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—— Abstract

A mixed graph contains (undirected) edges as well as (directed) arcs, thus generalizing undirected
and directed graphs. A proper coloring ¢ of a mixed graph G assigns a positive integer to each
vertex such that c(u) # c(v) for every edge {u,v} and c(u) < ¢(v) for every arc (u,v) of G. As in
classical coloring, the objective is to minimize the number of colors. Thus, mixed (graph) coloring
generalizes classical coloring of undirected graphs and allows for more general applications, such as
scheduling with precedence constraints, modeling metabolic pathways, and process management in
operating systems; see a survey by Sotskov [Mathematics, 2020].

We initiate the systematic study of the parameterized complexity of mixed coloring. We focus on
structural graph parameters that lie between cliquewidth and vertex cover, primarily with respect to
the underlying undirected graph. Unlike classical coloring, which is fixed-parameter tractable (FPT)
parameterized by treewidth or neighborhood diversity, we show that mixed coloring is W[1]-hard
for treewidth and even paraNP-hard for neighborhood diversity. To utilize the directedness of arcs,
we introduce and analyze natural generalizations of neighborhood diversity and cliquewidth to
mixed graphs, and show that mixed coloring becomes FPT when parameterized by (the generalized)
mixed neighborhood diversity. Further, we investigate how these parameters are affected if we add
transitive arcs, which do not affect colorings. Finally, we provide tight bounds on the chromatic
number of mixed graphs, generalizing known bounds on mixed interval graphs.
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1 Introduction

The problem of coloring graphs, i.e., assigning as few colors as possible to vertices of an
undirected graph such that adjacent vertices receive distinct colors, is an old and extensively
studied problem in graph theory with applications in various areas, such as scheduling,
frequency assignment, and graph drawing [24]. An example of a scheduling problem that can
be modeled using graph coloring is timetabling, where courses (vertices) need to be scheduled
in certain time slots (colors) while respecting conflicts (edges), e.g., due to two courses having
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the same teacher or students. These types of problems are referred to as chromatic scheduling
problems. In real world applications, there are usually several additional constraints, such
as certain courses having to be scheduled in specific time slots, certain teachers not being
available at certain times, courses using multiple consecutive time slots, or a lecture having
to be held before the corresponding exercises. Thus, there exist several extensions of coloring
to accommodate these additional constraints, such as using list coloring to restrict courses to
certain slots [9], or using interval coloring to enforce consecutive time slots [23]. To account
for precedence constraints, for example, if a course has to be scheduled before another,
Hansen et al. [20] added arcs to the graph, with the idea that the arc (u,v) expresses that u
has to be scheduled before v. This leads to the notion of a mized graph G, which consists of
a set V(G) of vertices, a set F(G) of (undirected) edges, and a set A(G) of (directed) arcs.
A mixed graph combines the concepts of undirected and directed graphs. We require mixed
graphs to be simple, i.e., without loops and without parallel edges or arcs.

A E-coloring c: V(G) — {1,...,k} of a mixed graph G is proper if it holds for every edge
{u,v} € E(G) that c(u) # c(v) and it holds for every arc (u,v) € A(G) that c(u) < ¢(v).
We call the problem of deciding whether a mixed graph can be properly colored with &
colors k-MIxEDCOLORING. As a mixed graph cannot be properly colored if it contains a
directed cycle, we consider only mixed graphs without directed cycles. Apart from scheduling,
mixed graph colorings have also been applied in graph drawing in order to compact layered
orthogonal drawings [19]. See the survey by Sotskov [32] for more details and applications of
mixed graph colorings.

Since MIXEDCOLORING generalizes the classical COLORING problem for undirected graphs,
it is also NP-hard for three or more colors. As such, it is natural to study its parameterized
complexity. However, to our knowledge, there has not yet been a systematic study of the
parameterized complexity of MIXEDCOLORING. The only known results in this direction are
an FPT-algorithm parameterized by the number of edges (i.e., not counting arcs) by Hansen
et al. [20], with subsequent improvements by Damaschke [8], as well as an XP-algorithm
parameterized by treewidth by Ries and de Werra [30].

Meanwhile, the parameterized complexity of COLORING has been extensively studied.
On the positive side, results include the well-known dynamic program that runs in O* (k™)
time, where k is the number of colors, tw is the treewidth of the graph, and the O*-notation
hides polynomial factors. Since treewidth bounds the chromatic number of undirected
graphs, this implies that COLORING is FPT parameterized by treewidth. Lokshtanov et
al. [27] even showed that under SETH (a hypothesis about the complexity of SAT with
at most k literals per clause) there is no O*((k — €)™)-time algorithm for any ¢ > 0, i.e.,
the O* (k™) algorithm is probably optimal. Further results include COLORING being FPT
parameterized by neighborhood diversity, as shown by Ganian [15]. On the negative side,
Fomin et al. [13] showed that COLORING is W[1]-hard parameterized by cliquewidth. However,
COLORING still admits an XP-algorithm parameterized by cliquewidth, as shown by Kobler
and Rotics [22]. Further, applying Courcelle’s theorem [4, 5], a famous meta-theorem that
yields FPT-algorithms, it follows that COLORING is FPT parameterized by cliquewidth plus
chromatic number.

Understanding the relationships between various structural graph parameters is crucial
for analyzing the parameterized complexity of a problem. We say that a graph parameter «
(upper) bounds another parameter J if there exists a computable function f such that for
every (mixed) graph G, it holds that (G) < f(a(G)). If no such function exists, we say
that « does not (upper) bound . If a (upper) bounds 8 and § does not (upper) bound «, we
say that « strictly (upper) bounds 3. Meanwhile, if neither parameter bounds the other, we



A. Lauerbach, K. Junosza-Szaniawski, M. D. Sieper, and A. Wolff

Table 1 Our parameterized complex-
ity results for MIXEDCOLORING includ-
ing results for composite parameters.
The complexity of other parameters can
be inferred from the parameter hierar-
chy in Figure 1.

Parameter =~ Complexity = Reference

. ] ) mcw + x FPT Thm. 18
Figure 1 Qverv1ew of the' hlerarchy of structural pa- mnd EPT Thm. 28
rameters of mixed graphs (without directed cycles), and
the parameterized complexity landscape for MIXEDCOL- nd +x FPT Thm. 31
ORING. Arrows represent strict (upper) bounds between tw XP Cor. 20
parameters. Bold arrows indicate new relationships estab- fus + pw W/[1]-hard Thm. 23

lished in this worl?. White-tipped arrows highlight results mew + A paraNP-hard Thm. 24
that are not straightforward consequences of known re-

+ -
sults. Composite parameters are omitted for clarity. nd paraNP-hard Thm. 25

say that they are incomparable. Conversely, if two parameters bound each other, we say that
they are equivalent. For example, since treewidth is bounded by vertex cover, this implies
that any problem that is FPT parameterized by treewidth, such as COLORING, is also FPT
parameterized by vertex cover.

For mixed graphs however, it is not immediately clear how to apply the existing parameters,
as they are defined for undirected graphs. The approach taken in previous works is to consider
the parameters w.r.t. the underlying undirected graph, i.e., the graph obtained by replacing
all arcs with edges. The downside of this approach is that it neglects the directedness of
arcs. In fact, Courcelle and Olariu [6] originally defined cliquewidth for undirected as well
as for directed graphs, yielding a natural generalization for mixed graphs. Further, Fernau
et al. [11] generalized neighborhood diversity to directed graphs by distinguishing between
incoming and outgoing neighbors; this can also be generalized to mixed graphs.

Contribution. In order to better explore the parameterized complexity of MIXEDCOLORING,
we first introduce and analyze the generalizations of neighborhood diversity and cliquewidth
to mixed graphs, which we call mixed neighborhood diversity (mnd) and mixed cliquewidth
(mcw), respectively. Since in MIXEDCOLORING we can assume that the input graph does not
contain directed cycles, we only analyze these parameters for mixed graphs without directed
cycles. We explore their relationships with existing parameters defined on the underlying
undirected graph, such as vertex cover (vc), treedepth (td), pathwidth (pw), feedback vertex
set (fvs), treewidth (tw), as well as neighborhood diversity (nd) and cliquewidth (cw); see the
full version [26] for detailed definitions. Specifically, we show that mcw strictly bounds cw
(Proposition 1) and is strictly bounded by tw (Proposition 2). Similarly, we show that mnd
strictly bounds nd (Proposition 5) and is strictly bounded by vc (Proposition 6). Furthermore,
we show that mnd strictly bounds mew (Proposition 7), while mcw and nd are incomparable
(Proposition 8).
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Since arcs enforce precedence constraints on the colors of the vertices, transitive arcs,
i.e., arcs between vertices connected by a directed path along other arcs, do not influence
the properness of colorings of mixed graphs. Adding all transitive arcs (and removing any
edges parallel to transitive arcs) results in the transitive closure Gt of a mixed graph G
(without directed cycles). We denote with at the transitive closure counterpart of the
parameter o, i.e., a7 (G) = a(GT). We show that vc, td, pw, fvs, and tw are strictly bounded
by their transitive closure counterparts (Proposition 9), while for mew and mnd the situation
is inverted, with mcw and mnd strictly bounding mew* and mnd™, respectively (Proposi-
tion 12). Meanwhile, cw and nd are incomparable to their transitive closure counterparts
(Proposition 13). The resulting hierarchy of parameters is visualized in Figure 1.

Furthermore, we also consider bounds for the chromatic number () of mixed graphs, i.e.,
the minimum number of colors needed for a proper coloring. After providing some simple
lower bounds, i.e., that the chromatic number of a mixed graph is lower-bounded by the
chromatic number of the underlying undirected graph as well as by maxrank (A), the length
of the longest directed path, we generalize and tighten a bound by Gutowski et al. [18] on the
chromatic number of mixed interval graphs (Theorem 15). Based on this, we show that the
chromatic number of a mixed graph is bounded by tw™ as well as td and vc (Corollary 17).

Using the newly established parameter relationships, we analyze the parameterized
complexity of MIXEDCOLORING in Section 3. The results are summarized in Table 1 and
visualized in Figure 1. We conclude with an outlook on open problems in Section 4.

Coloring Directed Graphs. For directed graphs, Neumann-Lara [28] introduced the dichro-
matic number and the corresponding coloring, where each color class induces an acyclic
subgraph. This problem, known as DIGRAPHCOLORING [21], also generalizes coloring
undirected graphs, as each edge can be replaced by two opposite arcs. Therefore, DIGRAPH-
COLORING is NP-hard. In contrast, MIXEDCOLORING is easy on directed graphs: if the
graph is acyclic, greedily coloring vertices in topological order yields an optimal coloring.
Otherwise, the graph cannot be properly colored. This difference arises due to the fact that
Di1GRAPHCOLORING treats arcs very differently: in MIXEDCOLORING, there cannot be arcs
between vertices of the same color, whereas in DIGRAPHCOLORING there can be arcs between
vertices of the same color, as long as these arcs do not form a directed cycle.

On directed acyclic graphs, MIXEDCOLORING, especially when considering the transitive
closure, behaves somewhat similar to ORIENTEDCOLORING [31], where, between each pair of
color classes, all arcs must have the same orientation. However, contrary to MIXEDCOLORING,
ORIENTEDCOLORING does not forbid directed cycles.

Conventions. For positive integer k, we use [k] as shorthand for {1,...,k}. We say that a
mixed graph G is a partial orientation of its underlying undirected graph. The full versions
of proofs marked with a (clickable) star (x) can be found in the full version of this paper [26].

2 Mixed Graph Parameters

We define the mized cliquewidth of a mixed graph G, denoted by mcw (&), to be the minimum
number of distinct labels needed to construct G using the following operations:
creation of a new vertex with label 7, denoted by i.
disjoint union of two labeled mixed graphs, denoted by .
adding an (undirected) edge between every vertex with label i and every vertex with
label j, for ¢ # j, denoted by 7; ;.
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adding a (directed) arc from every vertex with label i to every vertex with label j,

for i # j, denoted by o ;.

renaming label i to label j, denoted by 0;_, ;.
These are exactly the operations used by Courcelle and Olariu [6] in their definitions of
cliquewidth for undirected and directed graphs. Instead of using only 7; ; for undirected
graphs and only «; ; for directed graphs, we allow both operations to be used in order to
construct mixed graphs, thereby generalizing the concept of cliquewidth to mixed graphs.
We call the sequence of such operations constructing a given mixed graph using ¢ labels a
mixed (-expression. For example, the directed path of length 4 is constructed by the mixed
3-expression o 3(03—2(02—1(2,3(a12(1 P2) §3))) $3). As it turns out, mixed cliquewidth
is not bounded by cliquewidth.

» Proposition 1. For any mized graph G (without directed cycles), cw(G) < mecw(G).
Furthermore, cw does not bound mcw.

Proof. The first part follows directly from the definitions, as replacing all arc operations by
edge operations in a mixed f-expression constructing G yields an ¢-expression constructing
the underlying undirected graph of G.

Let AG(G) be the subgraph of G resulting from omitting all edges. It holds that
mcw(AG(G)) < mew(G), as by omitting the edge operations in a mixed ¢-expression
constructing G we obtain a mixed f-expression for AG(G). Using this, we construct
a family of mixed graphs (Gy)e>1 with cw(Gy) = 2 and mew(Gy) > ¢+ 1. We con-
struct Gy by orienting an (¢ x £)-grid graph such that no directed cycles are created. As
shown by Golumbic and Rotics [17], the cliquewidth of an (¢ x ¢)-grid graph is £+ 1 and
thus mew(Gy) > mew(AG(Gy)) = cw(AG(Gy)) = ¢ + 1. Furthermore, between any pair
of vertices of G, that are not connected by an arc, we add an edge. This results in the
underlying undirected graph of Gy being a complete graph, which has cliquewidth 2, and
thus cw(Gy) = 2. <

Courcelle and Olariu [6] showed that the cliquewidth of undirected as well as of directed
graphs is bounded by treewidth. We can utilize their result for directed graphs to show that
mixed cliquewidth (on mixed graphs without directed cycles) is also bounded by treewidth.
To this end, we transform a mixed graph G without directed cycles into its corresponding
directed graph D(G) by replacing each edge {u,v} by two opposite arcs (u,v) and (v, u).
Since mixed graphs without directed cycles cannot contain opposite arcs (as they would
form a directed cycle of length two) this transformation is injective. We define the directed
cliquewidth of a mixed graph G without directed cycles, denoted dew(G), to be the (directed)
cliquewidth of the corresponding directed graph D(G). As we show now, mixed and directed
cliquewidth are, while not equal, equivalent under the lens of parameterized complexity.

» Proposition 2 (x). For any mized graph G (without directed cycles), it holds that
dew(G) < mew(G) < 2dew(G) < 222D+ 1 1), Further, there exists a mized graph G such
that dew(G) # mew(G).

Idea. Converting a mixed ¢-expression for G into a directed ¢-expression for D(G) is straight-
forward, as we can replace each edge operation by two opposite arc operations. The inverse
requires a careful manipulation of the f-expression for D(G), to ensure that we can replace
pairs of opposite arc operations by edge operations.

The partial orientation G of the star K 1,2, Where the center vertex is connected to one leaf

by an edge and to the other leaf by an outgoing arc, has dew(G) = 2 and mew(G) = 3. <«
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In order to generalize neighborhood diversity to mixed graphs without directed cycles,
we first need to define the different types of neighbors that occur in a mixed graph. Given
a vertex v of a mixed graph G, the outgoing neighbors of v, denoted by N*(v), are all
vertices u to which v has an outgoing arc (v,u). Analogously, the incoming neighbors of v,
denoted by N~ (v), are all vertices u from which v has an incoming arc (u,v). The undirected
neighbors of v, denoted by N"(v), are all vertices u which are connected to v by an edge {u, v}.
Thus, the neighborhood of a vertex v, denoted by N (v), is the union of its incoming, outgoing,
and undirected neighbors.

The parameter neighborhood diversity is defined for undirected graphs via an equivalence
relation on the vertices, where two vertices u,v are of the same type, denoted u ~pq v,
if they have the same neighbors, i.e., if N(u) \ {v} = N(v) \ {u}. We generalize this
equivalence relation to mixed graphs by further distinguishing between incoming, outgoing,
and undirected neighbors. Therefore, two vertices u, v of a mixed graph G are of the same
(mized) type, denoted u ~mng v, if they have the same in-, out-, and undirected neighbors,
ie., if N%(u)\{v} = N%w)\ {u}, N~ (u) = N~ (v), and N*(u) = N*(v).

» Lemma 3 (%). For any mized graph G (without directed cycles), the relation ~mng is an
equivalence relation. Further, vertices of the same type induce an (undirected) clique or an
independent set.

We call the partition of the vertices into equivalence classes under ~yng a mized neigh-
borhood partition. The mized neighborhood diversity of a mixed graph G, denoted mnd(G),
is the number of equivalence classes under ~nq. Note that this generalizes the definition
of neighborhood diversity for undirected graphs. Furthermore, for mixed graphs without
directed cycles, this is also a generalization of the definition of neighborhood diversity for
directed graphs by Fernau et al. [11], as in directed graphs without directed cycles there are
no opposite arcs. Note further that a mixed neighborhood partition can be obtained easily:
it suffices to check, for each pair of vertices, whether they are of the same type.

As is the case for mixed cliquewidth and cliquewidth, the mixed neighborhood diversity
can differ arbitrarily from the neighborhood diversity of the underlying undirected graph
since each vertex in a directed path has to be of a different type, as we show now.

» Lemma 4. Given a mized graph G (without directed cycles) that contains a directed path
of length £, it holds that mnd(G) > £ + 1, with each vertex on the path being of a different

type.

Proof. We know from Lemma 3 that there cannot be an arc between two vertices of the
same type. Let (vg,v1,...,v¢) be a directed path of length ¢ in G. Suppose that there are
two vertices v;,v; with ¢ < j that are of the same type. Since v;_; € N~ (v;), it follows
that v;_1 € N~ (v;). However, as ¢ < j —1, it follows that there exists a directed path from v;
to v;_1 in G. Together with the arc (v;_1,v;), this yields a directed cycle, a contradiction
to G containing no directed cycles. |

» Proposition 5. For any mized graph G (without directed cycles), nd(G) < mnd(G).
Furthermore, nd does not bound mnd.

Proof. It follows directly from the definitions that two vertices of the same type w.r.t. mnd
must also be of the same type w.r.t. nd. Indeed, if © ~mng v, it holds that

N\ {v} = N~ (u) UNT(u) UN"(u) \ {v} = N~ (1) UNT (v) UN"(0) \ {u} = N(v) \ {u}

(as there cannot be any arc between u and v) and therefore u ~nq v.
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The inverse does not hold, as two vertices of the same type w.r.t. nd may differ in their
in- or out-neighbors, as the following family (Gy);>1 of graphs shows. The graph Gy is a
partial orientation of the complete graph K, obtained by orienting ¢ — 1 edges such that the
resulting mixed graph contains a directed Hamiltonian path. It holds that nd(G;) = 1 but,
due to Lemma 4, mnd(Gy) > ¢. <

Lampis [25] showed that neighborhood diversity is bounded by vertex cover, as the type
of vertices not contained in the cover is determined uniquely by their neighbors (in the cover),
resulting in a bound of vc + 2¢. Since mixed neighborhood diversity further distinguishes
between in-, out-, and undirected neighbors, we obtain the following bound.

» Proposition 6. For any mized graph G (without directed cycles), mnd(G) < ve(G) +4v<(©).

Proof. Let C be a vertex cover of G of size vc(G). Since each vertex in V(G) \ C only
contains neighbors in C, there are at most 4'<(¢) different types of vertices in V(G) \ C,
as each vertex in C' can be an in-, out-, or undirected neighbor, or not a neighbor at all.
Further, there can be at most ve(G) different types of vertices in C, as C contains vc(QG)
vertices. Thus, the total number of types is bounded by vc(G) + 4ve(@) <

If a parameter does not bound nd (cw) on undirected graphs (or vice versa), it also does
not bound mnd (mecw) (or vice versa), as it holds that mnd = nd (mcw = cw) on undirected
graphs. Lampis [25] showed that nd bounds cw and that tw (and therefore cw) does not
bound nd (nd is even incomparable to tw). It follows from this that mew does not bound
mnd. Using a proof analogous to Lampis, we further obtain the following.

» Proposition 7 (x). For any mized graph G (without directed cycles), mnd(G)+1 > mew(G).
Further, mcw does not bound mnd.

Regarding the relationship between mcw and nd, we already know that mcw does not
bound nd (due to cw not bounding nd). However, while nd bounds cw, it does not bound
mcw. We show this by reusing the construction that we used to show that cw does not bound
mcw (Proposition 1), as detailed in the following.

» Proposition 8 (x). The parameters mew and nd are incomparable.

Transitive Closure. Recall that an arc (u,v) is transitive if there exists a directed path
from u to v using other arcs. The transitive closure G* of a mixed graph G is the mixed
graph obtained by adding every transitive arc to G (and removing any resulting parallel
edges). As transitively closed graphs are a subset of mixed graphs, all bounds between
parameters on mixed graphs also apply between their transitive closure counterparts. Further,
if a parameter o does not bound a parameter 5 on undirected graphs, then a™ does not
bound ST, as it holds that o™ = o and 8T = 8 on undirected graphs. Thus, it remains to
analyze the relationship between the parameters and their transitive closure counterparts.

All parameters considered in this paper, except for neighborhood diversity and cliquewidth,
have the well-known property that they bound their value on any subgraph. Since the
underlying graph of the transitive closure of a mixed graph is a subgraph of the underlying
graph of the original graph, it follows that these parameters are bounded by their transitive
closure counterparts.

» Proposition 9 (x). For every mized graph G (without directed cycles) and parameter
a € {ve, td, fvs, pw, tw} it holds that o(G) < at(G). Furthermore, these parameters do not
bound their transitive closure counterparts.

28:7
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Idea. The second part can be shown using a family of oriented stars, where half of the edges
are oriented towards the center vertex and the other half are oriented away from the center
vertex. |

However, for neighborhood diversity and cliquewidth (and their mixed variants), the
situation is different. Contrary to the other parameters, these parameters are not bounded
by their transitive closure counterparts, as shown in the following.

» Proposition 10. The parameters mnd, nd, mcw, and cw are not bounded by their transitive
closure counterparts.

Proof. We first construct a family (G)e>1 of grid graphs where 2 > mew™ (Gy) > ew™ (Gy)
but mew(Gy) > cw(G¢) = £ + 1. The graph Gy is a partial orientation of the (¢ x ¢)-grid
graph where 2 — 1 edges are oriented such that G contains a directed Hamiltonian path,
i.e., a directed path of length £2 — 1 containing all vertices. Golumbic and Rotics [17] showed
that the cliquewidth of (¢ x ¢)-grid graphs is £ + 1. Together with Proposition 1 we obtain
that mew(Gy) > cw(Gy) = £ + 1. As Gy contains a directed Hamiltonian path, it follows
that Gzr is the acylic tournament graph, the directed graph with exactly one arc between
each pair of vertices (and without directed cycles). Using the following claim, we obtain
that 2 > mew™(Gy) = ewt (Gy).

> Claim 11 (x). The mixed cliquewidth of an acyclic tournament graph is (at most) 2.

For neighborhood diversity, we construct a separate family (G})¢>1 based on tripartite
graphs. The graph G consists of three independent sets {u1,...,u¢}, {v1,...,v¢}, and
{wi,...,we}. We add arcs (u;,v;) and (v;,w;) for i,j € [£], such that every u has an
outgoing arc to every v and every v has an outgoing arc to every w. To ensure that vertices
of different sets are of different types, we further add three vertices u*, v*, and w*. We
then add edges {u*,u;}, {v*,v;}, and {w*,w;} for all i € [¢]. Lastly, we add arcs (u;, w;)
for 4 € [£]. Thus, each vertex u; has a distinct type, as does every vertex w;. Meanwhile,
all vertices v; are of the same type. Further, the vertices u*, v*, and w* have distinct types.
This results in mnd(G}) = nd(G}) = 2¢+ 4. However, in the transitive closure, each vertex u;
has an outgoing arc to every vertex w; and therefore all u; are of the same type and all w;
are of the same type, resulting in mnd* (G) = nd*(GY) = 6. <

In fact, both mixed neighborhood diversity and mixed cliquewidth bound their transitive
closure counterparts, as shown in the following.

» Proposition 12 (x). For any mized graph G (without directed cycles), it holds that
mndt (@) < mnd(G) and mewt (G) < 4™E) - mew(G).

Idea. For mixed neighborhood diversity, it holds that two vertices u, v of the same type in G
are also of the same type in G, as the set of vertices to (from) which u,v have outgoing
(incoming) paths in G are equivalent.

For mixed cliquewidth, we show that given a mixed ¢-expression constructing G, we can
obtain a (4¢-¢)-expression constructing G*. The idea is to keep track of the labels of vertices
to which a given vertex v has outgoing paths and the labels of vertices from which it has
incoming paths. This can be achieved by using 4¢ additional labels for each original label.
These additional labels then allow us to add the transitive arcs, resulting in the claimed
bound. <

The same does not hold for neighborhood diversity and cliquewidth, as these are in fact
incomparable to their transitive closure counterparts, as the following shows.


https://arxiv.org/abs/2604.15274
https://arxiv.org/abs/2604.15274

A. Lauerbach, K. Junosza-Szaniawski, M. D. Sieper, and A. Wolff

Figure 2 Example of the graph G, for £ = 3. The grid vertices are depicted as disks and the arc
vertices as squares. The grid vertices form an independent set in G but induce a (3 x 3)-grid in GZ‘
(the transitive arcs are depicted as dashed gray). The edges between arc vertices and grid vertices
are omitted for visual clarity.

» Proposition 13. The parameters nd and cw are incomparable to their transitive closure
counterparts.

Proof. We already know from Proposition 10 that these parameters are not bounded by
their transitive closure counterparts. Thus, it remains to show that they do not bound
their transitive closure counterparts. For this, we construct a family of graphs (G¢)¢>2 such
that nd(Gy) = cw(Gy) = 2 while nd™(Gy) > cwt (Gy) > £+ 1.

The graph G consists of £2 grid vertices and 20(¢ — 1) arc vertices and is constructed such
that the grid vertices form an independent set in G, but induce an (¢ x ¢)-grid in G . This
is achieved through the usage of the arc vertices, which connect two grid vertices adjacent
in GZ with a directed path, thus ensuring that the transitive arc is present in GZ. Further,
each arc vertex is connected to all grid vertices via edges, except for those to which it is
connected via an arc. This ensures that all arc vertices are of the same type and that all grid
vertices are of the same type, resulting in nd(Gy) = cw(Gy) = 2; see Figure 2 for an example
of the construction for ¢ = 3. As shown by Golumbic and Roctis [17], the cliquewidth of an
(¢ x £)-grid is £+ 1. Furthermore, it is easy to see that the cliquewidth of a graph bounds the
cliquewidth of induced subgraphs. Thus, it follows that nd*(Gy) > cwt(Gy) > £ + 1. <

Chromatic Number. Clearly, any proper coloring of a mixed graph is also a proper coloring
of the underlying undirected graph and thus the chromatic number of the underlying
undirected graph lower bounds the chromatic number of the mixed graph. Recall that the
maxrank (A) of a mixed graph is the length of the longest directed path in the graph. For a
given vertex v, we define the inrank, denoted as A\~ (v), as the length of the longest directed
path ending in v. Furthermore, as vertices along a directed path must be colored increasingly,
every vertex has a color that is at least its inrank. Thus, it holds that the chromatic number
bounds the maxrank. We summarize these insights in the following proposition.

» Proposition 14. For any mized graph G (without directed cycles), xu(G) < x(G) and
AG) < X(C).

For undirected graphs, several (upper) bounds on the chromatic number are known, such
as treewidth and maximum degree. However, these bounds do not generalize to mixed graphs,
as a simple directed path of length ¢ has treewidth 1 and maximum degree 2, but chromatic
number £ 4+ 1. Gutowski et al. [18, Theorem 9 & Proposition 10] showed that for mixed
interval graphs it holds that x < (A + 1) - w, where w is the clique number, and that this
bound is asymptotically tight. They achieved this by introducing the concept of layering,
which is a partition of the vertex set into A + 1 layers (L, ..., Lx) such that the layer L;
contains all vertices of inrank ¢. In a layering, each arc is oriented towards the higher layer,
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as it must hold for every arc (u,v) that A~ (u) < A~ (v). It follows that each subgraph G[L;]
induced by a layer L; is an undirected graph. Thus, we can iteratively color each layer with
disjoint color sets, resulting in a proper coloring of the entire graph as formalized in the
following theorem.

» Theorem 15 (x). For any mized graph G (without directed cycles) and its corresponding
layering (Lo, L1, ..., L), it holds that x(G) < Z?:o Xu(G[L;]). Further, this bound is tight.

Regarding the transitive closure, note that At = A and x* = ¥, as adding transitive arcs
neither changes the length of the longest directed path nor the validity of a coloring. Thus,
we obtain the following bounds on maxrank.

» Proposition 16 (x). For any mized graph G (without directed cycles), it holds that
A(G) +1 < mnd™(G), A(G) <twH(G), A(G) <24 — 2 and A(G) < 2vc(G).

As the chromatic number of a subgraph is a lower bound for the chromatic number of
the entire graph, it follows from Theorem 15 and Proposition 16 that any parameter that
bounds the chromatic number of undirected graphs as well as the maxrank also bounds the
chromatic number of mixed graphs.

» Corollary 17 (x). The chromatic number of mized graphs is bounded by tw* as well as td
and vc. In fact, it even holds for every mized graph G that x(G) < 2vc(G) + 1.

The resulting hierarchy is visualized in Figure 1.

3 Parameterized Complexity of MixedColoring

Recall that a problem is fized-parameter tractable (FPT) with respect to a parameter k if
it can be solved in f(k) - n®1) time, where f is a computable function and n is the size
of the input. A problem is slice-wise polynomial (XP) with respect to k if it can be solved
in O(nf®) time (where f and n are as above). Clearly, FPT C XP. Note that, given an
FPT- or XP-algorithm for k-(MIXED)COLORING that is parameterized by the number of
colors, k, we can easily obtain an FPT- or XP-algorithm parameterized by the chromatic
number. Therefore, we state our results with respect to the parameter chromatic number (if
the runtime is FPT or XP parameterized by the number of colors).

Courcelle’s theorem yields for any problem that can be expressed in monadic second-order
logic on graphs an FPT-algorithm parameterized by tree- or even cliquewidth (depending
on the logic variant used). Like cliquewidth, monadic second-order logic on graphs extends
intuitively to mixed graphs, and expressing MIXEDCOLORING as a monadic second-order
formula is straightforward. However, to our knowledge, Courcelle’s theorem has not yet
been entirely proven for mixed graphs, with Arnborg et al. [1] only proving the theorem for
treewidth but not for cliquewidth. Still, by converting our mixed graphs into directed graphs
as in Proposition 2, we can apply the directed version of Courcelle’s theorem to obtain the
following result.

» Theorem 18 (x). The problem MIXEDCOLORING is FPT parameterized by mized cliquewidth
plus chromatic number.

While Courcelle’s theorem yields an FPT-algorithm for MIXEDCOLORING, the resulting
algorithm is quite impractical. For example, the runtime contains huge constants depending
on the length of the formula, i.e., the number of colors, which cannot be bounded by an
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elementary function unless P = NP, as shown by Frick and Grohe [14]. Since polynomials
are elementary functions, this also implies that this algorithm is not an XP-algorithm
parameterized solely by tree- or cliquewidth.

Another COLORING algorithm can also be generalized to MIXEDCOLORING: it is well
known [7, Theorem 7.9] that COLORING, given a tree-decomposition of width tw, can be
solved in O*(k™) time via a dynamic program. By exchanging the checks for a proper
coloring with checks for a proper mixed coloring (i.e., additionally checking that no arc is
violated), MIXEDCOLORING can be solved within the same time bound, as we now summarize.

» Theorem 19. Given a mixed graph and a tree-decomposition of width tw, the problem
k-MixEDCOLORING can be solved in O* (k™) time.

As an optimal tree-decomposition can be computed in FPT-time w.r.t. treewidth [2]
and the chromatic number is bounded by the number of vertices, this yields FPT and XP
algorithms for MIXEDCOLORING, as summarized in the following.

» Corollary 20. MIXEDCOLORING is FPT parameterized by treewidth plus chromatic number
and XP parameterized solely by treewidth.

Note that this algorithm is an improvement over the XP-algorithm developed by Ries and
de Werra [30], which runs in O(n?™4m™+2) time, where m is the number of edges and n
the number of vertices.

We cannot hope for an FPT-algorithm parameterized by treewidth alone, as we show in
the following that MIXEDCOLORING is W([1]-hard w.r.t. pathwidth and feedback vertex set,
which are parameters that bound treewidth. We achieve this via a parameterized reduction
from L1STCOLORING, a generalization of COLORING where each vertex can only be assigned
a color from a given list. While Fellows et al. [10] only showed that LISTCOLORING is
W(1]-hard w.r.t. treewidth, their reduction actually even yields W[1]-hardness w.r.t. vertex
cover, as we show in the following lemma.

» Lemma 21 (x). LiISTCOLORING parameterized by vertex cover is W[1]-hard.

To reduce LISTCOLORING to k-MIXEDCOLORING, where k is the total number of distinct
colors in the LISTCOLORING instance, we enforce the color list of each vertex by adding

adequate edges to newly inserted directed paths of vertex-length k. This yields the following.

» Lemma 22 (x). There exists a parameterized reduction w.r.t. pathwidth as well as w.r.t.
feedback vertex set from LISTCOLORING to MiXEDCOLORING.

Combining the W[1]-hardness of LISTCOLORING with the parameterized reduction to
MIxEDCOLORING we obtain the following theorem.

» Theorem 23. MixEDCOLORING is W[1]-hard w.r.t. feedback vertex set as well as w.r.t.
pathwidth.

Recall that COLORING is FPT with respect to neighborhood diversity [15] and XP with
respect to cliquewidth [22]. In contrast to that, we now show that MIXEDCOLORING is
paraNP-hard with respect to both of these parameters, even in more restricted settings.

» Theorem 24 (x). MIXEDCOLORING is paraNP-hard w.r.t. mized cliquewidth plus mazrank.

Idea. Given a set of strings S over the binary alphabet {0,1} and a positive integer k, the
problem SHORTESTSUPERSTRING asks whether there is a string of length at most k that is a
superstring of each string in . SHORTESTSUPERSTRING is NP-hard [29].
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Figure 3 (a) The mixed graph resulting from an instance of SHORTESTSUPERSTRING with
strings {01,100, 11} and shortest superstring 1010. (b) The construction resulting from splitting the
path corresponding to the string 100 at each vertex and connecting the resulting vertices to distinct
cliques to enforce that they receive the same color in a proper k-coloring.

We reduce from SHORTESTSUPERSTRING by constructing a mixed graph G such that a
proper k-coloring of G corresponds to a length-k superstring of S. We achieve this by creating
a directed path Pg for each string S in S such that the vertices of the path correspond
to the characters of the string; we add edges such that vertices corresponding to different
characters cannot receive the same color. See Figure 3a for an example. Thus, the color of a
vertex corresponds to the position of the corresponding character in the superstring, and the
directions of the paths enforce that the characters of each string appear in the correct order.

To ensure a constant maxrank, we then split each directed path Ps at every vertex into
two vertices, with one vertex obtaining the incoming and the other the outgoing arc. We
then connect each new pair of vertices to a distinct (k — 1)-clique, thus enforcing that the two
vertices receive the same color in any proper k-coloring; see Figure 3b. Therefore, regarding
proper k-colorings, they can be treated as a single vertex, while the maxrank of the resulting
graph is 1, due to all directed paths having been split. Furthermore, the resulting graph has
a mixed cliquewidth of at most 6. |

» Theorem 25. MIXEDCOLORING is paraNP-hard parameterized by neighborhood diversity,
even if considering the neighborhood diversity of the transitive closure.

Proof. We reduce from the following problem, which is NP-hard [16, SS9].

Problem: PRECEDENCECONSTRAINEDSCHEDULING

Input: Sets T7,T5 of unit-length tasks, a partial order < on 77 U T5, an integer D.

Question: Can the tasks be scheduled with makespan D on two parallel machines M;
and Ms such that the tasks in 77 are assigned to Mj, the tasks in T5 are
assigned to My, and all precedence constraints are respected (i.e., if t < ¢/,
then ¢ must finish before ¢’ starts)?

J

Given an instance (T3, T», <, D) of PRECEDENCECONSTRAINEDSCHEDULING, we create a
4D-Mi1XEDCOLORING instance GG such that each block of four consecutive colors corresponds
to one time unit on the machines.

First, we create a directed path P consisting of 4D vertices (p1, ..., psp), which we will
use to ensure that each task is scheduled on its assigned machine. Note that in any proper
4D-coloring, the path P has the same unique coloring, with each vertex p; receiving the
color i. For each task ¢t € Th U T», we create two task vertices, the start vertex v, and the
end verter vy, connected via the arc (v, ,v;"). We denote with [i]; the set of integers that
are congruent to ¢ modulo k. For each start vertex v, of a task ¢ in 77, we add an edge to
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Figure 4 The mixed graph resulting from an instance of PRECEDENCECONSTRAINEDSCHEDULING
with 71 = {t:1} and T> = {t2,t3} as well as precedence constraints ¢; < t3 and deadline 2. Four
consecutive colors correspond to one time unit on the machines, and the colored slots correspond to
the colors that the task vertices of the corresponding type can receive. The edges are omitted for
visual clarity.

each vertex p; of the path P with ¢ ¢ [1]4. As a result, v; receives a color in [1]4 in every
proper 4D-coloring of G. Analogously, we add edges between each end vertex v, of a task ¢

in 71 and each vertex p; of the path P with i ¢ [3]4 to ensure that v;" receives a color in [3]4.

For tasks in T5, we similarly add edges to ensure that the start vertices receive colors in [2]4
and the end vertices receive colors in [4]4. The precedence constraints are enforced by adding
arcs between the corresponding tasks, i.e., for each t,t’ € Ty U Ty with ¢t < ¢/ we add the
arc (v;,v;,). Lastly, it remains to ensure that no two tasks are scheduled at the same time
on the same machine. We achieve this by adding (undirected) edges such that the underlying
undirected graph induced by the task vertices forms a clique. An example of the resulting
graph is shown in Figure 4.

> Claim 26 (x). The resulting graph G has a proper 4D-coloring if and only if there is a
schedule of the tasks on their assigned machines that respects the precedence constraints
and finishes by time D.

> Claim 27 (x). The transitive closure of G has a neighborhood diversity of 8.

As these claims show, the resulting MIXEDCOLORING instance is equivalent to the original
PRECEDENCECONSTRAINEDSCHEDULING instance, with the neighborhood diversity of the
transitive closure being 8. Thus, MIXEDCOLORING is paraNP-hard w.r.t. neighborhood
diversity, even when considering the neighborhood diversity of the transitive closure. |

The picture changes if we parameterize by mized neighborhood diversity.
» Theorem 28. MIXEDCOLORING is FPT parameterized by mized neighborhood diversity.

Proof. Let G be a mixed graph. We can assume w.l.o.g. that each type of G induces a
clique, as all vertices of a type inducing an independent set can be merged into a single
vertex. This is due to the fact that they have the same neighborhoods and therefore can be
assigned the same color. Let § = {C4,...,Cnna} be the set of types of G, where each C;
is a clique in G. In the following, we write {C;,C;} € E(G) and (C;,C;) € A(G) to
express that there is an undirected edge or a directed arc, respectively, between the types C;
and C; in G. For a coloring ¢ of G and a set U C V(G), let ¢(U) = {c(u) : u € U}. If ¢
is proper, then, for every (C;,C;) € A(G), all colors in ¢(C;) are smaller than all colors
in ¢(C;). We define a type-endpoint preorder p as a function that assigns, to each type C,
two integers p~ (C),pT(C) € [{] (with p~(C) < p™(C) and ¢ < 2mnd), which we call the
type endpoints of C. We say that a coloring ¢ corresponds to a type-endpoint preorder p
if there is a sequence {c1,...,ce) of ¢ ascending (not necessarily consecutive) colors such
that, for each type C, the set ¢(C') is contained in the halfopen interval [c,-(cy, cpt(cy). We
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Figure 5 A mixed graph with four types Ci,...,C4 and a preorder with £ = 6 type endpoints.
Since it holds for its only arc (C1,Cs2) that p*(C1) = c4 = p~ (C2), the preorder is proper. On the
right, we depict a part of a coloring corresponding to the preorder, together with the variables of
the ILP. Note that most of the variables are zero, either due to a constraint of the ILP, such as
for x1y,4 or x5 4} 3, or simply due to the fact that there are no colors shared exclusively by the
given set of types in the given interval, such as for z(1} 3.

say that a (type-endpoint) preorder p is proper if, for each arc (C;,C;) € A(G), it holds
that p*(C;) < p~(C;). An example of a proper preorder and a corresponding coloring is
shown in Figure 5.

> Claim 29 (x). Given a proper (type-endpoint) preorder p, any coloring that corresponds
to p does not violate any arcs. Further, any proper coloring corresponds to at least one
proper preorder.

In total, there are 2 mnd type endpoints and thus at most (2 mnd)! orders of these endpoints.
Since type endpoints can be equal, there are at most (2mnd)!-22mnd ¢ 20(mndlogmnd) (1,4 er)
preorders. Therefore, we can enumerate all proper preorders in FPT-time w.r.t. mixed
neighborhood diversity. We can thus check whether G is k-colorable by checking, for each
proper preorder p, whether there exists a proper k-coloring of G that corresponds to p.
Since we know that such a coloring does not violate any arcs, it suffices to check whether it
does not violate any edges. This problem has similarities to COLORING, differing in that
we additionally require the colors within each type to adhere to the given preorder. For
COLORING, Ganian [15] provided an FPT-algorithm w.r.t. neighborhood diversity based on
an ILP. In the following, we adapt his ILP to additionally respect a given proper preorder p.

Since we only need to decide whether there exists a k-coloring ¢ of G that corresponds
to the given proper preorder p, we do not need an objective function. For an overview of
the ILP, see the full version [26]. We have two kinds of variables. First, for every i € [¢],
we introduce an integer variable ¢; € [k] to obtain a sequence (cq,...,¢) of colors. We
enforce that these colors form an ascending sequence (by adding, for each ¢ € [¢ — 1], the
constraint ¢; + 1 < ¢;41). Second, for each i € [¢ — 1] and each subset S’ C S, we intro-
duce an integer variable zs/; € {0,...,k}, which represents the number of colors in the
interval [¢;, ¢;+1) that are shared exclusively by the types in &’. Formally, we want that
zs s ={d € lci,cit1) | (VC €S :dec(C))ANNVC € S\S':d ¢ c(C))}], where ¢(C) is the
set of colors assigned to the vertices of type C' by the coloring c; see Figure 5 for an example.
For each ¢ € [¢ — 1], we need to ensure that the ILP does not assign too many colors in
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Figure 6 A uniquely 4-colorable mixed graph where no color class is a maximal independent set.

the interval [c;,c;11). We achieve this by adding the constraint ) ¢ g Zs/i < ciy1 — G-
Moreover, we want the coloring to correspond to the given preorder p. To achieve this,
for each type C, we first ensure that no color d < ¢,-(¢) is assigned to C (by adding

the constraint Ef;l(c)_l > sics: ces' Ts'i = 0). Second, we ensure that enough colors
are assigned to C in the interval formed by its two type endpoints (by adding the con-

+ —
straint Z?:;()CEEC; Y osics: ces' Tsi = |C|). Third, we ensure that no color d > c,+(¢) is

assigned to C' (by adding the constraint Zf;;ﬂc*) Y sics: ces' Tsi = 0). It remains to
ensure that no two types connected by an edge share a color. To this end, for each i € [¢ — 1]
and each set &’ C S that contains types C' and C’ with {C,C’} € E(G), we add the
constraint zs/ ; = 0.

> Claim 30 (). For a given proper preorder p, there is a feasible solution to the constructed
ILP if and only if there is a proper k-coloring of G that corresponds to p.

Tt is well known [12, Theorem 9.19] that an ILP can be solved in FPT-time w.r.t. the
number of variables. Hence, we can solve the ILP in FPT-time w.r.t. mixed neighborhood
diversity as it uses (’)(2’“"d -mnd) variables. Therefore, by enumerating all proper preorders
and checking for each preorder whether a corresponding proper k-coloring exists, we can
decide in FPT-time w.r.t. mixed neighborhood diversity whether G is k-colorable. <

Furthermore, while MIXEDCOLORING is paraNP-hard w.r.t. neighborhood diversity, it
becomes FPT if we use the chromatic number as an additional parameter.

» Theorem 31. MIXEDCOLORING is FPT parameterized by meighborhood diversity plus
chromatic number.

Proof. It was shown by Christofides [3] that there exists an optimal coloring of an (undirected)
graph where one color class forms a maximal independent set. However, this property does
not hold for mixed graphs; see Figure 6. Fortunately, we can strengthen the property by
only considering maximal independent sets of vertices with inrank 0, i.e., vertices without
incoming arcs, resulting in the following formula for the chromatic number.

> Claim 32 (). For every (non-empty) mixed graph G there exists an optimal coloring of G
where the first color class forms a maximal independent set in the subgraph induced by the
vertices of inrank 0. Thus, for every mixed graph G it holds that x(G) = 0 if G is empty
and x(G) = min; x(G — I) + 1 otherwise, where the minimum is taken over all maximal
independent sets I in the subgraph induced by the vertices of inrank 0.

28:15

SWAT 2026


https://arxiv.org/abs/2604.15274
https://arxiv.org/abs/2604.15274

28:16

The Parameterized Complexity of Coloring Mixed Graphs

Furthermore, we can bound the number of maximal independent sets in the subgraph
induced by vertices of inrank 0 by neighborhood diversity and clique number, as the following
shows.

> Claim 33 (). For every (non-empty) mixed graph G it holds that the number of maximal
independent sets in the subgraph induced by the vertices of inrank 0 is at most (w(G)+1)"(%).

We implement the recursive formula for the chromatic number as a branching algorithm
for MiIXEDCOLORING as follows: Given a mixed graph G and a number of colors k, we
branch on all maximal independent sets I in the subgraph induced by the vertices of inrank 0
and recursively check whether G — I is (k — 1)-colorable until we either reach the empty
graph or run out of colors. Thus, the recursion depth is bounded by k. As in each step
we branch into at most (w(G) + 1)"() subproblems, this results in an overall runtime
of O*((w(G) + 1)"(E)'k) "which is FPT w.r.t. neighborhood diversity plus chromatic number,
as x(G) = w(G). <

4 Open Problems

While we defined mixed neighborhood diversity and mixed cliquewidth only for mixed
graphs without directed cycles, these parameters can also be defined for mixed graphs with
directed cycles. For mixed cliquewidth the definition remains the same, while for mixed
neighborhood diversity the definition can be adapted by integrating the restrictions for
opposite arcs introduced by Fernau et al. [11]. The relationships of these more general
parameters should be analogous; most proofs can be generalized directly since they do
not depend on the requirement that mixed graphs do not contain directed cycles. We
remark that it seems likely that Courcelle’s theorem extends to (general) mixed cliquewidth,
which would facilitate its application to other problems on mixed graphs. Further, we think
that it would be interesting to investigate how graph parameters and problem complexities
change if we remove all transitive arcs from input graphs. Preliminary computational
experiments indicate that MIXEDCOLORING algorithms benefit from such a data reduction
step. Lastly, while we explored the parameterized complexity of MIXEDCOLORING, exact
(non-parameterized) algorithms for MIXEDCOLORING remain largely unexplored (except for
ILP-based approaches).
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