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—— Abstract

We consider the fine-grained complexity of covering a set of n points P in the Euclidean plane
using a fixed set of geometric objects corresponding to rigid-body translations and, where permitted,
rotations of a specified shape Y. Under the Exponential Time Hypothesis (ETH), and both with
and without a pairwise disjointness constraint, we establish that no 2°(v)_time algorithm can
exist for this problem in the following cases: (case 1) translatable unit disks; (case 2) translatable
fixed-area axis-aligned squares; or (case 3) translatable and rotatable fixed-area equilateral triangles.
Furthermore, by way of establishing the #P-completeness under parsimonious reductions of positive
1-in-3-SAT with a cubic planar 3-connected clause-variable incidence graph — pertinent to hardness
reductions for counting tilings {(Moore & Robson; Discrete Comput. Geom. 26(4); 2001), (Pak
& Yang; J. Comb. Theory. Ser. A 120(7); 2013)} — we establish in each case that there exists
a quadratic time reduction from #SAT to counting the possible coverage-induced partitions of P.
Finally, we consider constraints on the density of the points in P that make our coverage problems
tractable. In particular, letting Y be any (not necessarily connected) subregion of a radius % disk
characterized by a semi-algebraic function, and letting P be a set of n points, we consider the density
requirements that: (constraint 1) every 3 points have a minimum bounding disk of radius greater
than 1; or (constraint 2) any 5 points have a minimum bounding disk of radius at least 2. Here,
when T is part of the input, under both (constraint 1) and (constraint 2), and with and without a
pairwise disjointness requirement, we show that finding a minimum cardinality set of translatable
and/or rotatable instances of T covering all points in P is fixed-parameter tractable in the size of
the semi-algebraic description of Y.
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1 Introduction

One of the more elegant existence theorems in plane geometry is a circa 2008 result of
Inaba [34, 35] that any arrangement of n < 10 points in R? can be covered by pairwise
interior-disjoint unit disks. This can be seen by noting that unit disks pack with an optimal

density of p = 2”—\/5 in a hexagonal lattice arrangement [46], by using the union bound (i.e.,
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Boole’s inequality) to determine the probability that n points in the plane are covered
by a randomly rotated and translated hexagonal lattice packing of unit disks is at least

(1—=n-(1—p)), and finally by observing that (1 —n-(1—p)) >0ifn < ﬁ ~ 10.7411

(see, e.g., [39]). In the years since, this bound has been shown to hold for n < 12 [2], and
the upper bound for the number of points in R? that cannot always be covered by pairwise
interior-disjoint unit disks, originally set at 60 due to a triangular lattice construction of
Winkler [49], has fallen from 55 [21], to 53 [39], and most recently to 45 [2]. For many of
these proofs, the authors either implicitly or explicitly assume the unit disks to be open.

Inaba’s result [34, 35] immediately raises the question of the computational complexity
of deciding whether pairwise interior-disjoint (i.e., non-overlapping) or pairwise disjoint
unit disks can cover some specified set of points in the plane. It also beckons us beyond
recreational mathematics into much deeper waters, where we encounter the frequency
assignment problem [1, 15, 20, 29] — a well-known applied combinatorial optimization
challenge, in which the objective is to assign a scarce and expensive set of well-separated
frequencies (often the subject of government-led auctions [13, 32]) to a set of radio stations
in order to avoid interference between any two signals. Here, we can interpret the points we
are trying to cover with unit disks in Inaba’s puzzle as the intended recipients of a signal
emitted somewhere along the radio frequency spectrum (e.g., ~ 10° Hz for AM radio to
~ 10° Hz for modern Wi-Fi), and the disks used to cover the points as the broadcast ranges
of radio frequency emitters with omnidirectional antennas. In this context, a coverage of the
point set with pairwise disjoint unit disks becomes an explicit scheme for solving the special
case of the frequency assignment problem where we have a finite number of points to cover
and only one available broadcast frequency.

While we are unable to directly solve Inaba’s puzzle generalized to n > 10 points, in this
work we attempt to make progress towards its resolution by establishing the hardness of
covering a specified set of points P in R? with a fixed number of individually translatable
and possibly rotatable geometric objects. More specifically, we concern ourselves with the
problem of deciding the existence of and counting the following types of partitions:

» Definition 1. 2D Geometric Cover Partition (2D-GCP). Let P be a finite set of points
in R?, and let S be a finite collection of geometric objects embedded in the plane. A 2D
Geometric Cover Partition (2D-GCP) induced by S is a partitioning of P into subsets
{X1,..., X} (where X; N X; =0 if i # j) under the constraint that each subset X; C P is
the set of all points covered by the same geometric object s € S.

» Definition 2. Pairwise Disjoint 2D Geometric Cover Partition (PD-2D-GCP). An instance
of a 2D-GCP where all geometric objects in S are required to be pairwise disjoint (i.e., having
no points in common even along their boundaries).

We clarify that, per Definition 1, each point in P must belong to the closed set of points
for exactly one geometric object in S. Furthermore, when we refer to a 2D-GCP induced
by a set of geometric shapes S, we clarify that we are specifically and only referring to the
partition of a point set P into subsets {X7,..., X} for some k € N.

We remark that the task of finding an inducing set S for a 2D-GCP or PD-2D-GCP
consisting of rigid-body isometries of a common geometric object is a natural generalization
of the Minimum Size 1-Ply Set Cover of Unit Squares (MS1P-SC-US) problem, very recently
introduced and proven to be NP-hard by Govindarajan et al. [27], where the objective is
to find a minimum set of axis-aligned unit squares covering a set of points P under the
constraint that the geometric system has ply-at-most-1. In particular, we can determine that
the NP-hardness proof for MS1P-SC-US given by Govindarajan et al. [27] still holds under
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a pairwise disjointness requirement. Extensive precedent for 2D-GCPs and PD-2D-GCPs
also comes from the broader literature on geometric packing and coverage problems [3, 4,
9,6, 8, 11, 18, 19, 22, 23, 24, 26, 25, 28, 31, 48]. Although a full review of this literature is
outside the scope of the current work due to space constraints, we briefly note an interesting
connection to point set labeling and cartography problems [23, 25, 48], where, for instance,
the objective may be to place non-overlapping geometric markers on a map that uniquely
label individual features of interest. Finally, we remark that, in contrast to the search or
decision problems for 2D-GCPs and PD-2D-GCPs, there appears to be little precedent for
the problem of counting these types of partitions.

2 Paper overview

After providing some brief preliminaries and clarifications in Section 3, we lay a foundation
for our fine-grained complexity analysis in Section 4 (see Theorem 1 and Corollary 1) by
giving a quadratic time parsimonious reduction from #SAT to #CPP-3-Conn-1-in-3-SAT
(see Section 3.1 concerning parsimonious reductions and Section 3.4 concerning #CPP-3-
Conn-1-in-3-SAT). We briefly remark that this result is of independent interest in tiling
theory, as it strengthens an earlier finding of Pak and Yang [40, 41] by establishing the
#P-completeness under parsimonious reductions of counting tilings of finite simply connected
regions using at most 10° types of rectangles having integral edge lengths (see Corollary 2).
This concomitantly establishes the completeness of the tiling problem for Ueda & Nagao’s
Another Solution Problem (ASP) complexity class [42, 47, 50], implying that the problem
of finding a second tiling given an initial one is as difficult as finding a second solution
for SAT given an initial satisfying assignment. We briefly remark that our proof of the
#P-completeness of #CPP-3-Conn-1-in-3-SAT under parsimonious reductions also answers
an open question in the literature (see, e.g., [30]) concerning the hardness of 1-in-3-SAT
instances with planar 3-connected clause-variable incidence graphs.

Subsequently, letting P be a set of n points embedded in R?, we consider the fine-
grained complexity of finding and counting 2D-GCPs or PD-2D-GCPs in cases where the
set S of geometric objects used to cover P corresponds to: (case 1) unit disks that can
be individually translated as desired; (case 2) fixed-area axis-aligned squares that can be
individually translated as desired; and (case 3) fixed-area equilateral triangles that can be
individually translated and rotated as desired. In particular, via Theorem 2 and Corollary 3,
under the ETH and #ETH, we rule out the existence of a QO(ﬁ)—time algorithm in each of
these cases for finding and counting 2D-GCPs or PD-2D-GCPs.

Finally, in Section 5 we investigate density constraints on P that allow for tractable
instances of the more general problem of covering P with a minimum cardinality set of
translatable and/or rotatable instances of a semi-algebraic subset of a disk. Specifically,
we consider two types of density constraints for P: (constraint 1) that any 3 points have
a minimum bounding disk of radius greater than 1, or (constraint 2) that any 5 points
have a minimum bounding disk of radius at least 2 (where we earlier establish a bound in
Theorem 2 for when (constraint 2) can lead to a polynomial-time algorithm under the ETH).
Here, letting T be a subregion of a radius % disk (where we can allow for translations and/or
rotations of T) admitting a description as a semi-algebraic set, and letting n be the cardinality
of P, we show that this coverage problem — both with and without a pairwise disjointness
constraint — is fixed-parameter tractable as a function of the size of the description of Y.
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3 Preliminaries and clarifications

3.1 Complexity theoretic notions and terminology

Letting ¢,v¢ : ¥* — N (where we usually have that ¥ = {0,1}) be a pair of integer
counting problems, and letting x be a string specifying an instance of ¢, a many-one counting
reduction from ¢ to 1 is a pair of polynomial time computable functions f : ¥* — ¥*
and h : ¥* x N — N such that ¢(z) = h(z,¥(f(x))). Here, a parsimonious reduction is
a many-one counting reduction where h is simply a projection onto its second argument.
Recall that a problem is fixed-parameter tractable with respect to a parameter k, if for some
computable function f(k), letting x be a string specifying a problem instance, we have that
the time complexity for the problem can be expressed as f(k) - poly(|x|).

Unless otherwise stated, we assume the standard word RAM model, where geometric
primitives are encoded as bounded-precision rationals (or exact algebraic extensions where
necessitated, e.g., for equilateral triangles) and rotations are restricted to exact algebraic
extensions of the rationals. In Section 5, we additionally allow symbolic algebraic computation
over the reals for intermediate algebraic operations.

3.2 Graph theoretic notions and terminology

All graphs in this work should be assumed to be undirected and simple (meaning free of
loops and multi-edges). While we refer the reader to Bondy & Murty [10] or Diestel [17]
concerning basic graph theoretic terminology and notions, briefly recall that a geometric
intersection graph G for a set S of geometric objects embedded in the plane constructs a
vertex set V' having a bijection with S, and connects a pair of vertices vy, v, € V if and only
if their associated geometric objects in S have a point in common.

3.3 Plane geometry notions and terminology

Recall that a unit disk is a disk of radius 1 embedded in the plane, that a unit line segment
is a line segment of length 1 embedded in the plane, and that a fized-area azis-aligned square
is a square embedded in the plane in such a manner that its vertex coordinates are given
by the points {(z,y), (z + k,y), (x + k,y + k), (x,y + k)} for some (z,y) € R? and some
specified k € N5g. When we say that a geometric object covers a point p in the plane, unless
otherwise specified, we mean that p belongs to the closed set of points defining the geometric
object. In the context of this work, all motions of objects should be assumed to be rigid-body
transformations which preserve the Euclidean distances between all pairs of points belonging
to the object, and due to our focus on achiral shapes, we concern ourselves only with rigid
transformations corresponding to translations and rotations. When we say that geometric
objects are pairwise disjoint, we mean that no two objects have a point in common, regardless
of whether any such common point falls internal to or along the boundary of one or both
objects. Here, the ply [37] of a collection of geometric objects corresponds to the maximum
number of objects sharing a common totally interior point.

3.4 Cubic Planar Positive 3-Connected 1-in-3 Satisfiability
(CPP-3-Conn-1-in-3-SAT)

Letting ¢ be a Conjunctive Normal Form (CNF) formula (i.e., a conjunction of disjunctions)
having exactly three literals per clause (where any literal can be either positive or negative),
recall that the 1-in-3-SAT decision problem for input ¢ is the task of deciding whether ¢
admits a satisfying assignment in which each clause contains exactly one “True” literal and
exactly two “False” literals. Recall also that the clause-variable incidence graph for ¢ is
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the bipartite graph G4, = (X UY, E), where X (respectively, Y') is in bijection with the
variables (respectively, clauses) for ¢, and where we add an edge between a vertex v € X
and v € Y if and only if the variable in ¢ corresponding to v occurs as a (positive or
negative) literal in the clause in ¢ corresponding to u. We can now define the Cubic Planar
Positive 3-Connected 1-in-3 Satisfiability (CPP-3-Conn-1-in-3-SAT) problem as a special
case of 1-in-3-SAT in which the clause-variable incidence graph for any input formula ¢ is
restricted to being a cubic (i.e., 3-regular) planar 3-connected graph, and where all literals
in ¢ are positive. We also define #CPP-3-Conn-1-in-3-SAT as the #P problem of counting
all satisfying assignments for instances of CPP-3-Conn-1-in-3-SAT. Finally, we define Cubic
Planar Positive 1-in-3 Satisfiability (CPP-1-in-3-SAT) (respectively, #CPP-1-in-3-SAT) as a
relaxation of CPP-3-Conn-1-in-3-SAT (respectively, #CPP-3-Conn-1-in-3-SAT) where we do
not require the clause-variable incidence graph to be 3-connected.

3.5 Exponential Time Hypothesis (ETH) and Counting Exponential
Time Hypothesis (#ETH)

The Exponential Time Hypothesis (ETH) of Impagliazzo & Paturi [33] is the conjecture that
an n variable instance of 3-SAT ¢ cannot be solved in 2°(") time. In this context, using the
Sparsification Lemma [33], we can assume that ¢ has at most O (n) clauses. The Counting
Ezxponential Time Hypothesis (#ETH) of Dell et al. [16] is a relaxation of the ETH where
we only assume that no 2°(")-time algorithm exists for the #3-SAT problem of counting all
solutions for a given 3-SAT formula ¢. Here, the Sparsification Lemma can be adapted [16]
to again allow us to assume that ¢ has at most O (n) clauses.

3.6 Orthogonal integer lattice embeddings

Letting H be a graph of maximum vertex degree < 4 having vertex set Vi and edge set Ey,
an orthogonal integer lattice embedding Q of H is an embedding (or “drawing”) of H on a Z?
grid graph G. To construct Q, we map each vertex v; € Vg to a distinct vertex in G, where
we can then say that this lattice point in G hosts or is hosting v; € V. Next, for every edge
vg > vy € Ey, we create a non-self-intersecting polyline composed of end-to-end adjacent
horizontal and vertical unit line segments falling along the edges of G and corresponding to a
simple path between the lattice points hosting vertices vy, vy € Vi (note that the polyline
must not otherwise intersect a vertex in G hosting a vertex in H). Here, the meeting of any
horizontal and vertical unit line segments common to the same polyline is referred to as a bend
in the embedding. As a clarification, polyline-polyline crossings are permitted, though we
may refer to Q as a planar orthogonal integer lattice embedding if no such crossings occur. In
this context, we define a cell in Q as a 1 x 1 square centered on a point (z,y) € Z? with vertex
coordinates ((m — %,y — %) , (ac + %,y — %) , (:L' + %,y + %) , (x — %,y + %)) Note that when
we identify a cell at a coordinate (z,y) € Z? with some set of points S (e.g., as we do with
various gadgets in the Theorem 2 proof argument), each point p; € S should be assumed
to be translated to the coordinate p; + (z,y). Finally, for some k € N5 ¢, we define a k-fold
enlargement of Q as the embedding generated by moving all lattice points (z,y) hosting either
vertices of an embedded graph or polyline segment endpoints to the coordinate (k- z,k - y),
then reconnecting polylines by adding horizontal and vertical unit line segments without the
introduction of additional bends.

For the purposes of visual intuition, in Fig. 1(b) we give an explicit example of an
orthogonal integer lattice embedding of the 3-cube from Fig. 1(a) on a 6 x 6 grid. Here,
embedded vertices from Fig. 1(a) retain their original colorations in Fig. 1(b), (thick black)
edges are used to indicate polylines, and a 1 x 1 cell is indicated using a (thick dashed
purple) box.

5:5
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(a) (b)

o o . . . . . .
. EX
o L

o ® L ! ! 1 : !

Figure 1 Example orthogonal integer lattice embedding; (a) planar embedding of the 3-cube,
where vertices are colored (blue) and (red) to indicate their partite set membership; (b) orthogonal
integer lattice embedding of the 3-cube from (a) in a 6 X 6 integer lattice, where the embedded
vertices retain their coloration from (a), (thick black) edges belong to polylines, and the (thick
dashed purple) box indicates an example 1 x 1 cell in the embedding.

3.7 Algebraic and semi-algebraic sets

An algebraic set is a subset of an affine space that can be represented as the locus of zeroes
(i.e., zero-set) of a finite collection of polynomial equations. A semi-algebraic set is a subset of
an affine space represented as the union, intersection, and/or complement of finite collections
of polynomial equations and inequalities. In this work, we will only consider semi-algebraic
sets in R2.

4 Covering points in the plane with pairwise disjoint geometric objects

In this section, we first lay a foundation for our fine-grained analysis by giving a parsimonious
reduction from #SAT to #CPP-3-Conn-1-in-3-SAT via Theorem 1 and Corollary 1. In the
following Corollary 2, we briefly address an implication of Theorem 1 in tiling theory.

» Theorem 1. There exists an O (m)-time parsimonious reduction from any Planar 1-in-3-
SAT formula with a 2-connected clause-variable incidence graph and m € Nsg clauses to a
CPP-3-Conn-1-in-3-SAT formula.

Proof. We proceed via a gadget-based reduction, where letting ¢ be an m clause instance of
Planar 1-in-3-SAT with a 2-connected clause-variable incidence graph G, we will construct
the clause-variable incidence graph Hy for an O (m) clause instance ¢’ of CPP-3-Conn-
1-in-3-SAT. Specifically, the gadgets shown in Fig. 2(a—d) will be connected together via
vertex identification operations between what we refer to as pole vertex pairs, corresponding
to gadget vertices with labels of the form {p(,1),p(r2)} for some r € N5o. Here, for some
7,5 € Nsg, we identify pole vertex pairs {p(, 1), P(r2)} and {p¢s 1), P(s,2)} by identifying the
degree 2 vertex p(, 1) with the degree 1 vertex p(; ), and then identifying the degree 2 vertex
P(s,1) With the degree 1 vertex p(,. ). We clarify that a pole vertex pair will be referred to as
unused if it has not yet participated in such a vertex identification operation. We now build
Hy via the following 6 steps:
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(step 1) For every degree k = 3 variable vertex v; in G, we construct an instance «; of
the “3-Output CPP-3-Conn-1-in-3-SAT variable gadget” shown in Fig. 2(a).

(step 2) For every clause vertex u; in Gy, we construct an instance §; of the “CPP-3-
Conn-1-in-3-SAT clause gadget” shown in Fig. 2(b).

(step 3) For every edge e; corresponding to a negated literal in G, we construct an
instance ; of the “CPP-3-Conn-1-in-3-SAT inverter gadget” shown in Fig. 2(c).

(step 4) For every degree k = 2 or k > 4 variable vertex v; in G, we construct instances
{q1,...,qx} of the “3-Output CPP-3-Conn-1-in-3-SAT variable gadget” shown in Fig. 2(a),
then — as illustrated in Fig. 2(d) — we identify an unused pole vertex pair on each gadget g;
with an unused pole vertex pair on the gadget q((j mod k)+1), yielding a “k-Output CPP-
3-Conn-1-in-3-SAT variable gadget” §; with k unused pole vertex pairs.

(step 5) For every edge between a variable vertex v; and a clause vertex u; in Gy, where
the variable corresponding to v; occurs as a positive literal in the clause corresponding to
uj, we identify an unused pole vertex pair on «; (or d; if v; has degree 2 or degree > 4)
with an unused pole vertex pair on ;.

(step 6) For every edge ej, between a variable vertex v; and a clause vertex u; in G, where
the variable corresponding to v; occurs as a negative literal in the clause corresponding
to uj, we identify unused pole vertex pairs on the gadgets «; (or ¢; if v; has degree 2 or
degree > 4) and f; with unused pole vertex pairs on the gadget 4.

For the resulting graph Hy/, each pole vertex pair will correspond to a set of variable vertices
in Hy that, due to the properties of the gadgets in Fig. 2(a—d), will necessarily have the
same “True” or “False” assignment in any witness for ¢, and thus serve as a means of
specifying inputs to gadgets that simulate clauses and variables in the input instance ¢ of
Planar 1-in-3-SAT. Accordingly, to see that the 1-in-3-SAT formula ¢’ corresponding to
the clause-variable incidence graph Hys represents a formula logically equivalent to ¢, it
suffices to make the following three observations concerning the 1-in-3-SAT formulas induced
by the gadgets used to construct Hy: (obs. 1) there are exactly two feasible satisfying
assignments for each formula induced by a “3-Output CPP-3-Conn-1-in-3-SAT variable
gadget” or “k-Output CPP-3-Conn-1-in-3-SAT variable gadget”, where one assignment sets
all pole vertex pairs to “False” and the other sets all pole vertex pairs to “True” (simulating
a variable vertex in Gg); (obs. 2) there are exactly three feasible satisfying assignments for
each formula induced by a “CPP-3-Conn-1-in-3-SAT clause gadget”, where each assignment
sets exactly one distinct pole vertex pair to “True” and all other pole vertex pairs to “False’
(simulating a clause vertex in Gg); and (obs. 3) there are exactly two feasible satisfying
assignments for formulas induced by the “CPP-3-Conn-1-in-3-SAT inverter gadget”, where
each assignment sets exactly one of the two distinct pole vertex pairs to “True” (simulating
an edge corresponding to a negated literal vertex in G).

It remains to observe that Hy will necessarily be a cubic planar 3-connected graph
corresponding to the clause-variable incidence graph of a CPP-3-Conn-1-in-3-SAT formula,
and that (step 1) through (step 6) take O (m) time. <

9

» Corollary 1. There exists an O (m2)-time parsimonious reduction from any 3-SAT formula
with m € Nsg clauses to a CPP-3-Conn-1-in-3-SAT formula with O (m2) clauses.

Proof. Observe first that we can parsimoniously reduce any m clause instance ¥ of 3-
SAT to an O(m)-clause instance ¢ of 3-SAT with a 2-connected clause-variable incidence
graph in O (m) time by: (1) constructing two instances 11 and vy of ¥; (2) for every
variable z; in 7 corresponding to a variable y; in 3, constructing the formula Z; =
(i Vi) A (—x; Vy;); and (3) parsimoniously reducing the formula 11 A s A |J;(Z;) to a
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Figure 2 Gadgets used in reducing Planar 1-in-3-SAT with a 2-connected clause-variable incidence
graph to CPP-3-Conn-1-in-3-SAT, where (green) vertices correspond to 1-in-3-SAT clauses and (blue)
vertices correspond to variables; (a) “3-Output CPP-3-Conn-1-in-3-SAT variable gadget”; (b) “CPP-
3-Conn-1-in-3-SAT clause gadget”; (c) “CPP-3-Conn-1-in-3-SAT inverter gadget”; (d) scheme for
constructing a “k-Output CPP-3-Conn-1-in-3-SAT variable gadget” for arbitrary k € Ns1, where
(purple) edges connect vertices to be identified via a pole vertex pair identification operation, and
where (black dashed) edges indicate a gadget cycle containing k total copies of the “3-Output
CPP-3-Conn-1-in-3-SAT variable gadget”.

3-SAT formula ¢ via standard methods. Next, recall that the reduction of Lichtenstein [36]
can be used to parsimoniously reduce the O(m) clause instance ¢ of 3-SAT to an m’ € O (m?)
clause instance ¢’ of Planar 3-SAT in O (m2) time, and moreover, ensure that the clause-
variable incidence graph of ¢’ is 2-connected if the clause-variable incidence graph of ¢ is
2-connected. Thus, by Theorem 1, it now suffices to show the existence of an O (m’)-time
reduction from ¢’ to an instance ¢” of Planar 1-in-3-SAT with a 2-connected clause-variable
incidence graph. To proceed, let f be a 1-in-3-SAT clause function which accepts a set
of 3 literals and returns “True” if and only if exactly one literal in the set is “True”, and
observe that the 3-SAT clause (p1 V p2 V p3) is logically equivalent to the 1-in-3-SAT formula
f(p1,x1, ) A f (D2, x2, x3) A f (—p3, 22, x4) A f (21,23, 25). Observe now that, after applying
this reduction to an input Planar 3-SAT formula ¢’, the clause-variable incidence graph for the
resulting Planar 1-in-3-SAT formula ¢” will be planar and 2-connected if the clause-variable
incidence graph for ¢’ is planar and 2-connected. |
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» Corollary 2. The following problems are #P-complete under parsimonious reductions:
(P1) #CPP-3-Conn-1-in-3-SAT; (P2) counting tilings of finite simply connected regions using
at most 108 types of rectangles with integral edge lengths.

Proof. Observe that (P1) and (P2) are trivially in #P. The claim for (P1) follows directly
from Theorem 1 and Corollary 1. The claim for (P2) follows directly from a parsimonious
reduction from #CPP-1-in-3-SAT to counting the stated type and number of rectangular
tilings given in “Theorem 1.1” of Pak and Yang [40, 41]. <

We now proceed to establish Theorem 2 and Corollary 3.

» Theorem 2. Letting n be the number of variables for an instance #¢ of #CPP-3-Conn-1-
in-3-SAT, and letting P be a set of O (n2) points embedded in R?, there exists an O (n2)—time
parsimonious reduction from #¢ to counting either 2D-GCPs (or equivalently in the contexts
we consider, PD-2D-GCPs) induced by a fized number k, where k € O (nz), geometric objects
corresponding to:

(case 1) unit disks that can be individually translated;

(case 2) fized-area azis-aligned squares that can be individually translated;

(case 8) fized-area equilateral triangles that can be individually translated and rotated;

(case 4) disks of radius g under the additional constraint that any 5 points in P have a

minimum bounding disk of radius at least 2.

Proof. We proceed by first treating (case 1) through (case 3), and then treating (case 4) by
establishing its equivalence to (case 1) for the point sets we consider.

To begin, we consider an instance #¢ of #CPP-3-Conn-1-in-3-SAT with n variables,
m € O (n) clauses, and a cubic planar bipartite clause-variable incidence graph G, where
Vetause and Vg, are the partite sets of vertices in G4 corresponding to clauses and variables,
respectively. Using the algorithm of Biedl & Kant [7], we compute an orthogonal integer
lattice embedding Q; of G4 having total area O (n2) in O (n) time, and let Qs be a 3-fold
enlargement of Q; (see Section 3.6 for an elaboration).

Next, we construct a set of points P C R? from the cells in Q, such that both 2D-GCPs
and PD-2D-GCPs for P in (case 1) through (case 3) will be in bijection with the satisfying
assignments being counted by #¢. Specifically, we begin by generating a set of points Q C R?
via the following steps:

(step 1) we identify every cell hosting a vertex v € Vjquse with the “1-in-3-SAT clause

gadget” having point set {(—1,0), (—%,0), (—%,—%), (—%,—%), (0,0), (0, %), (0,1),

(%72—70), (%7%), (%7—%), (%7—%)7 (%70), (1,0)} — corresponding to the graph

shown in Fig. 3(a.1) — rotated to ensure that points on the cell boundary fall along all

outgoing polylines.

(step 2) We identify every cell hosting a vertex v € V4, with the “variable gadget” having

point set { (~1.0). (~$.0). (~5.0). (~1.0). (0.2, (0.5). (0.2). 0.1). (1.0). (£.0).

(%, O), (1,0)} — corresponding to the graph shown in Fig. 3(b.1) — rotated to ensure that

points on the cell boundary fall along all outgoing polylines.
(step 3) For every cell not hosting a vertex v € Vijquse UVyar and incident to two horizontal
or two vertical polylines, we identify the cell with the “horizontal / vertical connector
gadget” having point set {(—1,0), (—%,0), (—%,0), (—1,0), (0,0), (%,0), (3,0), (%,0),
(1,0)} — corresponding to the graph shown in Fig. 3(c.1) — rotated to ensure that points
on the cell boundary fall along all outgoing polylines.

5:9

SWAT 2026



5:10

Arranging Pairwise Disjoint Shapes to Partition Point Sets

(step 4) For every cell not hosting a vertex v € Vjguse U Viar and incident to a horizontal
and a vertical polyline, we identify the cell with the “bend connector gadget” having point
set £(0,=1), (0,=3), (150 —300)> (60> —100)+ (360> —700)> (300> —76)» (3,0), (1,O)} —
corresponding to the graph shown in Fig. 3(d.1) — rotated to ensure that points on the
cell boundary fall along all outgoing polylines.

(step 5) For every collection ¢ of cells identified with a “horizontal / vertical connector
gadget” or “bend connector gadget” and corresponding to a common polyline in Qs,
to ensure that (|¢] —2) =0 (mod 3) we replace at most 2 of the 9 point “horizontal /
vertical connector gadgets” (which will necessarily exist since Qs is a 3-fold enlargement
of Q1) with the 10 point “+1-shift horizontal / vertical connector gadget” having point
set {(—1.0), (3.0, (~£.0), (~2.0). (~1.0). (£.0). (2.0). (2.0). (3.0). (L.0)} -
corresponding to the graph shown in Fig. 3(e.1) — rotated to ensure that points on the
cell boundary fall along all outgoing polylines.

We now let P be the set of points generated by moving every point (x,y) € Q to the
coordinate (4 - x,4 - y), and make the following observations:

(obs. 1) No set of 4 points in P can be covered by a unit disk in (case 1), a single fixed-area
axis-aligned square in (case 2), or a fixed-area equilateral triangle in (case 3).

(obs. 2) Letting ¢ be the number of point sets in P corresponding to a 4-fold enlargement
of point sets in Q arising from a “1-in-3-SAT clause gadget” instance, there must be
at least the same number ¢ of geometric objects in (case 1) through (case 3) covering
< 2 distinct points each. Furthermore, if there are exactly ¢ instances of geometric
objects in (case 1) through (case 3) covering < 2 distinct points each, then each of these
geometric objects must contain some translation — due to a cell identification operation
when constructing €2, and the subsequent 4-fold enlargement of {2 when generating P —
of a point originally at coordinate (0,0) in the “1-in-3-SAT clause gadget”.

(obs. 3) If we require that all but ¢ geometric objects from (case 1) through (case 3) cover
three distinct points each in P, then the only possible manner (up to the uniqueness
of the induced 2D-GCP or PD-2D-GCP) of covering the point sets in P belonging
to distinct instances (i.e., not falling along cell boundaries) of the “1-in-3-SAT clause
gadget”, “variable gadget”, “horizontal / vertical connector gadget”, “bend connector
gadget”, or “+1-shift horizontal / vertical connector gadget” are shown in Fig. 3(a.2-a.4),
Fig. 3(b.2-b.3), Fig. 3(c.2-c.4), Fig. 3(d.2-d.4), and Fig. 3(e.2—e.4), respectively. Here,
unit disks for (case 1) are colored (blue), fixed-area axis-aligned squares are drawn as
(black hollow squares), and fixed-area equilateral triangles correspond to (red hollow
triangles). Briefly, under a constraint that all but ¢ geometric objects cover 3 points
each, it will otherwise be necessary in each case for some pair of geometric objects to
cover the same point, where an example of this for the “variable gadget” is illustrated in
Fig. 3(b.4) with the two (gray) disks sharing a common point in P.

(obs. 4) Due to (step 5) of constructing €2, we can interpret the unit disk (case 1), fixed-
area axis-aligned square (case 2), and fixed-area equilateral triangle (case 3) covers for the
“1-in-3-SAT clause gadget” in Fig. 3(a.2), Fig. 3(a.3), and Fig. 3(a.4) as corresponding to
clauses with literals evaluating to {“True”, “False”, “False”}, {“False”, “True”, “False”},
and {“False”, “False”, “True”}, respectively. In this context, the output of “True” is
propagated along polylines entering the cell for the gadget from the North in Fig. 3(a.2),
West in Fig. 3(a.3), and East in Fig. 3(a.4). Correspondingly, we can interpret the
unit disk (case 1), fixed-area axis-aligned square (case 2), and fixed-area equilateral
triangle (case 3) covers for the “variable gadget” in Fig. 3(b.2) and Fig. 3(b.3) as variable
assignments of “True” and “False”, respectively.
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Putting (obs. 1) through (obs. 4) together, in (case 1) through (case 3) we can determine that
each CPP-3-Conn-1-in-3-SAT satisfying assignment being counted by #¢ will correspond
to the same number k of geometric objects inducing a specific 2D-GCP or PD-2D-GCP,
and furthermore, that > k + 1 geometric objects will be required to cover P if no satisfying
assignment exists. In (case 1) through (case 3) we moreover have a bijection between the
satisfying assignments counted by #¢ and 2D-GCPs, as well as a bijection between the
satisfying assignments counted by #¢ and PD-2D-GCPs for the same sets of geometric
objects, as our reduction ensures these objects will be pairwise disjoint.

It remains to address (case 4). Here, we can determine that the minimum bounding disk

for any 5 points from the point sets in P will have radius at least % Since (%) : (9) =2, we

5
can accordingly move each point (z,y) € P to the coordinate (6'?””7 %—y) to create a new point
set P’ where every 5 points have a minimum bounding disk of radius at least 2. Finally,
as we are proportionally increasing the radius of the unit disk from (case 1) to g, we can

observe that (case 4) is equivalent to (case 1) in the context of our construction. |

» Corollary 3. Letting P be a set of n points embedded in R?, letting Z be the set of 2D-
GCPs (or equivalently in the contexts we consider, PD-2D-GCPs) of P induced by k € O (n)
geometric objects in (case 1) through (case 4) of Theorem 2, and under the assumption that
at most 3 points can be covered by a geometric object, the following holds: (1) it is NP-hard
and #P-hard under parsimonious reductions to decide whether |Z| > 1 and to determine
|Z|, respectively; (2) no 2°V™ -time algorithm exists for deciding whether |Z| > 1 and for
determining |Z| under the ETH and #ETH, respectively.

Proof. First, given the polynomial time reduction from #CPP-3-Conn-1-in-3-SAT to counting
2D-GCPs (or equivalently in the contexts we consider, PD-2D-GCPs), in (case 1) through
(case 4) of Theorem 2, the fact that CPP-1-in-3-SAT is NP-complete [38] establishes the
NP-hardness of deciding whether |Z| > 1, and Theorem 1 together with Corollary 1 establish
that #CPP-3-Conn-1-in-3-SAT is #P-hard under parsimonious reductions. Next, establishing
that no 2°(v?)_time algorithm exists for deciding whether |Z| > 1 and determining |Z| under
the ETH and #ETH, respectively, requires a bit more care. Naively, letting n = ¢2, it
would appear that we require O(g*) time to transitively parsimoniously reduce a ¢ variable
and O(q) clause instance of #3-SAT to counting 2D-GCPs or to counting PD-2D-GCPs,
as there is a quadratic overhead to reduce #3-SAT to #Planar-3-SAT via the reduction of
Lichtenstein [36], and then another quadratic overhead in computing an orthogonal integer
lattice embedding when reducing #Planar-3-SAT to counting 2D-GCPs or PD-2D-GCPs via
the method given in the Theorem 2 proof argument. However, we can nevertheless achieve
the required O (q2) overhead by making use of the fact that the orthogonal integer lattice
embedding algorithm of Biedl & Kant [7] can compute, in O (g) time, both O (q2) area
non-planar orthogonal integer lattice embeddings (i.e., embeddings with crossing polylines)
and O (¢?) area embeddings of planar graphs with a specified outer face.

Specifically, we can: (step 1) follow exactly the Theorem 1 and Corollary 1 reductions
to reduce an input 3-SAT formula ¢ to a 1-in-3-SAT (not necessarily planar) formula ¢’
having a cubic clause-variable incidence graph with clauses containing only positive literals;
(step 2) compute an orthogonal integer lattice embedding of ¢’ using the algorithm of Biedl
& Kant [7]; (step 3) use the Theorem 1 and Corollary 1 reduction to modify the 3-SAT to
Planar-3-SAT crossing gadget of Lichtenstein [36] to correspond to a CPP-3-Conn-1-in-3-SAT
formula, then compute an orthogonal integer lattice embedding of this gadget having the
same outer face as in Lichtenstein’s original embedding [36]; and (step 4) for some constant
factor enlargement of the clause-variable incidence graph for ¢’, use the gadget constructed
in (step 3) to planarize the embedding from (step 2) while preserving its orthogonality. Here,
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Figure 3 Illustrations for the Theorem 2 parsimonious reduction from #CPP-3-Conn-1-in-3-SAT
to counting 2D-GCPs (or equivalently in the contexts we consider, PD-2D-GCPs) induced by
translatable unit disks (blue or gray disks), translatable fixed-area axis-aligned squares (black
hollow squares), or translatable and rotatable fixed-area equilateral triangles (red hollow triangles);
(a.1)—(a.4) illustrations for the “1-in-3-SAT clause gadget” point set; (b.1)—(b.4) illustrations for
the “variable gadget” point set; (c.1)—(c.4) illustrations for the “horizontal / vertical connector
gadget” point set; (d.1)—(d.4) illustrations for the “bend connector gadget” point set; (e.1)—(e.4)
illustrations for the “+1-shift horizontal / vertical connector gadget” point set; see the proof argument
for Theorem 2 for further details.
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(step 1) will take O (¢) time, (step 2) will take O (¢*) time, (step 3) will take O (1) time, and
finally, (step 4) will take at most O (qz) time as there will be at most O (qz) possible crossing
polylines that require the placement of the gadget built in (step 3). Putting everything
together, we can now rule out the existence of a 2°0V")_time algorithm for deciding whether
|Z] > 1 and for determining |Z| under the ETH and #ETH, respectively. <

5 Covering sparse sets of points with semi-algebraic subsets of a disk

In this section, we investigate density constraints on point sets P in R? that allow for efficient
algorithms to cover the points in P — with or without a pairwise disjointness constraint —
using a minimum cardinality set of translatable and/or rotatable instances of a semi-algebraic
subregion T of a disk (see Theorem 3). Due to the technical nature of the lemmas in
this section (i.e., Lemma 1 through Lemma 3), as opposed to reading straight through,
we recommend referring to them as they arise in the context of the proof argument for
Theorem 3.

» Lemma 1. Letting S be a set of n unit disks embedded in R?, under the assumption that
at most a fized number of disks in S can have center points in a minimum bounding disk
of some fixed radius > 1, the geometric intersection graph induced by S can be computed in
O (n) time.

Proof. Let G = (V, E) be the geometric intersection graph induced by S, and observe that
any requirement at most k € N unit disk centers have a minimum bounding disk of some
radius r € R>1 necessarily implies that |E| € O (|V]). The current lemma now follows from
the fact that we can construct a geometric intersection graph of unit disks having O (n)
edges in O (n) time via a rounding and hash table approach [5]. <

» Lemma 2. Let P be any finite set of points in R?, and let T C R? be a region admitting a
description as a semi-algebraic set. In addition, let S be the set of polynomial inequalities
and/or equalities specifying P and some fized number of instances of Y, let ¥ be the number
of quantified variables in S, and let d be the maximum degree of any polynomial in S. With
or without a pairwise disjointness constraint, there exists a constructive O ((|S | -d)2§)-time

algorithm for finding individual translations and/or rotations of each instance of Y covering
all points in P or deciding that this is impossible.
Proof. Let (z;,2,) be a translation vector, let # € [0,27] be a rotation angle, let R(f) =
[C_OS(H> B sm(@)] = {a _ﬂ be a rotation matrix with «, 8 € R satisfying the constraint
sin(f)  cos(6) 8«
that a2+ 32 = 1, and let ¢ be a point in a subregion T C R? admitting a description as a semi-
algebraic set. Observe that we can express any translation and/or rotation of T as the function
Jzorzy.08) (@) = R(0)q+ (24, 2,). Also observe that we can express the problem of translating
and/or rotating T to cover a set of points P as a quantifier elimination problem for the first-
order sentence over the reals “Jdzg, 2z, o, 8 (on +82=1AVpeP (p € f(za,29,0,8) (T)))”.
This now generalizes in a straightforward manner to instances where we have at most a fixed
number of individually translatable and/or rotatable instances of T, and where we can also
choose to enforce a pairwise disjointness constraint by expressing in first-order logic that no
point belongs to the closed set of points for any two translated and/or rotated instances of Y.
We now appeal to Collins’s (constructive) Cylindrical Algebraic Decomposition (CAD)
algorithm for real quantifier elimination [12], which improves upon the original (also con-
structive) method of Tarski [44, 45]. Letting S, ¥, and d be as stated, to establish the
current lemma it remains to observe that Collins’s algorithm [12] has time complexity

O ((|5| : d)T’) [14]. <
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» Lemma 3. Letting G be a connected geometric intersection graph of at most 4 unit disks,
the center points of the disks can always be covered by a pairwise interior-disjoint arrangement
of 3 unit disks such that at least one unit disk is tangent to the other two.

Proof. Let P be the set of center points for the unit disks inducing G. The case where
|P| =1 is trivial. For cases where 2 < |P| < 3, place a unit disk at the center of one edge to
cover a pair of points, and if necessary, use a second unit disk tangent to the first to cover
the third point, which must always be possible as G is connected. In the case of 4 distinct
points, pg, Db, Pe, Pa € P, assume without loss of generality that p, and p, induce a pair of
adjacent vertices in GG, and use a single unit disk D,.q to cover both p, and py. If D,..4 also
covers p. or pg, then we can proceed as in the cases where |P| < 3. Alternatively, if neither
pe nor pg are covered by D4, then we can attempt to cover p. (respectively, pg) with unit
disks Dyye (respectively, Dgreen), such that Dypye and Dgreer, are tangent to Dy.q and have
no totally interior point in common.

Now assume that none of the aforementioned cases hold. To proceed, assume without
loss of generality that D,.q (illustrated by the (red) unit disk in Fig. 4(a)) has its center
point at the coordinate (0,0), fixed in position by p, at the coordinate (—1,0) and p, at the
coordinate (1,0) (illustrated by the diameter line between points p; = p, and ps = p; in
Fig. 4(a)), and assume that p. is further from p, than p,. Now cover p. with a unit disk
Dpiye (illustrated by the (blue) disk in Fig. 4(a)), doing so in such a manner as to embed the
center point of Dy, as far as possible from py while ensuring D,..q and Dy are tangent.
Finally, embed a unit disk Dgyeen (illustrated by the ( ) disk in Fig. 4(a)) such that it
is tangent to both D,..q and Dpye, and has a center point as close as possible to py. Here,
recalling that we are assuming no three points are interior to a common unit disk, we can
observe that p. will fall along the circumference of Dy, bordering the “hole” (i.e., the
circular triangle) formed by the three mutually tangent disks, and p; must be an interior
point in this hole. However, as illustrated in Fig. 4(a), letting ps be the tangency point of
Dyeq and Dgpeen, and py be the tangency point of Dyjye and Dgpeen, We can observe that
{pa,p3, pa} will form a triangle with side lengths of 1, 2, and at most /3. As this triangle
fits in a unit disk and contains the points {pp, pc, pa}, this contradicts our earlier assumption
that no three points can be covered by a single unit disk, yielding the current lemma. <

» Theorem 3. For any finite set of n points P C R?, letting Y be any semi-algebraic subset
of a radius % disk, under either of the following assumptions —
(constraint 1) any 3 points have a minimum bounding disk of radius greater than 1;
(constraint 2) any 5 points have a minimum bounding disk of radius at least 2;
— it is fized-parameter tractable in the size of the semi-algebraic description of T to find a
minimum cardinality set (or determine that no such set exists) of translatable and rotatable
instances of T covering all points in P both with and without a pairwise disjointness constraint.

Proof. Let G = (V, E) be an order n geometric intersection graph of radius % disks, each with
a center at a distinct point in P. Observe that, under both (constraint 1) and (constraint 2),
Lemma 1 guarantees G' can be constructed in O (n) time. Also observe that, because T is a
subset of a radius % disk, T can only cover a collection of points in P inducing a connected
component in G.

To first treat the case of (constraint 1), as a result of a straightforward triangle inequality
argument, observe that this assumption ensures all connected components in G have order
at most 2. The assumption also ensures that a radius % disk covering a pair of distinct
points p.,pp € P cannot have a point in common with another radius % disk covering a
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(a) (b)

Figure 4 Illustrations to accompany the (a) Lemma 3 and (b) Theorem 3 proof arguments.

point p. € P\ {pa,ps}. Accordingly, no method of covering the points in one order-at-most-2
connected component can prohibit a method of covering the points in another order-at-
most-2 connected component. Thus, we have reduced our task to computing an optimal
cover of at most n order-at-most-2 connected components using at most 2 translated and/or
rotated instances of T, which, by Lemma 2, is fixed-parameter tractable in the size of the
semi-algebraic description of Y. This yields the required fixed-parameter tractable algorithm
in the case of (constraint 1).

Concerning now (constraint 2), first observe that, under this assumption, any set of 5
points in P inducing a connected path subgraph H of G will have a maximum bounding
disk of radius 2, with no larger radius possible, if and only if these points are embedded at
unit intervals along a line. Here, the if direction is trivial to verify, and the only if direction
follows from the uniqueness of the equality case for the triangle inequality. As any other
embedding of H implies the existence of a minimum bounding disk of radius less than 2,
this implies that any connected component in G of order at least 5 will correspond to points
embedded at unit intervals along a line.

Next, observe that, under (constraint 2), Lemma 3 guarantees that any set of points
in P inducing an order-at-most-4 connected component in G can always be covered using
at most 3 radius % disks (i.e., % the radius of the original disks from Lemma 3) having
no totally interior points in common, and where at least one of these disks is tangent to
the other two. As a consequence, no method of covering the points in one order-at-most-4
connected component can prohibit a method of covering the points in another order-at-most-4
connected component. To see this, let Dy, Dy, and D3 be a set of three radius % disks
covering some set of points X C P inducing an order-at-most-4 connected component in
G, and let Dy be tangent to Dy and D3. Observe that the existence of a radius % disk Dy
covering a point ¢ ¢ X, and having a totally interior point in common with Dy, Ds, or D3,
will necessarily imply that the minimum bounding disk for X U {¢} has radius less than 2.
For visual intuition we refer the reader to Fig. 4(b), where D; (colored (blue)), D2 (colored
(orange)), and D3 (colored (green)) have collinear center points, maximizing the possible
length of a line segment in their union. Nevertheless, when we embed D4 (colored (red))
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such that it has a totally interior point in common with D3, the diameter of a minimum
bounding disk for the center points of Dy through D, — illustrated as the line between points
p1 and ps in Fig. 4(b) — will be less than 4, implying a radius less than 2.

Thus, we have reduced our task to computing an optimal cover by YT of order-at-most-4
connected components, which Lemma 2 guarantees is fixed-parameter tractable in the size of
the semi-algebraic description of T, or of points embedded at unit intervals along a line. In
the latter case, in combination with Lemma 2, it suffices to observe that a rotation of YT can
cover at most 2 points when embedded at the center of the unit interval between any two
points, that a maximum matching for a path graph can be computed in time linear in its
order, and that there is sufficient space for each point to be covered by a distinct instance
of Y. This resolves (constraint 2), yielding the current theorem. <

6 Concluding remarks

Recall that, on the one hand, (case 4) of Theorem 2 rules out the existence of a sub-
exponential algorithm (assuming the ETH) for finding a minimum cardinality set of disks of
radius g covering a point set P (with or without a pairwise disjointness constraint) under
the additional constraint that any 5 points in P have a minimum bounding disk of radius
at least 2. On the other hand, Theorem 3 tells us that this same problem can be solved in
O (|P]) time if we use disks of radius 1 to cover the points in P. Accordingly we ask the
following question: for a point set P where any k € N points have a minimum bounding
disk of radius at least 2 (or some other constant), and letting T be some disk of radius
% <r< g, when can one efficiently find a minimum number of translated copies of T
covering all points in P? Furthermore, given that all of the results we report in this work
hold with and without a ply constraint, we pose the question of which specific conditions

make a pairwise disjointness constraint significant.
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