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—— Abstract

The Fréchet distance is a well-studied distance measure between two curves. In this work, we

demonstrate that the merit of Fréchet distance extends beyond evaluating similarity, and introduce
a new setting in which it proves useful. Consider a situation where two agents are required to visit
a given set of sites, while staying close to each other throughout their traversal. In this paper,
we study problems where the goal is to construct two curves whose vertices are from a given set
of points, under the constraint that the Fréchet distance between the curves is kept as small as
possible. This problem can be viewed as a variant of the Traveling Salesman Problem (TSP), and
thus may be of interest in routing, network planning and more. We present a near-linear algorithm
for this problem under the discrete Fréchet distance, and explore several variants of the problem,
including minimizing the lengths of the curves and balancing the number of sites assigned to each
agent. Lastly, we prove that the problem is NP-hard under the continuous Fréchet Distance.
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1 Introduction

The traveling salesman problem (TSP) asks for the shortest route that visits a given set
of points. It is a classic NP-hard problem, and have various approximation algorithms
(including a PTAS in the Euclidean plane [4, 23]). In some generalizations of TSP, e.g. the
Vehicle Routing Problem or Multiple-TSP (see, e.g. [5, 7, 12, 24]), the goal is to plan short
routes for a group of agents to visit all the points together. In these variants there is no
restriction on the relations between the routes.

Consider a situation where two agents are asked to visit a given set of sites, they can
split but they still need to remain close to each other throughout their motion. This can be
required for example in order to keep then in some range of communication, or so that one
agent can quickly get to other in case of trouble. Therefore, in this paper, we introduce and
study a new set of problems where the goal is to plan routes for two (or more) agents, that
together visit a given set of sites, while keeping the agents close to each other throughout the
traversal. More precisely, our goal is to construct two curves from a given set of points, such
that the (continuous or discrete) Fréchet distance between the curves is as small as possible.
We also consider variations of this Fréchet-TSP type problem where the goal is to balance
the load on the agents, in different ways.
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On Fréchet Traveling Salesmen Problems

The Fréchet distance [18], introduced by Maurice Fréchet, is a popular measure of similarity
between curves. It is often described by an analogy of a person and a dog connected by
a leash, both walking forward along two separate curves, while the leash keeps them at a
bounded distance. The Fréchet distance is then the shortest length of a leash that allows
them to traverse their respective curves. The Fréchet distance takes into account both
the position and ordering of points, distinguishing it from other metrics like the Hausdorff
distance. This property makes the Fréchet distance useful across a wide range of applications.

The discrete Fréchet distance focuses solely on the points of the curves rather than the
edges between them. This variant can be described analogously by replacing the man and
dog by two frogs that are “hopping” along the vertices of the curves while attempting to
maintain a small distance between them. This discrete approach allows simpler and (slightly)
faster algorithms for computing the distance.

Alt and Godau [3] showed that the Fréchet distance between a curve P of length n and
a curve @ of length m, can be calculated in O(nmlog(nm)) time. Eiter and Mannila [16]
showed that the discrete Fréchet distance can be computed in O(mn) time. Only 20 years
later, it has been shown that under the Strong Exponential Time Hypothesis (SETH), the
Fréchet distance cannot be computed in strongly subquadratic time [9]. Very recently, Cheng,
Huang, and Zhang [13], presented a strong subquadratic time algorithm that computes a
(7 + e)-approximation for both the discrete and continuous distance.

A plethora of applications and variants of the Fréchet distance have been studied since
then (see, e.g. [10, 14, 15, 21]). The variant most relevant to our work is the Fréchet distance
between two point sets, recently studied by Buchin and Kilgus [11]. In this variant, the
input objects are two sets of points rather than two curves, and the goal is to construct two
curves (one for each set of points), to minimize the Fréchet distance between them. The
main difference from our version is that we also need to find a partition of the point set into
two sets. Buchin and Kilgus showed that under the discrete Fréchet distance, the problem is
equivalent to computing the Hausdorff distance between the two sets, and thus can be solved
in O(nmlog(nm)) time (where n,m are the sizes of the two sets). The continuous version,
on the other hand, was shown to be NP-complete. They also provide an exponential time
algorithm running in O(k*((m +n — a) + aloga)) where a denotes the number of points that
can be matched only to edges (“floating” points in their terminology) and & is the maximum
number of edges that can cover such a point.

Another closely related variant is the Curve-Point-Set Matching Problem (CPSM), where
given a polygonal curve P, a set of points S, and a maximum distance § > 0, the objective is
to find another polygonal curve @), whose set of vertices is either a subset of S or contains all
the points of S (also, either with or without repetitions, referred to as the non-unique/unique
variant, respectively), such that the continuous or discrete Fréchet distance between the
new curve () and the original curve P is smaller than §. Maheshwari, Arora, and Smid [22]
addressed the continuous non-unique subset version of the problem, and presented an
algorithm that runs in O(nk?) time. Wylie [26] studied CPSM under the discrete Fréchet
distance, and proved that the unique version (where each point in S can appear only once
in @) is NP-complete for both the subset and all-point versions. This is in contrast to the
non-unique cases which were shown to be polynomial-time solvable (in O(nk) time, where n
is the size of S and k the size of P). Accisano and Ungor [1] also showed NP-completeness
under the continuous distance for the all-points variant, both in unique and non-unique
settings.
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Overview. To the best of our knowledge, the Fréchet-TSP problem described above has not
been studied before. This gives rise to a rich family of TSP-style questions centered around
the Fréchet distance, and we systematically outline several natural variants that capture
different aspects of this setting. In Section 3, we present an algorithm for the discrete Fréchet-
TSP problem that runs in O(nlogn) time for a set of n points in a constant dimension. We
utilize a combination of the properties of Nearest-Neighbor-Graph and Minimum-Spanning
Tree (MST) over a Unit-Disk Graph (UDG). By utilizing the properties of UDG, we ensure
an upper bound on the distance between the partitions we output. By utilizing the properties
of the MST, we obtain a linear time partitioning. The initialization of these constructs
are obtained in O(nlogn) time. In Section 4, we consider a variant of the problem aiming
to minimize the total length of the curves, and present a constant-factor approximation
algorithm that also runs in O(nlogn) time. In Section 5, we focus on balancing the number
of vertices among the partitioned components, and present different strategies to achieve
almost optimal balance. Here, we utilize the properties of the UDG again. Specifically, the
upper bound on the number of kissing number of the graph. This in turn limits the number
of cases in the possible partition we wish to balance. We handle these case-by-case showing
that we can get the balance as close as at most 1 from optimal. Finally, in Section 6, we
show that the continuous variant of Fréchet-TSP is NP-hard. Out proof is an adaptation of
the method used by Buchin and Kilgus [11].

2 Notations and problem definition

A polygonal curve P in R? is a continuous function P : [1,n] — R?, such that for any integer
1 <i < n—1 the restriction of P to the interval [i,i + 1] is a straight line segment. The
points P[0],. .., P[n] are the vertices of P, and the segments P[i|P[i + 1] are the edges of P.

Let P :[0,n] — R? and Q : [0,m] — R? be two polygonal curves of with number of
vertices n and m, respectively.

The (continuous) Fréchet distance. A reparameterization of a curve P is a continuous, non-
decreasing, surjective function f : [0, 1] — [1,n] such that f(0) =1 and f(1) = n. The Fréchet
distance between P and @ is defined as dp(P,Q) = infy max,cpoq17 |P(f(t)) — Qg(t)ll,
where f is a reparameterization of P and g is a reparameterization of Q.

The discrete Fréchet distance.! A paired-walk along P and @ is a sequence of pairs
7 ={(P;,Q;)}}_,, such that Py, ..., Py and Q1, ..., Qx partition P and @, respectively, into
(disjoint) non-empty subsequences of their vertices, and for any i it holds that either |P;| =1
or |Q;| = 1. The cost of a paired walk W along P and @ is

cost(m) =max max |p—gq|.
i (p,@)€PiXQ;

For any pair (p,q) € P; X @Q;, we say that p is matched to ¢ in 7.
The discrete Fréchet distance between P and Q is dgr(P, Q) = miﬁ cost(r), where II
TE

is the set of all possible paired-walks along P and Q.

! For the simplicity of presentation, we follow the definition given in [6], which is equivalent to the original
definition given in [16].
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Partitioning a point set into curves. Let ¢ be a Fréchet-based distance measure for two
curves in R? (i.e., either the continuous or discrete Fréchet distance). Given a set S of points
in R%, we say that two curves P,Q partition S if there is a partition of S into two sets A
and B such that the set of vertices of P is exactly A and the set of vertices of @ is exactly
B, and each point in S is used exactly once (either in P or in Q). The basic version of the
problem that we wish to consider is the following.

» Problem 1 (Fréchet-TSP). Given a set S of points in RY, find two curves P,Q that
partition S and such that §(P, Q) is minimized.

Note that if we do not require each point in S to be visited by exactly one of the agents,
then the problem becomes trivial: we can pick any order on the points in S and set P = Q),
so the distance between the paths is 0. In the full version of the paper, we discuss a variant
in which we allow a point to be used more than once by the same agent, and show that this
variant is equivalent to Problem 1 under the discrete Fréchet distance.

Denote by ¢* the distance between the curves in an optimal solution for the Fréchet-TSP
problem. Clearly, there may be many different optimal solutions, all having distance €*.
However, some solutions may be considered better than others, for example, if each curve
covers roughly the same number of points from S (balanced partition — see Figure 1), or if
the min-max length (or sum of lengths) of the curves is very small in comparison to other
solutions (see Figure 2). We therefore define below different variants of the problem in which
the goal is to find a “good” solution among those that achieve the optimal distance £*.

| AN e/ S
T N

Figure 1 Left: a balanced partition, right: an imbalanced partition. Both have the same distance.

Figure 2 Left: two long curves, right: two shorter curves. Both have the same distance.
» Problem 2 (balanced-Fréchet-TSP). Given a set S of n points in R, find two curves P, Q
that partition S, such that 6(P,Q) = *, and max{|P|,|Q|} is minimized.

For a curve P, denote by £(P) the sum of the lengths of the edges of P.

» Problem 3 (min-max-Fréchet-TSP). Given a set S of points in R?, find two curves P,Q
that partition S, such that §(P,Q) = &*, and max{{(P),4(Q)} is minimized.

» Problem 4 (min-sum-Fréchet-TSP). Given a set S of points in R?, find two curves P,Q
that partition S, such that §(P,Q) = &*, and £(P) + £(Q) is minimized.

Minimizing the length of the path is NP-hard, similar to the traveling salesman problem
(TSP), which is NP-hard: for a reduction, simply double each point in an instance of TSP,
leading to the following theorem:

» Corollary 1. min-max-Fréchet-TSP and min-sum-Fréchet-TSP are NP-hard.

We can thus aim to find an approximation algorithm for minimizing the length.
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3 Discrete Fréchet-TSP

In this section, we focus on the discrete Fréchet distance (i.e. 0 = dgr). We begin by
presenting an algorithm for the decision version of the problem: Given a set .S of n points in
R?, and a threshold ¢ > 0, decide whether there exist two curves P and Q that partition S
and have dgr(P,Q) < e.

Let G = (S, E) be the graph whose vertices are the points in S, and there is an edge

{v,u} € E if and only if ||v — u|| < e. By definition, G, is a unit-disk graph with radius ¢.

Let P,@Q be two curves that partition S s.t. the edges in P U Q are edges from G.. Any
paired walk 7 along P and @ with cost(m) < e can be reduced to a set of disjoint stars in G
simply by removing edges from 7. Therefore, if there is such a walk 7, then there is such a
set of disjoint starts and vice versa. Thus, we can search for such a set.

» Lemma 2. There exist two curves P,Q that partition S and have dyr(P,Q) < € if and
only if G, does not contain a vertex of degree 0.

Proof. If G, contains a vertex v of degree 0, then there is no v € S with ||[v — u|| < e.

Therefore, v cannot be matched to any other point in S in a paired-walk of cost at most
. For the other direction, let C' be a connected component of G.. We now show that if C
contains more than one vertex, then we can construct two curves on the set of vertices of C' as
required. This finishes the proof, as we can concatenate the curves that were constructed for
all the connected components, and get two curves with vertices from S such that each point
in S is used exactly once. Let T be some spanning tree of C'. We color the vertices of T red
and blue, as follows: first, color all the leaves in red, and then, color the parents of all those
leaves in blue. This coloring defines a set of stars, each has a blue center node and at least
one red node. By removing these stars from T = Ty, we are left with a smaller tree, T7. If T}
is a single vertex, then color it red and add it to one of the stars of its child nodes. Otherwise,
T1 contains at least one edge. We then repeat the process on 77 and obtain another set of
stars, remove them from 77 and get a smaller tree T5. We continue this process until all
the vertices are colored. This process results in a partition of the nodes of T into stars
S1,..., Sk, each star contains exactly one blue node blue(S;), and a non empty sequence

of red nodes red(S;). Let P = {blue(S;),...,blue(S;)} and Q = {red(S),...,red(Sk)}.

Since for each i € [k] we have ||blue(S;) —v|| < € for every v € red(S;), the sequence of stars
corresponds to a paired-walk with cost at most e, and therefore we get dgr(P,Q) <e. <«

Note that Lemma 2 provides an algorithm for computing a partition of S into two
curves P, Q such that dgr(P,Q) < e. Given a spanning forest of G., the running time for
constructing P, @ is O(n), since each tree can be colored using a a simple BFS traversal. We
conclude this in the following corollary.

» Corollary 3. Given a spanning forest T of G. such that no vertex in T has degree 0, a
partition P,Q of S with dyr(P,Q) < € can be constructed in O(n) time.

We wish to find the partition P,@ of S that minimizes dgr(P, Q). Denote by £* the
distance between the curves in an optimal partition, i.e., there exists a partition P*,Q* of
S with dgr(P*,Q*) = £*, and for any partition P,Q of S it holds that dgr(P,Q) > &*. In
Claim 4 below, we show that €* is the furthest nearest neighbor distance, i.e., the length of
the longest edge in the Nearest Neighbor Graph of S.

Denote by NNG(S) the Nearest Neighbor Graph (NNG) of S, i.e., the graph whose
vertices are the points of S, and there is an edge {u,v} is the graph if and only if v is a

nearest neighbor of v in S. Note that a point u can have more than a single nearest neighbor.

18:5
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In this case, we break ties by taking the point with the largest index to be the unique nearest
neighbor. It is well-known that when applying such a tie-breaking rule, the NNG is a forest,
and a subgraph of the Euclidean minimum spanning tree.

o> Claim 4. Let L be the longest edge in NNG(S). Then ¢* = L.

Proof. Notice that NNG(S) is a spanning forest of G, that does not contain any vertex of
degree 0 (every point in S has a unique nearest neighbor). Therefore, by Corollary 3 we get
that there exists a partition P, Q of S with dgr(P, Q) < L.

Assume by contradiction that there is a partition P/, Q' of S with dgr(P’,Q’) = &* < L,
and consider a paired-walk 7 along P and ) with cost €*. Then for any pair of points
v,u € S that are matched in 7, we have |[v — u|| < L. Let {w,z} be the longest edge in
NNG(s), so ||w — z|| = L, and w, x are not matched in . Therefore, there exists w’, 2z’ € S
such that w,w’ are matched in 7 and z, 2" are matched in 7. We get that ||lw — w'|| < L, so
x is not a nearest neighbor of w, and ||z — 2'|| < L, so w is not a nearest neighbor of z, a
contradiction to {w, z} being an edge of NNG(s). <

By Claim 4, all the edges of NNG(SS) have length smaller or equal to the optimal distance
e*, and therefore it is a spanning forest of G.-. Thus, given NNG(S) as an input, the
algorithm from Corollary 3 runs in O(n) time. For d = 2, computing NNG(S) can be
dome in O(nlogn) time [17]. For general dimension d, computing NNG(.S) can be done in
0(2°@nlogn) time [25], so the overall running time for our problem is O(nlogn) for any
fixed dimension d.

We, therefore, obtain the following theorem.

» Theorem 5. Given a set S of n points in R%, for any fized dimension d, one can find two
curves P, Q that partition S such that dgp (P, Q) is minimized in O(nlogn) time.

In the two remarks below, we suggest other ways to use Claim 4 and Corollary 3 for
computing an optimal partition of S.

» Remark 6 (Using the Net and Prune framework). Har-Peled and Raichel [19] show that
the furthest nearest neighbor distance (which, by Claim 4, equals £*) can be computed in
expected linear time for points in any dimension d. Then, to apply Corollary 3, we need
to compute a spanning forest T of G, such that no vertex in 7" has degree 0. For this we
can use the Net and Prune framework of [19] as follows. Put S in a grid with cell diameter
¢*. Points that belong to the same grid cell form a clique in G., and can be connected, for
example, by some star graph. The lonely points, i.e., points that are alone in their cell, can
be connected to a point in a neighbor cell (such a point must exist by the way we chose £*).
Since the number of neighbor cells is 29(49), this results in an O(2% - n) time algorithm for
computing the spanning forest, and O(20(4) . n) expected time for computing the partition.

» Remark 7 (Using the MST). For points in dimension d > 2, we can use the the Minimum
Spanning Tree of S (MST(S)) instead of NNG(S) as follows. We compute MST(S), and
then iterate the edges from the longest to shortest. If removing an edge from MST(S) does
not create a vertex of degree 0, remove it, and otherwise stop. Since NNG(S) C MST(.S),
and because in NNG(S) there is no vertex of degree 0, the resulting graph contains NNG(.5)
and the length of its edges is at most €*. We can then execute the algorithm from Corollary 3
on this residue graph. Since MST(S) can be computed in O(n?~2/T4/21+1 4 &) time [2],
this is also the total running time of the algorithm. Notice that for d < log %, where
0 <k <1-1/0(log ), we prefer to run the algorithm that finds the residue graph
over computing MST(.S). This is because the running time for finding the residue graph is
O(n?~2/Tkleg mem /2141 4 ) while computing NNG(S) is in O(n!tF).
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4 Minimizing the lengths

In this section, we focus on problems 3 and 4. Let S be a set of n > 2 points in the plane.

Our goal is to find a partition P,Q with dgr(P,Q) = ¢*. In problem 3, the partition also
minimizes max{¢(P),£(Q)}. In problem 4 it also minimizes £(P) + ¢(Q).

Let TSP(.S) be a path on S of minimum length. Denote by ¢(G) the sum of edge lengths
of a graph G embedded in the plane.

4.1 Min-max discrete Fréchet-TSP

In this section, we prove the following theorem.

» Theorem 8. Given a set S of n points in the plane, two curves P,Q that partition S
such that dgr (P, Q) = £* and max{{(P),4(Q)} < 2.75-L(TSP(S)) can be found in O(nlogn)
time.

By Theorem 5, computing the value €* can be done in O(nlogn) time. Let MST(S) be a
minimum spanning tree of S, and observe that ¢/(MST(S)) < ¢(TSP(S)). We thus focus on
computing two curves P, Q that partition S such that dgr (P, Q) = * and max{{(P),{(Q)} <
2.75 - £((MST(S)). For simplicity, we say that two points (or vertices) u,v are close if
|lu — v|| < e*, and otherwise we say that u, v are far.

» Observation 9. Every vertex in MST(S) has at least one neighbor in MST(S) that is close
to it.

Proof. Assume by contradiction that all the neighbors of a vertex v in MST(S) are far from
v. By Lemma 2, v has a neighbor u in G.~, and therefore u is close to v. This contradicts the
fact that the MST contains a nearest neighbor for each vertex (by Kruskal’s algorithm). <«

We now show how to construct two curves P and ) that partition S by traversing MST(S)
in a DFS order, starting from a leaf vertex of MST(S) as a root, and coloring the vertices
red and blue. The blue vertices will be in P, and the red vertices in (). The order of the
points along the curves would be the same order in which they where colored during the
algorithm.

Consider a vertex v in the rooted tree MST(S). Let I jose(v) be the set of children of v

that are close to v, and similarly, It,,(v) will be the set of children of v that are far from wv.

In addition, let L(v) = {u | u € Iciose(V), Teiose () = 0}. In other words, L(v) is the set of
lonely children of v — those that are either leaves in MST(S), or that do not have close
children — and therefore must be in v’s star. Notice that by Observation 9, all the nodes in
L(v) are close to v.

Let v be the current vertex visited by the DFS algorithm. The invariant of our recursive

DFS algorithm is that if L(v) is empty, then there must be at least one vertex in Icjose(v).

The algorithm has two main steps: in the first step we color vertices in red and blue, and
the second step contains the recursive calls.

Coloring. In this step, we color the entire star that v belongs to using Algorithm 1. Note
that v can be either a center or a leaf in that star. Also, Algorithm 1 colors exactly one

vertex in blue and the rest in red. We progress in recursion on the vertices of the tree.

In each recursive call, we activate the coloring algorithm on newly colored vertices in the

following order:

1. First, activate the algorithm on children of vertices that are colored red, in reversed
order (last colored first called).

2. then, activate the algorithm on children of the blue vertex.

18:7
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?»“::)@j oo
O/O// v\\o_o o/o//

Figure 3 Coloring of MST(S). Dashed edges correspond to far neighbors. The star to which v
belongs is marked in gray.

Algorithm 1 Coloring for Min-Length.

Input: Vertex v
Output: Color updates
if L(v) # 0 then
color the leaf nodes in L(v) red;
color all the other nodes in L(v) red;
Ise

@

Let u be an arbitrary vertex in Icjose(v);
color v red;

color u blue;

color the leaf nodes in L(u) red;

color all the other nodes in L(u) red,;

© W N O ks wWwoN e

First, notice that when the algorithm is called with a vertex v in a recursive step, then v
and its entire subtree were not colored yet. Moreover, we show that the following invariant
holds in each step of the algorithm.

> Claim 10. In each step of the algorithm, if L(v) is empty, then there must be at least one
vertex in Ioose(v).

Proof. Assume by contradiction that in some step of the algorithm both L(v) and I.jose(v)
are empty. Then, by Observation 9, v must have a parent ¢ in MST(.S) such that v € I jose(t),
and t was already colored by the algorithm. Moreover, v is in L(t), because I.josc(v) = 0.
Therefore, it is not possible that ¢ was colored blue, because then v would have been already
colored red and would not be called recursively. In addition, ¢ is not a lonely child of its
parent, because Igose(t) # (0. Therefore, if ¢ was colored red, then it must be in step 2(a) of
the algorithm, which means that L(t) is empty, but this is not possible because v € L(¢).

<

Let P ={p1,...px} (resp. @ ={q1,...qm}) be the set of vertices that were colored blue
(resp. red), in the order in which they were colored during the DFS scan.

> Claim 11. The running time for computing P and @ is O(nlogn).

Proof. Calculating the Euclidean MST for the set S takes O(nlogn) time. A standard DFS
traversal over the MST also requires O(n) time. The additional overhead in the algorithm
comes from recursively scanning the L(v) children of each vertex v. Since |L(v)| <5 in the
EMST, this adds at most O(n) additional operations. Thus, the total running time remains
O(nlogn). <

> Claim 12, dgr(P,Q) < e*.
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Proof. We show that in each step of the algorithm, we color a star in MST(S) with edges
of length at most €*. The center is colored blue, and the leaves red. Let v be the current
vertex. There are two cases:
If L(v) is not empty, then v is colored blue and the nodes in L(v) are colored red. Since
L(v) C Iose(v) (by Observation 9), this red-blue star has edges of length at most £*.
If L(v) = 0, then the algorithm picks a vertex u € I.jose(v) and color it blue. This vertex
becomes the center of a star with its children v U L(u) which are colored red. Since
L(v) C Iose(u), we again obtain a red-blue star with edges of length at most £*.
Since the vertices of P and @) are ordered by the time they were colored, we get that the
sequence of starts corresponds to a paired-walk of cost at most €* between P and @), as
required. <

Next, we bound the lengths of the curves P and @ in relation to MST(S). Notice that the
order in which we color the blue vertices (the vertices of P) follows a classic DFS preordering,
and therefore we clearly have ¢(P) < 2-£(MST(S)). However, the order in which we color the
red vertices slightly differs from a classic DFS preordering. However, since all the children
of v that are colored in this step are close to v, the additional traversal overhead is small.
The following claim together with Claim 12 implies Theorem 8.

V6
V1 V5
S
V3
vt V4

o—o —o ./.\.

Figure 4 An illustration of the algorithm. The root vertex is v1, and the algorithm runs on
v1,...,v7 in this order. The stars are marked in gray, and the dashed edges mark far vertices. The
orange edges are the set W of edges that connect the stars.

> Claim 13. max{{(P),4(Q)} < 2.75- {(MST(S)).

Proof. Let T be the path on all the points in S, which is obtained by traversing the edges
of MST(S) in the order in which the algorithm colors the vertices, regardless of their color.
Clearly ¢(T) > max{£(P),£(Q)}. We show that ¢(T") < 2.75- ¢{(MST(S5)).

Recall that the degree of any vertex in MST(S) is at most 5. Since we choose the root of
MST(S) to be a leaf, then for every vertex v in the rooted tree, L(v) may contain at most 4
vertices. Consider a step of the algorithm were the current vertex is v. If v was colored blue,
denote L(v) = ug,...,u for 1 <k < 4. Then, the subpath of T that was added in this step
is T, = {v,u1,v,u9,v,...,ur}. This is because, in T, we are moving from u; to u;41 through
v, since {u;, u;4+1} is not an edge in MST(S). If v was colored red, the algorithm picked a
vertex u € Igpse(v). Denote L(u) = uq,...,ug for 1 <k < 4. The subpath of T' that was
added in this step is T, = {v,u, u1, u, ug, u, ..., ug}.

We show how to charge the edges of MST(S) for each such star-subpath and for each of
the edges that are connecting between star-subpaths. First, notice that in each star-subpath
T.,, each edge of the star is traversed at most twice. Let U = U,cpT, be the set of edges that
are charged for the star-subpaths themselves. Because the edges of the stars are disjoint,
each edge in U is charged at most twice.
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Let W be the set of edges that are traversed in 1" when connecting between any two
star-subpaths. Each edge of W is charged at most twice because we traverse the stars
following the classic DFS order. Therefore, in both sets U, W each edge is charged at most
twice. Notice that U, W are distinct.

The edges in U have length at most €*, so edges of length larger than £* can only appear
in W. In addition, edges that are incident to leaves in MST(S) appear only in U, because
they do not connect between star-subpaths. We conclude that leaf-edges are charged only
twice, and edges of length larger than £* are also charged only twice.

Consider an edge {v,u} € T, such that L(v) is empty and u € I pse(v). Notice that the
edge {v,u} is charged only once in U (it appears once in T},) and once in W (to connect u
with the centers of stars in v’s subtree), so in total it is charged at most twice.

The only case left to handle is edges {z,u;} in a star such that u; € L(z) (x can be either
the current vertex or its child u € I jose(v)). In this case, Iejose(u;) = 0. If u; is not a leaf,
then there exists an edge {u;,w;} such that w; € I'tqr(u;). Since the algorithm recursively
runs on w;, the edges {u;, w;} is in W. In other words, for every {z,u;} € U there exists
an edge {u;, w;} € W\ U such that ||u; — w;|| > €*, which is charged only twice. Therefore,
if {x,u;} is charged four times (twice in U and twice in W), we charge it three times, and
transfer the forth charge to {u;, w;}, so that both edges are charged only three times in total.
Note that no other edge can transfer its charge to {u;, w;}, because w; has to come after u;
in the order of the traversal.

This gives a bound of 3 - ¢(MST(S)). To further improve the bound, notice that the last
edge {x,u} is charged only once in U. Moreover, it is also charged only once in W, because
the children in its subtree are the first to be called recursively in this step, so {z,u} only
appears on the subpath that goes back to x. In the worst case, when k = 4, we charge the
first three edges {x,u1}, {z,u2}, {x,us} a total of 3 times (by transferring one charge to the
corresponding edge in W), and {x, u4} is charged only twice. By choosing the farthest child
to be colored last, i.e., ||z — u4|| > max{||z — u1]|, ||z — uz||, ||z — us||}, each of the first three
edges can transfer a charge of % to {x,u4}, resulting in a total charge of at most 2% per edge
of MST(S), as claimed. <

Theorem 8 follows from Claim 11, Claim 12, and Claim 13.

4.2 Min-sum discrete Fréchet-TSP

In this section we consider the case where the goal is to minimize the sum of the lengths.
The following theorem is a corollary of Theorem 8.

» Theorem 14. Given a set S of n points in the plane, two curves P, Q that partition S such
that dgr (P, Q) = &* and £(P) + £(Q) < 4.75 - L((MST(S)) can be found in O(nlogn) time.

Proof. Let P and @) be the curves obtained by the algorithm in the previous section. Then
by Theorem 8 ¢(Q) < 2.75 - {(MST(S)). For P, note that it follows a DFS traversal of
the MST(S) restricted to the centers. Since each edge is used at most twice and no vertex
is repeated as in @, this gives {(P) < 2 - ¢((MST(S)). Combining the two bounds yields
U(P) 4 £(Q) < 4.75 - L(MST(S)). <

This result can be improved by using a (1 + ¢) approximation for TSP (for € > 0) on one
of the curves. We make use of the algorithm of Kisfaludi-Bak, Nederlof and Wegrzycki [20]
which computes in QO(Elfd)nlogn time. We get the following result.
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» Theorem 15. Given a set S of n points in R?, two curves P,Q that partition S such that
UP)+ Q) < (4+¢) - £L(MST(S)) can be found in O(nlogn) time for constant d,e.

Proof. Given the set of stars Si,..., S, that were obtained in the proof of Lemma 2, each
star 5; has a blue vertex that is connected in S; to a set of red vertices. We run an algorithm
that computes a (1 +¢) approximation for the TSP. On the blue vertices, and obtain a curve
P with the length (1 4 ¢) - £(TSP(S)).

We then construct the curve @ on the red vertices following the order of the blue
vertices in P, i.e., for each vertex v € P that corresponds to the star S;, we connect the
red vertices of S;, and then connect these red paths according to the TSP order on the
blue vertices. We can bound the length of @ by the length of a curve traversing P with
detours for traversing the red vertices. The sum of lengths of these detours is bounded by
traversing each edge of a star twice, which is bounded by 2 - /(MST(S)). We therefore get
that £(Q) < £(P) +2-¢(TSP(S)) and thus £(Q) + ¢(P) < (4 +¢) - £(TSP(S)). <

4.3 Comparing to the optimal solution

In previous sections, we compared the solution obtained from our algorithm to TSP(S). We
now show that it gives a constant approximation comparing to the optimal solution.

» Observation 16. Let P,Q be two curves that partition S, such that dgp(P,Q) = € for
some € > 0. Then £(TSP(S)) < {(P)+4(Q) +e.

Proof. By concatenating P and @, we obtain a path of at most ¢(P)+£(Q)+e¢ that traverses
all the points of S, which is a feasible solution for TSP on S.

Denote by P*,Q* two curves that partition S with dgp(P*,Q*) = &* such that
max{¢(P*),£(Q*)} is minimized.

» Lemma 17. Let P, Q be two curves that partition S, such that dgr(P, Q) = dar(P*,Q*) =
e*. Denote by Lp (reps. Lg) the mazimum length of an edge in P (resp. Q). If |P|,|Q| > 2,
then ¢* < L = max{Lp, Lg}.

Proof. Assume by contradiction that €* > L. That means that all edges of both P and
Q are of strictly smaller length than £*. Denote P = {p1,...,pr} and Q = {q1,...,qm}
If £ > 2, then the discrete Fréchet distance between Pogq = {p1,D3,D5,- .-} and Peyen =
{p2,p4,P6,-..} is at most L. Similarly, if m > 2, then the Fréchet distance between
Qodd = {¢1,93,G5,- - } and Qeven = {¢2,94,Gs,--. } is at most L. Therefore, the discrete
Fréchet distance between Poqq © Qodd and Payen © Qeven 18 at most L, in contraction to the
optimality of £*. |

Note that if one of P, is a single vertex, the above lemma may not be correct. Let
S ={p,q1,q2,...} such that ||[p— ¢;|| = € for some € > 0. Let |l¢; — ¢;|| < ¢ for all ¢;,q; € Q.
Then ¢ is the optimal Fréchet distance. And yet, the lemma does not hold for P = {p} and
Q={q,q,... }-

An immediate corollary of Observation 16 and Lemma 17 is that ¢(TSP(S)) < £(P) +
Q) +e < 3-max{{(P),4(Q)}, and £(TSP(S)) < 2-(¢(P)+4(Q)). Therefore, by Theorem 8
we have the follwiing corrolary.

» Corollary 18. Given a set S of n points in the plane, we can find in O(nlogn) time two
curves P, Q that partition S such that dgp(P,Q) = ¢* and {(P) + £(Q) = O(L(P*) + £(Q*)),
or max{{(P),{(Q)} = O(max{{(P"),£(Q")}).
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5 Balancing the number of vertices

In this section, we address Problem 2 (balanced-Fréchet-TSP) under the discrete Fréchet
distance. Clearly, it is possible that there is no pair of curves that partition S and have both
dar(P, Q) < e* (the optimal distance) and max{|P|, |Q|} = [n/2] (see, e.g. Figure 5).

We show that for points in the plane our solution to discrete-Fréchet-TSP can be adjusted
such that max{|P|,|Q|} < |n/2] + 2. In other words, we prove the following theorem.

» Theorem 19. Given a set S of points in the plane, there always exists two curves P,Q
that partition S, such that dgp(P,Q) < &*, |P| > |Q| and |P| —|Q| <4 (and in case that n
is odd, |P| —|Q| < 3). Moreover, such curves can be found in O(nlogn) time.

Proof. Consider the set of stars S, ..., Sk that were obtained in the proof of Lemma 2, and
that can be computed in O(nlogn) time by Theorem 5). Each star S; has a blue vertex
blue(S;) which is connected in the spanning tree T to a set of red vertices red(S;). For
Theorem 5 we are using the nearest neighbor graph NNG(S), applying the unique nearest
neighbor rule, and therefore the maximum degree in NNG(S) is at most 5. Therefore, for
every 1 <14 <k, we have red(S;) <5.

Notice that flipping the colors of the vertices in a star .S; does not change the correctness
of the algorithm, and we still obtain two curves that partition S and have distance at most
€*. Therefore, we can perform the following procedure. Let P and @ be the curves obtained
from the algorithm of Theorem 5, then by construction |Q| > |P|. Set w = |Q| — | P|, and
iterate over the stars Sq,...,Sg: if w > 5, flip the colors in the current star, and update w.
The algorithm terminates when w < 4, or after Sj is flipped.

Since initially each star .S; has exactly one vertex in P (its center blue(S;)) and at most 5
vertices in @ (red(S;)), a flip adds ¢ = |red(S;)| — 1 < 4 vertices to P, and removes ¢ vertices
from @, which in total reduces w by 2¢ < 8. Therefore, after a flip we have w > —3. Assume
by contradiction that the algorithm terminates with w > 5. Then all the stars Si,...,Sk
were flipped, but this is a contradiction because in the first step we had w = |P| — |Q| > 0,
and thus after flipping all the stars we have w = |Q| — |P| < 0.

We conclude that when the algorithm terminates, we have —3 < w < 4. If w < 0, we flip
all the stars, and get 0 < w = |Q| — |P| < 4, as required. Finally, note if n is odd, then w
must be odd, and therefore in this case we have 0 < w = |Q| — |P| < 3. <

» Remark 20. In fact, the maximum degree of the NNG for points in d dimensions is equal
the kissing number of spheres in d dimensions, and therefore Theorem 19 can be generalized
to higher dimensions accordingly.

5.1 Relaxing the distance requirement

The example in Figure 5 shows a set S for which there is no balanced partition with distance
e*. However, notice that if we relax the requirement on the distance between the curves and
allow it to be up to 2¢*, then we can split each star into smaller stars by connecting pairs
of leaves, so that the maximum degree of a star becomes two, which allows for a balanced
partition. Below we show that by allowing an even smaller relaxation (the discrete Fréchet
distance will be at most v/3 - £*), we can always obtain optimally balanced curves.

» Theorem 21. Given a set S of points in the plane, there always exists two curves P,Q
that partition S, such that dgp(P,Q) < v/3-e* and max{|P|,|Q|} = [n/2]. Moreover, such
curves can be found in O(nlogn) time.
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Figure 5 A set of 6 points for which the optimal solution for Fréchet-TSP is ¢, |P| = 1 and
QI =5.

Proof. Consider the set of stars Sy,...,S; that were obtained in the proof of Lemma 2.
If the degree of each star is at most two (i.e. |red(S;)| < 2 for every 1 < i < k), then by
applying arguments similar to the proof of Theorem 19, we get that max{|P|, |Q|} = [n/2]
as required.

Otherwise, let S; be a star such that [red(S;)| > 3. Let ¢ = blue(SS;), then there is at
least one pair of nodes u,v € red(S;) such that the smaller angle Zucv at at most 2% Thus,
by the law of cosines, the distance between them is

2T
v —ul = \/IIC =l +lle —ull* = 2 - cos() - fle = vl - e — .

Since the length of any edge in S; is at most €*, we have

v — ul| < \/2(5*)2 - 2(5*)2cos(2§) =2 )2+ ()2 = V3 &

We now split S; into two stars: remove v, u from red(S;) and create a new star, Sk41, with
red(Si11) = {v} and blue(Sk4+1) = u.

We continue this process until all our stars have degree at most two. Notice that
any star that we add consists of a single pair of points with distance at most v/3 - £*.
Therefore, when applying the arguments from the proof of Theorem 19 as before, we obtain

max{|PL,|Q[} = [n/2], and dar(P,Q) < V3 - <™. <

Figure 6 A set of 4 points for which the optimal solution for Fréchet-TSP is ¢, |P| = 1 and
|Q| = 3. By allowing the distance to be v/3¢, we can obtain a solution where |P| = |Q| = 3.

The example in Figure 6 shows that the bounds in Theorem 19 and Theorem 21 are tight,
as we conclude in the observation below.

» Observation 22. There exists a set S of points in the plane such that: (i) for any two
curves P, Q that partition S and have dgr (P, Q) < €* it holds that |P| —|Q| > 4, and (ii) for
any two curves P, Q that partition S and have |P| —|Q| = 0 it holds that dgr(P,Q) < /3 -£*.
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5.2 Tighter balancing

In the proof of Theorem 19 we flip the colors of some stars in order to obtain a difference of
four between |P| and |Q|. However, for some instances there might still be a different way
to arrange the stars (i.e., a different paired-walk) that allows for a more balanced partition.
Therefore, to further improve the difference, we now show how to split some of the starts (as
we do in the proof of Theorem 21) in order to reduce the difference between |P| and |Q),
while still having dgp (P, Q) < e*.

Given a star subgraph H of G+, define its balance as b(H) = deg(H) — 1, where deg(H)
is the degree of the center node of H. We call a star H with balance b(H) a b(H )-star (e.g.,
a O-star, a 1-star, etc.). For a set X of star subgraphs of G.-, denote b(X) =,y b(H).

Let o = {Hy,..., H:} be a set of disjoint stars Hy, ..., H; in G.- that together cover S.
We call such a set a star cover of S. Consider a valid coloring of the stars in « in two
colors, then as in the proof of Lemma 2 this coloring yields two curves that partition S and
a paired-walk along them with cost at most . Intuitively, b(S;) is the amount that a star
contributes to either |P| and |Q|. Therefore, the following problem is equivalent to Problem 2
(balanced-Fréchet-TSP).

» Problem 5. Given a set S of n points in the plane and a value € > 0, find a star cover
a=Hy,...,Hy of S, that can be partitioned into two sets of stars p and B, that minimizes
the difference

Aalp: ) = |b(p) = b(B)|-

We thus focus on solving the problem defined above. For a given star cover a, an
optimally balanced partition of « is a partition of « into two sets of stars p and [ that
minimizes A, = A,(p, 5). In the full version of the paper, we show that when |S| =n is
even, any star cover « of S with A, = 4 consists of only 0-stars and 4-stars. We then present
an algorithm that runs in O(n?) time, and either returns a star cover o of S with A, < 2,
or reports (correctly) that the optimal star cover has A, = 4.

» Theorem 23. Given a set S of n points in the plane, where n is even, there exists an

algorithm that runs in O(n?) time, which returns a star cover o of S s.t. either:

1. A, = 4 and it is the minimum possible value of any star cover of S (i.e. a must be
optimal).

2. A, <2.

6 Continuous Fréchet-TSP is hard

As mentioned in the introduction, Buchin and Kilgus [11] show that the continuous Fréchet
distance between 2 point sets is NP-hard. Similarly, we show that the Fréchet-TSP problem
under the continuous Fréchet distance is also NP-hard. The reduction is quite similar to
the reduction described in [11], and for completeness, we include a sketch of the proof. We
reduce from a restricted version of 3-SAT, called (3, B2)-SAT, in which each clause contains
exactly three literals, and each literal (that is, a variable or its negation) appears exactly
twice in the entire formula. As in [11], we assume that in the (3, B2)-SAT instance no two
clauses share more than one literal (this is possible by the construction in [8]).

Given a (3, B2)-SAT formula, we construct a set S of points in the plane such that the
formula is satisfiable if and only if there exist two curves P,Q that partition S and have
dr(P,Q) < e. Our construction is as follows. Each clause in the formula is represented by a
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single point, where three line segments intersect, with one segment for each literal in the
clause. This is possible because no two clauses share more than one literal. Since each literal
appears at most twice in the formula, the line segment corresponding to a literal passes
through the two points representing the clauses containing that literal. The variable gadgets
are then created in a way for each clause point, one curve must visit it, and the other curves

must pass close to it. This is possible because no two clauses share more than one literal.

Since each literal appears in at most two clauses, the line segment corresponding to a literal
passes through the two points representing the clauses containing that literal. This ensures
that each clause is “covered” by the appropriate combination of curves according to the truth
assignment encoded by the variable gadgets.

To make this construction concrete, we now describe the variable gadgets in detail. For

every input variable z in the formula, we build a gadget similar to the one described in [11].

Each gadget has two points z1, x5 that represent the positive literal, and two points x1, Zo
that represent the negative literal, see Figure 7 below.

S1 52 Sg 5354 S1 S2 Sog 5354

S5 Se 510 S7 S8 S5 S6 S10 S7 Sg

r = False r = True

Figure 7 Variable x gadget.

The key difference for the 1-set case, compared to the original two—point-set case in [11],
is that the vertices are not yet assigned to the curves. In order to force the partition to be as
in [11], we place the points at the corners of the variable gadgets at distance £ > 0, for small
enough e. If the formula is stisfiable, then the optimal Fréchet distance will be €,because
each pair of corner points can be matched while still passing through all the clause points, as
illustrated in Figure 7.

More precisely, the gadgets consists of four pairs of points (s1, s2), (s3,84), (85, 5¢) and
(s7,s8), each pair of points is placed so the distance between them is very small e. This
ensures that both curves are forced to pass through all four corners, and, in order to preserve
the uniqueness of each point along the curves, they cannot complete a full loop around
the gadget and return to their starting corner. As a result, the traversal of the gadget is
restricted, so that each curve may follow only one of the two diagonals. This restriction
allows the gadget to enforce that exactly one of the line segments corresponding to z or T is
visited by one of the curves (and the other one passes close enough to it), corresponding to
the chosen assignment of the 3SAT variable.

For the clauses in the (3, B2)-Linear-SAT formula, we intersect the 3 different gadgets in
one of the z1,z9, %1, T2 representing the variables in the clause, this is constructed in the
same way as [11], as once the variable gadget are built the difference of the points being
preassigned a curve or not does not affect the construction anymore, Figure 8.

» Theorem 24. There is no polynomial-time solution for uniquely partitioning S into curves
P, Q with minimal Fréchet distance, unless P = NP.
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]

Figure 8 (3, B2)-SAT to 1 set continuous Fréchet problem.

» Remark 25. Partitioning S into curves P, with minimal weak Fréchet distance, also
cannot be done in polynomial time unless P = N P. This follows directly from the proof
over the Fréchet distance that also applies for the week case. Notice that the proof does not
apply for the non-unique case, where we allow the same point to repeat on the same curve,

but not in both because then we can just take identical curves over all set S.
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