computed and grouped by their Lyndon roots in
O(n/1) time. Within the same time bound, for each T-run, we can compute the two leftmost
occurrences of its Lyndon root.

» Definition 11 (Shortest Unique Substring (SUS)). A string P is a unique substring of a
string S if and only if |Occ(P, S)| = 1. A unique substring P of S is called a shortest unique
substring of S if there is no string P’ with |P'| < |P| that is a unique substring of S.

» Definition 12 (Shortest Absent Substring (SAS)). A string P is absent from a string S if
and only if |Occ(P,S)| = 0. An absent string P of S is called a shortest absent substring
of S, if there is no string P' with |P’| < |P| that is absent from S.

String synchronizing sets. We next define a powerful sampling mechanism.

» Definition 13 (String Synchronizing Set [25]). For a string S of length n and a positive

integer T € [1, |5 ]], a set Sync C [0,n — 27] is a T-synchronizing set of S if it satisfies:

1. Consistency: Fori,j € [0,n—27], if S[i..i +27) = S[j..j + 27), then i € Sync if and
only if j € Sync.

2. Density: Fori € [0,n—37+1], SyncN[i,i+7) = 0 if and only if per(S[i..i+37—1)) < 37.

» Theorem 14 ([17]). A string S € [0,0)™ can be preprocessed in O(log’zn) time so that,

0n can be constructed

T

given T € [1,|n/2]], a T-synchronizing set Sync of S of size |Sync| <
in O(n/T) time.
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Problem definitions. We now formally define the problems in scope.

SHORTEST UNIQUE SUBSTRING
Input: A packed string S of length n over an integer alphabet 3 = [0, o).
Output: i,j € Z>o such that P = S[i..j] is a shortest unique substring of S.

SHORTEST ABSENT SUBSTRING

Input: A packed string S of length n over an integer alphabet 3 = [0, 7).

Output: i,j € Z>o and ¢ € ¥ such that P = S[i.. j] - ¢ is a shortest absent substring
of S.

The folklore O(n)-time solutions to the above problems are sketched in [10]. In [10], we
also show that any SHORTEST UNIQUE SUBSTRING instance of length n over alphabet [0, o)
can be reduced in O(log’f’ —) time to an instance of length O(nlogo) over a binary alphabet.
This implies that the binary alphabet constitutes a hardest case for computing a SUS. In
particular, any algorithm designed for the binary case can be applied to general alphabets
via this reduction, without any increase in the asymptotic running time.

In what follows, we assume that all considered strings are given in packed representation.

When it is clear from the context, we may omit the term packed.

3 Computing a Shortest Unique Substring

We decompose the problem into four cases based on the length ¢ and the period p of a SUS:
1. Short case: ¢ < ilog, n (see [10]);

2. Medium aperiodic case: € (log, n,2V'°8™) and p > & log, n (see [10]);

3. Long aperiodic case: ¢ > log*n and p > %1og4 n (see Section 3.2);

4. Periodic case: { > 37 and p < i1, for 7 = |{ log, n| or 7 = [+ log* n] (see Section 3.3).

Note that when 7 = 0, this case is obsolete because the period of any string is positive.

We defer the proofs for the short (see Lemma 15) and medium aperiodic (see Corollary 16)
cases to the full version [10]: the former case is standard, and for the latter one we draw
heavily from previous work [9]. For those cases, we assume familiarity with suffiz trees and
wavelet trees; a formal exposition of these is also given in [10].

» Lemma 15 ([10]). Given an instance of SHORTEST UNIQUE SUBSTRING, in O(n/log, n)
time, we can either compute a SUS of S of length at most £ := L% log, n| if one exists, or
conclude that no SUS of length at most £ exists.

» Corollary 16 ([10]). Given an instance of SHORTEST UNIQUE SUBSTRING, we can compute
a SUS P of S in O(nloga/\/Iogn) time if it has length |P| € [ log, n,2V'°8"] and period
p> 1= log, n.

3.1 SUS as a Skyline Problem

In this section, we introduce and solve a simple geometric problem that serves as a subroutine
for computing a SUS in both the long aperiodic and the periodic cases.

» Definition 17 (Domination in ZQZO). Let p1 = (x1,y1) and pa = (x2,y2) be two points
n Z220~ We say that p1 is dominated by ps if x1 < x9 and y1 < yo.

13:5
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» Definition 18 (Shadow). Let P be a multiset of points in 2220- The shadow of a point p € P
is the set of points in Zzzo that are dominated by p but not dominated by any p’ € P\ {p}.

» Definition 19 (Skyline). Let P be a multiset of points in Z2. The primary skyline of P
is the union of the shadows of all points in P.

» Example 20. The primary skyline of {(7,3), (7,3)} is the empty set.

In the following, we formalize the MINIMUM SKYLINE POINT problem, explain its relevance
to finding a SUS of .S, and present a linear-time solution; see Figure 2 for an example.

MINIMUM SKYLINE POINT

Input: A multiset P of points in ZZ2,,.

Output: A point (z,y) € Z%, that lies in the primary skyline of P and minimizes z + v,
if one exists. }

6 ° 6

5| e 5

4 4

3 3 <&

2 ° 2

1 ° ° 1 ° T
1 2 3 45 6 1 2 3 45 6

Figure 2 A set P (left) and its primary skyline (right). The union of the shadows of the points in
P consists of all points within the shaded polygon but outside its heavily shaded part — the points
in the heavily shaded part are dominated by multiple points from P. For this instance of MINIMUM
SKYLINE POINT, the output would be point (2, 3), shown with a rhombus.

» Lemma 21. Any instance of MINIMUM SKYLINE POINT can be solved in O(|P|) time if
the points in P are given as a list sorted with respect to one of the two coordinates.

Proof. We first establish two claims.

> Claim 22. Suppose that the primary skyline is nonempty and let (z*,y*) be a point in
the primary skyline with minimal sum of coordinates. Then, either * = 0 or there exists a
point (z,y) € P with x = 2* — 1.

Proof. Assume, toward a contradiction, that the claim is false; that is, that we have z* > 0
and there is no point (z,y) € P with x = 2* — 1. Let p* = (z*,y*). By the definition of the
primary skyline, p* must be dominated by exactly one point in P. Now consider the point
Plett = (¥ — 1,y*), which, due to the minimality of the coordinate-wise sum of p*, must be
dominated by at least two points in P. Therefore, there exists a point p’ € P that dominates
Dlefs and does not dominate p*. Let p’ = (2/,4’). Since p’ does not dominate p*, we must
have either 2’ < z* or ¢y’ < y*. We obtain a contradiction in each case:

If 2/ < 2*, then by our assumption that no point (z,y) € P has x = 2* — 1, we must have

2’ < x* — 2. Hence, 2’ < z* — 1, and thus p’ does not dominate pcf;, a contradiction.

If 4/ < y*, then p’ clearly does not dominate peg;, a contradiction. <
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> Claim 23. Suppose that the primary skyline is nonempty and let (z*,y*) be a point in
the primary skyline with minimal sum of coordinates. Let P’ = {(z,y) € P | x > z*} and
let punique be the unique point of P’ that dominates (z*,y*). If |P'| = 1, we have y* = 0.
Else, we have y* = 3/ 4+ 1, where ¢’ is the maximum y-coordinate of a point in P\ {punique }-

Proof. By definition, p* := (z*, y*) is dominated by exactly one point, namely punique. Since
points are only dominated by points weakly to their right, we have that punique must be
in P’. We distinguish between two cases:

Case 1: |P’| = 1. We have P’ = {punique}. If ¥* > 0, then the point pgown = (z*,y* — 1)
is in Zzzo and the only point of P that dominates it is punique. Thus, Paown lies in the primary
skyline, but its coordinate sum z* + y* — 1 is smaller than that of p*, contradicting the
minimality of p*. Hence, y* = 0.

Case 2: |P’| > 2. Let Pother = P’ \ {Punique }, and let ¢’ be the maximum y-coordinate of
a point in Pyher. Since p* is dominated uniquely by punique, every point (., y”) € Pother
satisfies ¥y < y*. Hence, y’' < y*. Conversely, since punique dominates p*, its y-coordinate is
at least y*. Therefore, the point (z*,y*) is dominated by exactly one point in P’ if and only
if 4/ < y*. By the minimality of p*, we have y* =y’ + 1. <

Algorithm. We assume, without loss of generality, that the points in P are sorted by
z-coordinate in non-decreasing order. We scan P from right to left, while maintaining ymax

and y’, the two largest y-coordinates encountered among processed points (where ymax > ).

We initialize yg.x and ¢’ to —1, indicating that no processed point has contributed a valid
y-coordinate yet.

We iterate through P by grouping points with the same x-coordinate. Let x; denote the
current z-coordinate of the group currently being processed, and let Peyy = {(2,y) € P |
x = x;} be the set of points at this coordinate. Before processing the points in Py, we
evaluate the candidate x-coordinate z* = z; + 1. Because we have scanned from right to left,
all points (z,y) € P such that > a* have already been processed. Let P’ denote this set of
previously processed points. We determine the corresponding y* following Claim 23:

If |P'| = 1, we set y* = 0.

If |P'| > 2 and Ymax > ¥/, we set y* =y’ + 1.

Otherwise (if |P’'| = 0 or ymax = ¥’), the primary skyline does not intersect the set

{(z*,y) | y € Z>¢}, so we skip this candidate.

After evaluating y*, we update ymax and ¢’ using the y-values in Py, so that they remain
the two largest y-coordinates among all processed points.

Finally, after all points in P have been processed, we perform a last check for the candidate
2* = 0 using the final values of ymax and y’. The algorithm maintains the candidate (x*, y*)
that minimizes x* + y* and returns it as a witness. Each point of P is processed exactly once
using O(1) simple operations, thus the algorithm runs in O(|P]) time. <

Intuition for application to SUS. In the long aperiodic case (Section 3.2) and in the periodic
case (Section 3.3), we show that a SUS of S can be found by solving several instances of the
MINIMUM SKYLINE POINT problem. The core idea is to transform the SUS problem into a
geometric one. Let us consider one such instance. We first identify a set S of carefully-selected
substrings of S, each anchored around a common fragment F = S[i..j]. Each substring
U € S is then represented by an integer point (z,y), where 2 and y are the lengths of the
extensions of U to the left and the right, respectively, relative to the common fragment F'.

13:7
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» Example 24. Let S = abracadabra, F' = S[4..6] = cad, and S = {bracada, cadabra}.
The substrings are represented as points by the lengths of their extensions relative to F':
bracada — (3,1) (since bra is of length 3 and a is of length 1), and cadabra — (0,4) (since
the left extension is empty and abra is of length 4).

Since strings in S are substrings of S anchored around a common fragment, each point
maps to one substring of S. Then, a string U € § is a substring of string V' € § if and only if
the point representing U is dominated by the point representing V. To find a candidate SUS
in §, we look for a minimal extension anchored around F' that is contained within exactly
one substring from §. This is equivalent to solving a MINIMUM SKYLINE POINT instance:
finding an integer point (z*,y*) that lies in the primary skyline of the points representing S
that minimizes x* + y*. The total length of the resulting SUS is then |F| + a* + y*.

3.2 Long Aperiodic Case

This section addresses the computation of a SUS in the case when ¢ > log* n and p > % log* n.
Let us start with a high-level overview of our solution for this case. We construct a string
synchronizing set consisting of anchor positions in S that enable the identification of identical
sufficiently long aperiodic patterns. These anchors are then used to construct two tries whose
root-to-leaf paths represent occurrences of these patterns. SUSs are found by locating the
shortest paths that occur only once. We achieve this by formulating several instances of the
MINIMUM SKYLINE POINT problem based on these tries.

We apply Theorem 14 on S with 7 := L% log? n| and denote the resulting 7-synchronizing
set by Sync. The following proposition is crucial: if a sufficiently long, aperiodic pattern
occurs twice in the string, then every anchor within one occurrence must have a corresponding
anchor at the same relative position in the other occurrence. Therefore, to find a unique
pattern, we must locate an anchor whose surrounding fragments — those immediately preceding
and succeeding it — do not occur around any other anchor and have minimal total length.

» Proposition 25 (follows by Definition 13). Suppose that a substring X of S with length
|X| = m > 37 and period per(X) > %T occurs at distinct positions i and j in S. Then for
all g € [0,m — 27], we have i + q € Sync if and only if j + q € Sync.

We construct two tries T' and T. For every anchor position i € Sync, we insert S[i..n)
into 7" and S[0..7)f into T®. In both tries, the leaves are labeled with their corresponding
anchor positions. For efficiency, we implement them as compacted tries, where nodes with a
single child are suppressed and are called implicit; all other nodes (i.e., the root, branching
nodes, and leaves) are maintained and are called explicit. For any explicit node v, let L(v)
denote the set of leaf labels in the subtree rooted at v, let str(v) denote the concatenation
of the edge labels from the root to v, and let sd(v) denote the string depth of v. Note that
these definitions extend naturally to implicit nodes. If an occurrence of a pattern P contains
an anchor i € Sync, then there exist nodes v in 7% and v in T such that P = str(u)® - str(v)
and ¢ € L(u) N L(v). Moreover, the size |L(u) N L(v)| equals the number of occurrences of
P, provided that P is sufficiently long and aperiodic. We formalize our task as follows; for
convenience, for the remainder of this section, we assume that the parent of the root node is
itself.
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Two TRrREEs SUS

Input: Two rooted trees T and Ts, each with size at most N and with leaves uniquely
labeled from [0, N), a weight function w with range Z>¢ where w(u) > w(v) for every
strict ancestor v of every node u, and an integer k.

Output: A pair (u,v) of nodes v in T} and v in T» minimizing w(parent(u)) +
max(w(parent(v)), k — 1), subject to |L(u) N L(v)| = 1 and w(v) > k (if they exist).

» Lemma 26. Consider a SHORTEST UNIQUE SUBSTRING instance and let T := | 1 log*n].
If S has a SUS of length £ > 31 and period p > %7‘, we can reduce its computation in
O(n/log, n) time to an instance of Two TREES SUS with N = O(n/7) and k = 27.

Proof. We begin by constructing a 7-synchronizing set Sync of S. Using this set, we
construct two compacted tries T and TF. For every anchor i € Sync, we insert the suffix
S[i..n) into T and the reversed prefix S[0..7)f into TF, labeling the corresponding leaves

with the anchor ¢ in both tries. We make all implicit nodes in 7" at string depth k£ — 1 explicit.

Hence, we have N = O(|Sync|) = O(n/7) = O(n/log*n).

Any fragment P in S that contains at least one anchor i € Sync can be decomposed
into P = str(u)® - str(v), where u is a node in T# and v is a node in T', both of which can
be implicit. If P has length at least 37 and period greater than %T, then by the definition

of T-synchronizing sets, all occurrences of P have anchors at the same relative positions.

Specifically, any occurrence of P starting at position j must have j + ¢ € Sync if and only

if the original occurrence at position ¢ had an anchor at the same offset (Proposition 25).

Thus, if the node pair (u,v) represents the fragment P, the number of occurrences of P is
exactly |L(u) N L(v)|. To find a SUS, we must find a pair (u,v) of (possibly implicit) nodes
such that |L(u) N L(v)] = 1 (uniqueness), sd(v) > 27 (to satisfy the anchor offset property),
and sd(u) + sd(v) is minimized.

To do so, we set the weights of nodes in the two trees as follows. In both tries, we set

the weight of the root node to 0 and assign to each other node u a weight w(u) := sd(u).

We thus create an instance of Two TREES SUS with & = 27. If the optimal node pair
(u,v) satisfies w(parent(u)) + w(parent(v)) + 2 < 37, we conclude that S does not have a
SUS of length ¢ > 37 and period p > %7’. (Note that since we have made all nodes with
string depth k — 1 explicit, for any node v with w(v) > k, v’s parent has weight at least
k — 1, and hence max(w(parent(v)), k — 1) = w(parent(v)).) Otherwise, we return as a SUS
the string str(u)%[0. . w(parent(u))] - str(v)[0. . w(parent(v))] — the indices of the occurrence
of this string in S can be inferred from the common leaf label in the subtrees of u and v.
The time complexity depends on the construction of the 7-synchronizing set, which
requires O(n/log, n) time using Theorem 14, and the construction of the tries. For the
tries, we first construct an LCE data structure over S in O(n/log, n) time [25] supporting
O(1)-time LCP queries. We sort the N suffixes of S in O(N log N) time using merge sort,
performing each comparison with an LCP query and a letter comparison. Given the sorted list

of suffixes and the LCE data structure, the tries can then be constructed in O(N) time [24].

The total time for constructing the tries is O(n/log, n) + O(Nlog N) C O(n/log, n). <=

3.2.1 Solving the Two Trees SUS Problem

We solve Two TREES SUS as follows. We first decompose the trees 77 and T5 into heavy
paths. For each pair of heavy paths, one from 77 and one from 75, we then construct a
MINIMUM SKYLINE POINT instance, which we solve in linear time using Lemma 21.
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Heavy-light decomposition. We first recall the widely-used heavy-light decomposition [35].

» Definition 27 (Heavy-Light Decomposition [35]). Consider a rooted tree T. We obtain a
heavy-light decomposition of T by marking each edge as either heavy or light as follows. For
every internal node of T, the outgoing edge leading to the child with the largest number of
descendants is marked as heavy, while all other outgoing edges are marked as light; ties are
resolved arbitrarily. A mazimal path of heavy edges is a heavy path.

A heavy-light decomposition can be constructed in linear time [35]. The following fact
holds for any heavy-light decomposition:

» Fact 28 (Lemma 1 [35]). In a tree with N leaves, any root-to-leaf path intersects at most
log N heavy paths in the decomposition.

Furthermore, we can construct a heavy-path tree that encodes the ancestral relations
among all heavy paths and leaves. This is done by contracting every heavy edge, such that all
remaining edges are light. In this auxiliary structure, each node corresponds to a contracted
heavy path or a leaf. By Fact 28, the heavy-path tree has height at most log NV, which allows
for efficient traversal across the original tree structure.

A reduction using pairs of heavy paths. We first note that any internal node of a tree
belongs to exactly one heavy path in its heavy-light decomposition. We compute the heavy-
light decompositions for 77 and T and consider every pair of heavy paths h; from 77 and
ho from Ty, provided that they share at least one leaf label.

For a heavy path h, let L(h) denote the set of all leaves descending from the root of h.
We define the function dp, : L(h) — Z>o, where for some leaf ¢ € L(h), dp,(£) denotes the
weight of £’s lowest ancestor within h. Namely, dj(¢) denotes the maximum weight of a node
on h that is an ancestor of leaf £. With these definitions, we have the following observation:

» Observation 29. Given a heavy path h, a node v on h, and a leaf £ descending from the
root of h, we have that ¢ € L(v) if and only if w(v) < dp(¥).

To solve Two TREES SUS, we show that it suffices to solve a MINIMUM SKYLINE POINT
instance for every pair of heavy paths (hq, ho) sharing at least one leaf label. By Fact 28,
each leaf belongs to at most log N sets L(h) per tree. We can thus construct each subset
L(h1) N L(hy) by enumerating, for each leaf label £, all log? N pairs of heavy paths above it.

» Lemma 30. Any instance of Two TREES SUS can be solved in O(N log® N) time.

Proof. We construct the heavy-light decompositions of T} and T in O(N) time [35]. This
process partitions each tree into a set of disjoint heavy paths.

For every leaf label £ € [0, N) present in both T and Ts, we identify all pairs of heavy
paths (hy, ha) such that hy lies on the root-to-leaf path in the first tree and hy lies on the
root-to-leaf path in the second tree. Since any root-to-leaf path intersects at most O(log N)
heavy paths (Fact 28), there are O(log® N) such pairs for each of the N labels. For each pair,
we generate a tuple (hy, ha, dp, (€),dp,(£)), where dp, and dp, are retrieved from the weights
of the light-edge endpoints. All tuples are generated in O(N log® N) time in total and are
stored in one list. We sort the list, using the heavy path identifiers (hy, ho) as primary keys
and the value dp, (¢) as the secondary key. This ensures that all tuples corresponding to the
same pair (hy, ha) appear consecutively, and are then ordered by dp, (£). Using merge sort,
this step takes O(N log® N - log(N log® N)) = O(N log® N) time. Let us denote the sublist
corresponding to the pair (h1, ha) of heavy paths by H(hq, hs).
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> Claim 31. Consider an instance of Two TREES SUS, in which the output nodes are
restricted to a given pair of heavy paths hy and hy from T and T5. Given the list H(h1, ho),
we can reduce this instance in O(g) time to an instance of the MINIMUM SKYLINE POINT
problem over a multiset of points of size O(g), where g = |H(h1, ha)|.

Proof. Recall that in the definition of Two TREES SUS, the integer k is given as a minimum
weight on one of the returned nodes. Let £ = L(hy) N L(hs). Assume that £ # (); otherwise,
the instance has no solution. We wish to find nodes u € h; and v € hy minimizing
w(parent(u)) + max(w(parent(v)),k — 1) such that |L(u) N L(v)] = 1 and w(v) > k. By
Observation 29, this reduces to finding the minimum (z1,23) € Z%, such that exactly one
leaf ¢ € L satisfies dp, (¢) > x1 and dj,(¢) > xo. This is equivalenz to solving a MINIMUM
SKYLINE POINT on the multiset P’ = {(dp, (£),dn,(£)) | € € L} U{(c0,k — 1), (00, k — 1)},
thus finding a solution (z*,y*) with minimal z* 4+ y* — the extra point that we insert in the
multiset twice ensures that if the primary skyline is not empty, then y* > k. Given H(h1, ha),
we can construct this instance in O(g) time. Finally, to obtain a solution to TWO TREES
SUS, we select the nodes u in hy and v in hy satisfying w(parent(u)) + 1 = z* and either
w(parent(v)) + 1 = y* or w(parent(v)) + 1 < k = y* <w(v). <

We apply Claim 31 to each pair of heavy paths that share at least one leaf label,
and solve each instance of the MINIMUM SKYLINE POINT problem using Lemma 21 in
time linear in the number of points. Since the total number of tuples across all pairs
of heavy paths is O(N log? N ), the total time required for applications of Claim 31 and
Lemma 21 is O(Nlog? N). We maintain the global minimum value of w(parent(u)) +
max(w(parent(v)), k — 1) found across all pairs of heavy paths and return a witness pair of
nodes as the final solution. <

3.2.2 Wrapping Up

The final complexity of the long aperiodic case is determined by the combination of the
reduction to the Two TREES SUS problem and the subsequent application of the heavy
path based MINIMUM SKYLINE POINT algorithm.

» Lemma 32. Given an instance of SHORTEST UNIQUE SUBSTRING, we can compute a SUS
of S in O(n/log, n) time if it has length £ > log* n and period p > %log4 n.

Proof. Using Lemma 26, we reduce the long aperiodic case to an instance of the TwoO TREES
SUS problem. The number of leaf labels (anchors) is N = O(|Sync|) = O(n/log* n). As
established in the reduction, constructing the synchronizing set, the LCE data structure, and
the two compacted tries T' and T takes O(n/log, n) time. We then solve the resulting Two
TREES SUS instance using the algorithm from Lemma 30. The time required is O(N log® N )
and as N is in O(n/log*n), we obtain a running time of O(n/logn). Therefore, both the
reduction and the solver fit within the target time bound of O(n/log, n). The algorithm
identifies a pair (u,v) minimizing w(parent(u)) + max(w(parent(v)), k — 1) subject to the
uniqueness and length constraints. Since the result of the Two TREES SUS problem provides
the minimal unique extension for any pattern overlapping an anchor, the resulting substring
is a valid SUS for the long aperiodic case. <

3.3 Periodic Case

In this section, we address the SUS computation in highly periodic substrings of S. Specifically,
we consider substrings of S of medium length with period at most 4—15 log, n, as well as long
substrings of S with period at most %log4 n. These two cases are handled using 7-runs with
7= | & log, n] and 7 = |4 log” n], respectively.
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For the first group of 7-runs (where 7 = L% log, n]), we employ their standard Lyndon
representation (Definition 7). These runs can be efficiently computed and grouped by means
of Lemma 10. Unfortunately, Lemma 10 is not applicable when 7 = L% log* n|. To deal
with this, we utilize the recently introduced sparse-Lyndon representation [11] that allows
for efficiently grouping the 7-runs for 7 = L% log* n| according to their Lyndon roots, but
representing via their sparse-Lyndon root. We formalize this discussion in Lemma 33.

» Lemma 33 (Proposition 36 [11]). For any string S of length n over an integer alphabet
[0,0), with o = nOW | all runs in S can be computed and grouped by equal Lyndon roots in
O(n/log, n) time. For runs with period at most 2| 5 log, n], we compute their standard
Lyndon representations, while for runs with larger periods we compute their sparse-Lyndon
representations.

To streamline the subsequent analysis, we hereafter slightly abuse terminology: the terms
7-run, Lyndon root, and Lyndon representation will be used uniformly for the two classes
of runs considered in this section. In the context of the second class (7 = [ § log* n]), these
terms implicitly refer to their sparse-Lyndon counterparts.

This unified terminology is justified by the fact that both representations share analogous
properties and can be handled identically within our algorithmic framework. We group
all 7-runs by Lyndon root in O(n/log, n) time using Lemma 33; the only difference is
that for some groups, we compute the Lyndon representation of runs, while for others, we
compute the sparse-Lyndon representation. For further details and a thorough discussion of
sparse-Lyndon representations, we refer the reader to [11].

I T 175 CIT T — T I I I I
I T /175 T T I I I I
I T/ T5
(a) e < ¢ —2 (Case 1). (b) e =€’ — 2 (Case 2). (c) e=¢€' —1 (Case 3).

Figure 3 Cases 1-3 of Lemma 34, illustrating the potential alignment of a run with exponent e
within a run with exponent ¢’. Red alignments are guaranteed to be contained within the longer
run; yellow alignments are contained only if the extensions of the runs satisfy specific inequalities.

» Lemma 34. Let F and F' be two runs in S with the same Lyndon root A, where Lrepr(F') =

(N e,a,B) and Lrepr(F') = (A, e/, o', 8"). We can determine whether F is a unique substring

of F' as follows:

1. If e < €' — 2, then F is a substring of F', but it is not unique.

2. Ife=¢ — 2, then F is a substring of F'. It is unique if and only if « > o' and 8 > f3'.

3. Ife=¢ —1, then F is a unique substring of F' if and only if either « > o or § > f,
but not both. (Note: if both a« > o' and 8 > ' hold, F is not a substring of F'.)

4. Ife=¢€', then F is a unique substring of F' if and only if o < o’ and 8 < f3'.

5. If e > €', then F is not a substring of F’.

Proof. We analyze each case separately by aligning the occurrences of the Lyndon roots in
F and F” in all possible ways and comparing their extensions; see Figure 3 for illustrative
examples. This allows us to determine if no alignment of F' is contained within F’ (i.e., F is
not a substring of F’), exactly one alignment is contained (unique substring), or multiple
alignments are contained (not unique).
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1. If e < €’ — 2, we can align the first occurrence of the Lyndon root of F' with either the
second or third occurrence of the Lyndon root of F’. In both cases, both extensions
of F coincide with complete occurrences of the Lyndon root of F’, meaning that F is
contained in both alignments and is therefore not a unique substring.

2. If e = ¢ — 2, there are three possible alignments of the Lyndon roots. In the second
alignment, both extensions of F' coincide with complete occurrences of the Lyndon root
of F’, so F is a substring of F’. In the first alignment, the left extensions of the runs are
aligned, meaning that F' is contained in this alignment unless a > a’. Similarly, in the
third alignment, the same reasoning applies to the right extensions. Therefore, F is a
unique substring of F’ if and only if @« > o/ and 8 > §'.

3. If e = ¢/ — 1, there are two possible alignments. In the first alignment, the left extensions
of the runs are aligned while the right extension of F' coincides with a complete occurrence
of the Lyndon root of F’; thus, F is contained in this alignment if a < o’. The same
reasoning applies symmetrically for the second alignment. Therefore, F' is a unique
substring of F’ if and only if either a > o' or 8 > ', but not both.

4. If e = €/, there is only one possible alignment of the Lyndon roots. For F to be a substring
of I, both extensions of F' must be shorter than or equal to those of F’; that is, a < o/
and 3 < /3.

5. If e > €/, any alignment will result in an extension of F’ being aligned with a Lyndon
root of F; therefore, F' cannot possibly be a substring of F”. <

For the following definitions, let Ry be the set of 7-runs in S sharing the same Lyndon
root A. Let r :=|\|, and let e}"®* denote the maximum exponent among all 7-runs in R .

» Definition 35 (Mapping §)). Let R € Ry be a run with Lrepr(R) = (A, e,«, 3). We define
the function by, which maps runs to sets of up to three points as follows:

If e < e — 2, then h(R) = 0;

If e = e — 2, then h(R) = {(a, B)};

Ife= e —1, then hH(R) = {(r + o, B), (o, 7 + B) };

If e = e, then h(R) = {(2r — 1,0), (a,2r — 1), (r + a,r + B) }.

» Definition 36 (Mapping g). Let p = (x,y) be an integer point in [0,2r — 1)2. We define
the function g as a mapping from such points to candidate runs as follows:

9(p) has Lyndon root \;

The left and right extensions of g(p) are o = x mod r and ' = y mod r, respectively;

The exponent €' of g(p) is determined by the quadrant: ¢ = e, if (xt >r andy >r);

e=e>*—1,if(z>randy<r)or (x<randy>r) e =ey> -2, if (x <r and
y<r).

» Example 37. Let R, be a set of runs sharing the Lyndon root A = ab with period
r = |A| = 2. Assume that R consists of three runs, with a maximum exponent of e}*** = 6:
Lrepr(R;) = (ab,6,1,1) = h(R1) ={(3,1),(1,3),(3,3)};
Lrepr(Rz) = (ab,5,0,1) = h(Ra2) = {(2,1),(0,3)};
Lrepr(R3) = (ab,4,1,0) = h(R3) = {(1,0)}.
The geometric domain is [0, 3]%, as 2r — 1 = 3. Applying the mapping function b to all runs
in Ry generates the point set P = {(3,1),(1,3), (3,3),(2,1),(0,3),(1,0)}.
Consider the point (2,2). Since x > r and y > r (specifically, 2 > 2), the mapping

9(2,2) assigns the exponent ¢’ = 6 and extensions o/ =2 mod 2 =0 and 5’ =2 mod 2 = 0.

The mapping g thus yields the run: g(2,2) = (A, 6,0,0). This representation corresponds
to the string A\ = (ab)® = abababababab. Note that the point (2,2) lies on the primary
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| | |
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r r r

(a) e = el — 2, (b) e = em — 1. (c) e = emax,

Figure 4 The mapping b from runs to sets of points in [0,2r — 1]2. The light shaded part
represents the primary skyline, while dark shaded regions indicate areas dominated by multiple
points, where no unique substring can exist.

skyline of P and is minimal in terms of x + y. This geometric property ensures that the
corresponding run g(2,2) belongs to exactly one periodic alignment among the runs in R
(specifically within R;), making abababababab a valid SUS candidate.

» Lemma 38. Let R € Ry be a run with Lrepr(R) = (A, e,, 8), and let p = (z,y) be a point
in the domain [0,2r — 1)2. Then p is in the primary skyline of h(R) if and only if g(p) is a
unique substring of R.

Proof. Let g(p) = R’, where Lrepr(R') = (\,e/,a/,5'). By the definition of g, we have
o = rmodr and 8/ = y mod r. The quadrant containing p determines the candidate
exponent €', while the set of points h(R) (and thus its primary skyline) is determined by the
run exponent e; see Figure 4. We verify the correspondence with the cases in Lemma 34 by
distinguishing how e compares to ¢’.

Case e’ = e: The point p can be dominated by exactly one point from h(R) with relative
coordinates («, ). Hence, p belongs to the primary skyline if and only if it is dominated
by this single point, which occurs when o/ < o and 5’ < 3. This corresponds exactly to
the condition for g(p) to be a unique substring of R (Lemma 34: Case 4).

Case €’ = e — 1: In this case, p can be dominated by at most two points from h(R).
Point p is dominated by the first point if &’ < o and by the second if 8’ < 3. Thus, p
belongs to the primary skyline if it is dominated by exactly one of these points. This
requires either o/ < a or 8/ < 8 but not both. Again, this matches the condition for g(p)
to be a unique substring of R (Lemma 34: Case 3).

Case e’ = e — 2: This occurs only when e = e®* and p is in the lower-left quadrant
(z,y < r). Here, p is always dominated by the point (r + a, 7 + ) of h(R). For p to be
in the primary skyline, it must not be dominated by the other two points (2r — 1, 8) and
(cr, 2r — 1). This lack of dominance occurs if and only if o/ > « and ' > . This happens
exactly when g(p) is a unique substring of R (Lemma 34: Case 2). <

» Lemma 39. Given a set Ry of runs sharing the same Lyndon root X\, a SUS among these
runs can be found by solving a MINIMUM SKYLINE POINT instance containing at most 3|R|
points. The corresponding set of (unsorted) points can be constructed in O(|Ry]|) time.

Proof. Let e{'®* denote the maximum exponent among all runs in R). By Lemma 34, we

know that any SUS within these runs must have an exponent equal to e}'** — 2, e{'™* — 1
or e¥'®. Such a substring thus corresponds to g(p) for some point p € [0,2r — 1]?, with

r=|A.
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By Lemma 38, p must lie on the primary skyline of h(R) for some R € R,. Moreover, p
cannot belong to the primary skylines of multiple runs; otherwise, g(p) would not be unique
overall. Hence, p must be dominated by exactly one point among all sets h(R), which can be

identified by solving the MINIMUM SKYLINE POINT instance on the multiset | |z, h(R).

Since |[h(R)| < 3 for every R, this instance has size O(|R|). Finally, if the resulting point
from this instance is (x,y), it corresponds to a substring of length r - (e —2)+z+y. <«

» Lemma 40. Given an instance of SHORTEST UNIQUE SUBSTRING and an integer T, such
that 7 = | {z log, n] or 7= |3 log* 1|, we can compute a SUS of S in O(n/log, n) time if it
has length £ > 37 and period p < %7.

Proof. By Lemma 10 and Lemma 33, all runs in S can be computed and grouped by their
Lyndon roots in O(n/log, n) time. Each 7-run is encoded in O(1) space. Next, using
Lemma 39, we construct MINIMUM SKYLINE POINT instances for all groups. Since each
T-run generates a constant number of points, the total number of points across all instances is
O(n/1). These points are computed in O(n/7) time as per Lemma 10. To solve all MINIMUM
SKYLINE POINT instances in linear time (Lemma 21), the points for each R instance must
be sorted along one axis. This is achieved by globally sorting all generated points using
bucket sort. Because the coordinates x and y for any point in an instance for root A are
bounded by 2|A\| — 1 < 27, the bucket sort can be performed in O(n/7 + 7) time. After
sorting, the points are regrouped per their Lyndon roots. For either chosen value of 7, we
have O(n/7 + 7) = O(n/log, n). This yields a total running time of O(n/log, n). <

3.4 Putting It All Together

» Theorem 1 (SUS). Given a packed string S of length n over an integer alphabet [0,0),
a shortest unique substring of S can be computed in O(nlogo//logn) time.

Proof. We have described algorithms to find SUSs with differing lengths and periods:
Lemma 15 handles any length up to %logg n with any period; Corollary 16 handles lengths

in the range [% log, n, 2\/@] with period greater than 4—15 log, n; and Lemma 32 handles
lengths above log? n with period greater than %log4 n. Finally, with parameter values
T = L% log, n| and 7 := L% log* n|, Lemma 40 handles the larger length ranges with smaller
periods. We run each of the algorithms and return the globally shortest substring output
across all instances. The total running time is O(nlogo/y/logn) which is asymptotically
dominated by the complexity of the medium-length aperiodic case (Corollary 16). <

4 Computing a Shortest Absent Substring

We begin by defining an auxiliary problem closely related to SHORTEST UNIQUE SUBSTRING.

SHORTEST EXCLUSIVE SUBSTRING
Input: Two strings S; and Sy with n = |S1| + |S2| over an integer alphabet ¥ = [0, o).
Output: A shortest substring of Sy that does not occur in Sy (if one exists).

Similar to the solution for SHORTEST UNIQUE SUBSTRING, we solve the SHORTEST
EXCLUSIVE SUBSTRING problem by decomposing it into four cases based on the length /¢
and the period p of the sought substring of S;, obtaining the following result.

» Theorem 41 ([10]). Any instance of SHORTEST EXCLUSIVE SUBSTRING can be solved in
O(nlogo/v/logn) time when Sy and Se are given in packed representation.
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The proof of Theorem 41 is deferred to [10]. We next present an efficient construction of
de Bruijn sequences in the packed setting, which may be of independent interest.

» Definition 42 (De Bruijn Sequence [14]). A de Bruijn sequence of order k over an alphabet ¥
of size o is a string of length o* 4+ k — 1 in which every string from ¥ occurs exactly once.

» Lemma 43. A packed de Bruijn sequence of order k over the integer alphabet [0,0) for

o > 2 can be constructed in (’)(%) = O(155;) time, where n is the length of the sequence.

In particular, we can construct its prefix of length £ in (’)(IO; — 4 1) time.

Proof. A Lyndon word is a string that is lexicographically strictly smaller than all of its
proper suffixes. As noted by Fredricksen and Maiorana [19], the concatenation of all Lyndon
words whose length divides k, listed in lexicographical order, forms a de Bruijn sequence.
Duval [15] provided an algorithm to generate all Lyndon words of length at most k in
lexicographical order, generating each word by modifying the previous one.

We achieve the stated running time in the packed setting, by observing that k < |log, n],
and using O(1) machine words to iterate over all Lyndon words in [0, 0)<*.

In what follows, we describe Duval’s algorithm [15] without proving its correctness; we
only explain how it can be performed efficiently in the packed setting. We will return a
string S, initialized as 0. We then maintain a length-k string w initialized as 0¥ and a binary
string w’ whose ith bit is set if and only if w[i] = o — 1 (we update w’ together with w). We
repeatedly apply the following steps of the generation loop while w[0] # o — 1:

1. Locate j = max{i : w[i] # o — 1}. This is done by finding the rightmost 0 in w’ in O(1)
time using standard bitwise operations.

2. Replace w[j] with w[j] + 1 in O(1) time.

3. The prefix w[0..j] is now a Lyndon word. If (j 4+ 1) divides k, we append w][0.. j] to S.
This takes O(1) time as the appended string fits into O(1) machine words.

4. Replace w with the length-k prefix of (w[0..4])°°. This can be naively performed using
O(k/(j+ 1)) operations. Consider a potential function m(w) = |{i : w[i] = ¢ — 1}|, noting
that Step 2 increases 7(w) by at most 1. Conversely, in Step 4, values w[i] = c—1 for i > j
are replaced with w[i mod (j+1)]. Since w[0] < o—1 (the algorithm terminates when w[0]
reaches o — 1), Q(k/(j + 1)) copies of o — 1 are overwritten by setting w = (w[0.. j])°°.
As 7(w) > 0 at all times, the total number of operations we perform in Step 4 is
asymptotically upper bounded by the number of times Step 2 is executed, and hence the
amortized running time of Step 4 is O(1).

After the last iteration, we complete the sequence by appending 0*~!. Observe that, for each

integer ¢ there are at most UT;Z Lyndon words of length ¢, and hence at most ), ”Tf < 3"%

Lyndon words of length at most k. This proves that there are (’)("—;) iterations of the loop,
and the algorithm takes O(=2—) time (where n = o* + k — 1 and k < |log, n]) as claimed.

log, n
To output a length-¢ prefix of this sequence we terminate the algorithm once the length of

the output sequence reaches ¢, potentially removing up to & — 1 excessive letters from the
final Lyndon word. Since k/log, n = O(1), the total time complexity is

oL )0 L 1), <
log, n log, n

» Theorem 2 (SAS). Given a packed string S of length n over an integer alphabet [0,0),
a shortest absent substring of S can be computed in O(nlogo/+\/logn) time.

Proof. Let k := |log, n| + 1. Since o* > n, the length of any SAS is at most k. We first
check for a SAS of length at most k — 1 by applying Theorem 41 to a packed de Bruijn
sequence S7 of order k — 1 (Lemma 43) and Se := S. If this yields a substring of length
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at most k — 1, we are done. Otherwise, if o¥ = O(n), we create a full packed de Bruijn
sequence of order k and repeat the process to find a SAS of length k. If 0% = w(n), we
instead generate a prefix S} of a de Bruijn sequence of order & of length n+ 1 in (’)(log" —)

time. S§ contains n — k + 2 distinct substrings of length k. Since S3 has at most n — k + 1

such substrings, at least one substring of S; must be absent from S;. We find this witness
of length k using Theorem 41 for S and S3. The calls to Theorem 41 dominate the total

running time, which is O <:’/1%>. <
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