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—— Abstract

Given a set of n points in the plane, each colored either blue or red, we study the problem of finding
a strip that separates the blue points from the red points. Specifically, we consider the following two
variants: (1) locating a strip that contains no red points while maximizing the number of blue points
within the strip, and (2) locating a strip that contains all blue points while minimizing the number
of red points within the strip. For variant (1), we present an O(n?)-time algorithm, improving
upon the previously best O(n2 log n)-time result. We also show that this running time is optimal
under the standard 3SUM conjecture. We also give an output-sensitive algorithm with running time
O(koptnlog n) that returns a strip, where kopt is the number of blue points not contained within the
strip in an optimal solution. We extend our results to the case of up to t parallel strips, obtaining
an O(n?logn)-time algorithm. For variant (2), an optimal ©(n logn)-time algorithm is known for
t = 1. We show 3SUM-hardness for t = 2 and give an O(n?)-time algorithm. For any t > 3, we
present an O(n? logn)-time algorithm.
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1 Introduction

Given a set of points in the plane, each colored either blue or red, we aim to identify a simple
geometric region that separates the two colors as well as possible. In this paper, we focus on
the case where the separation region is a strip, defined as a closed region bounded by two
parallel lines of arbitrary orientation.

This model represents a fundamental classification task in which blue points represent
positive instances, while red points represent negative instances. There is a fair amount of
work for achieving a perfect bichromatic separation, wherein the two colors are distinctly
separated without any errors. This is done using simple geometric shapes such as a line (or
a collection of lines), a strip, a wedge, and a circle [20, 21, 27].

In many real-world datasets, however, it is often not possible to achieve a perfect separation
by a low-complexity shape due to factors such as noise, overlapping distributions, or outliers.
In such cases, one typically optimizes a trade-off between two types of classification errors:
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false positives, where negative instances are incorrectly classified as positive, and false
negatives, where positive instances are incorrectly classified as negative. The problems
addressed in this paper correspond to two particularly important settings along this trade-off.
In applications where admitting a negative instance is unacceptable, the objective is to
enforce zero false positives and maximize the number of correctly classified positive instances.
Conversely, in applications where missing a positive instance is unacceptable, the objective is
to enforce zero false negatives and minimize the number of admitted negative instances.
We first study the following problem, which corresponds to the zero false positives setting.

» Problem 1 (MaxBlue). Given a set P = B U R of n points in the plane, find a strip that
contains the maximum number of points from set B while excluding any points from set R.

The MaxBlue problem enforces a strict feasibility constraint on red points. A complement-
ary perspective is to require the separating region contains no red point while maximizing the
number of covered blue points. This addresses settings where omitting a positive instance is
unacceptable, leading to complete coverage of B and minimizing red points. This results in
the MinRed variant, which corresponds to the zero false negatives setting.

» Problem 2 (MinRed). Given a set P = BU R of n points in the plane, find a strip that
contains all points of B while minimizing the number of points of R contained in the strip.

Motivation for using strips. The strip model is a natural and powerful geometric represent-
ation of separation. Unlike a single separating line, which represents a zero-width decision
boundary, a strip provides a thickened boundary that captures a tolerance margin around a
linear separator. This model represents situations in which the target set must lie within a
bounded corridor that remains free of extraneous or adversarial points. Such a representation
is essential when the target data corresponds to a physical object, a high-confidence cluster,
or a region that must be certified safe within a specified geometric width [19]. Optimizing the
placement of such a strip allows one to quantify the structural purity of a dataset and determ-
ine how much perturbation can be tolerated before separation becomes impossible. In this
sense, strip separability serves as a robust geometric analogue of margin-based classification.

Applications. This geometric formulation arises naturally in several application domains
requiring high-precision spatial reasoning. In metrology and industrial design, strip con-
tainment models tolerance-zone analysis: a manufactured component must lie within an
allowable corridor while avoiding forbidden regions occupied by other parts [33]. In robotics
and motion planning, strip separation captures narrow-passage navigation problems, where a
robot must follow a collision-free linear trajectory that accounts for its physical width while
avoiding obstacles. In pattern recognition and machine learning, strip separation corresponds
to margin-based classification, where maximizing the width of a separating strip improves
robustness and generalization [32]. Similarly, in geographic information systems and urban
planning, strips model buffer zones that must fully contain protected regions while remaining
disjoint from hazardous or restricted areas. These examples illustrate that strips provide
a minimal yet expressive geometric primitive for modeling safety margins, tolerances, and
robustness constraints.

Generalization to Multiple Strips. Furthermore, we consider natural generalizations of
MaxBlue and MinRed, in which up to ¢ parallel strips are allowed for the separation, for a
fixed integer ¢. Extending from a single strip to multiple parallel strips is both natural and
essential for modeling structured data in which target points occur in several roughly parallel



J. Lee, C. Chung, and H.-K. Ahn

groups separated by gaps or forbidden regions. Such patterns arise in applications like

crop-row detection [22], multi-lane traffic modeling [18], and circuit layout verification [23].

A single strip cannot capture these interleaved configurations, whereas multiple strips allow
the model to represent periodicity and spacing, yielding a more expressive separability that
maximizes covered target points while strictly excluding forbidden ones. This formulation is
a discrete analogue of maximum-margin separation for nonconvex distributions, related to
classical geometric separability and covering problems [26, 31].

» Problem 3 (¢-MaxBlue). Given a set P = BU R of n points in the plane and an integer ¢,
find ¢ parallel strips whose union contains the maximum number of points from set B while
excluding any points from set R.

» Problem 4 (¢-MinRed). Given a set P = BU R of n points in the plane and an integer ¢,
find ¢ parallel strips whose union contains all points of B while minimizing the number of
points from set R contained in the union.

See Figure 1 for an illustration of each problem.

()

Figure 1 Optimal separation strips for (a) MaxBlue, (b) MinRed, (c) 2-MaxBlue, (d) 2-MinRed.

1.1 Related Work

In the classical approach to geometric bichromatic separation, the objective is to achieve
perfect separation between the two classes. This involves finding a simple geometric shape
that separates the two colors without any errors. The simplest case is perfect separation by a
line, which can be decided in O(n) time using linear programming [20]. Perfect separation by
a circle can be decided in O(n) time [27]. Hurtado et al. [21] gave O(n logn)-time algorithms
for perfect separation by regions bounded by two lines, including a strip, wedge, and double
wedge. Moreover, several of these problems have Q(nlogn) lower bounds [3].

The study of bichromatic separation with errors has been motivated in the context of
situations where perfect separation does not exist. In the false negative setting, which
minimizes the number of red points within a separation region that contains all blue points,
Glazenburg et al. [17] gave O(nlogn)-time algorithms for finding an optimal separation by a
halfplane, strip, or wedge, and an O(n?)-time algorithm for finding an optimal separation
by a double wedge. Bitner et al [6] studied optimal separation by a disk and gave an
O(n?logn)-time algorithm. The variant using an axis-parallel square or rectangle has also
been considered [24].

Fewer results are known for the complementary false positive setting, which maximizes
the number of blue points within a separation region that contains no red point. Eckstein et
al. [13] showed NP-hardness for separation by a box for blue and red points in d-dimensional
space when the dimension d is part of the input. For the planar case (d = 2), the problem

29:3

SWAT 2026



29:4

Bichromatic Classifications of Points Using Strips

can be solved in O(nlog®n) time [4]. Glazenburg et al. [17] gave algorithms for optimal
separation of blue and red points in the plane using various geometric shapes, including
halfplanes, strips, wedges, and double wedges. Their optimal strip separation algorithm,
which is exactly MaxBlue, runs in O(n?logn) time.

Few results are known about natural generalizations concerning the union of multiple
geometric objects. Seara [28] studied perfect separation using two strips, two parallel strips,
and two wedges. Maji and Sadhu [24] studied MinRed using two interior-disjoint axis-parallel
rectangles (or squares) and two interior-disjoint convex polygons.

Some works consider alternative objective functions for bichromatic separation. For
instance, Everett et al. [15] and Glazenburg et al. [17] minimized the total number of
misclassified points (uncovered blue points plus red points within the separation region).
Dobkin et al. [12] maximized the discrepancy, the difference between the numbers of blue
and red points within the region.

1.2 Our Results

We present exact algorithms for MaxBlue, t-MaxBlue and ¢-MinRed. We give an O(n?)-
time algorithm for MaxBlue, improving upon the previous best O(n?logn)-time result by
Glazenburg et al. [17]. We show that this running time is optimal under the standard 3SUM
conjecture (Section 4).

The time complexity of our algorithm depends primarily on the total number of points n.
However, a perfect separation strip can be computed in ©(nlogn) time [28] if one exists,
revealing a significant computational gap when the number ko of blue points not contained in
an optimal strip for MaxBlue is small. Considering the practical motivations and applications
of this problem, the excluded points typically represent outliers or noise within the dataset. In
such contexts, kopt is expected to be substantially smaller than n, making an output-sensitive
approach highly advantageous. We present an output-sensitive algorithm for MaxBlue with
running time O(nkop: logn). Consequently, our algorithm is expected to run in near-linear
time for such practical inputs, making the output-sensitive approach particularly valuable.

To ensure robustness, we run the output-sensitive algorithm within a time budget of
O(n?); if it does not terminate within this bound, we invoke the O(n?)-time algorithm.
This hybrid approach yields an overall complexity of O(min{n?, nkep logn}) for MaxBlue
(Section 5), effectively bridging the gap between theoretical worst-case analysis and practical
efficiency.

Finally, we consider the natural generalization for the MaxBlue problem and MinRed
problem, in which up to t parallel strips are allowed for the separation. We present an
O(n? log n)-time algorithm for the t-MaxBlue problem, for any value of ¢ (Section 6). For the
t-MinRed, we present an O(n?logn)-time algorithm for ¢ > 3 (Section 7). When t = 2, we
show that the problem is 3SUM-hard, and give an O(n?)-time algorithm. A summary of our
results and previous works is shown in Table 1.

Table 1 A summary of previous works and our results. t indicates that the problem is 3SUM-hard.

‘ MaxBlue ‘ t-MaxBlue ‘ t-MinRed
Previous o( 2 ) [17]
works nolosn ) )
O(n?)t (Sec. 4 O(n?)t fort =2
Ours (n®)1 (Sec. 4) O(n?logn) (Sec. 6) (n*)1 for

O (nkqyy logn) (Sec. 5) O(n?logn) for t > 3 (Sec. 7)
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2 Preliminaries

For any two points u, w in the plane, we denote the line segment connecting them by uw.

Duality

We employ the standard point-line duality transform [5]. For any point p = (a,b) € R? its
dual is the line p* : y = ax — b. Conversely, the dual of a nonvertical line ¢ : y = ax — b is
the point £* =
lies on p*, and p lies above ¢ if and only if £* lies above p*. For a set of points P, we define
P* ={p* | p € P}. A strip bounded by two parallel lines in the primal plane corresponds to

(a,b). This duality transform is order preserving: p lies on £ if and only if £*

the vertical line segment connecting their dual points in the dual plane (see Figure 2(a—b)).

» Observation 5. Let o be a strip bounded by parallel lines €1 and ¢5. A point p € R? lies in
o if and only if its dual line p* intersects the vertical line segment €105 connecting £7 and 05.

Proof. Without loss of generality, assume ¢ lies above f5. A point p lies in ¢ if and only if
it is on or below ¢; and on or above ¢5. Since ¢; and /5 are parallel, they share the same
slope, which implies that their dual points ¢} and ¢5 have the same z-coordinate; thus, the
segment ¢7¢5 is vertical. By the order-preserving property, p € o is equivalent to /7 lying on

or below p* and £3 lying on or above p*, which means p* intersects the segment ;0. <
5
5
2
3 v A
b
P [
D5
2 S
t * Ay
P3
. i .
P2 P

() (b) (c)

Figure 2 (a) Points p1,...,ps and a strip ¢ bounded by lines ¢; and ¢3. (b) For i =1,...,5,
ps € o if and only if p; intersects the vertical segment ¢1¢5. (c¢) For an arrangement of a set L of
lines, A3(L) is shown in bold. The set of edges contained in the shaded region forms A¢s(L).

Arrangement

Let L be a set of n lines in the plane. The arrangement A(L) is the subdivision of the plane
induced by L. The level of a point p € R? is the number of lines in L strictly below p. Since
the level is constant along any edge of A(L), the level of an edge is well-defined. The k-level
of A(L), denoted by Ay (L), consists of the edges with level k; this set forms an z-monotone
chain [25]. We denote the union of the i-levels for all 0 < i < k by Agx(L) (see Figure 2(c)
and [8, 29]).

Let fx(L) denote the complexity of Ay (L). Tt is known that fi(L) = O(nk'/3) [11] and
fe(L) = n22(V/1og k) [30]. Ag(L) can be computed in O((n + fr(L))logn) time [7] or in

expected O(nlogn+nk'/?) time [8]. In contrast, the complexity of A<y (L) is ©(nk) [2, 10, 14].

Everett et al. [15] computed Agk(L) in O(nlogn+kn) time. Furthermore, Chan [9] proposed
an expected O(nlogn + k% logn)-time algorithm to minimize a linear objective function over

Agi(L).
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3 Problem Formulation in the Dual Plane

We reformulate the problems with the dual plane. For an input set P = B U R of points in
the primal plane, we consider its corresponding dual set P* = B* U R*. As established in
Observation 5, a strip in the primal plane maps to a vertical segment in the dual plane. By
extension, a set of ¢ parallel strips in the primal plane corresponds to ¢ vertical segments
sharing a common z-coordinate in the dual plane. Thus, each problem can be expressed in
terms of dual-plane geometry as follows.

» Problem 6 (MaxBlue*). Given a set P* = B* U R* of n lines in the plane, find a vertical
segment that intersects the maximum number of lines in B* while intersecting no lines in R*.

» Problem 7 (MinRed*). Given a set P* = B* U R* of n lines in the plane, find a vertical
segment that intersects all lines in B* while minimizing the number of lines in R* that
intersect it.

» Problem 8 (t-MaxBlue*). Given a set P* = B*UR* of n lines in the plane and an integer ¢,
find ¢ vertical segments with a common z-coordinate whose union intersects the maximum
number of lines in B* while intersecting no lines in R*.

» Problem 9 (¢-MinRed*). Given a set P* = B*UR* of n lines in the plane and an integer ¢,
find ¢ vertical segments with a common z-coordinate whose union intersects all lines in B*
while minimizing the number of lines in R* intersected by the union.

4 O(n?)-time algorithm for MaxBlue and 3SUM-hardness

We present an O(n?)-time algorithm for MaxBlue, improving upon the previous best
O(n?logn)-time algorithm [17]. We also show that this running time is optimal under
the standard 3SUM conjecture.

» Theorem 10. We can solve MaxBlue and MaxBlue* in O(n?) time.

Proof. We can solve MaxBlue by solving MaxBlue*. Let P* = B* U R* be a set of n lines in
the plane. Our algorithm is rather simple. It computes a vertical segment in each cell C' of
A(R*) that intersects the most lines in B*. Among all such segments, it reports the one that
intersects the most. An optimal vertical segment intersects no lines in R*, which ensures the
algorithm’s correctness. However, achieving the optimal running time is challenging.

We describe the algorithm in detail and analyze its time complexity. Consider the
arrangements A(R*) and A(P*). Note that once A(P*) is computed, the arrangement A(R*)
is implicitly available. Let C be a cell of A(R*). Imagine we sweep C with a vertical line ¢
from left to right, starting from the leftmost vertex of C. Let c¢p be the number of lines in
B* whose intersection with ¢ lies in the interior of C'. Observe that cg = 0 at the leftmost
vertex of C, and cp changes only when ¢ hits an intersection point x between a line h in B*
and the boundary of C, excluding the leftmost and rightmost vertices: cp increases by one if
h enters C at x, and cp decreases by one if h leaves C at x. Thus, we can maintain cg by
traversing the upper and lower boundary chains of C' from their leftmost vertex within the
arrangement A(P*), and determine the position of ¢ at which cp is maximized. We repeat
this procedure for every cell in A(R*).

The arrangement A(P*) can be computed in O(n?) time. For each cell C' in A(R*),
the procedure above takes O(n¢) time, where ne denotes the number of vertices of A(P*)
lying on the boundary of C. Let d(v) be the degree of a vertex v in A(P*), that is, number



J. Lee, C. Chung, and H.-K. Ahn

of edges incident to v in A(P*). Observe that each vertex v of A(P*) appears on the
boundaries of at most d(v) cells of A(R*). Thus, the total time complexity is bounded by

Y oear) One) =3 e ap-y Od(v)) = O(n?). <

() (b) (c)

Figure 3 Sweeping a cell in A(R*) with a vertical line £. (a) cg =2, (b) ¢z =3, and (c) ¢ = 2.

We show that MaxBlue is 3SUM-hard by a reduction from the GEOMBASE problem.

Thus, there is no strongly sub-quadratic algorithm for MaxBlue unless the 3SUM problem
can be solved in O(n?~¢) time for any € > 0. The GEOMBASE problem is defined as follows:
Given n points in the plane with integer coordinates on three horizontal lines y = 0, y = 1

and y = 2, determine whether there exists a non-horizontal line containing three of the points.

It is known that the GEOMBASE problem is 3SUM-hard [16].
» Theorem 11. MaxBlue and MaxBlue* are 3SUM-hard.

Proof. We use a reduction from the GEOMBASE problem. Consider n blue points in the
plane with integer z-coordinates larger than 0 and at most M on three horizontal lines
y=0,y=1and y = 2, for some integer M. For each blue point p = («, 1), we place two
red points ¢ = (a4 1/(2v4 + M?),1) and ¢’ = (o — 1/(2v/4 + M?),1). We show that no
line £ : (b— a)y — 2z + 2a = 0 passing through any two blue points (a,0), (b,2) intersects
qq’ unless it passes through p. If £ does not pass through p, |2 — a — b > 1 since «, a,
and b are all integers. Then the distance between p and £ is [2a —a — b|/\/4 + (a — b)? >
200 —a = b|/V4+ M? > 1/vV/4+ M? > 1/(2v/4 + M?). See Figure 4(a).

Similarly, for each ¢ = 0,2, we place two red points ¢, ¢’ on y = ¢ for each blue point (3, 7)
such that no line passing through any two blue points (a, ), (b, k) for {j,k} = {0,1,2}\ {i}
intersects qq’ unless it passes through (3,4). Thus, we have n blue points and 2n red points
in total. The reduction takes O(n) time.

If a non-horizontal line contains three blue points, there is a strip containing three blue
points while excluding any red points. If no such line exists, no strip contains three blue
points while excluding any red points. See Figure 4(b). <

5 O(nkgp logn)-Time Algorithm for MaxBlue

We present an O(nkep: log n)-time algorithm for MaxBlue, where kopr denotes the number
of blue points not covered by an optimal strip. In the dual plane, we are given a set
P* = B*UR" of n lines in the plane, and our goal is to find a vertical segment that intersects
the maximum number of lines in B* while intersecting no lines in R*. For convenience, we
will refer to the lines in B* as blue lines and the lines in R* as red lines.
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——————— - \e-0-0--—

__________ oo — — — -

Figure 4 (a) We place two red points ¢,¢’ on y = 1 for each blue point p on y = 1 such that no
line passing through any two blue points (a,0), (b, 2) intersects qq’ unless it passes through p. (b) A
non-horizontal line contains three blue points if and only if there is a strip containing three blue
points while excluding any red points.

We focus on vertical segments whose endpoints lie on blue lines. If an endpoint does not
lie on a blue line, we can shorten the segment until each endpoint does, without changing
the set of blue lines it intersects.

In Section 5.1, we compute a value M such that kop/2 < M < 2kgpe. Then, in Section 5.2,
we determine kqp: and compute an optimal vertical segment using binary search. We assume
kopt # 0, as the case kop: = 0 can be detected in O(nlogn) time [21].

5.1 Reducing a Search Space

We find a value M such that kopt/2 < M < 2kop using exponential search. For each
k=202 ... we check if there exists a vertical segment with exactly k blue lines above it
and exactly k blue lines below it, and no red lines intersecting it. Let k' be the smallest
value of k for which the exponential search succeeds. We have kopr < 2k’ because there
exists a vertical segment that intersects no red lines and misses exactly 2k’ blue lines. The
search fails for k'/2. We show kopt > k'/2. Suppose kopt < k'/2. Then there exists a vertical
segment with k; blue lines above and ko blue lines below, intersecting no red line, such that
max{ky, ka} < kopt < k'/2. Shortening it gives a vertical segment with £’/2 blue lines above
it and k’/2 blue lines below it, intersecting no red lines. This contradicts that the search
fails for k'/2. Thus, kepe > k'/2.

To perform this exponential search, we observe that a vertical segment with exactly k
blue lines above it and exactly k blue lines below it has one endpoint on Ag(B*) and the
other on A|p|_j_1(B*). We denote such a segment by T (z), where z is its z-coordinate.
Imagine moving Y (z) from left to right while keeping its endpoints on these two z-monotone
chains. As we increase x, we maintain the number of red lines intersected by Y (z) and
check if there exists a position 2’ such that T (z') intersects no red lines.

» Lemma 12. For 0 < i < j < |B|, suppose that the points in A;(B*) N R* and A;(B*)NR*
are given in sorted order of their x-coordinates. We can decide whether there exists a vertical

segment intersecting no red lines, with one endpoint on A;(B*) and the other on A;(B*) in
O(|R*| + |Ai(B*) N R*| + | A;(B*) N R*|) time.

Proof. Let L be a value smaller than the smallest z-coordinate among the points in (A;(B*)N
R*)U(A;(B*)NR*). Any vertical segment lying on or to the left of z = L with one endpoint
on A;(B*) and the other on A;(B*) intersects the same set of red lines. See Figure 5.
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We sweep the plane with a vertical line £, starting at x = L and moving to the right, and
count the number N, of red lines intersected by the vertical segment whose endpoints are
Ai(B*)N ¢ and Aj(B*)N{. At o = L, we compute N, in O(|R*|) time.

As £ moves to the right, N, changes only when ¢ passes through a point in (A4;(B*) N
R*)U (A;(B*) N R*). Therefore, given these intersection points in increasing order of their
z-coordinates, we can update NN, while sweeping and determine whether there exists a
position at which the segment intersects no red lines in O(]A;(B*) N R*| + |A;(B*) N R*)
time. |

Figure 5 Three snapshots of the algorithm in Lemma 12 for ¢ = 1 and j = 6.

Let k be an integer with 0 < k < |B|. We show that Ax(B*)NR* and A|g|_,_1(B*) N R*
can be computed and sorted in O(nklogn) time.

» Lemma 13. We can compute a collection of k + 1 edge-disjoint concave chains whose
union is A<k (B*) in O(nk'/3logn) time.

Proof. We use a standard algorithm to decompose Agy(B*) into O(k) concave chains as
in [1, 9]. Chan [9] showed that this can be done in the same time we construct Ay (B*).
Thus, the chains can be constructed in O(nk'/?logn) time [7, 11]. |

» Lemma 14. A, (B*) N R* has size O(nk) and can be computed in O(nklogn) time.

Proof. We first decompose Ay (B*) into k + 1 concave chains in O(nk!/3logn) time using
Lemma 13. By construction, every vertex of each chain lies on Ay (B*). Therefore, each chain
has complexity O(nk'/3). Then, for every pair consisting of a chain and a line in R*, we
compute all intersection points between them. Since each chain is concave, a line intersects
it at most twice, and these intersections can be found in O(logn) time. As there are O(k)
chains and O(n) lines, the total number of intersections is O(nk), and all intersections can
be computed in O(nklogn) time. See Figure 6. <

Figure 6 (a) For a set B* of 7 blue lines, a red line intersects A<s(B”™) in five points. (b-c) After
decomposing Ag¢s(B*) into concave chains, a red line intersects each concave chain in at most two
points.
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Let Q@ = A¢i(B*) N R*, which can be computed in O(nklogn) time by Lemma 14.
Observe that Ai(B*) N R* = Ap(B*) N Q. We can compute Ax(B*) in O(nk'/3logn)
time [7, 11]. After sorting the points of @ in increasing order of their z-coordinates, we
traverse the chain Ay (B*) from left to right and, for each point of @, check whether it lies
on A (B*). Since both sequences are processed in increasing order of their z-coordinates,
this can be done in linear time in the size of @ and A, (B*). Consequently, we can identify
all points in Ay (B*) N R* within the same time bound.

» Corollary 15. Ay (B*) N R* has size O(nk) and can be computed in O(nklogn) time.

Observe that A pj_,—1(B*) N R* has size O(nk) and can be computed in O(nklogn)
time by Corollary 15 and symmetry. Thus, by Lemma 12 and Corollary 15, we can decide
whether there exists T (x) for some x intersecting no red lines in O(nklogn) time.

Recall that kopt/2 < k' < 2kgpt, where k' is the smallest value of k = 20,21, ... for which
the exponential search succeeds. Once the search succeeds, we terminate it and set M = k.
The total running time is > 2, o0 51 O(nklogn) = O(nk'logn), which is O(nkop logn).

.....

» Lemma 16. We can compute M such that kopt/2 < M < 2kopr in O(nkoplogn) time.

5.2 Finding an Optimal Strip

By Lemma 16, we can compute M such that kope € [M/2,2M] in O(nkep: logn) time. Observe
that for an integer ¢ € [M/2,2M], there exists a vertical segment that intersects no red lines
and misses exactly ¢ blue lines if and only if ¢ > kope. Thus, we find kope using binary search
within [M/2,2M] as follows. At each binary step, let [s, e] be the current range and m its
median. Initially, [s,e] = [M/2,2M]. We test if there exists a vertical segment intersecting
no red lines and missing exactly m blue lines. If so, update [s, €] to [s,m]. Otherwise, update
[s,€] to [m + 1,e]. Continue the binary search recursively.

Preprocessing

We compute, for every i =0, ...,2M, the sorted list of points in A;(B*) N R* in increasing
order of their z-coordinates. We also do this for every ¢ = |B| —2M —1,...,|B| — 1. We
show that this can be done in O(nM logn) time in total.

» Lemma 17. For every i =0,...,2M, the list of points in A;(B*)N R* sorted in increasing
order of their x-coordinates can be computed in O(nM logn) total time.

Proof. We first compute the arrangement Agaop(B*) in O(nlogn + nd) time [15]. This
allows us to store each chain A;(B*) explicitly for every ¢ = 0,...,2M by tracing the
arrangement. Note that the complexity of Agon (B*) is O(nM).

Then we compute all intersection points Q) = Agan (B*) N R* and sort them in increasing
order of their z-coordinates. By Lemma 14, this can be done in O(nM logn) time.

We determine which chain A;(B*) contains each point of @ by sweeping the plane with
a vertical line ¢. For each i = 0,...,2M, we maintain the edge of 4;(B*) intersected by ¢,
sorted by increasing i. Since the points A;(B*) N ¢ for i = 0,...,2M are sorted by their
y-coordinates, we can determine which chain 4;(B*) contains the point of @ hit by ¢ by
binary search in O(log M) time. Since |Q| = O(nM), it takes O(nM log M) time in total. <
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Figure 7 For 8 blue lines, a vertical segment missing two blue lines has endpoints in A;(B*) and

'AJ(B*) for (27.7) € {(075)7 (176)7 (277)}'

Binary search

At each binary step with range [s, €], we test if there exists a vertical segment missing exactly
m = [ (s +€)/2] blue lines and intersecting no red lines. If a vertical segment with endpoints
in A;(B*) and A;(B*) misses exactly m blue lines, then 0 <i<m and j =|B| —m —1+4.
See Figure 7. Thus, for every i =0, ..., m, we check if there exists a vertical segment with
endpoints in A;(B*) and A|g|_n,—14.(B*) that intersects no red lines.

By preprocessing, we have the sorted list of points in A;(B*) N R* and A|g|—m—14:(B*)N
R* for every i € {0,1,...,m}. By Lemma 12, we can test in O(|R*| + |A;(B*) N R*| +
|A|B|—m—14:(B*) N R*|) time whether there exists a vertical segment with endpoints in
Ai(B*) and A|g|_m—14:(B*) that intersects no red lines. Thus, the total time is

Y OUR|+|A(B*) N R+ |Ajp)m-114(B*) N RY]),

1=0,..., m

which is O(nm + |A<m (B*)| + | A Bj—m—1(B*)]), where A p|_p—1(B*) denotes the union
of i-levels of A(B*) for all ¢ > |B| —m — 1. By Lemma 14, |A¢,,(B*) N R*| = O(nm),
and |Ax|j—m-1(B*) N R*| = O(nm) by symmetry. Thus, each binary-search step takes
O(nm) = O(nkopt) time.

Since the binary search takes O(log M) = O(logkop) steps, its total time is
O(nkoptlog kopt).  Thus, the overall running time is O(ndM logn + nkoptlogkop:) =
O(nkopt logn).

» Theorem 18. We can solve MaxBlue and MaxBlue* in O(nkqptlogn) time.

Our output-sensitive algorithm is asymptotically faster than the O(n?)-time algorithm
for kopt = o(n/logn). We can guarantee the running time O (min{n? nkoylogn}) by
terminating the exponential search immediately when k exceeds n/logn and running the
quadratic-time algorithm.

6 Algorithm for t-MaxBlue

We present an O(n? logn)-time algorithm for t-MaxBlue. Note that ¢ is part of the input,
but it does not affect the asymptotic running time.

» Theorem 19. We can solve t-MaxBlue and t-MaxBlue* in O(n?logn) time.

Proof. In t-MaxBlue*, we are given a set P* = B* U R* of n lines in the plane and an
integer ¢, and find ¢ vertical segments with a common z-coordinate whose union intersects
the maximum number of lines in B* while intersecting no lines in R*. For convenience, we
will refer to the lines in B* as blue lines and the lines in R* as red lines.
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We first compute the arrangement A(R* U B*) in O(n?) time. Then, we sweep the plane
with a vertical line ¢ from left to right. For any fixed position, £ is subdivided by £ N R* into
|R| + 1 segments (possibly open or degenerate to a point). By shrinking those segments,
we consider the maximal vertical segments whose endpoints lie on £ N B* and that do not
intersect any lines of R*. See Figure 8. Let s1,s2,...,5|g|+1 denote these segments, ordered
by decreasing y-coordinate, and let n; denote the number of blue lines intersected by s;.

During the sweep, we maintain two lists, Ly and Ls. List L; contains pairs (s;,n;),
sorted by decreasing y-coordinate of the segments. List Lo contains the sorted numbers n;.
Any combinatorial changes to the vertical segments in ¢ occur only when ¢ hits a vertex
of A(R* U B*). Any changes to the numbers occur only when ¢ hits an intersection of a
blue line and a red line, which is a vertex of A(R* U B*). At such an intersection, only two
consecutive numbers n; and n;;1 change, each by at most one. In Figure 8, L; has (s3,3)
and (s3,2) at £1, but they change to (s2,2) and (s3,3) at £ due to the intersection u. After
4y, so intersects no blue lines, and Ly has (s2,0). Let an event refer to a moment when ¢
hits a vertex of A(R* U B*).

By maintaining a balanced binary search tree that stores R* U B* in sorted order of their
intersections with ¢, as in a standard plane sweep algorithm, we can compute all events
sorted in their z-coordinates in O(n?logn) total time. At an event with a blue line and
a red line defining the event, we can update both L; and Ls in O(logn) time. Thus, the
overall running time is O(n?logn).

To find an optimal solution, we maintain an additional value, the sum of the largest ¢
values in Ly. The sum can be updated in O(logn) time per event by maintaining L. Let
N C {ni1,...,ng+1} be the set of the t largest values in Lo, and let S C {sy,...,8g|4+1}
be the corresponding segments at a position of £ where the sum is maximized. The vertical
segments in S intersect )\ m blue lines but no red lines, and S is an optimal solution
to t-MaxBlue*. By the dual transform, the dual of the vertical segments in S are ¢ parallel
strips that contain ) . m blue points but no red points. Thus, the set of ¢ parallel strips,

dual to S, is an optimal solution to t-MaxBlue. |
12 Lo l3 Ly L5

S1

—_ P

>ﬂ<—<\

\>< 52
[

— e

7 m
— 0
I
S3 /
/

Figure 8 ¢ moves from ¢; to £5. Any changes to L2 occur only when /¢ hits an intersection of a
blue line and a red line, marked by a small disk.

7 Algorithm and 3SUM-hardness for t-MinRed

We first show that t-MinRed is 3SUM-hard even when ¢t = 2. Then we show that ¢-MinRed
can be solved in O(n?) time for t = 2 and in O(n?logn) time for t > 3.
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» Lemma 20. 2-MinRed is 3SUM-hard.

Proof. We use a reduction from the GEOMBASE problem. Consider a set of n red points on
the horizontal lines y = 0, y = 1, and y = 2, each with an integer z-coordinate satisfying
0 < x < M for some integer M. For each ¢ = 0, 1,2, and for each red point p = (8,1), we
place two blue points ¢,¢’ on y =i as in Theorem 11 in total O(n) time such that no line
passing through any two red points (a, j), (b, k) for {j, k} = {0,1,2}\ {¢} intersects ¢¢’ unless
it passes through p. We have n red points and 2n blue points in total. The reduction takes
O(n) time.

Suppose that there exists a non-horizontal line ¢ containing three red points. Then there
are two strips parallel to £ such that their union contains all blue points while containing
exactly n — 3 red points. If no non-horizontal line contains three red points, no two parallel
strips can cover all blue points while excluding three or more red points. In particular, every
pair of parallel strips whose union contains all blue points must contain at least n — 2 red
points. <

In the dual plane, we are given a set P* = B* U R* of n lines in the plane and an integer ¢.

Our goal is to find ¢ vertical segments with a common z-coordinate whose union intersects
all lines in B* while minimizing the number of lines in R* intersected by the union.

» Theorem 21. We can solve 2-MinRed in O(n?) time.

Proof. For a cell C of A(B*), let Hy(C) and Hi (C) denote the upper hull and the lower hull
of C', respectively. Let s; and so be an optimal pair of vertical segments where s; lies above
s3. Since 51 U sy intersects all lines in B*, 51 has its upper endpoint on A g|_1(B*), s has

its lower endpoint on Ag(B*), and both s; and sy are incident to a common cell in A(B*).

See Figure 9(a).

Ajg|-1(B") y (B
|Bl-1
51
52 As(B*)
Ao(B") 4B

(a) (b)

Figure 9 (a) s1 has its upper endpoint on A|g|_1(B™), s2 has its lower endpoint on A¢(B*), and

both s; and sz are incident to a common cell in A(B*). (b) The gray region represents the cells in Ca.

The number of red lines intersected by s1 U sz is n(v2) — n(vi) + n(va) —n(vs) =1-04+3 -3 =1.

Therefore, for each cell C' in A(B*), except the cell below Ag(B*) and the cell above
Al B‘,l(B*), we find two vertical segments s; and sy such that their endpoints are the
intersections between a vertical line and {Ag_1(B*),Huy(C),HL(C), Ao(B*)}, and the
number of lines in R* intersected by s; U s2 is minimized.

To do this efficiently, we first compute A(B*U R*) in O(n?) time, which also gives A(B*).

For a vertex v in A(B*UR*), let n(v) denote the number of lines in R* lying above v. We can
compute n(v) for every vertex v in A(B* U R*) in O(n?) time by traversing the arrangement
A(B* U R*).
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For a cell C in A(B*), all points in H| (C) have the same level in A(B*), and all points in
Hu(C) have the same level in A(B*), if they are defined. Their levels differ by one in A(B*).
Let C; denote the set of cells in A(B*) whose lower hull lies on A;(B*) for i =0,...,|B| — 2.
Then, C; is the set of cells in A(B*) whose upper hull lies on A4;;1(B*). Note that ULE!{Q C;
is the set of all cells in A(B*), except the cell below Ag(B*) and the cell above A g|_1(B*).

Cousider C; for a fixed 0 < i < |B| — 2. We find two optimal vertical segments lying on
a vertical line ¢, restricted to the cells in C; as follows. Imagine we sweep the plane with
a vertical line ¢ from left to right. At a fixed position of ¢, let s; and sy be the vertical
segments lying on ¢ whose endpoints are the intersections of £ and each of the four chains in
{Ap-1(B"), Aix1(B*), Ai(B*), Ao (B*)}. See Figure 9(b).

Let v1 € Ajp|—1(B*), v2 € Ai11(B*), v3 € Ai(B*), and vy € Ag(B*) be the rightmost
vertices in A(B* U R*) among the ones on or left to £. Then, the number of lines in R*
intersected by s1 U sg is n(vg) — n(v1) + n(vs) — n(vs). Thus, while we slide ¢, the number
changes only when ¢ encounters a vertex of A(B* U R*) contained in the four chains.

Since n(v) is computed for every vertex v in A(B* U R*) in the preprocessing and the
total number of vertices in the four chains is O(n), this procedure can be done in O(n) time
by traversing the four chains in the arrangement A(B* U R*). We repeat this for every
0 < i < |B| — 2, which takes O(n?) time in total. <

» Theorem 22. We can solve t-MinRed in O(n?logn) time fort > 3.

Proof. We give a reduction from ¢-MinRed to (¢ 4+ 1)-MaxBlue in O(n) time, which completes
the proof by Theorem 19. Let P = B U R be a set of n points in the plane. Assume that
there is an optimal solution for ¢~-MinRed whose strips have a positive slope. The other case
can be handled symmetrically.

We first compute an axis-parallel square @ that contains P in its interior. Let v, and
vp be the upper-left and lower-right vertices of @, respectively. Consider two translates @,
and @y of ), one with its lower-right corner at v, and one with its upper-left corner at vy.
Let v1,...,v4 and vs, ..., vg denote the corners of Q, and Qy, respectively. For each v;, we
place n points on it. Let V be the set of 8n points placed on vy, ...,vs. Observe that the
convex hull of V' contains the convex hull of BU R. See Figure 10.

Let Sopt be an optimal solution for ¢-MinRed whose strips have positive slope and contain
no point in V. Let 1 < kopr < |R| denote the number of points in R covered by Sopt. Let fpt
be a set of ¢ + 1 strips that are parallel and disjoint to the strips of Sgp: and whose union
covers all points in (P UV) \ Sept. Since Sepe covers all points in B, Sep covers no points in
B, and it covers 8n + |R| — kopt points in total, 8n from V and |R| — kopt from R.

We now construct an instance of (¢ + 1)-MaxBlue with two point sets E = V U R and
I = B. Here, an optimal solution consists of t + 1 parallel strips whose union contains the
maximum number of points of E while containing no points of F.. Let S be an optimal
solution for the (¢ + 1)-MaxBlue instance. Let S be a set of ¢ strips such that each strip is
the region between two consecutive strips of S.

We show that S is an optimal solution for ¢-MinRed for the instance. We first show three
observations on S: (1) every point in V is covered by S, (2) every point in F' = B is covered
by S, and (3) every point in R is covered by either S or S.

For (1), suppose there is a point of V not covered by S. Then S covers at most 7n points
of V, and hence at most 7n + |R| points of E = V U R. This contradicts the optimality of S,
because Sopt covers 8n + |R| — kopt > Tn + |R| points of E while covering no point of F' = B.

For (2), suppose there is a point p € F' = B not covered by S. By definition, p is not
covered by S, so p lies outside S U S. This implies that some vertex in V is not covered by
S, contradicting (1). See Figure 10(b).
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For (3), suppose there is a point ¢ € R covered by neither S nor S. Then we could
enlarge an outermost strip of S so that it contains ¢ without including any point of F = B,
contradicting the optimality of S.

By (2), S covers all points of F' = B. Let k be the number of points of R covered by S.
Suppose S is not optimal for t-MinRed, that is, k > kopt. By (3), S covers |R| — k points of
R, and by (1), it covers all 8n points of V. Thus S covers 8n + |R| — k points of E =V UR,
which is less than 8n + |R| — kopt, contradicting the optimality of Sop. <

U1 U2 U1

Qa QFL

U3 Vg Vg = U4

V6

(a) (b)

Figure 10 (a) Sopt = {01, 02,03} and Sep: = {G1,02,03,04} (b) S consists of the gray strips, and
S consists of the yellow strips. If S U S does not cover p, there is a vertex in V not covered by S.
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