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—— Abstract

In the orthogonal skyline range counting (resp. reporting) problem we store the set of points P in a

data structure so that for any query range @ the number of points (resp. the list of all points) on
the skyline of @ N P can be found efficiently. In this paper we study two-dimensional range counting
and reporting problems in the case when the query range is bounded on three sides.

We describe a linear-space data structure that answers top-open three-sided skyline counting
queries in O(loglog N) time, where N is the number of points stored in the data structure. We also
show that bottom-open three-sided skyline counting queries are as difficult as general four-sided queries
and any data structure that uses O(N log® N) space for a constant ¢ requires 2(log N/ loglog N)
time to answer such queries.

Next, we turn to skyline color range queries. In this variant of the problem each point in P is
assigned a color and we must count (resp. report) the distinct colors of point on the skyline of @ N P.
We describe an O(N)-space data structure that answers top-open three-sided color counting queries
in O(log N/loglog N) time. Finally, we study top-open three-sided skyline color reporting in the
EM model and describe a data structure that uses linear space and answers queries in O(% +1)
I/Os where k is the number of colors on the skyline. This is the first external-memory data structure
with optimal query cost and space usage for this problem.
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1 Introduction

A two-dimensional point p = (p.z,p.y) is said to be dominated by a point ¢ = (q.z, q.y) if
qg.x > p.x and ¢.y > p.y, or q.x > p.x and q.y > p.y. For a set of points P, the skyline of P
is the subset of points that are not dominated by any other point in P. A skyline range
searching query @ on a set of points P asks for (some information) about the skyline of
points in PN Q.

In this paper we study different variants of two-dimensional skyline range searching in the
case when the query range is bounded on three sides. See Figure 1. We present new results
for three-sided skyline range counting queries and three-sided skyline color range counting
queries. We also describe a data structure for three-sided skyline color range reporting in
the external memory model.

Previous Work

A skyline range counting query @ asks for the number of points on the skyline of @ N P.
Orthogonal skyline range counting queries were considered in [10, 6, 3]. Brodal and Larsen [3]
described a O(N)-space data structure with O(log N/ loglog N) query time for a four-sided
range. In [3] the authors also showed that this bound is tight: any data structure that uses
N logo(l) N space supports skyline range counting queries in (log N/loglog N) time.
© Suruchi Kushwaha and Yakov Nekrich;

oY licensed under Creative Commons License CC-BY 4.0
20th Scandinavian Symposium on Algorithm Theory (SWAT 2026).
Editor: Pierre Fraigniaud; Article No. 27; pp. 27:1-27:14

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:suruchik@mtu.edu
https://orcid.org/0009-0001-3772-1114
mailto:yakov@mtu.edu
https://orcid.org/0000-0003-3771-5088
https://doi.org/10.4230/LIPIcs.SWAT.2026.27
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

27:2

New Results on Three-Sided Skyline Range Counting and Reporting

A skyline range reporting query @ asks for the list of all points on the skyline of P N Q.
Data structures for orthogonal skyline range reporting queries were studied in [5, 3, 11, 9]. Das
et al. [5] presented a data structure that uses O(N log N/ loglog N) space and supports four-
sided skyline range reporting queries in O(log N/loglog N + k) time, where k is the number
of reported skyline points. Brodal and Larsen [3] imporved their result and described a data
structure that requires query time O(log N/loglog N + k) and space usage O(N log® N).

In the external memory model [17], Kejlberg-Rasmussen et al. [11] present a linear space
data structure that answers four-sided skyline reporting queries in O((N/B)¢ + k/B) 1/Os,
where k is the number of reported points and B is the block size. In the same paper [11]
the authors present a linear-space data structure that answers top-open three-sided skyline
reporting queries in O(1 + k/B) 1/0s when all points are on N x N grid.

Ganguly et al. [9] studied the colored version of skyline range reporting problem in the
external-memory model. In this variant of the problem each point is assigned a color (or
category). The answer to a query @ is the list of colors that occur on the skyline of PN@Q. For
the case when all points are on the N x N grid, Ganguly et al. [9] describe a data structure
that uses O(N log™ N) space and answers top-open three-sided queries in O(1 + k/B) 1/O0s
and a data structure that uses O(INV) space and answers queries in O((log* N)2 + k/B) 1/Os,
where k is the number of reported colors.

Our Results

In this paper we describe a linear-space data structure that answers top-open three-sided
skyline range counting queries on N x N grid in time O(loglog N). We also show that any data
structure with O(N log® N) space for some constant ¢ > 0 needs (log N/ loglog N) time to
answer bottom-open three-sided skyline range counting queries. This result demonstrates that
there is a fundamental gap between top-open queries (i.e., when the query range is unbounded
in +y direction) and bottom-open queries (i.e., when the query range is unbounded in —y
direction) with respect to skyline counting queries. Moreover, due to the lower bound on
orthogonal range counting [16], we need Q(log N/loglog N) time to answer two-dimensional
range counting queries using O(Npolylog(N)) space. This lower bound is also valid when
the query range is a top-open three-sided range. Our result thus shows that counting points
on a skyline of a query range can be fundamentally faster than counting all points in a query
range.

Next we turn to the skyline color range counting problem. We describe a data structure
that answers top-open three-sided skyline color counting queries in O(log N/loglog N) time.
That is, our data structure calculates, for any top-open three-sided query range @, the
number of distinct colors of points on the skyline of Q. This is the first data structure for
the skyline color counting problem.

Finally we consider top-open three-sided color range reporting in the external-memory
model. We improve upon the previous result by Ganguly et al. [9] and describe a data
structure that uses O(N) space and supports queries in O(% +1) I/Os, where k is the number
of reported colors and B is the block size. Our result demonstrates that three-sided skyline
color reporting can be implemented with optimal space and query cost. For comparison, the
best currently known solution for the three-sided color reporting problem (i.e., for the case
when all colors in a three-sided query range must be reported) either uses super-linear space
or has super-constant query cost [15]. Thus our result shows that skyline reporting can be
more efficient than general color reporting in the case of top-open three-sided ranges (with
respect to the best currently known results).
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Figure 1 Examples of four-sided (left) top-open three-sided (center) and bottom-open three-sided
(right) skyline queries.
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(a) Example skyline points. (b) Example skyline points in partially persistent list.

Figure 2 Skyline points in our data structure.

For simplicity we will assume throughout this paper that point coordinates are in the
rank space [8, 1], i.e., all point coordinates are distinct integers from {1,..., N }. We reserve
N to denote the total number of points in a data structure and B will denote the block size
in the external memory model.

2 Top-Open Skyline Counting

In this section we describe a simple linear-space data structure that answers three-sided
skyline counting queries in O(loglog N) time. Our solution uses the sweepline technique: a
vertical sweepline [ is moved in +x direction and a subset of points to the left of [ is stored
in a partially persistent list L. When a point p is hit by the sweepline, the list L is updated
as follows: we remove all points p’ € L with p’.y < p.y; then we add p to L. Points in L are
stored in decreasing order of their y-coordinates. We will denote by L(a) the version of L
after removing all p’ and inserting the point p with p.x = a. See Figure 2 for an example.

» Lemma 1. When the vertical sweepline hits a point p, p is appended at the end of L.

Proof. Follows directly from the description. When a point p is inserted into L, all points p’
with p’.y < p.y must be removed from L. |

The rank of a point p in the list L, denoted by rank(p), is equal to the number of points that
precede p in L (plus one). By Lemma 1, when a point p is inserted into L(p.x), the rank of
p equals the size of L(p.x); the rank of any point p is not changed while p is in L.

» Lemma 2. A point p is in L(a) iff p is on the the skyline of Q, = (—00,a] x (—o0, +00).

Proof. If p is not on the skyline of @, then p is dominated by some point p’ € Q,. Since
p.x < p.x <aandpy < p.y, p was removed from L(a’) for some o’ < p'.z < aandp & L(a).

If p is on the skyline of @), then there is no point p” such that p.x < p”.x < a and p.y < p".y.

By definition of L, p € L(a). <

If a point p precedes a point ¢ in L, we will denote this by p < g.

27:3
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» Lemma 3. Ifp <q in L, then p.x < q.x and p.y > q.y.

Proof. Consider the version L(q.z) of L.

By Lemma 1, ¢ is appended at the end of L(g.z) and p precedes ¢ in L(qg.x); since L is sorted
by y-coordinates, p.y > ¢.y. By Lemma 2, p and ¢ are on the skyline of (—o00, a] x (—o0, +00).
Since p.y > q.y and p does not dominate ¢, p.x < g.x. <

» Lemma 4. A point p is on the skyline of Q = [a,b] X [¢,+00) iff p is on the skyline of
(—00,b] X (—00,+00), p.x > a and p.y > c.

Proof. Consider a point p on the skyline of [a,b] X [¢, +00). Then p.x > a and p.y > ¢. There
is no point p’ € [a, b] X [¢, +00) that dominates p. Any point p’ that dominates p must satisfy
p'.x > a and p’.y > c. Hence, there is no point in (—o0,b] X (—oo, +00) that dominates p.
Conversely, consider a point p on the skyline of (—o0,b] X (—o0,+00) such that p.x > a
and p.y > ¢. There is no point p’ that dominates p in the region (—o0,b] X (—o0,+00).
Hence there is no point p’ that dominates p in [a, b] X [¢, +00). Since p is in @ and p is not
dominated by any other p’ € @, p is on the skyline of Q. |

» Theorem 5. There exists an O(N)-space data structure that answers top-open three-sided
skyline counting queries on N x N grid in time O(loglog N).

Proof. We use the partially persistent predecessor data structure by Chan [4] that supports
queries in O(loglog N) time and uses O(N) space where N is the total number of elements
stored in the data structure. We employ two instances of Chan’s data structure, one
that supports queries on z-coordinates of points in L and one that supports queries on
y-coordinates of points in L. Suppose that we must answer a skyline counting query on a
range @ = [a,b] X [¢, +00). By Lemmas 2 and 4, a point p is on the skyline of [a, b] X [¢, +00)
iff p € L(b), px > a and p.y < b. Points in L(b) are sorted in increasing order by their
z-coordinates and in decreasing order by their y-coordinates. Let p. denote the point in L(b)
with the smallest y-coordinate such that p..y > c¢. Let p, denote the point in L(b) with the
largest x-coordinate such that p..x > a. By Lemma 3, the skyline of ) consists of all points
p in L(b) such that p, = p < p.. The number of such points is rank(p..) — rank(p,) + 1, where
rank(q) denotes the rank of a point ¢ in L. |

Using the reduction to rank space technique, we can extend the result of Theorem 5 to
the general case of N points on a U x U grid; see e.g., [1]. In this general case, the space
usage of the data structure remains O(N) and the query time is increased by an additive
term gpreq(N) = O(min(y/log N/loglog N,loglogU)), where gpreq(IN) is the time needed to
answer a predecessor query [13].

3 Adjusted Right Boundary

For a given set of points P and query range @ the range predecessor of PN @ is the point pg
with the largest z-coordinate in P N Q. The adjusted right boundary of P N @, denoted by
adj(P, @), is the a-coordinate of p;. Thus adj(P, Q) is the z-coordinate of the rightmost
point in P N Q. For simplicity we will denote adj(P, @) as adj(Q), since P is the entire
input set. Using the adjusted right boundary, we can convert a skyline query on a top-open
three-sided range Q = [a,b] X [¢,+00) into a skyline query on an one-dimensional range
Q' = [a,b'] x (—o0,4+00) where b’ = adj(Q). We will use the partially persistent list L,
introduced in Section 2 to describe our result in this section.
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Figure 3 An example of adjusted right boundary; b’ = adj(Q) for Q = [a,b] X [c, +00).

» Lemma 6. A point p is on the skyline of Q = [a,b] X [¢c,+00) iff p is on the skyline of
Q' =a,V'] x (—00,+00) where b’ = adj(Q).

Proof. Suppose that a point p is on the skyline of @, i.e there is no other point ¢ € () that
dominates p. By definition of adj(Q), b’ is the largest z-coordinate of a point in Q. Hence,
p.xz < and therefore p must be in Q’. There is no point in [a, b'] X [¢, +00) that dominates
p because [a, V'] X [¢,+00) C [a,b] X (—o0,+00) and there is no point with y-coordinate less
than ¢ that dominates p because p.y > c. Therefore, p is on the skyline of @)’. Now, suppose
the point p is on the skyline of Q’. Since p.x < b and b’ < b, p.x < b. Let p, be the point

such that ' = p,.z. Then p, is the point with the largest z-coordinate in Q and p,.y > c.

Since p.x < p,.x and p is on the skyline of Q’, p.y > p,.y > ¢. There is also no point g with
q.z € [b/,b] and ¢q.y > ¢. Therefore p € Q and is also on the skyline of Q. <

The following lemma enables us to compute the range predecessor query in a top-open
three-sided range.

» Lemma 7. Let Q = [a,b] X [¢,+00) and let p. denote the point that is the successor of ¢ in

L(b) with respect to y-coordinates. If Q is not empty, then p. is the range predecessor of Q.

Proof. According to Lemma 2, L(b) is the skyline of points in (—oc0,b] x (—00,+c0), hence
pe-x < b. Since, p. is the successor of ¢ in L(b) with respect to y-coordinates, p..y > ¢ and
by Lemma 3, p..z must be the point with largest z-coordinate in L(b) among the points
that have y-coordinate greater than c. Therefore, p. is the point with largest x-coordinate in
the range (—o0,b] X [¢, +00). Since @ is not empty, p..x > a. Hence, p. € Q and is also the
range predecessor of Q. <

To find the adjusted right boundary of a top-open three-sided query range @ = [a, ] x
[c, +00), we visit the version L(b) of the partially persistent list, i.e. the version that is
created when the vertical sweepline hits £ = b. By Lemma 7, we can find the adjusted right
boundary in O(loglog N) time using the persistent predecessor data structure from [4].

4 Bottom-open Three-sided Queries

In this section we show that a four-sided skyline range searching query Q = [a,b] X [c,d] can
be reduced to a bottom-open three-sided skyline range searching query Q' = [a, b'] X (—00, d]

where ' is the z-coordinate of the rightmost point in @) (aka the range predecessor of Q).

In other words the skyline of @} is the same as the skyline of the bottom-open range
Q' = [a,V] x (—o0,d], where b/ = p;.z.

27:5
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Figure 4 Reduction of a four-sided skyline query to a bottom-open three-sided skyline query.

» Lemma 8. Let ps denote the rightmost point in a four-sided range Q = [a,b] X [¢,d]. A
point p is on the skyline of Q iff p is on the skyline of Q' = [a,V'] x (—o0, d] where b’ =py.x.

Proof. Consider some point p on the skyline of (). Since py is the rightmost point in @,
p.x < ps.x and hence p is in Q’. Since p is on the skyline of Q and & < b there is no point in
[a,b'] X [c,d] that dominates p. No point in [a, '] X (—o0, ¢] can dominate p because p.y > c.
Hence, no point in )’ dominates p and p is on the skyline of ’. Now, suppose a point p is
on the skyline of Q'. Since b’ = p,.z, p.x < ps.xz. The point p is not dominated by ps because
p is on the skyline of Q' and hence p.y > p,.y > c since p, is the rightmost point of Q. This
implies that p € Q and, since [V, ] x [c, d] is empty, p is also on the skyline of Q. <

We can use any data structure for bottom-open three-sided skyline queries to answer
four-sided skyline queries, with an additional cost of finding the rightmost point in the
four-sided range. Through this reduction, we can demonstrate that solving a bottom-open
three-sided skyline query is as hard as solving a four-sided skyline query.

» Theorem 9. If we can answer a bottom-open three-sided skyline counting query in time
O(Q(N)) and O(S(N)) space, then we can answer a four-sided skyline counting query in
time O(Q(N) + Q'(N)) and O(S(N) + S’ (N)) space where Q' (N) and S'(N) are the time
and space required for answering a range predecessor query.

Using the result of Nekrich and Navarro [14], the range predecessor query can be answered
in O(N) space and O(log® N) time. Hence we can set S’(N) = O(N) and Q'(N) =
O(log® N) in Theorem 9. As a direct corollary of this result, we establish the lower bound of
Q(log N/loglog N) for bottom-open three-sided skyline counting queries. This lower bound
is also valid when all points are on N x N grid.

» Corollary 10. Any data structure that wuses O(Npolylog(N)) space needs
Q(log N/ loglog N) time to answer a bottom-open three-sided skyline counting query.

Proof. In [3], Brodal and Larsen prove the Q(log N/loglog N) lower bound for four-sided
skyline counting queries. By Theorem 9 and [14], a data structure that supports three-sided
bottom-open queries in O(S(N)) space and O(Q(N)) time can be used to answer four-sided
queries in O(S(N) + N) space and O(Q(N) +1log® N) time. Hence, the lower bound of Brodal
and Larsen [3] is also valid for bottom-open three-sided queries. |

We remark that Corollary 10 is valid even if points are in the rank space. On the other
hand, we have shown in Theorem 5 that top-open three-sided skyline counting queries can
be answered in O(loglog N) time using linear space. Theorem 5 and Corollary 10 show that
there is a significant complexity gap between the top-open and bottom-open variants of
three-sided skyline counting.
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(a) Example color skyline points. (b) Example color skyline points in partially persistent list.

Figure 5 Color skyline points in our data structure.

5 Top-Open Skyline Color Counting

In this section, we present a linear space data structure for skyline color counting queries on a
top-open three-sided range in O(log N/loglog N) time. We use the adjusted right boundary,
defined in Section 3, to reduce a top-open three-sided query to a two-sided query; then we
count the distinct colors on the skyline of a two-sided range. The data structure will use
the persistent list approach, similar to Section 2. But now our task is more challenging
because distinct colors of points on the skyline must be counted and there could be several
points of the same color. Therefore we will employ a different persistent list and combine
this approach with the reduction of three-sided to two-sided queries from Section 3.

Let L denote the partially persistent list that was defined in Section 2 and let L. be
the sub-list of the partially persistent list L where for every version k£ and each color «
that occurs in L(k), L.(k) stores the bottommost point of color a from L(k). Thus, as the
vertical sweepline [ moves along +xz direction, we keep only the bottommost point of each
distinct color on the skyline to the left of [ in the partially persistent list L.. Our definition
of the sublist is motivated by the fact that we must count the number of distinct colors on
the skyline. Thus, L. must contain exactly one point for every color on the skyline of the
respective two-sided range. The correctness of our method will be proved in Lemma 11, 12,
and 13.

We distinguish between three different kinds of updates on L.. When [ hits a point p with
p.x = a, we erase all points p’ € L. such that p.y > p’.y. An erased point p’ is permanently
deleted from L. as it will no longer be on the skyline; that is, p’ will not be reinserted into
any later versions of the list L.. When a point p’ is erased, we reinsert the bottommost
previously removed point p!. such that pl..color = p’.color and pl..y > p.y (provided such
point p!. exists). If there is a point ¢ € L. such that g.color = p.color and q.y > p.y, we
remove q. A removed point ¢ is still on the skyline but is not the bottommost point of its
color. Hence it must be deleted from the current version of L., but it can be reinserted into
a later version of L.. Then we add p to L.. We will denote by L.(a) the version of L. after
erasing all p’, removing ¢, and inserting p.

» Lemma 11. There is at least one point of color o on the skyline of Q = (—o0, b] X (—00, 0)
iff there is exactly one point of color « in L.(b).

Proof. Suppose there is one or more points p1, p2, p3, ..., pr where t > 1 of color a on the
skyline of . Then by Lemma 2, p1,p2,ps,...,p: € L(b) and by definition the bottommost
point is in L.(b). Therefore L.(b) contains exactly one point of color . Conversely, let p,
be the point of color « in L.(b). Then p, is also in L(b) because L.(b) C L(b). Hence, by
Lemma 2, p, is on the skyline of the query range @ and there is at least one point of color «
in Q. |

SWAT 2026
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» Lemma 12. There is at least one point of color o on the skyline of Q = [a,b] X (—o0, +00)
iff there is exactly one point p € L.(b) such that p.x > a.

Proof. Suppose there are one or more points py, p2, p3, ..., p: where t > 1 of color o on the
skyline of @. Then by Lemma 2, p1,ps,ps,...,p: € L(b). Let p, denote the bottommost
point of color « in L(b). Since py € Q, pp.x > a. By definition, only p, € L.(b). Therefore,
L.(b) contains exactly one point of color « such that p.x > a. Conversely, consider the point
p € L.(b) with p.z > a. Then by definition, p € L(b) and by Lemma 2, p is on the skyline of
(—00,b] X (=00, +00). Finally, using a special case of Lemma 4, where ¢ = —oo, p is on the
skyline of Q. |

» Lemma 13. There is at least one point of color a on the skyline of Q = [a,b] X [¢, +00)
iff there is exactly one point p of color o in L.(b') such that p.x > a and b’ = adj(Q).

Proof. Suppose there is at least one point p of color a on the skyline of @. By Lemma 6,
pp is on the skyline of [a, b'] x (—00, +00) where ¥’ = adj(Q). Hence by Lemma 13, there is
exactly one point of color « in L.(b"). Conversely, suppose the point p of color « is in L.(b').
By Lemma 11, p is on the skyline of (—o0,b’) x (—00,4+00). Given that p.xz > a, hence by
Lemma 6, p is on the skyline of Q. |

We can count the number of points r € L.(b') with 7.z > a and ¥/ = adj(Q) by answering
a partially persistent range counting query. We use the data structure of Munro et. al. [12]
that answers such queries in O(logm/loglogm) time and uses O(m) space, where m is the
total number of updates in L.. We will show below that m = O(N). Thus we can count the
number of points r € L.(d’) with r.z > a in O(logm/loglogm) = O(log N/loglog N) time
and the total query time is O(log N/ loglog N).

Space Usage

To demonstrate that the space requirement for the data structure is O(N), we need to
evaluate the number of updates for L.. Suppose that every update costs $1 and each point
is initially assigned $4 before being inserted into the partially persistent list. We will show
below that this overall budget of $4N is sufficient to execute all necessary updates of L.
The insert operation costs $1, leaving the point with $3. At any time, a point p € L. can be
either removed or erased from the list. When p is removed, $1 is spent; thus each removed
point has $2. A removed point p is reinserted into L. only when a point p, with the same
color and smaller y-coordinate is erased from L.. The erased point, with $3, spends $1 on
the erase operation; the remaining $2 are transferred from p, to the reinserted point p. Thus
p spends $1 on an insertion and receives $2 from p,. Hence when a point is re-inserted into
Dy, it has a budget of $3. In summary, the list L. is updated m < 4N times. Since the total
number of updates is m = O(N), the space used by L. and the range counting data structure
is also bounded by O(N).

» Theorem 14. There exists an O(N)-space data structure that answers top-open three-sided
skyline color counting queries in O(log N/loglog N) time.

6 Top-Open Skyline Color Reporting

In this section we describe an external memory data structure that uses linear space and
supports top-open three-sided skyline color reporting queries in O(%) + 1 I/Os, where k
is the number of reported colors. Our data structure uses the persistent list L. defined in
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Section 5. By Lemma 12, a color occurs on the skyline of @ = [a,b] X [¢, +00) iff there is a

point p of that color in L.(b'), such that p.x > a and b’ is the adjusted right boundary of Q.

Thus, a query can be answered by accessing the version L.(b') of L.. However, it is not clear
whether we can compute the adjusted right boundary in O(1) time. In this paper we use a
different approach that relies on the results from previous sections. We will show that we
can either (1) calculate b’ in O(%) I/Os when the number of colors k is sufficiently large or
(2) calculate the adjusted right boundary in O(1) time for an appropriately selected small
subset of points.

The following two lemmas will be used in this section.

» Lemma 15. Let S be a set of integers such that |S| = O(Blog® N). There exists a data
structure that uses space O(|S|) and supports predecessor queries on S in O(1) 1/0s.

» Lemma 16. Let P’ be a set of two-dimensional points such that |P'| = O(B logzN). There
exists a data structure that uses space O(|P’|) and answers range predecessor queries on P’

in O(1) 1I/0s.

Both lemmas can be easily proved by combining standard data structures; for completeness,
we provide a proof in Appendix.

Data Structure

We divide the points into chunks of size A = Blog? N according to their z-coordinates.

Thus, the i-th chunk contains points p, such that iA < p.x < (i + 1)A and the total number
of chunks is %. Each chunk is stored in the data structure of Lemma 16.

Chunks are also grouped into a number of (intersecting) sets, further called canonical
sets. For every i such that 1 <14 < % and for every j such that (i +27)A < N, the canonical
set I; ; consists of all points with z-coordinates in [iA + 1, (i + 27)A]. For each canonical
set I, we store the list T'S(I) that contains Blog N topmost points with distinct colors
that occur on the skyline of I. More formally: Let V(I) denote the (conceptual) list of all
points on the skyline of I, sorted by y-coordinates in decreasing order. Let V/(I) denote the
sub-list of V(I) that contains the topmost point of every color « that occurs in V(I). The
set T'S(I) contains the first Blog N points from V'(I). The y-coordinates of points in T'S(I)
are stored! in the data structure of Lemma 15.

To find adj(Q) for a top-open three-sided query range @ = [a,b] X [¢, +00), we first
identify the chunks containing a and b. Let the chunks containing a and b be C, and C}
respectively. The query @ = [a, b] X [¢, +00) is then divided into three parts: the left marginal
query Qumarg = [a, a1 — 1] X [¢, +00), the right marginal query Qrmarg = [b1 + 1,5] X [¢, +00)
and the middle query Q.miq = [a1,b1] X [¢, +00); the parameters a; and by are chosen so that
a1 — 1 is the right z-boundary of the chunk C, and b; + 1 is the left x-boundary of the chunk
Cy. See Fig 6 for illustration. The marginal queries fit into individual chunks and the middle
query spans an integer number of chunks. We will search for the appropriate adjusted right
boundary in Qrmarg, @middie a1d Qimarg (in this order).

The following lemma provides an explanation for our method. We will say that a query
range Q is empty if PN Q = 0.

1 We remark that lists V' (I) and V'(I) are not stored in our data structure. These lists were introduced
in order to define T'S(I).
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+y Qimarg Qmiddie Q
Qimia

Limia

Figure 6 Procedure for finding adj(Q). A query range Q is decomposed into Qimarg, @middic,
and Qrmarg. Q@middie is then decomposed into two overlapping query ranges, Qimid and Qrmid-

» Lemma 17. Let Q = [a,b] X [¢,+00) and consider any r such that a < r < b. If
Q. = [r,b] X [¢,+00) is empty, then the adjusted right boundary of Q; = [a,7 — 1] X [¢,+00)
is the adjusted right boundary of Q.

If [r,b] x [c,+00) is not empty, then the adjusted right boundary of [r,b] x [c,+00) is the
adjusted right boundary of Q.

Proof. By definition, adj(Q) is the largest z-coordinate of a point in @, see Section 3. If
the right region [r,b] X [¢,+00) is empty the rightmost point must lie in the left region
Qi = [a,r — 1] x [¢,+00). Hence, adj(Q) = adj([a,r — 1] X [¢,+00)). But if the right region
Q. = [r,b] X [c,4+00) is not empty, there must be a point p in the right region such that
p.xz > p'.x for any point p’ € Q;; hence adj(Q) is the same as adj([r,b] x [¢, +00)). <

Lemma 17 can be applied iteratively and we can divide the query range into more than
two parts in the same manner. Next, we present two more lemmas that will be used to
describe the method for searching the adjusted right boundary.

» Lemma 18. Consider a canonical set I = [x1,x2] and a query range Q(I) = [x1,x2] X
[c, +00) for some c. Let right(T'S(I)) = (ry,ry) denote the lowermost point in T.S(I). If
¢ <y, then there are at least Blog N distinct colors on the skyline of Q(I), where B is the
size of the block.

Proof. By definition, T'S(I) contains Blog N topmost points with distinct colors from the
skyline of I. Each such point p = (ps, py) € T'S(I) satisfies p, € [z1,x2] and p, > r,. Since
¢ <ry <p,, we conclude that p € Q(I). Therefore all points from T'S(I) are also in Q(I).
Since points in T'S(I) are on the skyline of I, they are also on the skyline of Q(I). Since
all points in T'S(I) have different colors, the skyline of Q(I) must contain at least Blog N
distinct colors. |
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» Lemma 19. Consider a canonical set I = [x1,23] X (—00,+00) and a query range
Q = [z1,22] X [¢,+00) such that ¢ > ry, where right(T'S(I)) = (rs,ry) is the rightmost (i.e.,
the lowermost) point in TS(I). A color a occurs on the skyline of Q N P if and only if it
occurs on the skyline of Q' N P, where Q' = [x1,b] X (—o0, +00) and ¥ = adj(T'S(I),Q).

Proof. Let p be the topmost point of color a on the skyline of Q@ N P. By definition of
adj(TS(I),Q), we have p, < b, and since ' is the rightmost z-coordinate among the topmost
points of distinct colors on the skyline of @, there is no point of color « in [V, z2] X [¢, +00)
that dominates p. Also, since p, > ¢, no point in [z1,b'] x (—o0, ¢] dominates p. Hence, p
is on the skyline of @’ N P and the color « occurs on the skyline of Q' N P. Conversely, let
p’ be the topmost point of color « on the skyline of Q" N P. Since p’ € Q' NP, p, < V.
By definition of adj(T'S(I),Q), py > c and b’ < xo. This implies p/, < b < x5 and hence
p' € QN P. As p is already the topmost point of its color and lies to the left of ', no point
in [/, x2] X [¢,+00) C @ can dominate it. Therefore, p’ also lies on the skyline of @ N P and
the color @ must also be on the skyline of @ N P. <

In what follows, we describe the method for searching the adjusted right boundary in
detail (see Figure 6 for a visual illustration).

Step 1. We calculate adj(P, Qrmarg) or determine that Qrmarg N P = 0 using the data
structure for the chunk that contains Qmarg. By Lemma 17, adj(P, Q) = adj(P, Qrmarg)
if Qrmarg NP # 0, and using Lemma 16 we can find adj(P, Qrmarg) in O(1) time. If
Qrmarg is empty, we proceed with Step 2.

Step 2. Let h = Lbl_‘jfﬁ'lj. We divide Qiqd1e into two query ranges, Qpmiq and Qppiq. Let
Qiimid = [al,al + 2hA — 1] X [C, —|—OO) and Qrmid = [bl —2hA 4 1, bl] X [C, —I—OO). Let 14
denote the canonical set that contains all points with z-coordinates in [a1,a; + 2" A — 1].
Let I.miq denote the canonical set that contains all points with z-coordinates in [b; —
2" A 41, b1]. We observe that Qpmia NP C Iimiq and Qppmig NP C Irmiq for two canonical
sets Iimia = [a1,a1 + 2PA — 1] x (=00, 4+00) and Ippiq = [by — 2"A +1,b;] x (=00, +00).
Step 2(a). Let p; denote the topmost point in 7'S(1,.,,;4) and let p; denote the lowermost

point in T'S(l,m;q). Since points in T'S(I,m:q) are sorted by y-coordinates, we can

identify p; and p; in O(1) I/Os. We distinguish between three different cases.

Case 1. pi.y < c: In this case Qmig N P = 0 and we proceed with Step 3.

Case 2. p;.y > c¢: In this case we find adj(Q) in O(logg N) = O(log N) I/Os, but
we can show that k£ > Blog N. By Lemma 18, the total number of colors on the
skyline of @,iq is at least Blog N. Since Qmiqd C Q, k > Blog N, where k is the
total number of colors on the skyline of Q. Since k > Blog N, the adjusted right
boundary adj(Q;mid, P) is found in O(logz N) = O(£) 1/0s.

Case 3. p¢.y > ¢ and p;.y < c: In this case it is sufficient to find adj (TS(Irmid),
Q) as can be concluded from Lemma 19. Since T'S([,1mq4) contains Blog N points,
we can find adj(T'S(Lrmid), Q) in O(1) I/Os using Lemma 15.

Step 3. If Qrmia NP =0, we process Qmiq in the same way as was described for Q;miq
in Step 2.

Step 4. If Qunia NP =0, we find adj(P, Q) = adj(P, Qimarg) in O(1) I/Os, in the same
way as described for Qrmarg in Step 1.

Space Usage

Each individual chunk contains Blog? N points, and there are N/A chunks, where A =
Blog? N. Therefore, the total space usage of chunk data structures is O(N). Additionally,
T'S(I) for every canonical set I stores O(Blog N) points, and there are O (& log &) canonical
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sets because for every chunk there are O(log(N / A)) sets of exponentially increasing size
starting at the left boundary of that chunk. In total, the data structure occupies O(N)
words.

Our procedure for transforming a three-sided top-open query range into a two-sided query
range can be summarized in the following lemma.

» Lemma 20. For any query range Q = [a,b] X [¢c,+00), we can find some value b’ that
satisfies the following property: a color a occurs on a skyline of Q@ N P iff it occurs on
the skyline of Q' NP for Q' = [a,b'] X (—00,400). The cost of finding b' is O(k/B) 1/0s,
where k is the number of colors on the skyline of Q and the underlying data structure uses
space O(N).

Color Reporting Queries

The distinct colors on the skyline of @ = [a, b] X [¢, +00) can be reported as follows. We find
the value of b’, such that a color occurs on the skyline of Q) iff it occurs on the skyline of
Q' = [a,V] x (—00,+00). By Lemma 20 this can be done in O(k/B) I/Os where k is the
number of colors on the skyline of (). Then we access the partially persistent list L. at the
version b, i.e L.(b'), and traverse the list in order of decreasing z-coordinates. We stop when
a point p with p.x < a is reached. For each point we report its color. The time required to
examine all such points and report their colors is O(k’/B) I/Os, where k' is the number of
points p € L.(V') with p.z > a. By Lemma 12, for every color on the skyline of Q" there is
exactly one point p with that color, such that p € L.(V/) and p.z > a.

» Theorem 21. In the external memory model, there exists a O(N)-space data structure that
answers top-open three-sided skyline color reporting queries on an N X N grid in O(%) +1

I/0s.

The general case can be reduced to the case when points are on N x N grid at the cost of
increasing the query cost by gpreqd(IN); see the remark after Theorem 5.

7 Conclusion

In this paper we show that there is a gap between top-open and bottom-open three-sided
skyline counting queries: while bottom-open queries have the same ©(log N/ loglog N) time
complexity as four-sided skyline counting queries, top-open queries can be answered in
O(loglog N) time. Our technique also lead to improved results on (top-open) three-sided
skyline color counting and (top-open) three-sided range reporting in external memory.

One important open question related to our work concerns the complexity of four-sided
skyline range reporting. The best data structure for four-sided range reporting in 2-D answers
queries in O(loglog N + k) time. This time is known to be optimal. On the other hand, the
fastest currently known data structure for four-sided skyline range reporting answers queries
is O(log N/loglog N + k) time. Is there a data structure that uses Nlog®M N space and
supports four-sided skyline reporting queries in O(loglog N + k) time?
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A Proofs of Lemmas 15 and 16

» Lemma 15. Let S be a set of integers such that |S| = O(Blog® N). There exists a data
structure that uses space O(|S|) and supports predecessor queries on S in O(1) I/0s.

Proof. If B >log N, then |S| < B?. In this case we store S in a B-tree so that a predecessor
query is answered in O(logg |S|) = O(1) I/Os. If B < log N, |S| < log® N. In this case
we store S in a fusion tree [7], so that a predecessor query is answered in O(log.g ,, |S]) =

o225y = o(1). <

loglogn

» Lemma 16. Let P’ be a set of two-dimensional points such that |P'| = O(Blog® N). There
exists a data structure that uses space O(|P’|) and answers range predecessor queries on P’

in O(1) I/0s.

Proof. According to Lemma 7, the rightmost point in a query range ) can be found using a
partially persistent data structure. If B > log N, we store the points in a partially persistent
B-Tree [2]. If B < log N, we store the points in a partially persistent variant of the fusion
tree. <
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