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Abstract
In this paper, we study the many-to-many matching problem on planar point sets with integer
coordinates: Given two disjoint sets R, B ⊂ [∆]2 with |R|+ |B| = n, the goal is to select a set of edges
between R and B so that every point is incident to at least one edge and the total Euclidean length
is minimized. In the general case that R and B are point sets in the plane, the best-known algorithm
for the many-to-many matching problem takes Õ(n2) time. We present an exact Õ(n1.5 log ∆) time
algorithm for point sets in [∆]2. To the best of our knowledge, this is the first subquadratic exact
algorithm for planar many-to-many matching under bounded integer coordinates.
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1 Introduction

Measuring the similarity between two point sets is a fundamental problem in computational
geometry and pattern recognition [1, 22, 23]. A widely used measure is the Earth Mover’s
Distance (EMD), which captures the global distribution of point sets by finding an optimal
correspondence [18, 19]. Formally, for two sets R and B of the same cardinality, the EMD
is defined as the minimum cost of a perfect matching: minσ:R→B

∑
r∈R ∥r − σ(r)∥, where

σ is a bijection. While EMD is effective at preserving the holistic structure of the sets,
its definition is inherently restricted to cases where |R| = |B|. To accommodate sets of
different cardinalities, one might consider pointwise heuristics such as the Chamfer distance:∑

r∈R minb∈B ∥r − b∥ +
∑

b∈B minr∈R ∥b − r∥. It provides a simple way to handle unequal
set sizes as it treats each connection independently and sums |R| + |B| distances without
any global coordination. However, this often fails to capture the underlying structural
correspondence, as it lacks the “assignment” nature that makes EMD robust.

A more principled approach to handling different sized sets, instead of resorting to
pointwise measures, is to generalize the matching framework of EMD itself. By relaxing
the strict one-to-one matching requirement to a many-to-many correspondence, we arrive at
the minimum link measure introduced by [7]. Formally, a many-to-many matching is a set
of edges M ⊆ R × B such that every point in R ∪ B is incident to at least one edge in M .
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36:2 Exact Subquadratic Algorithm for Many-To-Many Matching

The cost is the total weight
∑

(r,b)∈M ∥r − b∥. The minimum link measure is the minimum
cost of a many-to-many matching between R and B. This “setwise” approach preserves the
global structural integrity of EMD by seeking an optimal set of edges that covers both sets
simultaneously. As a single edge in M can satisfy the coverage requirement for points in
both R and B, the minimum link measure maintains a mutual correspondence that is more
stable and geometrically intuitive than independent pointwise distances.

In this paper, we consider the problem of computing a minimum-cost many-to-many
matching, also called the minimum link measure, between two point sets in Euclidean space.
This problem was originally introduced by Eiter and Mannila [7]. While an efficient, optimal
algorithm exists for points on a line, the problem becomes significantly more difficult in
higher dimensions. Even for planar point sets, the best-known exact algorithm still suffers
from a quadratic bottleneck [3], mirroring the challenges found in various other geometric
bipartite matching problems [11]. To bridge this gap, we consider the case where the inputs
lie on an integer grid as an intermediate step toward the general planar case.

Our results. In this paper, we present the first subquadratic-time exact algorithm for
the many-to-many matching problem for point sets on an integer grid. Our main result is
summarized in the following theorem.

▶ Theorem 1. Given two disjoint sets1 R and B of points in [∆]2 = {1, 2, . . . , ∆} ×
{1, 2, . . . , ∆}, we can compute a minimum-cost many-to-many matching between R and B in
Õ(n1.5 log ∆) time,2 where n = |R| + |B|.

A key technical challenge in achieving this bound is efficiently handling subproblems where
points can be either matched to the opposite set or remain unmatched by paying a certain
cost. To this end, we introduce the minimum-cost matching with penalties problem: Given
two point sets R and B where each point p ∈ R ∪ B is associated with a real-valued penalty
π(p) ≥ 0, we seek a matching M ⊆ R×B that minimizes

∑
(r,b)∈M ∥r − b∥+

∑
p∈free(M) π(p),

where free(M) denotes the set of points in R ∪ B not incident to any edge in M . To the
best of our knowledge, this problem has not been explicitly studied before. Although this
can be solved in O(n3) time via standard reductions to the minimum-cost perfect matching
problem for bipartite graphs, the cubic-time algorithm is too slow for our purpose. As a
subroutine for our main algorithm, we provide an optimal algorithm for this penalty variant
in one dimension, which we believe is of independent interest, stated as follows.

▶ Theorem 2. Given two disjoint sets R and B of points on a real line, where each point has
a real-valued penalty, a minimum-cost matching with penalties can be computed in O(n log n)
time, where n = |R| + |B|.

Related works. The study of the minimum-cost many-to-many matching problem was
introduced by Eiter and Mannila [7]. They established that the problem is solvable in O(n3)
time by reducing it to the minimum-cost perfect matching problem on graphs [7]. For the
one-dimensional case where points lie on a real line, Colannino et al. [5] provided an optimal
O(n log n)-time algorithm, improving upon previous O(n2) results [6]. In the Euclidean
plane, the best-known exact algorithm runs in Õ(n2) time [3]. On the other hand, in higher
dimensions, no non-trivial algorithm is known for this problem while an O(n3)-time algorithm

1 With a slight modification, we can deal with the non-disjoint case without increasing the running time.
2 The Õ-notation hides polylogarithmic factors in n.
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can be obtained easily by reducing it to a minimum-cost perfect matching of a graph of
complexity. Given the challenge of computing exact solutions in subquadratic time, several
approximation algorithms have been explored. The Chamfer distance serves as a simple
2-approximation for the many-to-many matching cost [3]. Furthermore, (1 + ε)-approximate
solutions can be computed in (1/ε)O(d) · n log n time for d-dimensional Euclidean space, or
any metric space with a constant doubling dimension [2, 4].

As EMD is a more classical setting, there are numerous results on computing the EMD
between two points (also known as the minimum-cost perfect matching). By implementing
the Hungarian algorithm [15] using a dynamic weighted nearest neighbor data structure [12],
one can compute the exact EMD of two point sets in the plane in Õ(n2) time [11]. While
the exact bipartite matching problem in the plane suffers from a quadratic bottleneck, the
problem becomes easier if there are constraints on the input points. For instance, if the
points in B and R are drawn independently and identically from a fixed distribution that
is not known to the algorithm, the exact EMD between B and R can be computed in
O(n7/4 log Φ) time, where Φ denotes the spread of B ∪ R (i.e, the ratio of the maximum
distance to the minimum distance). If B and R come from [∆]2, Sharathkumar [20] presented
an Õ(n1.5 log ∆)-time algorithm.3

2 Preliminaries and Algorithm Overview

In this section, we first describe an alternative view for the problem and then provide an
overview of our algorithm. An alternative way is to view the many-to-many matching problem
as a geometric graph problem. Consider a complete bipartite graph G = ((R, B), E) with
vertex set V = R ∪ B and with edge set E = R × B where the cost of an edge (r, b) ∈ E is
the Euclidean distance ∥r − b∥ between their endpoints. An edge cover of G is a subset of E

such that every vertex of V is incident to at least one edge of it. The cost of an edge cover of
G is defined as the sum of the costs of its edges. Then the many-to-many matching problem
on R and B is equivalent to the problem of finding an edge cover of G with the minimum
cost.

For a general graph with n vertices and m edges, a minimum-cost edge cover can be
solved in O(n(n log n + m)) time via a reduction to the minimum-cost perfect matching [8,
9, 13]. Since the complete bipartite graph G has complexity Θ(n2), we cannot use these
graph algorithms directly to obtain a subquadratic-time algorithm. Nevertheless, as our
approach extensively adapts several combinatorial principles from these classical algorithms,
we introduce the following graph-theoretic terminology to be used throughout this paper.

Terminology for matching. Let H be a bipartite graph with edge costs. A matching M

in H is a set of pairwise vertex-disjoint edges, and its cost defined as the sum of its edge
costs. A matching M in H is perfect if every vertex is incident to exactly one edge of M .
A vertex of the graph is free (with respect to M) if no edge of M is incident to it. An
alternating path (with respect to M) is a path in the graph that begins from a free vertex
and whose edges alternately belong to M and not to M . An augmenting path (with respect
to M) is an alternating path whose two endpoints are both free. Augmenting M along an
augmenting path P by taking symmetric difference (M ⊕ P ) increases its cardinality by

3 The paper [20] states that their algorithm takes O(n1.5+δ log(n∆)) time for a constant δ, but by
replacing a nearest neighbor data structure used in this paper with the most recent one [12], the factor
nδ can be replaced with polylog n.

SWAT 2026
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Figure 1 Illustration of the prism graph (right) of the original graph (left). The thick segments
in the left figure show the min-cost many-to-many matching, and the thick segments in the right
figure show the min-cost perfect matching.

one. A matching M has maximum cardinality if no augmenting path exists. Classically,
maximum-cardinality (or minimum-cost) matchings are computed by repeatedly augmenting
M along paths with certain properties until none remain.

2.1 Reduction to the Min-Cost Perfect Matching
In this section, we describe a reduction from the minimum-cost many-to-many matching
problem to the minimum-cost perfect matching problem. While this is identical to the folklore
reduction, we refer to the resulting graph as the prism graph for notational convenience. It
preserves the original geometric embedding and induces independent vertex penalties.

Let R and B be two point sets in [∆]2, and let G be the complete bipartite graph between
R and B, where the cost of each edge is the Euclidean distance between its endpoints. The
reduced instance is called the prism graph of G, denoted by G̃ = (Ṽ , Ẽ), with an associated
edge cost c̃ : Ẽ → R.

Prism graph. The prism graph G̃ is a two-layered bipartite graph consisting of an “upper”
layer, which is the original graph G, and a “lower” layer, which is a mirrored copy Ĝ of G.
For each vertex v in the upper layer, we add a link edge between v and its corresponding
copy v̂ in the lower layer. Note that G̃ remains bipartite, as its vertex set can be partitioned
into R ∪ {v̂ | v̂ is the copy of v ∈ B} and B ∪ {v̂ | v̂ is the copy of v ∈ R}. See Figure 1. For
an edge e = (u, v) in G̃, the cost c̃(e) is defined as follows:

If u and v are both in the upper layer, c̃(e) = ∥u − v∥.
If u and v are both in the lower layer, c̃(e) = 0.
If e is a link edge (v, v̂), c̃(e) = µ(v), where µ(v) is the distance from v to its nearest
neighbor in the opposite set (R or B).

Note that an optimal edge cover M of G consists of disjoint stars. For a star of M of size
larger than two, let c be the center of the star. Then for every vertex of the star other than
c, its closest neighbor in the opposite set is c. Otherwise, we can reconnect it with its closest
neighbor without violating the feasibility of the solution. This reduces the problem into the
minimum-cost matching problem with penalties where the penalty of each point is µ(·). The
construction of the prism graph is based on this intuition. Matching a vertex via a link edge
to the lower layer simulates leaving that vertex uncovered by the primary matching in the
upper layer, instead paying the penalty of connecting it to its nearest neighbor.

The values µ(v) for all v ∈ R ∪ B can be computed in O(n log n) time by constructing
the Voronoi diagrams of R and B and using a planar point location data structure [14].
Although G̃ has Θ(n2) edges in the worst case, we can store it using complexity of O(n) by
maintaining only the vertices and the link edges explicitly. The edges in G and Ĝ can be
represented implicitly as they form complete bipartite graphs.
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The following lemma establishes the equivalence between the minimum-cost edge cover of
G and the minimum-cost perfect matching of G̃. For illustration, see Figure 1.

▶ Lemma 3 ([3]). Given a minimum-cost perfect matching M̃∗ of G̃, a minimum-cost edge
cover of G can be computed in O(n) time.

Due to the lack of space, some proofs are omitted. The missing proofs can be found in
the full version of this paper.

2.2 Overview of Our Algorithm
Due to Lemma 3, the problem reduces to computing a minimum-cost perfect matching of G̃.
The algorithm consists of two phases.

In the first phase, we compute an approximate perfect matching of G̃ with its corresponding
dual weights. We use the approximation algorithm of Bandyapadhyay et al. [3] which is
based on the scaling algorithm [10], with dynamic additively weighted nearest-neighbor data
structures [12] to obtain these dual weights in Õ(n1.5 log ∆) time.

In the second phase, we leverage these dual weights to construct a sparse candidate
subgraph G̃cand of G̃ containing an optimal perfect matching of G̃. Here, a crucial property
is that it is almost planar. Specifically, the upper layer of G̃cand possesses a planar skeleton,
meaning no two edges of G̃cand cross unless their endpoints are collinear, and the lower layer
of G̃cand is a mirrored copy of its upper layer. We then compute the exact minimum-cost
perfect matching of G̃cand by applying a divide-and-conquer strategy on a balanced separator
of this planar skeleton.

While this overall strategy comes from the subquadratic-time algorithm for the one-
to-one setting on integer grids [20], we address two major technical hurdles unique to the
many-to-many setting.

During the construction of G̃cand and within the recursion step, we must efficiently solve
subproblems where points can either be matched to the opposite set or left unmatched
by paying a penalty. To handle this, we develop an O(n log n)-time algorithm for the 1D
minimum-cost matching problem with penalties (Section 3), replacing the simple greedy
approach used for standard 1D perfect matching.
In the one-to-one setting [20], the candidate graph G̃cand is strictly planar, allowing direct
application of the separator-based algorithm in [17]. In our case, G̃cand is not strictly
planar. We overcome this by applying the balanced separator exclusively to the planar
skeleton of G̃cand (Section 4.2). A tricky part is to handle the vertices of G̃cand not
appearing on the planar skeleton. We address this using their 1D nature: these vertices
are fully contained in the open intervals (edges) of the planar skeleton, which allows us
to process them efficiently using our 1D matching subroutine.

In the following, some proofs and details are omitted due to page limits. All missing
proofs and details can be found in the full version of this paper.

3 Subroutine: 1D Minimum Cost Bipartite Matching with Penalties

In this section, we prove Theorem 2, that is, we present an O(n log n)-time algorithm for
the 1D minimum-cost bipartite matching problem with penalties. As input, we are given
two sets B and R lying on a horizontal line where each point p ∈ B ∪ R is associated with
a penalty wp. For a matching M ⊆ B × R between B and R, its cost c(M) is defined as∑

(r,b)∈M ∥r − b∥ +
∑

p∈(R∪B)\V (M) wp. That is, its cost is the total edge length of M plus
the total penalty of the unmatched vertices. The goal is to compute a matching between R

and B of minimum total cost.

SWAT 2026
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To the best of our knowledge, there is no work explicitly studying the minimum-cost
bipartite matching problem with penalties even for the one-dimensional case. However, there
are several ways to address this problem. First, this problem reduces to the min-cost flow
problem on planar directed graphs. Also, if points of B ∪ R have integer coordinates, and
the penalties wp are all integers, then the resulting instance has integer costs. In this case,
we can solve the problem in Õ(n log N) time, where N is the maximum of the maximum cost
and the diameter of B ∪ R. However, the penalty wp can be an arbitrary real number in our
case, which makes the aforementioned algorithm inapplicable in our setting. Another simple
way is to use dynamic programming, which leads to an O(n2)-time algorithm. Since our
main algorithm is based on this dynamic programming algorithm, we also describe it here.

3.1 Quadratic-Time DP Algorithm
Let ℓ be the line containing B and R. Without loss of generality, assume that ℓ is horizontal.
For a point x ∈ ℓ, let Bx and Rx be the sets of points in B and R, respectively, lying to
the left of x (including the points lying on x). For any point x ∈ ℓ and a positive integer k,
we let Fx(k) denote the minimum matching cost with penalties between B̄x and Rx, where
B̄x is the set obtained from Bx by adding k points at x with penalty ∞. For a negative
integer k, we let Fx(k) denote the minimum matching cost with penalties between Bx and
R̄x, where R̄x is the set obtained from Rx by adding |k| points at x with penalty ∞. Then
the minimum matching cost between B and R is F∞(0). Therefore, the problem reduces to
computing Fx(·) for all points x in ℓ and for all values k with −n ≤ k ≤ n.

▶ Lemma 4. For any value k and any two points x and x′ of ℓ such that no point of R ∪ B

lies between x and x′ (including x and x′), we have Fx(k) = Fx′(k) + |k| · ∥x − x′∥.

Thus it is sufficient to compute Fp(k) for all points p ∈ R ∪ B and all values −n ≤ k ≤ n.
But to avoid a degeneracy issue, for each point p ∈ R ∪B, we compute Fp̄(k) for a conceptual
point p̄ located infinitesimally to the right of p. For all distance calculations, we treat
∥p − p̄∥ = 0. As initialization, let x0 be any point lying strictly to the left of the first point
in B ∪ R. Then Fx0(0) = 0 and Fx0(k) = ∞ for any k ̸= 0. Starting from this base case,
we process the points of R ∪ B from left to right along ℓ. We show how to handle a point
p ∈ R ∪ B. Without loss of generality, assume that p ∈ R. The other case can be handled
symmetrically. Let p′ be the point of B ∪ R lying immediately to the left of p along ℓ, and
let d = ∥p − p′∥. Then we have the following recurrence relation. There are two possibilities:
either p is matched with a blue point in B̄p̄, or p is not used in the matching by paying the
penalty. We consider both cases, and take the one with minimum cost.

Fp̄(k) = min
(

Fp̄′(k − 1) + |k − 1|d︸ ︷︷ ︸
Match p

, Fp̄′(k) + |k|d + wp︸ ︷︷ ︸
Pay Penalty

)
(1)

The recurrence relation immediately shows how to compute Fp̄(·) for all points p ∈ B ∪ R.
Each table entry can be computed in O(1) time, yielding an overall running time of O(n2).

In the following, to make the description easier, we simply let Fp(k) := Fp̄(k) as the
following analysis is based only on the recurrence relation (1).

3.2 Convexity of the Cost Function
In this subsection, we show that the function Fx(·) is convex for any fixed point x ∈ ℓ. We
say f : Z → R is convex if f(i − 1) + f(i + 1) ≥ 2f(i) for every integer i. If f(i + 1) = ∞ or
f(i − 1) = ∞, the inequality holds immediately. We let dom(f) be the set of integers k such
that f(k) is finite. Let ∆f(k) := f(k) − f(k − 1).
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▶ Lemma 5. The function Fx(·) is convex for any fixed point x ∈ R ∪ B.

Proof. We use induction on the points of B ∪ R encountered from left to right. Let x0 be a
point to the left of the leftmost point of B ∪ R. We define Fx0(0) = 0 and Fx0(k) = ∞ for
k ̸= 0, which is trivially convex.

Let p ∈ B ∪ R be the current point and p′ be the previous point in B ∪ R ∪ {x0}. Let
d = ∥p − p′∥. Without loss of generality, assume that p ∈ B. By the induction hypothesis,
Fp′(·) is convex. Note that |k − 1|d is a convex function of k. Since the sum of two convex
functions is also convex, Fp′(k − 1) + |k − 1|d is convex. Similarly, Fp′(k) + |k|d + wp is
convex. Although the minimum of two convex functions is not convex in general, it is convex
in our setting. This holds due to the following claim with f(k) = Fp′(k) + |k|d.

▷ Claim 6. Let f : Z → R be a convex function. Then Fp(k) := min{f(k − 1), f(k) + w} is
also convex for any value w.

Therefore, the lemma holds for any fixed point x ∈ R ∪ B. ◀

As we showed in the proof of Claim 6, the following corollary holds.

▶ Corollary 7. Let k∗ be the largest integer with ∆f(k) ≤ −wp. Then for k ≤ k∗, we have
Fp(k) = f(k) + wp, and for k > k∗, we have Fp(k) = f(k − 1).

3.3 Near-Linear-Time Algorithm
In this subsection, we present an O(n log n)-time algorithm for the 1D minimum-cost bipartite
matching problem with penalties. For each p ∈ B ∪R, let dom(Fp) = [Lp, Rp] be the maximal
interval of integers for which Fp(k) < ∞. By the recurrence, dom(Fx) is always a contiguous
interval. Basically, we compute Fp(k) for all integers k ∈ dom(Fp) and all points p ∈ B ∪ R.
By maintaining Fp(k) using a data structure for a fixed p, we show that Fp(k) can be
computed in O(log n) time for all integers k for a fixed p assuming that we have Fp′(·), where
p′ is the point of B ∪ R lying immediately to the left of p.

Representation of the cost function. Fix x ∈ ℓ, and let ∆Fx(k) := Fx(k) − Fx(k − 1). We
maintain Fx(0) and ∆Fx(k) for all indices k. Note that they fully represent Fx(·). To make
the update efficiently, we store ∆Fx(·) using two balanced binary search trees. Let H+

x and
H−

x be two sets where

H+
x = {∆Fx(k) | 0 < k ≤ Rx} and H−

x = {∆Fx(k) | Lx < k ≤ 0}.

Since Fx(·) is convex, ∆Fx(k) is non-decreasing with respect to k. We maintain the two
sets using two binary search trees T +

x and T −
x and offsets o+ and o−. The offsets allow us to

shift all stored values uniformly without updating each element explicitly. Each leaf of a
tree of T +

x (and T −
x ) corresponds to exactly one index k > 0 (and k < 0), and the leaf stores

the value ∆Fx(k) − o+ (and ∆Fx(k) − o−). Thus, the actual value of ∆Fx(k) is obtained by
adding the corresponding offset o+ or o−. Each internal node additionally stores the size of
its subtree and the sum of the stored values in its subtree (excluding the offset). Hence, the
true sum of the values in any subtree can be obtained by adding the offset multiplied by
the subtree size. The leaves of T +

x (and T −
x ) are stored in increasing order of their indices

k. Since Fx(·) is convex, the stored values are non-decreasing along this order. Therefore,
T +

x and T −
x can be implemented as binary search trees augmented with subtree sizes and

subtree sums, supporting insertion, deletion, and prefix-sum queries in O(log n) time. We
call the tuple of Fx(0), o+, o−, T +

x and T −
x the representation of Fx(·). Here, since the roots

store the size of the trees, we do not need to explicitly maintain dom(Fp).

SWAT 2026
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▶ Observation 8. Given the representation of Fx(·), we can compute Fx(k) for any integer
k in O(log n) time.

Proof. We show how to compute Fx(k) for any integer k > 0. For k = 0, we maintain Fx(0)
explicitly, and for k < 0, we can do this symmetrically. By telescoping, we have

Fx(k) = Fx(0) +
k∑

i=1
∆Fx(i).

Thus, it suffices to compute the prefix sum of the first k values in H+
x .

Since ∆Fx(k) is non-decreasing in k, the values stored in T +
x are already ordered by index.

We augment each node of T +
x with the size of its subtree and the sum of the stored values in

its subtree (excluding the offset o+). Using standard binary search tree operations, we can
retrieve the sum of the smallest k elements in T +

x in O(log n) time. Adding this sum and the
accumulated offset k · o+ to Fx(0) yields Fx(k). Therefore, given the representation of Fx(·),
we can compute Fx(k) for any integer k in O(log n) time. ◀

Update of the representation. Assume that we are given the representation of Fp′(·), and
we wish to compute the representation of Fp(·), where p is the next point to the right of p′

on ℓ. We describe the case p ∈ B; the case p ∈ R is symmetric. Let d := ∥p − p′∥.

Step 1. We first consider the transportation cost. Let f(k) := Fp′(k) + |k|d. Thus, before
handling the matching/penalty decision at p, we first transform the representation of Fp′

into the representation of f . For k > 0, we have ∆f(k) = ∆Fp′(k) + d, and for k ≤ 0, we
have ∆f(k) = ∆Fp′(k) − d. Hence, this update can be performed by increasing the offset
o+ by d, and decreasing the offset o− by d, while keeping the trees unchanged. Also, Fp′(0)
remains unchanged since |0|d = 0. After this step, the representation corresponds to f(·).

Step 2. We then find the largest integer k∗ with ∆f(k) ≤ −wp by a binary search over the
ordered trees T +

p′ and T −
p′ in O(log n) time. Since ∆f(k) is non-decreasing in k, the threshold

k∗ can be found by searching for the largest index whose discrete derivative is at most −wp.
Recall that Fp(k) = min{f(k − 1), f(k) + wp} from (1). By Corollary 7, for k ≤ k∗, we have
Fp(k) = f(k) + wp, and for k > k∗, we have Fp(k) = f(k − 1).

Step 3. We now update the representation of f(·) to obtain that of Fp(·). We first compute
Fp(0). Since Fp(0) = min{f(−1), f(0) + wp}, this value can be computed in O(log n) time
using Observation 8.

We next determine the new discrete derivatives. For k ≤ k∗, both Fp(k) and Fp(k − 1)
lie in the same case, and hence

∆Fp(k) = Fp(k) − Fp(k − 1) = f(k) − f(k − 1) = ∆f(k).

For k > k∗ + 1, we have

∆Fp(k) = Fp(k) − Fp(k − 1) = f(k − 1) − f(k − 2) = ∆f(k − 1).

At the boundary k = k∗ + 1, we have

∆Fp(k∗ + 1) = Fp(k∗ + 1) − Fp(k∗) = f(k∗) − (f(k∗) + wp) = −wp.
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Therefore, the sequence ∆Fp(·) is obtained from ∆f(·) by inserting the single value −wp

(minus the corresponding offset) at position k∗ + 1. As a result, all indices strictly larger
than k∗ are shifted by one position to the right.

Since the discrete derivatives are stored in a binary search tree, this transformation can
be implemented by a single rank-based insertion at index k∗ + 1. If k∗ < 0, the insertion
shifts the element originally at index 0 to index 1. Because index 0 belongs to T −

p′ and
index 1 belongs to T +

p′ , we must extract the maximum element from T −
p′ and insert it as the

minimum element in T +
p′ (after adjusting the values with respect to the offsets for the two

trees). All subtree sizes and subtree sums are updated along the search path. The insertion
and any necessary boundary shifts take O(log n) time. Thus, the entire update from the
representation of Fp′(·) to that of Fp(·) takes O(log n) time.

▶ Lemma 9. Given the representation of Fp′(·), we can compute the representation of Fp(·)
in O(log n) time.

We consider the points of B ∪ R from left to right. The initialization takes O(n) time,
and each update takes O(log n) time. Therefore, the total running time is O(n log n).

4 Minimum-Cost Perfect Matching for Prism Graphs

In this section, we present an exact algorithm for computing a minimum-cost perfect matching
of the prism graph G̃. To simplify the exposition, we identify the vertices in the upper layer
of the prism graph G̃ directly with the original points in R and B. Specifically, we let the
upper layer vertex set be R ∪ B. We then define the lower layer as a mirrored copy of the
upper layer, where each vertex v ∈ R ∪ B has a corresponding copy v̂ in the lower layer.

Our strategy involves two main phases: computing an approximate minimum-cost perfect
matching of G̃ along with its associated dual weights, and utilizing these dual weights to
derive the exact solution. We begin by establishing the properties of an approximate solution
and the associated dual weights.

1-optimality. Given a scaling factor θ > 0, let G̃θ = (Ṽ , Ẽ) denote the θ-scaled graph of
G̃ with the edge-cost function c̃θ : Ẽ → Z≥0, defined as c̃θ(e) = ⌈c̃(e)/θ⌉ for all e ∈ Ẽ. Let
y(v) denote the dual weight of a vertex v ∈ Ṽ . A matching M̃ in G̃θ and the associated dual
weights y(·) are said to be 1-feasible if

y(u) + y(v) ≤ c̃θ(e) + 1 for all e = (u, v) ∈ Ẽ, (2)
y(u) + y(v) = c̃θ(e) for all e = (u, v) ∈ M̃. (3)

We refer to (2) and (3) as the 1-feasibility conditions. An edge e = (u, v) ∈ Ẽ \ M̃ is called
admissible if y(u) + y(v) = c̃θ(e) + 1. The admissible graph of G̃θ is the subgraph of G̃θ

consisting of all admissible edges and the edges in M̃ . If a matching M̃ and dual weights
y(·) satisfy the 1-feasibility conditions and M̃ is a perfect matching, we call the pair (M̃, y)
1-optimal. Sharathkumar and Agarwal [21] showed that a 1-optimal matching of G̃θ provides
an approximate minimum-cost perfect matching of G̃ with an additive error ε of at most 3nθ.

We now outline our algorithm for computing an exact minimum-cost perfect matching
of G̃. First, we compute a 1-optimal matching M̃∗

1 and associated dual weights y(·) of G̃θ

using a scaling factor of θ = 1/(n∆33), following the procedure described in the full version
of this paper. In Section 4.1, we utilize these dual weights to identify a set of eligible edges
Eelig of the upper layer of G̃ and exploit their geometric properties to construct a set P of
non-crossing line segments having endpoints at B ∪ R. Using P , we systematically extract a
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sparse candidate subgraph G̃cand of size O(n) that is guaranteed to contain a minimum-cost
perfect matching of G̃. Finally, Section 4.2 presents a divide-and-conquer algorithm to
compute an exact optimal solution in G̃cand by applying the planar separator theorem to the
graph induced by P .

4.1 Construction of the Candidate Subgraph
We construct a candidate subgraph G̃cand = (Ṽ , Ẽcand) of G̃ that is guaranteed to contain an
optimal matching of G̃. We begin by utilizing the 1-optimal matching M̃∗

1 and the 1-optimal
dual weights of G̃θ with a scaling factor of θ = 1/(n∆33) to characterize the eligible edges in
the upper layer that can participate in an optimal solution. This characterization reveals a
crucial geometric property of these edges. Using this property, we apply the technique of
Sharathkumar [20] to construct a planar skeleton (planar straight-line graph) P . Finally, we
use P to generate the set of candidate edges Ẽcand.

The overall construction comes from Sharathkumar [20]: It applies the approach to a
Euclidean complete bipartite graph while we apply it to the upper layer of the prism graph
G̃. As the upper layer is a Euclidean complete bipartite graph, the analysis immediately
follows from [20], but the detailed implementation should be tailored for our setting.

Eligible edge decomposition and its induced planar skeleton. We define the scaled dual
weight of a vertex v ∈ Ṽ as yθ(v) = θ · y(v). The following lemma establishes a lower bound
on the sum of scaled dual weights for the edges participating in an optimal matching of G̃.

▶ Lemma 10. Let yθ(·) be the scaled dual weights associated with a 1-optimal matching of
G̃θ using the scaling factor θ = 1/(n∆33). Let M̃∗ be a minimum-cost perfect matching of G̃.
Then, for every edge (u, v) ∈ M̃∗ in the upper layer,

yθ(u) + yθ(v) > ∥u − v∥ − 2
∆33 . (4)

The proof is same as the argument in [20] and is thus omitted. We define the set of
eligible edges, denoted by Eelig, as the set of all edges in the upper layer of G̃ satisfying
the condition (4). Lemma 10 implies that for any optimal matching M̃∗ of G̃, all edges of
M̃∗ that belong to the upper layer are contained in Eelig. Therefore, even if we remove all
non-eligible edges in the upper layer from the prism graph, the optimal solution remains the
same.

The following lemma shows that if no four vertices of R ∪ B are collinear, then the graph
obtained from the upper layer of the prism graph by removing all non-eligible edges is planar.
Thus our main focus is to handle collinear points in the following.

▶ Lemma 11 ([20]). Let Q ⊂ [∆]2 be a set of points. Let a, b, c, d ∈ Q be four distinct points
that are not collinear. If the line segments ab and cd intersect, then

∥a − d∥ + ∥b − c∥ + 1
∆32 < ∥a − b∥ + ∥c − d∥.

Therefore, for any two distinct edges (a, b) and (c, d) in Eelig such that their four endpoints
are not collinear, the line segments ab and cd do not intersect.

We show that the non-crossing property enables us to compute an eligible edge decompos-
ition P = {(p1, q1), . . . , (pk, qk)}, which is a set of non-crossing line segments, such that for
every edge of Eelig, it is contained in a segment of P . Note that P induces a plane graph
whose vertices come from R ∪ B.
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Since the definition of eligible edges in our setting is identical to that in Sharathkumar [20],
we can adopt their algorithm for computing the eligible edge decomposition. However, a
minor technical hurdle arises in the initialization phase. It uses an approximate perfect
matching M obtained from the first phase, but in our setting, an approximate matching
we have is not necessarily perfect if we look at the upper layer only. More specifically, it
first computes all point-line pairs (p, ℓ) with p ∈ R ∪ B such that ℓ contains an eligible edge
incident to p. The number of such pairs is O(n). For a point p ∈ R ∪ B, one can compute all
eligible edges incident to it in O(polylog n) time per edge using a dynamic weighted nearest
neighbor data structure. However, it is possible that a single line ℓ contains many different
eligible edges incident to p. Then a single line can be discovered multiple times, which leads
to quadratic running time in the worst case. To avoid this, as initialization, it computes just
one line ℓ for each point p in R ∪ B containing an eligible edge incident to p in O(n polylog n)
time in total using M . Later, it considers each point p in B ∪ R one by one and computes
all pairs (p, ℓ) such that ℓ is not found in the initialization. Even in this case, a single line
ℓ can be discovered multiple times, but the total number of pairs (p, ℓ) found in this way
is O(n), which leads to near-linear running time. The perfect matching M can be used in
the initialization; since an edge (u, v) of M is eligible, its extension contains an eligible edge
incident to u (and v). But we can perform this initialization using a dynamic weighted
nearest-neighbor data structure, and this does not increase the overall running time. The
full details of this modified construction are deferred to the full version of this paper.

Construction of the candidate subgraph. We now construct the candidate edge set Ẽcand
of size O(n) using the eligible edge decomposition P . As mentioned earlier, if no four points
of R ∪ B are collinear, we can simply construct Ẽcand by adding all eligible edges (the edges
of P ), their mirrored edges in the lower layer, and all link edges between the layers. However,
in the general case, the number of eligible edges can be Θ(n2), making it impossible to
include all of them.

Instead, we select a restricted subset of eligible edges as follows. For each pair (p, q) ∈ P ,
let I be the set of points in R ∪ B lying on the open segment between p and q. For a
minimum-cost perfect matching M̃∗ of G̃, any edge incident to a vertex v ∈ I must have
its other endpoint in I ∪ {v̂, p, q}. Consequently, for the endpoints p and q, there are four
possible configurations based on whether p and q are matched with points in I. For each
configuration, we can identify the specific edges of M̃∗ incident to points in I in O(|I| log |I|)
time without computing the entire matching. More specifically, let I ′ ⊆ {p, q} be the set of
points matched with elements in I under M̃∗. By solving the local matching problem for
I ∪ I ′, we extract the necessary edges to be included in Ẽcand, ensuring the total size remains
O(n). For the local matching problem, since the vertices of I ∪ I ′ are collinear, the problem
is restricted to one dimension. This problem reduces to the minimum-cost matching problem
on I ∪ I ′, where leaving a vertex unmatched incurs a penalty of µ′(·), where µ′(v) = µ(v) for
a vertex v ∈ I and µ′(v) = ∞ for a vertex v ∈ I ′. Therefore, the local matching problem can
be solved in O(|I| log |I|) time by Theorem 2. We do this for all the four configurations, and
then take the union of the resulting edges. Then Ẽcand is defined as the union of all such
edges in P , their mirrored edges in the lower layer, and all the link edges. Then the size of
Ẽcand is O(n), and it can be computed in O(n log n) time.

We show that Ẽcand contains a minimum-cost perfect matching of G̃. For this, we use the
following technical lemma justifying that focusing on the upper layer during the construction
of Ẽcand is sufficient. We say a matching M is symmetric if an edge (u, v) in the upper layer
is contained in M if and only if its mirrored edge (û, v̂) is contained in M .
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▶ Lemma 12. Let H̃ be a subgraph of G̃ induced by edges in the upper layer, their mirrored
edges in the lower layer, and all link edges. There exists a minimum-cost perfect matching
M̃∗ of H̃ that is symmetric.

Proof. Let M̃∗ be an arbitrary minimum-cost perfect matching of H̃. Let m be the number
of edges in M̃∗ that belong to the upper layer. Each such edge (u, v) covers one vertex in R

and one in B. Because M̃∗ is a perfect matching, any vertex in the upper layer not matched
with a vertex in the upper layer must be matched to its corresponding copy in the lower layer
via a link edge. This implies that exactly m vertices in the lower layer are not covered by
link edges. To satisfy the perfect matching requirement, these m vertices must be matched
to each other using m/2 edges in the lower layer.

Now, consider the cost of these m/2 edges. By construction, the cost of any edge in the
lower layer is zero. Therefore, we can replace the existing lower-layer edges in M̃∗ with the
“mirrored” edges of the upper-layer matching without changing the total cost of the matching.
This substitution results in a new perfect matching M ′ that remains optimal and satisfies
the symmetry condition: (u, v) is in M ′ if and only if (û, v̂) is in M ′. Therefore, the lemma
holds. ◀

▶ Lemma 13. There exists a minimum-cost perfect matching M̃∗ of G̃ such that M̃∗ ⊆ Ẽcand.

Proof. Let M̃∗ be a minimum-cost perfect matching of G̃ such that (i) all edges of M̃∗

belonging to the upper layer are contained in Eelig, and (ii) M̃∗ is symmetric, which always
exists by Lemma 10 and by Lemma 12.

To show that M̃∗ ⊆ Ẽcand, we consider the eligible edge decomposition P . Every edge
(u, v) ∈ M̃∗ in the upper layer must be contained within some segment pq ∈ P . For each
such segment, let I be the set of points of B ∪ R lying in the open interval between p and
q. By the construction of P , any edge in M̃∗ incident to a vertex in I must have its other
endpoint in I ∪ {v̂, p, q}. This local constraint implies that the matching within each segment
pq can be optimized independently based on the four possible configurations of the endpoints
p and q. Since Ẽcand is constructed by taking the union of the optimal local matchings for all
four configurations across all segments in P , it follows that the edges of M̃∗ are included in
Ẽcand. Thus, the subgraph of G̃ induced by Ẽcand contains a minimum-cost perfect matching
of G̃. ◀

Therefore, the candidate edge set Ẽcand can be computed in Õ(n) time in total, and the
problem reduces to computing a minimum-cost perfect matching on the subgraph G̃cand of G̃

induced by Ẽcand. For an illustration of G̃cand, see Figure 2.
It is worth noting the structural distinction between our construction and the one-to-

one setting addressed by Sharathkumar [20]. In the one-to-one case, for each segment
(p, q) ∈ P , it is sufficient to consider at most two configurations of the endpoints p and q,
which makes the resulting graph planar. This is because the difference between the numbers
of points in R and of points in B restricts the possible configurations of p and q. In the
many-to-many setting, however, this difference does not inherently reduce the number of
configurations. Consequently, we must consider the union of local optimal matchings for all
four configurations, which renders the resulting candidate graph G̃cand non-planar.

4.2 Divide-and-Conquer Algorithm via Planar Separators
In this section, we present a divide-and-conquer algorithm to compute a minimum-cost
perfect matching of the candidate graph G̃cand = (Ṽ , Ẽcand). Our algorithm recursively
partitions G̃cand into disjoint vertex sets by removing a subset of vertices. We first compute
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G(P )

G̃cand

Figure 2 Illustration of the upper layer of G̃cand (left), the planar skeleton G(P ) (middle), and
the candidate subgraph G̃cand (right). Red squares and blue disks denote vertices in R ∪ B̂ and
vertices in B ∪ R̂, respectively. In the upper layer of G̃cand, the segment endpoints represent skeleton
vertices, while intermediate points on the segments represent interior vertices. The green vertices in
G(P ) constitute the balanced separator of G(P ), and those in G̃cand form the prism separator S̃.

the optimal matching for the subgraph induced by the disjoint sets. Subsequently, in the
conquer phase, we reintroduce the removed vertices and gradually update the matching to
obtain a minimum-cost perfect matching of G̃cand using augmenting paths.

We begin by recalling the planar separator theorem, which serves as the foundation for
our graph partitioning strategy. Lipton and Tarjan [16] established the following result for
planar graphs.

▶ Theorem 14 ([16]). Let H be a planar graph with nH vertices. The vertices of H can be
partitioned in O(nH) time into three disjoint sets X, Y, S such that (i) no edge connects a
vertex in X with a vertex in Y , (ii) |X|, |Y | ≤ 2nH/3, and (iii) |S| ≤ 2

√
2√

nH .

We call S a balanced separator of H. While G̃cand is not necessarily planar, its inherent
planar structure is derived from the eligible edge decomposition P . Let V (P ) be the set of
endpoints of the edges (segments) in P , and let G(P ) = (V (P ), P ) be the planar skeleton
defined by P , that is, it is the planar graph induced by the edges of P .

We apply the planar separator theorem to G(P ) to induce a separation of G̃cand. Let
X, Y, S be a partition of V (P ) obtained by applying Theorem 14 to G(P ), where S is a
balanced separator of G(P ). Let X̂, Ŷ and Ŝ denote the mirrored sets of X, Y and S,
respectively, in the lower layer. We make the following observation regarding the sizes of
these sets.

▶ Observation 15. Let V̂ (P ) be the mirrored set of V (P ) in the lower layer. Then, |X ∪
X̂|, |Y ∪ Ŷ | ≤ 2/3 · (|V (P )| + |V̂ (P )|), and |S ∪ Ŝ| ≤ 2

√
2(|V (P )| + |V̂ (P )|)1/2.

Using the partition (X, Y, S) of V (P ), we partition the vertex set of G̃cand into X̃, Ỹ and
S̃ with X ⊆ X̃, Y ⊆ Ỹ and S ⊆ S̃ as follows. For this, it suffices to partition the vertices of
G̃cand contained in the open segments of P . We call such vertices interior vertices. For each
interior vertex v of G̃cand, we assign it to the set based on the endpoints of the segment of P

containing v. Specifically, if the segment of P containing v has an endpoint in X (in Y ), we
put v and v̂ to X̃ (to Ỹ ). Otherwise, both endpoints of the segment are contained in S. In
this case, we put v and v̂ to S̃. Here, notice that no segment of P has endpoints both in X

and Y since S separates X and Y .

▶ Lemma 16. No edge in Ẽcand connects a vertex in X̃ to a vertex in Ỹ .

Proof. We prove this by examining the three types of edges e in Ẽcand. In the first case that
e belongs to the upper layer, every eligible edge in the upper layer is contained in a segment
s in P . If an endpoint of s is contained in X (or in Y ), both endpoints of e are in X̃ (or Ỹ ),
or one belongs to X̃ (or Ỹ ) and the other to S̃. If both endpoints of s are contained in S,
both endpoints of e are contained in S̃. Thus in any case, the lemma holds.
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In the other cases, the lemma holds due to the symmetric construction of Ẽcand following
Lemma 12. Specifically, a vertex v ∈ B ∪ R and its copy v̂ belong to the same set among
X̃, Ỹ and S̃. Therefore, in the case that e belongs to the lower layer, or e is a link edge, the
lemma holds immediately. ◀

We refer to S̃ as the prism separator of G̃cand. We classify each vertex of the prism separator
S̃ into two types. We call a vertex of S ∪ Ŝ a skeleton vertex of S̃ and a vertex of S̃ \ (S ∪ Ŝ)
an interior vertex of S̃. See Figure 2.

Divide-and-Conquer Algorithm. We now present a detailed divide-and-conquer algorithm
for computing a minimum-cost perfect matching of G̃cand. The algorithm first computes
the partition (X̃, Ỹ , S̃) of the vertex set in linear time and recursively finds minimum-cost
perfect matchings for the subgraphs induced by X̃ and Ỹ . Note that the subgraph induced
by X̃ (and Ỹ ) has a perfect matching due to its prism structure. Since no edges connect X̃

and Ỹ , the union of their optimal matchings is a minimum-cost perfect matching for the
subgraph induced by X̃ ∪ Ỹ . To obtain the optimal matching for the entire graph, one might
consider extending this matching by adding all vertices of the separator S̃ one by one using
the following lemma. Here, a minimum-cost maximum-cardinality matching is defined as the
matching with the minimum total cost among all matchings of maximum possible cardinality.

▶ Lemma 17 ([17]). Let H be a graph with nH vertices and mH edges associated with edge
costs, and let v be a vertex of H. Given a minimum-cost maximum-cardinality matching
of H − {v}, a minimum-cost maximum-cardinality matching of H can be computed in
O(mH log nH) time.

However, a naive application of Lemma 17 to all vertices in S̃ would take O(|S̃| · n log n)
time, which is inefficient since |S̃| can be as large as Θ(n). To address this, we observe that
S̃ consists of O(

√
n) skeleton vertices and a potentially large number of interior vertices.

Our strategy is to handle the skeleton vertices using Lemma 17, while the interior vertices
are handled efficiently by exploiting their 1D nature and pre-computed optimal matchings.

The algorithm processes the subgraph G̃′ of G̃cand in each recursive step as follows. Using
the subgraph of G(P ) induced by V (P ) ∩ V (G̃′), we compute a balanced separator S and
a partition (X̃, Ỹ , S̃) of G̃′. As mentioned earlier, we compute a minimum-cost perfect
matching of X̃ ∪ Ỹ in linear time. Now consider the internal vertices of S̃. We decompose
them into subsets such that each subset consists of the internal vertices lying on the same
segment of P . For each subset W , we retrieve its optimal matching of W ∪ Ŵ using the
pre-computed 1D matching from Section 4.1, where Ŵ is the copy of W in the lower layer.
An optimal matching of W ∪ Ŵ can be obtained from a minimum-cost matching of W with
penalties, which can be found in near-linear time. Since no edge of G̃′ connects two vertices
from different subsets, the union M ′ of the all these matchings is a minimum-cost maximum-
cardinality matching of X̃ ∪ Ỹ ∪ {internal vertices of S̃}. Finally, we reintroduce the O(

√
n′)

skeleton vertices of S̃ into the matching using Lemma 17, where n′ = |V (G̃′) ∩ V (P )|. We
iteratively apply Lemma 17 for each skeleton vertex of S̃ to update M̃ ′. In this way, each
recursion step takes Õ(|V (G̃′)|

√
n′) time in total.

In the base case that the number of (skeleton) vertices of V (P ) ∩ V (G̃′) is O(1), we
compute a minimum-cost maximum-cardinality matching of the (non-skeleton) vertices of
V (G̃′) \ V (P ) using their 1D nature in Õ(|V (G̃′)|) time. Then we reintroduce the O(1)
skeleton vertices with Lemma 17. This takes Õ(|V (G̃′)|) time in total.
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Complexity Analysis. To bound the overall time complexity, let η = O(n) be the number of
vertices of V (P ). At depth d of the recursion, let Hd,1, Hd,2, . . . denote the disjoint subgraphs,
where each Hd,i contains md,i edges and ηd,i skeleton vertices along with their copies. By
Theorem 14 and Observation 15, the number of skeleton vertices shrinks by a factor of at
least 2/3 per level, yielding ηd,i ≤ (2/3)dη. Furthermore, since the subgraphs at any depth
are edge-disjoint,

∑
i md,i ≤ |Ẽcand| = O(n).

In the conquer phase, merging the sub-solutions for Hd,i requires O(√ηd,i) augmentations.
Since each augmentation takes O(md,i log n) time by Lemma 17, the total time for depth d is:

∑
i

O
(√

ηd,i · md,i log n
)

≤ O

(√
(2/3)dη log n

) ∑
i

md,i ≤ O

((√
2/3

)d

· n1.5 log n

)
.

Because
√

2/3 < 1, the time for each level decreases geometrically. The total running time of
the divide-and-conquer algorithm is thus dominated by the root level, which is O(n1.5 log n).

Overall complexity and proof of Theorem 1. We compute an approximate matching and
its dual weights for the scaled graph with a suitable scaling factor in Õ(n1.5 log ∆) time. The
candidate graph can be computed in O(n log n) time, and the divide-and-conquer algorithm
takes O(n1.5 log n) time. Therefore, the total time complexity of our algorithm remains
Õ(n1.5 log ∆).

5 Conclusion

In this paper, we presented an exact Õ(n1.5 log ∆)-time algorithm for the many-to-many
matching problem on planar point sets with integer coordinates. Our approach relies on
a reduction to perfect matching on a prism graph, a scaling framework, and a planar
separator-based divide-and-conquer strategy.

Extending this framework to non-integer coordinates or higher dimensions (d ≥ 3) poses
fundamental challenges. In particular, our framework relies on Lemma 11. In continuous
domains, the additive error in the inequality in Lemma 11 is no longer bounded, and thus it
seems hard to apply our framework to continuous domains. For higher dimensions, geometric
graphs lack planarity, preventing the use of a balanced vertex separator of O(

√
n) size.

Moreover, in higher dimensions, maintaining the dynamic weighted nearest-neighbor data
structures required in the scaling step becomes substantially more difficult. We leave the
problem of designing a subquadratic-time algorithm for many-to-many matching on higher
dimensions or continuous domains as an open problem.
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