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—— Abstract

We study the online multi-level aggregation problem with deadlines (MLAP-D) introduced by
Bienkowski, Bohm, Byrka, Chrobak, Diirr, Folwarczny, Jez, Sgall, Thang, and Vesely (ESA 2016,
OR 2020). In this problem, requests arrive over time at the vertices of a given vertex-weighted tree,
and each request has a deadline that it must be served by. The cost of serving a request equals the
cost of a path from the root to the vertex where the request resides. Instead of serving each request
individually, requests can be aggregated and served by transmitting a subtree from the root that
spans the vertices on which the requests reside, to potentially be more cost-effective. The aggregated
cost is the weight of the transmission subtree. The goal of MLAP-D is to find an aggregation solution
that minimizes the total cost while serving all requests. MLAP-D generalizes some well-studied
problems including the TCP acknowledgment problem and the joint replenishment problem, and
arises in natural scenarios such as multi-casting, sensor networks, and supply chain management.

We present improved and parameterized algorithms for MLAP-D. Our result is twofold. First,
we present an e(D + 1)-competitive algorithm where D is the depth of the tree. Second, we present
an e(4H + 2)-competitive algorithm where H is the caterpillar dimension of the tree. Here, H < D
and H < log, |V| where |V] is the number of vertices in the given tree. The caterpillar dimension
remains constant for rich but simple classes of trees, such as line graphs (H = 1), caterpillar graphs
(H = 2), and lobster graphs (H = 3). To the best of our knowledge, this is the first online algorithm
parameterized on a measure better than depth. The state-of-the-art online algorithms are 6(D + 1)-
competitive by Buchbinder, Feldman, Naor, and Talmon (SODA 2017) and O(log|V|)-competitive
by Azar and Touitou (FOCS 2020). Our framework outperforms the state-of-the-art ratios when
H = o(min{D,log, |V'|}). Our memory-based algorithms extend transmission subtrees with a cost
comparable to transmission subtrees used to serve previous requests. Our simple framework directly
applies to trees with any structure and differs from the previous frameworks that reduce the problem
to trees with specific structures.
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1 Introduction

Aggregation optimization problems have a wide range of applications including supply chain
management [2, 18,22, 31], communication networks [19, 20], and multicasting [5,13]. The
common scenario of these applications is that individually resolving each request can be
costly over time. Requests can be aggregated and served as batches under some aggregation
constraints to lower service costs.
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This work investigates the online multi-level aggregation problem with deadlines (MLAP-D)
introduced in [7],! which captures two characteristics of aggregation optimization problems.
First, the service network is hierarchical and has a rooted tree structure. Second, the requests
arrive in an online and dynamic fashion, and the decision-making is irrevocable in serving
the requests.

1.1 Online Multi-level Aggregation with Deadlines

In MLAP-D, we are given an undirected tree 7 = (V, E) rooted at r € V. Each vertex v € V
is associated with a cost defined by ¢: V' — R>g. The tree 7 and the vertex costs are given
offline, in advance. A request p is associated with a vertex v, € V(7) and a time interval
lay,d,]. Here, v, is the location of the request, and a,,d, € R>( are the arrival time and
the deadline of the request p, respectively. The time starts at zero, and the continuous time
model is used. At time a,, request p arrives and the information of p (v, and d,) is revealed.
The requests appear in an online fashion, so at time ¢, any information about requests p’
with a,, > t is not revealed. The output of an algorithm for MLAP-D is a collection 71, ..., T,
of subtrees of T rooted at r at different times t1,to, ...ty where t; < to < ... < ty. A request
p is served if during the time interval [a,,d,], a rooted subtree T; contains v,. It is possible
that more than one request is served at the same vertex and the same time. Every request
p must be served before the deadline d,. It is noteworthy that we need not serve requests
one at a time, as requests with overlapping time intervals can be served simultaneously as a
batch, which can be more cost-effective. Let S = {(T},t;)}¢_, denote a solution for MLAP-D.
The cost of S is the total cost of the subtrees at different times. More specifically, let

e(8) = Zc(Ti) be the cost of S where ¢(T;) = Z ¢(v) is the cost of Tj.
i=1 veV(T;)

Without loss of generality we assume that the arrival times and deadlines of all requests
are distinct, as any instance can be converted to an instance of this form via an infinitesimal
perturbation.

We note following [15] that the vertex-weighted formulation captures the edge-weighted
problem as follows. First, we can assume that in the edge-weighted instance, r only has
one adjacent vertex. If » has multiple adjacent vertices, we can separate the problem into
multiple instances in which r has one adjacent vertex. Combining the solution of these
separated instances gives a solution of the original instance without any extra cost. Next,
we can move the cost of any edge into the endpoint vertex further away from r and finally
remove r and set the vertex adjacent to r as the new root.

Given a problem instance Z, and a deterministic online algorithm ALG, we use ALG(Z)
to denote the cost of the solution to Z outputted by ALG. Using the classic online algorithm
framework, we compare this cost to that of the offline optimal solution OPT on this instance,
which we denote OPT(Z). An algorithm is k-competitive if ALG(Z) < k- oPT(Z) for all
problem instances Z. For a fixed problem instance, we will simply use ALG and OPT to denote
the costs.

MLAP-D was presented as a unification of several aggregation problems on trees [7]. We
defer the discussions about these special case problems in Section 1.4. The first non-trivial
online algorithm for MLAP-D was D?2P-competitive [7], which was later improved to the

1 See also [8] for the journal version.
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state-of-the-art 6(D + 1)-competitive algorithm [15]. Here, D is the depth of the tree. There
is a paper claiming a D-competitive algorithm [26] which we cannot confirm the correctness
of. When D = 2, the competitive ratio is 2 [10, 11], which remains the highest known
lower bound on the competitive ratio of MLAP-D for trees of fixed depth. The problem is
NP-hard [2] and APX-hard [10,27]. Closing the competitive ratio gap between 2 and O(D)
has been an intriguing open problem.

1.2 QOur Contributions

In this work, we present improved competitiveness for MLAP-D. Our result is twofold.
First, we present an improved O(D)-competitive algorithm. Second, we present an O(H)-
competitive algorithm where H is the caterpillar dimension of the tree. Our competitive
algorithms are based on a generic memory-based framework which judiciously constructs an
online solution according to historical information.

1.2.1 Our O(D)-competitive algorithm

In Section 2, we show the following theorem by our memory-based framework.
» Theorem 1. There exists a (1+35)P (D +1) < e(D+1)-competitive algorithm for MLAP-D.

We emphasize that our algorithm can be directly applied to any tree structure. This
makes the analysis direct, and differs from some previous work that relies on reductions to
trees with specific structures, such as L-decreasing trees [9,15].

1.2.2 O(H)-competitiveness

To potentially improve the competitive ratio for MLAP-D, we consider a preferable measure
over depth, namely, the caterpillar dimension introduced in [25]. The notion of heavy path
decomposition was introduced in [30]. A heavy path decomposition of T is a vertex-disjoint
partition P such that (1) each element in P is a set of vertices that contains exactly one
leaf vertex and forms a path in 7 and (2) any two vertices in an element in P must have
an ancestor-descendant relationship. Recall that r is the root vertex of 7. Consider a leaf
vertex u and the r-u path. Let d(P,u) denote the number of elements in P intersecting the
r-u path. The dimension of the decomposition P is dim(P) := max,cr7){d(P,u)} where
L(T) denotes the set of leaf vertices in 7. The caterpillar dimension H of T is the minimum
dimension among all heavy path decompositions. See Figure 1 for an example.

The caterpillar dimension remains constant for certain classes of trees, such as line
graphs (H = 1), caterpillar graphs (H = 2), and lobster graphs (H = 3). The caterpillar
dimension is at most D and log, |V, and can be computed in polynomial time, as well as
the corresponding heavy path decomposition [25].

In Section 3, we show the following theorem using our memory-based framework.

» Theorem 2. There exists a (4H +2)(1 + 2H1+1)H+1(1 + 57 )7 < e(4H + 2)-competitive
algorithm for MLAP-D.

To the best of our knowledge, this is the first online algorithm parameterized on a measure
better than depth. Interestingly, our framework outperforms the state-of-the-art ratios of
O(D) [16] and O(log |V|) [4] if H = o(min{D,log, |V'|}). For infinite line graphs (H = 1),
the best competitive ratio is known to be exactly 4 [7].
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Figure 1 T consists of the solid and dashed edges. Components connected by the solid edges define
the elements of P. The heavy path decomposition P of 7 has six elements: {va,vn}, {r,va,ve,vi},
{v;}, {vs}, {vs,vg}, and {v.}. When the leaf vertex u = vi, v, vf,vg, Or Ve, the r-u path intersects
two elements in P which maximizes d(P,u), so the dimension of P is two. A decomposition with a
lower dimension does not exist, so the caterpillar dimension of T is two.

1.3 High-level Technical Overview
1.3.1 The e(D + 1)-competitive algorithm

In both the offline and online settings, the fundamental question when designing an algorithm
for MLAP-D is to decide how many extra requests to aggregate into the service subtree,
beyond the bare minimum required for a feasible solution. The biggest challenge one faces
when developing a competitive algorithm is finding a way to lower-bound the performance
of the optimum solution for a given instance. Most online algorithms for MLAP-D [9,15]
have been memoryless, in the sense that the algorithm’s decision making is only a function
of the current unserved requests and locations, and the relative order of their deadlines.
This discards information which can potentially be used to justify further aggregation of
the service subtree at a given time ¢;. Our main algorithmic contribution is to incorporate
memory naturally to inform the algorithm’s decision-making process. From a mathematical
standpoint, memory is used in the amortized analysis to ensure that we can attribute the
cost of our algorithm ALG to the cost of the optimal solution OPT without double-counting,
which is crucial for establishing a competitive ratio.

Leaving out some technical details, we describe the motivations behind our algorithms as
follows. When an active request p reaches its deadline at time ¢;, we are forced to transmit
a service subtree which contains v,, and so our algorithm begins by initializing the service
subtree as the path r-v,. Each v in the 7-v, path adds a cost of ¢(v) to the algorithm’s
solution, and therefore we want to delay making another service which includes v until we are
sure that OPT itself must have outputted services with costs comparable to ¢(v). Therefore,
it is natural that each node receives a budget proportional to ¢(v) which is allocated towards
adding extra services to the service subtree, and we call the nodes that the budget is spent
on investments. The investment procedure is handled by a recursive function, where deeper
nodes are the first to make their investments. The difficulty with this approach is that at
different times, several different vertices may invest in the same node, which could lead to
over-counting the costs associated with OpPT.

We use memory to tackle this issue. Before vertices on the path from r-v, start spending
their investment budget, they may also add their previous investments to the service subtree
and recursively expand the transmission subtree, in a stage of the algorithm we call the
expansion stage. This prevents nodes from reinvesting onto previous investments. The
expansion stage is handled by a separate recursive process which occurs before the investment
stage. It is then for these expansion vertices that we make investments. We decide whether



Y.-S. Lin and A. Turoczy

to add those previous investments as follows. After a vertex has made its investment, we set
a timer in memory to record when all of the investments we have made are anticipated to
reach their deadline. If a vertex v at time ¢; is an expansion vertex again after the timer has
elapsed, then we can make inferences about comparable costs OPT must have experienced
based on our investments. In this case, we call v an anticipated vertex at time t;. Otherwise,
we can infer that there must have been a request that had appeared deeper than v and
expired before our timer elapsed, which we can also associate with a cost by opT. We call
such vertices unanticipated at time t;.

We briefly provide a broad overview of the analysis. In Section 2.1, we express ALG in
terms of only the unanticipated expansion nodes. We use the standard amortized analysis
techniques, in particular, an accounting argument to redistribute the costs in a top-down
fashion based on proof by induction. Then in Section 2.2, we show that the unanticipated
expansion nodes serve as a way to lower bound OPT. This requires using a charging scheme
that defines a one-to-one mapping between the cost accounted for the unanticipated expansion
vertices and OPT. As a consequence of these two results, we can bound the competitive
ratio of the algorithm. When we first define the algorithm, we leave a parameter which
controls the extent of aggregation unspecified. Selecting the optimal parameter results in an
e(D + 1)-competitive algorithm for MLAP-D.

1.3.2 The e(4H + 2)-competitive algorithm

Our e(4H + 2)-competitive algorithm utilizes the framework developed by the e(D + 1)-
competitive algorithm. The main difference is the use of the heavy path decomposition
structure while assigning memory-based investment budgets to vertices. Instead of assigning
the budget for every vertex v to be proportional to its cost ¢(v), we allow one vertex per
path in P to have a potentially much larger budget.

Following the same strategy as before, to prove the competitiveness of our algorithm,
we show that (1) the cost ALG is comparable with the cost of the unanticipated expansion
vertices and (2) we can relate the costs of unanticipated expansion vertices to OPT directly via
a charging scheme. The charging scheme is identical to our O(D)-competitive algorithm. The
main change to the analysis is to judiciously modify the redistribution accounting argument
for the cost based on a proof by induction to show (1). Ultimately, by selecting the optimal
parameters for the two different investment budgets, we obtain an e(4H + 2)-competitive
algorithm for MLAP-D.

1.4 Related Work
1.4.1 Online multi-level aggregation with waiting cost

The most related variant of MLAP-D is the setting that each request has a waiting cost
instead of a strict deadline. The objective is to minimize the sum of the total service and
waiting costs. This problem is termed the online multi-level aggregation problem (MLAP).
For general MLAP, an algorithm with competitive ratio D*2P was presented in [7] and later
improved to O(D?) [3]. When D = 1, MLAP is also called the TCP acknowledgment problem
(TCP-AP). The optimal competitive ratio for TCP-AP is 2 for deterministic algorithms [19]
and e/(e — 1) ~ 1.582 for randomized algorithms [16,20]. Interestingly, TCP-AP is equivalent
to the lot sizing problem [31], which has been extensively studied in the operations research
community. When D = 2, MLAP is also called the joint replenishment problem (JRP).
The state-of-the-art competitive ratio for JRP is 3 [17] and the current best lower bound
is 2.754 [11] which improves an earlier bound of 2.64 [17]. When H = 1, i.e., the input
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tree is a line, the upper bound for the competitive ratio is 5 [12] which improves an
earlier bound of 8 [14], and the lower bound is 4 [7] which improves an earlier bound of
(5 ++/5)/2 ~ 3.618 [12]. [4] introduced a unifying framework for problems with delay and
deadlines admitting a competitive ratio of O(log |V|) for MLAP. A slight variant of MLAP
was presented in [21] where the competitive ratio is logarithmic in the cost of the aggregation
tree. We refer the reader to [9] for a concise summary for MLAP and MLAP-D.

1.4.2 Offline multi-level aggregation

In offline MLAP-D, the information of all requests, including the location, the arrival time,
and the deadline (also the waiting cost for offline MLAP), is given in advance. The offline
problem currently has significantly better approximation results than the online problem.
For offline MLAP-D, the current best approximation ratio is 2 [6,7]. For offline MLAP, the
current best approximation ratio is 2 + € [28] by adapting an algorithm in [24] for the multi-
stage assembly problem. For offline TCP-AP, there is an optimal dynamic programming
algorithm [1]. Offline JRP is NP-hard [2] and APX-hard [10,27] and the current best
approximation ratio is 1.791 [11] improving the previous ratios of 1.8 [23] and 2 [24].

1.4.3 Approximation algorithms parameterized on caterpillar dimension

Quite surprisingly, the only algorithm parameterized on the caterpillar dimension that we
are aware of is the advice complexity of the online k-server problem on trees [29]. More
specifically, to obtain optimal solutions for online k-server on trees, it is sufficient to use
2 + 2[log,(H + 1)] bits of advice per request. We believe that the caterpillar dimension is a
natural measure to evaluate the performance of approximation and online algorithms for
challenging problems on trees, especially for problems like MLLAP-D where the state-of-the-art
competitive ratio is linear in the tree depth.

2 The e(D + 1)-competitive Algorithm

In this section, we prove Theorem 1.

We describe the components of Algorithm 1. Once a request p reaches its deadline, the
procedure ONDEADLINE is called in order to construct a service subtree to serve p. During
this procedure, vertices are added to a service subtree T' in two separate stages, which we
call the expansion stage and the investment stage. Vertices added during the procedure
EXPANSIONSTAGE are added to the set V¥ and those added during INVESTMENTSTAGE are
added to V', and the final transmission tree is taken as the subtree induced on the disjoint
union V¥ U V. For each node v, the algorithm maintains three pieces of information which
are used in both stages: ¢, > 0, next, > 0, and I, C V(T,)\ {v} where T, is the subtree of T
rooted at v which includes all the vertices and edges under v. These variables are initialized
in the INITIALIZATION procedure at the beginning of the problem instance as ¢, = ¢(v),
next, = oo and I, = &. We later describe how this stored information is used.

We first describe the expansion stage. When an unserved request p on v, reaches its
deadline at time ¢, we are forced to output a service subtree containing v,. In this case, we
say that the request p is critical. We start by adding the vertices on the path from 7 to v, to
VE. From here, the algorithm recursively expands the transmission subtree by adding the
vertices which are in I, to V¥ if next, < t, starting with v = r and then repeating this on
its children in VE. Observe for the first service occurring at t; that none of the sets I, are
added to V¥, as next, = oo initially.
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Algorithm 1 e(D + 1)-competitive algorithm for MLAP-D.

1: procedure INITIALIZATION
2: for v € V(T) do
3: Ly + c(v)
4: next, < oo
5: I, <o > Stores set of nodes which v invested in most recently
6:
7: procedure ONDEADLINE > Unserved request p reaches deadline at time ¢ = d,
8:  Initialize V¥ as the set of vertices on path from r to v, > V¥ is a global variable
9. VE «+ ExpansioNSTAGE(VE, 7)
10:  Initialize V! + @ > V! is a global variable
11: VI < INVESTMENTSTAGE(V!, VE 7)
12: return T < T[VE u V] > Transmit T
13:
14: procedure EXPANSIONSTAGE(V | v)
15: if ¢t > next, then > t denotes current time
16: for v’ € I, do
17: Add all vertices on the path from v to v/ to VF
18: for child nodes v’ of v in V¥ do
19: VE « EXPANSIONSTAGE(VE, v')
20: return V¥
21:
22: procedure INVESTMENTSTAGE(V, V' v)
23: for child nodes v’ of v in V¥ do > Invest for deeper nodes first
24: VI« INVESTMENTSTAGE(V!, VE o)
25: I, <o > Begin investing into new set of nodes
26: by < 0 - c(v) > 6 > 0 is fixed parameter, for best competitive ratio set § = D
27: while b, > 0 and there are pending requests on vertices in V(7,) \ (V¥ U V') do
28: Let p' be the pending request in V(7,) \ (V¥ U V') with the earliest deadline
29: Let v’ be first vertex on path from v to v, not in V¥ u V7! > v e V(Ty)
30: VI« INVEsT(v,0', V1)
31: next, < min ({d, : v, € V(T,) \ (VF UV} U {o0})
32: return V/
33:
34: procedure INVEST(v, v/, V) > Invest in v’ using b, and update V7 if v/ is served
35: Ab, < min{b,, £, } > Put as much of budget as possible towards buying v’
36: by < by, — Ab,
37: by < Ly — Ab,
38: I, + I, U{v'} > Record that v has invested in v’
39: if /,, =0 then > If v/ is served
40: Vi viu{}
41: Ly (V)
42: return V/

31:7
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We now describe the investment stage. Figuratively speaking, each vertex v’ has a price
c(v') which the algorithm must invest into v’ before v’ can be added to V. We keep track
of the remaining cost for a vertex v’ using the variable £,; £, starts at c(v’), is decreased
with every investment, and is then reset to c¢(v’) after v’ has been added to V. For each
node v € V¥ (starting with the deepest nodes and working upwards), we allocate a budget
proportional to ¢(v) for the algorithm to put towards investing into vertices, and once £,» = 0,
we add v’ to V. The bookkeeping for the spending of budget is done within the INVEST
procedure. The allocated budget for v € VE is 0 - ¢(v), where for our competitive analysis,
we find that the best competitive guarantee is obtained when § = D. An important property
of the algorithm is that the budget of v € V' is only spent on vertices deeper than v, and it
invests towards the requests in non-decreasing order of deadline. The algorithm stores the
set of vertices which v € V¥ invested in into the variable I,. Once a given node v € V¥ has
spent its budget, it sets next, as the earliest deadline among the remaining unserved requests
beneath v, or to oo if there are no such active requests. Therefore, if the next time that v is
added during the expansion stage occurs at time ¢’, then if ¢’ > next,, the algorithm will
also add I, during the expansion stage.

The following terms and notations will be used throughout the analysis.

» Definition 3 (Expansion vertices, Investment vertices). Consider the transmission subtree
T; = T[VE UVI] transmitted by Algorithm 1 at time t;. A vertex v is an expansion vertex
at time t; if v € VF, and an investment vertex at time t; if v € VI. The set of expansion
vertices at time t; will be denoted VE, and the set of investment vertices at time t; will be

denoted Vil.

As the variables I,, and next, change value within a single timestep, we make the following
definition to refer to the values at specific times unambiguously.

» Definition 4 (I, ;, I, ;, next, ;,next, ;). If Algorithm 1 transmits a service subtree at time
ti, we define I, ; (respectively, I, ;) to be the value of I, before (respectively, after) the
function call ONDEADLINE at t;. next,; and nea:t;’i are defined analogously.

Each set of expansion vertices V;Z is partitioned into two disjoint sets.

» Definition 5 (Anticipated vertices, unanticipated vertices). We call a vertex v € V;F
anticipated at time ¢; if next, ; <t;. We call a vertex v € ViE unanticipated at time t; if it
is an expansion vertex at time t; and next,; > t;. We denote the set of vertices anticipated
at time t; as A;, and those which are unanticipated as /L;, so that VZE =A;UA; isa disjoint

UNLON.

Our analysis will be split into two parts. First, we express ALG solely in terms of the
nodes that are unanticipated. The following lemma is proved in Section 2.1.

» Lemma 6.
1D ‘ B
ALG < (1 + 9) (1+6) ) c(A).
i=1
In Section 2.2, we use a charging argument to show that the costs of unanticipated
expansion vertices across time can be charged directly to OPT without double-charging. We
prove the following.

» Lemma 7.

c(A;) < oPT.
i=1
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Combining Lemmas 6 and 7 implies

1\?
ALG < (1 + 9> (1+6)orr.
The best choice is # = D which implies Theorem 1. The proof is provided in the full version.

Before proceeding with the proofs for Lemmas 6 and 7, we highlight some important
properties of Algorithm 1, which we will refer to throughout the analysis. We give brief
justifications of each after stating them.

» Observation 8. For all t;, the subgraph of T induced by V¥ is a subtree rooted at r.

Observation 8 follows because r is added to V¥ during ONDEADLINE, and whenever we

add v to V¥, we add the entire u-v path where v € V¥ already, which maintains connectivity
of VE.

» Observation 9. For all t; and v € V(T), we have I,; CV(T,) \ {v}.

Observation 9 holds at ¢; because in INITIALIZATION, I, is set to &. The variable I,, only
changes at times t; when v € V.¥. Then, during a call INVESTMENTSTAGE(V !, VZ v) at ¢;,
we only invest in vertices in 7,. Additionally, v could not invest into itself as v € V£ already,
and hence I, C V(T,) \ {v} at all moments of the algorithm.

» Observation 10. For allt;, if v € V;F and v’ € I’

1, then all ancestors of v' are in T;.

Observation 10 is justified as follows. Consider v € V[ and v’ € I ;- Then
INVEST (v, v, V!) must have been called for b, > 0 at time ¢;. Due to line 29, v/ was
the first vertex on v-v’ path not in V¥ U V!, meaning that all ancestors of v/ must be in T}
already.

» Observation 11. For all t;, if u,v € V¥ and u is an ancestor of v with L,NT, #2,
then next,, ; > next,, ;.

Observation 11 is justified as follows. Assume for now that next;, ; # oo, so next, , = d,
where p has the earliest deadline among unserved requests in 7, \ (V¥ U V) after the
investment stage at v has completed at ¢;. Observe that the investment stage for v occurs
before the investment stage for u, as u is an ancestor of v. Therefore, when the investment
stage for u begins, the earliest deadline among unserved request in 7, \ (V¥ U V) has
a deadline at earliest d,. Because the investment stage invests towards requests in non-
decreasing order of deadline, it follows that if I 7’“ N 7T, # <, then at some point the request
in 7, \ (VP UVT) with earliest deadline was located at a vertex in 7,. But this implies
that at the conclusion of the investment stage for u that all requests in 7, \ (V¥ U V?) have

deadline at earliest d,. Therefore, next, would be set no earlier than d,, and therefore

s
next, ; > d, = next,, ;. For the other case, if next; ; = oo, then after the investment stage

for v there were no requests in 7, \ (V¥ U V'), and so I ;N T, # @ is impossible.

2.1 Upper-bounding ALG

In this section, we prove Lemma 6.

Observe that an investment vertex v’ at time ¢; is only added to Vi if a total of c(v') is
invested by expansion vertices to reduce the variable £, to zero. As each expansion vertex v
can invest no more than 6 - ¢(v), we obtain

l
> eV <> 0 c(VE).
) =1

i=1

31:9

SWAT 2026



31:10

Improved and Parameterized Algorithms for Online Multi-Level Aggregation

This yields

I ¢ ¢ ¢
ALG =Y e(T) = [e(ViE) + (VD] < D [e(VE) +0-c(VE) = (1+0) Y c(ViF). (1)
i=1 i=1 i=1 =1
Now that we have expressed the cost solely in terms of the expansion vertices, we wish
to express the cost solely in unanticipated expansion vertices, as these costs can then be
directly associated with OPT in Section 2.2. To do so, we must move the costs of anticipated
nodes to those which were unanticipated. We first show the following two lemmas.

» Lemma 12. Let v € A; be an anticipated vertex at time t;, then v must have been an
expansion vertex at a time t; < t;, in other words v € V]E for some j <.

Proof. Suppose v € A;. By definition this means that next,; < t;, and hence clearly
next, ; # 0o. As the next, variable is originally assigned to oo in the INITIALIZATION of
the algorithm, it follows that next, must have had its value reassigned prior to t;. As the
algorithm’s variable next, is only reassigned at times for which v is an expansion vertex, we

therefore know that v must have been an expansion vertex at some time before ;. |

» Lemma 13. Let v € A; be an anticipated node at time t;, and let t; be the latest time
before t; that v was an expansion vertex (see Lemma 12). Let Oc(v) be the budget assigned to
v in the investment stage for v. Then c(I, ;) > 0c(v).

Proof. Suppose v € A;. According to Lemma 12, we know that v must have been an
expansion vertex at a time earlier than ¢;. Let ¢; be the most recent time before ¢; for which
v € VJE .

As the variable next, is not changed between t; and ¢;, we know that nezt;’j = nexty ;,
and hence next;, ; # oc also. Therefore, we know that after leaving the while loop on line 27
within the INVESTMENTSTAGE(V!, VF v) call at time ¢;, it must be the case that there
were still pending requests on vertices in T, — (VE U V), or else nemt;’j would have been
set to oo in line 31. Thus, it must instead be the case that the condition b, > 0 of the while
loop failed, and so the entirety of the budget assigned to v at time t; was spent. Observe
that each call of INVEST(v,v’, V) will decrease the budget b, by Ab,, but will add v’ to
I,,, where ¢(v') > ¢,» > Ab,. Thus the amount by which the budget decreases is always at
most the amount by which ¢(I,) increases. As during the iteration at time t;, b, must have
decreased by at least 6c(v), it follows that ¢(I,) must have increased by at least Oc(v) during
the investment stage. As I, is set to @ at the beginning of the investment stage, we know
¢(I,) = 0 initially, and thus if ¢(I,) increases by at least c(v) during the investment phase,

we know c(1}, ;) > 0c(v). Observing that c(1}, ;) = c(I, ;) finishes the proof. <

We can now express the cost of all expansion nodes only in terms of the unanticipated
nodes.

» Lemma 14. For any t;, we have

(VB = Y clv) < (1+;)D > cf) = (H;)Dcmi)

veVE vEA;

Proof. We proceed using the accounting method of amortized analysis. For a fixed ;,
consider placing coins of value c(v) on each anticipated vertex v € V;£. Thus the total cost
initially on the structure V¥ equals the left-hand side of the inequality stated by the Lemma.
We will redistribute the costs which are on anticipated nodes, to obtain a rearrangement of
costs which is upper-bounded by the larger quantity of the lemma.
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We start with the root r. We process r as follows. If r is an unanticipated node of T3,
we do not move the cost from ¢(r) — we will only move the costs off of anticipated nodes.
Otherwise if r is an anticipated node, then by Lemma 13, ¢(r) < gc(ly) = 5 2 cp , ¢(V)).
If 7 is anticipated, then we know that all the nodes in I,.; were added to V;Z, and so we can
reallocate this cost of ¢(r) from r as an additional cost of at most %?/) to each v' € I,.;.

We descend the vertices in V;F and repeat this process: we call a expansion node v “ready
to redistribute” if all of its ancestors have been processed. To process an unanticipated
v € A;, we do nothing and the cost remains on v. For any anticipated v € A; currently
allocated a cost of C - ¢(v), we process v by reallocating this as an additional cost of % -c(v')
to each node v’ in I, ;. Recall by Observation 9 that v will only invest into vertices in 7y,
and so these costs are strictly pushed to deeper vertices.

> Claim 15. When a vertex v € V;Z at depth d is ready to redistribute but has not yet been
processed, the allocated costs on vertices v' € V.¥ 0T, is at most (1 + 1/8)%c(v").

Proof. We proceed by induction on d. The base case of d = 0 is trivial, as this corresponds
to the fact that all vertices in v € V;¥ have an allocated cost of ¢(v) before the root r is
processed.

Assume inductively that the claim has held true up to a depth d, and a vertex v at
depth d + 1 is ready to redistribute. This means that when the parent of v, call it u, was
ready to redistribute, all nodes w € V(T,,) had allocated at most (1 + 1/60)%c(w). If u is
unanticipated, then the cost on u is not moved, so none of the vertices in 7, receive any
additional costs. This would imply that the costs on vertices w in 7, would still be at
most (1 4+ 1/0)%c(w) < (1 +1/0)™*c(w), and so the claim will continue to hold after u is

processed. Otherwise, consider what would occur when u was processed if u was anticipated.

An additional cost of at most 4 (1 + 1/6)%c(w) would be added to all vertices in w € T,
(recall that the cost C - ¢(u) of u is reallocated as an additional cost of % - ¢(w) to each node
w € I, ;). Therefore immediately following the processing of u, each w € V(7,) would have
had a cost of at most (1+1/6)%c(w) + (14 1/6)%c(w) = (1+1/8)% c(w). At this point, v
would be ready to redistribute, and as 7, is a subtree of 7, the inductive step is finished
and we have proven Claim 15. <

This redistribution process must terminate eventually, as the tree 7 has a bounded
depth of D. Observe that this redistribution cost will leave anticipated vertices of V£ with
no costs, while an unanticipated vertex v in V;Z at depth d would be left with a cost of
(1+1/0)%c(v) < (1+1/0)Pc(v). As we have at no point decreased the total cost on the
structure V., the inequality stated by the lemma follows. |

Combining inequality (1) and Lemma 14 implies Lemma 6.

2.2 Charging Scheme against OPT

In this section, we prove Lemma 7.

We accomplish this using a charging argument to map the costs of unanticipated expansion
vertices at times ¢; to OPT. However, before we can do so, we need to further characterize
the unanticipated expansion nodes, which we accomplish in the following lemma.

» Lemma 16. Let p} denote the pending request which triggered ONDEADLINE at t;. Then
for any v € A;, either v is on the T-Vpr path, or v € Iy« ; for some v* € A;.
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Proof. Observe that there are only 2 cases in Algorithm 1 for which a vertex v can
be added to V;”; (1) during ONDEADLINE, if v is on the path r-v,» and (2) during
EXPANSIONSTAGE(V!, VE 4), if v is on the path u-u’ where u € A; and u' € I,,;. Case (1)
clearly satisfies the lemma, so we will now assume the second case, that v lies on the path
u-u’ where u € A; and v’ € I,,;. As the lemma is obvious for v = v/, we continue under the

assumption that v # u’.

= Jv e,

By Lemma 12, there must be a time ¢;+ < t; such that v € V;¥

0

let t;« be the most recent

such time, and observe that next; ;. = newt,; and I, ;. = I,,;. Asu' € I,; = I, by

u,i*

Observation 10 we know that v € T;«. We now make an important claim.

> Claim 17. For any w on the path u-u’ (where u € A;, u € VE and v/ € I,,; = I, ;«, and
t; defined as before) if w € V¥ then w € Ay, neat, ;. = nexty,; and I}, 1 = I ;.

/ / : !
Wit wi*» @ w is on the u-u’ path.

We know that w € VZE , and we also know that w € VZE , because w is on the u-u’ path

Proof. By Observation 11, we have that next < next
where u,v’ € V/F, and V;F forms a subtree due to Observation 8. Further observe that
it is impossible for w to be anticipated at any time t with ¢, < t < t;, because this
would necessitate that u would be anticipated at time ¢ by Observation 8, which would
contradict the fact that ¢;« is the latest time before t; for which u is anticipated. With
this observation, it follows that neactgﬂyi* = next, ;. Putting this together, we have that
nexty ; = nextiuyi* < nemt;,i* = next,; < t;, where we used the fact that u € A;. Hence,
w € A; by definition, proving the claim. <

Earlier we found that v € T;- = V;¥ UV,L. Due to Claim 17, we now know that v & V;¥
as otherwise v € A;, which would contradict the fact that v is an unanticipated vertex at
time t;.

Thus v € V;1, meaning there must have been some v* € V;¥ such that INVEST(v*, v, V)
with b,- > 0 was called at time ¢;+ and resulted in the addition of v into V1, and so v € L i
Observe that by the time INVEST(u, u’, V1) was called, we would have needed all vertices
on the path u-u’ already present in V¥ UV, and hence v* must have invested in v before
INVEST(u,u’, V1) was called. Thus, v* must be at least as deep as u. v* must also be an
ancestor of v in order for v* to have invested into v by Observation 9, and hence v* is on the
path u-v, and hence also on the path u-u’. Therefore Claim 17 applies, meaning v* € A;.
Finally, v € I!

v* g

« = I~ ;, finishing the proof. <

We are now ready to define the charging scheme.

2.2.1 The Charging Scheme

Let v € A; be an unanticipated expansion vertex at time ¢;. Let p! be the request which
triggered the creation of a service at time ¢;, so d,» = ;. Using Lemma 16, we know that v
is either on the r-v,: path, or v € I+ ; for v* € A;. We thus split the charging scheme into
two cases:
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Case 1: v is on the path r-v,-. Then, OPT must have served p; within the time
[aps,dpr] = [a,r,ti]. OPT’s service to pf must have also included v, and so we charge
the cost of ¢(v) against any of these c¢(v) costs OPT incurs for including v in its service
history within [a,, t;].

Case 2: v is not on the path r-v,,, and v € I« ; for some v* € A;. If there are multiple
such v*, we simply fix one arbitrarily for each unanticipated v € A;. By Lemma 12 we
know that v* must have been an expansion vertex at a time before ¢;, so suppose that

this occurred most recently at t;» < t;. Then we would have that next;*,i* = nexty» ;.

As v* € A;, we have next,~ ; <t;. Now, as v € L« ; = I{)z and ALG processes requests
in T,+ in non-decreasing deadline, it follows that while ALG was investing the budget on
v* at time ?;-, there must have been an unserved request p on a vertex v, such that v
was on the path v*-v,. Because neact;*7i* is determined as the next pending task in T,
not yet in V¥ UV, we know that d, < next,. ;.. Linking this together, we find that
dp < mewt,. .. = nextys ; <t

Thus OPT must have served p within the time [a,, d,|, which is a subset of [a,, ;] by the
above inequality. Such a service must have included v, and thus we charge ¢(v) to the

associated cost of ¢(v) incurred by OPT during the timeframe [a,, t;].

In both Case 1 and Case 2, we find ourselves charging ¢(v) to a portion of OPT’s service
history within [a,,t;] which serves p where v, is deeper than v. In order to unify these two
cases, we call this particular p the request associated with unanticipated node v at time ¢;.

Using the above charging scheme, the cost of any unanticipated vertex at a time t; is
mapped to a cost in OPT. To establish Lemma 7, we are left with showing that this mapping
is one-to-one, i.e., no one portion of OPT is charged to more than once.

» Lemma 18. The charging scheme for ALG consists of unique charges against OPT.

Proof. Seeking a contradiction, suppose instead that two distinct charges for a vertex v € A;
and v € f_lj coincide, say at times t; and ?; where j < i. We will do a case analysis based
on whether the charge at ¢; is Case 1 or Case 2. Suppose that p; and p; are the requests
associated (as defined above) to v at times t; and ¢, respectively. The charges to OPT’s
history must have taken place between times [a,,,t;] and [a,,,t;]. Thus, they could only
coincide if a,, < t; (utilizing our assumption of distinct arrivals and deadlines for distinct
services). In words, this means p; was present when v was an unanticipated expansion vertex
at time ¢;. This leads to the following observation used throughout the proof.

» Observation 19. For any ti, > t;, if p; was not served before ty,, we must have next, p < d,,.

We split the remainder of the proof into the two cases depending on the type of charging
for v which occurs at time t;. We will show that both lead to contradiction.

Case 1. In this scenario, v is on the critical path due to the expiry of p;, meaning p; was

not served before time t¢;, and so k = ¢ satisfies the conditions required for Observation 19.

Thus next,; < dp,. As d,, = t;, this would imply next,; < t; which would contradict the
fact that v € A;.

Case 2. This means at time ¢;, for some ancestor v* € A; of v, that v € I« ;. Recall by
definition this means that the last time v* was an expansion node prior to t;, at time t;« < t;,
pi; must have been active where v,, € 7,. We know that v* € V¥, as v € V;¥ and V,Z is
a subtree by Observation 8. Therefore it must be true that t;« > t;, as t;« is defined as
the latest time before t; that v* was an expansion vertex. More strictly, t;« > t; as it is
impossible for v* to invest into v at time ¢; because v € VjE, i.e it is an expansion vertex at
time t;. Hence we know t; < t;= < ¢;.
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We know that p; must not have been served before time t;+, because it was this service
which caused v* to invest into v at time ¢;«, by definition of Case 2 charge. Hence by
Observation 19, we know that next, + < d, as t;= > t;. Observe further that v could not

have been an expansion vertex at time t;-, otherwise v* would not have invested into v at #;«.

/
v,

and thus newt, ;» < d,, still. It is impossible for v to be an expansion vertex within the
time interval (¢;«,t;), because this would imply that v* would be an expansion vertex within
(t;*,t;) by Observation 8. Thus it follows that the variable next, is not changed in the
interval (t;«,t;), and so next,; < d,,.

However, from the discussion in the Case 2 charge definition, we already know that
dy, <t;, and so next,; < d,, <t;. This contradicts the fact that v € A;, thereby finishing
the proof. <

Therefore the variable next, would not be affected at time ¢;-, meaning next, ;» = next

3 The (4H + 2)e-competitive Algorithm

In this section, we prove Theorem 2.

We show that Algorithm 1 can be modified in a way which results in the competitive ratio
being bounded above by a linear function of the caterpillar dimension H of 7. Throughout this
section, we assume that we are given a heavy path decomposition P for 7 with dimension H.

This section builds upon the work from Section 2, and thus we assume familiarity with
Algorithm 1 and the notations and definitions introduced previously. We also introduce some
new pieces of notation.

» Definition 20 (P(v) and p(v)). Let v be a vertex in T. Let P(v) denote the path which v
lies on in P. Let p(v) be the intersection of the path P(v) and the path from r to v.

The motivation behind Algorithm 2 is that if we wish for the competitive ratio to not be
parameterized by the depth of T, we cannot follow the accounting method of Lemma 14,
because this explicitly descends the tree node-by-node and invariably leads to a function of
D. If we wish to parameterize instead in terms of H, then one would need the accounting
method to be performed path-by-path instead.

Algorithm 2 accomplishes this aim by allowing the deepest expansion node at time ¢; on
each path P € P, which we will denote vhw to potentially have a much larger budget to
spend during the investment stage in comparison to Algorithm 1. Instead of the budget for
Uli’,i being 6, - c(vﬁﬁi) for some 6, as was the case in Algorithm 1, for these nodes the budget
at time ¢; becomes 6 - c(p(v?i)). Our algorithm will specified in terms of two parameters,
0, and 05, and we will choose their values to optimize our bound on the competitive ratio
during the analysis. Additionally, vlﬂyi is made to be the only vertex on P(Uﬁ,i) which can
make investments on vertices in 7;; . If v € P is not the deepest expansion node on P(v),

and if the next unserved request is within 7, , then we stop making investments for v,
P(v),i

which is done in line 19. The idea is that because Uziv,i has a disproportionally large budget,

we can simply use the investments from v]lj ; for v as well.

» Definition 21 (vﬁi, Disproportional vertices, recently disproportional vertices). We define

v#i to be the deepest node in PN V.E, where P € P. We say a vertex v is disproportional

f)(v)ﬁ.. That is, v is the deepest expansion vertex at time t; in P(v). Let

v € A, and let t; < t; be the latest time before t; that v was an expansion vertex (which
must exist due to Lemma 12). Then we say v was recently disproportional at time t; if v
was disproportional at time t;, i.e v = v;(

at time t; if v="v

v),J”
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Algorithm 2 (4H + 2)e-competitive algorithm for MLAP-D.

1: The following procedures are identical to Algorithm 1

2: procedure INITIALIZATION

3: procedure ONDEADLINE

4: procedure INVEST(v, v/, V1)

5. procedure EXPANSIONSTAGE(VE, v)

6:

7. procedure MODIFIEDINVESTMENTSTAGE(V !, VE v) > Modified sections are colored
8: for child nodes v’ of v in V¥ do > Invest for deeper nodes first
9: V1 <~ MODIFIEDINVESTMENTSTAGE(V !, VE v')

10: I, <~ o > Begin investing into new set of nodes
11: Let 'Uﬁ,(“) denote the deepest vertex in VN P(v)

12: if v = uﬁw then > 0, > 0 is parameter, for best competitive ratio set #; = 2H + 1
13: b, < 04 - (:(p(l,'))

14: else > 05 > 0 is parameter, for best competitive ratio set 0y = 2H
15: by < 05 - c(v)

16: while b, > 0 and there are pending requests on vertices in V(7,) \ (VF U V') do
17: Let p/ be the pending request in V(7,) \ (VEF U V) with the earliest deadline.
18: Let v’ be first vertex on path from v to v, not in V¥ u V71 > v € V(T,)
19: if v # Liﬁ,(I,) but v’ € TU;(”) then
20: I, + I’“ﬁm-) > Utilize investments from ’lr#(") instead
21: Escape while-loop
22: VI InvesT(v,v', V1)
23: next, + min ({d, : v, € V(T,) \ (VF UV} U {oo})
24: return V'

Similar to the proof of Theorem 1, our analysis is split into two parts. First, we express
ALG in terms of the unanticipated nodes. The following lemma is proven in the full version.

» Lemma 22.

ALG < (1 + 1>H+1 (1 + 012>H (14614 65) > c(Ay).

0
1 i=1

Second, we use the same charging argument for Lemma 7 to show that the costs of
unanticipated expansion vertices across time can be charged directly to OPT without double-
charging. Combining Lemmas 22 and 7 implies

H+1 H

ALG < (1 + > (1 + > (1+ 61 + 62)0PT.
61 02

The best choice is 8, = 2H 4+ 1 and 03 = 2H which implies Theorem 2. The proof is provided

in the full version.

Crucially, Algorithm 2 has built upon Algorithm 1 using an approach which allows the
key lower bound on OPT provided by Lemma 7 to continue to hold. To see why the analysis
of Section 2.2 can be applied identically to Algorithm 2, observe that Observations 8, 9,
10 and 11 are also true for Algorithm 2. Then, because Section 2.2 only utilizes these
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observations rather than any features particular to either algorithm, we see that Lemma 7
provides a robust lower bound for OPT. Therefore, Algorithm 1 can be used as a generic
framework for MLAP-D algorithms.

4 Conclusion

This paper developed a memory-based framework for online MLAP-D, which allowed for
a direct analysis in the case of general trees, and improved on competitiveness results. To
show the framework was flexible, we demonstrated that it could be modified to provide
competitive ratios linear in caterpillar dimension, a measure which unifies several results for
special classes of graph which had been considered previously for MLAP-D. Future research
could extend the memory-based framework to the problem of MLAP with delay costs, which
would likely tighten the upper bounds of competitive ratios for this problem. The framework
could also be modified to work for other special tree classes. The most notable open problem
in this area remains the wide asymptotic gap for the competitive ratio, where the best-known
lower bound remains constant.
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