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—— Abstract

The block tree [Belazzougui et al., J. Comput. Syst. Sci.’21] is a compressed representation of a
length-n text that supports access, rank, and select queries while requiring only O(zlog Z) words of
space, where z is the number of Lempel-Ziv factors of the text. In other words, its space requirements
are asymptotically comparable to those of the compressed text itself. In practice, block trees offer
query performance comparable to that of state-of-the-art compressed rank and select indices. However,
their construction is significantly slower, and the fastest known construction algorithms additionally
require a significant amount of working memory. To address these limitations, we propose fast and
lightweight parallel algorithms for the efficient construction of block trees.

Our algorithm achieves similar construction speed than the currently fastest block tree construc-
tion algorithm on a single core and is up to eight times faster using 64 cores, while requiring an
order of magnitude less memory. Overall, we achieve a speedup of up to 15.5 on 64 cores, which is in
line with the parallel construction of the Lempel-Ziv compression.
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1 Introduction

In today’s information age, textual data in the form of DNA and protein sequences, source
code, and textual content such as news articles and Wikipedia pages is generated at a much
higher rate than hardware capabilities are advancing. As a result, we can no longer cope with
the growing volume of data simply by investing in more powerful processing infrastructure.
Instead, we require efficient and scalable data structures. Here, “scalable” refers to two
dimensions: (1) efficient parallel processing of data and (2) compression of the data structure
itself. Both dimensions help to better utilize modern hardware by enabling the processing of
larger amounts of data within the same time and space constraints.

With respect to compression, we can exploit the fact that many real-world inputs are
highly repetitive. For example, when considering DNA sequences, humans share approximately
99.9 % of their DNA with each other, making such data highly repetitive. A similar level
of repetitiveness arises in versioned data, such as code repositories, as well as in versioned
textual content like Wikipedia articles.
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Some of the most fundamental queries we can answer on a text T of length n over an
alphabet of size o are access, rank, and select queries:

access(i) = T'[i] returns the character at the i-th position of the text,

rankq (1) = |{j < i: T[j] = a}| returns the number of occurrences of « in the prefix T71..7],

and

selectq (i) = argmin;(rankq(j) = ¢) returns the position of the i-th occurrence of o in T'.
Such queries are fundamental building blocks in many applications, including compressed
full-text indices for pattern matching [25, 55, 29, 15, 14], lossless data compression [24, 32, 41],
and computational geometry [12].

Currently, wavelet trees [32] are the “de facto standard” [4] for answering these queries
in compressed space. However, the compression of wavelet trees is limited to statistical
compression. As a consequence, their compression ratio on highly repetitive inputs is limited,
since they require at least one bit per character. Block trees [6] address this limitation by
exploiting dictionary-based compression.

Structure of this Paper. First, in Section 2, we introduce concepts used throughout the
paper. Then, in Sections 3 and 4, we give an overview and comparison of the underlying
compression techniques and block trees, including a detailed discussion of their construction,
resp. Our new parallel construction algorithms are presented and analyzed in Section 5. We
then evaluate our implementation experimentally in Section 6. Finally, Section 7 summarizes
our results and discusses directions for future work and open problems.

Our Contributions. Block tree construction has so far not been studied in a parallel
setting. To the best of our knowledge, all previous work [6, 40] considers either sequential or
external-memory construction. Although the current state-of-the-art sequential construction
algorithm [40] supports some degree of parallelism, this capability is merely a byproduct of
the underlying data structures, which can themselves be constructed in parallel. Since the
construction algorithm as a whole is not parallelized, its scalability is severely limited, see
our experimental evaluation in Section 6. Furthermore, the algorithm’s substantial memory
requirements, both in theory and in practice, limit its applicability to large inputs.

We present the first dedicated parallel block tree construction algorithm that explicitly
trades scalability for reduced memory requirements (see Section 5). Our approach is based on
domain decomposition: we initially partition the input, execute the construction algorithm
(semi-)independently on each partition in parallel, and merge the partial results. By adjusting
the number of partitions, we can control the trade-off between parallel scalability and memory
usage. Our experimental evaluation (see Section 6) shows that the peak space overhead during
construction is up to an order of magnitude lower than that of the currently fastest block tree
construction algorithms. Furthermore, the COST [51], i.e., the number of threads required
for our algorithm to outperform the sequential stat- of-the-art, is only two. As a result of
independent interest, we also present a SIMD-based algorithm for computing Karp—Rabin
fingerprints [36] in Section 5.3 that are essential for the block tree’s construction.

2 Preliminaries

A text T € [1..0]™ is a sequence of length n over an alphabet of size 0. For 1 <1i < j <n, we
denote by T, j] the substring T[¢|T[i 4+ 1] ... T[j]. We also use |T[4,j]| = j — i + 1 to denote
the length of a substring.
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Any two substrings can be compared in constant time with high probability using a
rolling hash function for strings known as the Karp-Rabin fingerprint [36]. Let T € [1..0]™,
let ¢ € ©(n°) for some constant ¢ > 1, and let < ¢ be a positive integer such that r { g. The

Karp-Rabin fingerprint of a substring T'[s..e] is defined as ¢(s,e) = (3 ;_, T'[i] - 7¢~%) mod q.

For any two substrings T[i..i + ¢] and T[j..j + ¢], we have ¢(i,i + £) = ¢(j,7 + £) if
Tli..i + 4] = T[j..j + ¢]. Otherwise, if T[i..i + ¢] # T[j..j + ], the probability that their
fingerprints collide is Prob[¢(i,i + ¢) = ¢(j,7 + £)] € O(“Og”) . Karp-Rabin fingerprints are

ne

rolling hash functions, which allows, among other things, the computation of all length-¢
fingerprints of a text T' € [1..0]™ in O(n) time.

2.1 Measures of Compressibility

There exists a wide variety of different measures of compressibility. We refer to the excellent
survey by Navarro [54] for a comprehensive overview. The empirical entropy [42] is based
on the distribution of the characters (or substrings) of T. The 0-th order entropy is defined
as Ho(T) = X ,ex > log &, where ng = rankq(n +1). For k > 0, the k-th order entropy

is given by Hy(T) = Y csx u;leo (Ts), where Ty denotes the subsequence of characters
occurring immediately after the substring s € [1,0]¥ in T. For example, for T = abcabd,
we have Ty, = ed. Overall, it holds that logo > Ho(T) > H1(T) > --- > H,(T). A major
drawback of such statistical compression measures is that they fail to capture long-range

repetitions, as they consider the text on a character-by-character basis.

Another class of measures is based on the size of a Lempel-Ziv factorization of a text.

Such a factorization consists of z factors, each of which can be stored as a reference to a
previous occurrence in the text. Among the most prominent techniques in this class are
Lempel-Ziv-based compression algorithms. The Lempel-Ziv 77 (LZ77) factorization [68]
parses a text T into factors fi,..., f. € ©¥ such that T'= f; ... f. and, for each factor f;
with i € [1, 2], there exists a position j € [1,]|f1... fi—1|] in the already parsed prefix of the
text such that f; =T[j...5+ |fi| — 1].

Strings can also be represented using context-free grammars [38]. Determining the size
of the smallest grammar g that generates only the given text is NP-complete. However,
grammars of size O(zlog 2) can be computed in linear time [63]. The currently strongest
known measure is the string complezity ¢ [39], defined as § = maxe[i,n %, where dj, =
{T[i..i + k —1]|i € [0,n — k]}|. Interesting properties of ¢ include that it can be computed in
linear time, that z € O(dlog %), and that there exist families of length-n strings that require
Q(0log %) words to be encoded for every n and every 0 € [2,7n] [39]. Recently, it has been
shown that, at least in theory, the most important string queries can be answered using
062189 words of space [37].

dlogn

2.2 Model of Computation

We analyze our algorithms in the PRAM model. In this model, multiple processors (PEs,
processing elements) share a common memory. The PRAM model is synchronous, i.e., in
each time step all PEs execute exactly one instruction. Several variants of the model exist,
which differ in whether memory locations can be accessed exclusively or concurrently during
a single time step. We further differentiate between read and write access.

The weakest variant is the EREW PRAM, which allows only exclusive read and exclusive
write access to memory cells. A slightly stronger variant is the CREW PRAM model, where
multiple PEs may concurrently read from the same memory cell, but only a single PE is
allowed to write to a given memory cell during a time step. The strongest model considered
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here allows both concurrent read and concurrent write access (CRCW). We consider two
variants of the CRCW model. In the Common-CRCW model, multiple PEs may write to
the same memory cell simultaneously only if they all write the same value. In the Arbitrary-
CRCW model, multiple PEs may write to the same memory cell without any restriction on
the written values. In this case, it is unspecified which of the written values is stored.

When analyzing PRAM algorithms, we are primarily interested in their time and work.
The time is the number of synchronous time steps executed by the algorithm, while the
work is the total number of operations performed, including arithmetic on local data as
well as memory reads and writes. The work thus corresponds to the running time of the
algorithm when executed on a single PE. The differences between weaker (EREW) and
stronger (CRCW) models become apparent when considering the time complexity of basic
parallel primitives.

» Lemma 1 (All-Prefix Operation [30]). Given n integers ai,...,a, and a binary associative
operator @ that can be evaluated in O(1) time, the sequence (s1,...,sy) with s; = ®;:1 a;

can be computed in the EREW PRAM model in O(logn) time, O(n) work, and O(n) space.

» Lemma 2 ([18]). In the Common-CRCW PRAM model, the All-Prefiz operation from
Lemma 1 with ® = + (addition) can be computed in O(logn/loglogn) time, O(n) work,
and O(n) space.

In addition to the All-Prefix operation, we frequently require parallel sorting as a basic
subroutine.

» Lemma 3 ([17]). In the EREW and CREW PRAM models, sorting n integers requires
O(logn) time, O(nlogn) work, and O(n) words of space.

» Lemma 4 ([17]). In the CRCW PRAM model, sorting n integers requires O(]Og{g%)

time using nlog®n PEs for some constant ¢ > 1.

3 Related Work

There exists a plethora of compressed data structures that support access, rank, and select
queries. However, with the notable exception of wavelet trees, very little work has addressed
their parallel construction.! We discuss related work on block trees in more detail in Section 4.
In the simplest setting, namely, for a binary alphabet of size two — access, rank, and
select queries can be answered in constant time using only sublinear space [13, 35]. A wide
range of data structures has been proposed that employ different techniques to achieve
succinct [59, 56, 65, 67, 48, 31, 43] and compressed [61, 57, 60, 29, 10] bit vectors with rank
and select support. To the best of our knowledge, no work has been published on the parallel
construction of bit vectors with rank and select support beyond word-level parallelism.
Wavelet trees [32] generalize rank and select support to larger alphabets. Informally, for a
text T € [1,0]™, a wavelet tree consists of [log o] bit vectors of length n, each equipped with
binary rank and select support. These bit vectors store information about subsequences of the
original text and are used to answer queries. For a detailed description of wavelet trees and
their numerous applications, we refer to several comprehensive surveys [53, 47, 33, 24, 19].
Wavelet trees can be statistically compressed, resulting in a data structure that occupies
n[Ho(T)](1+ o(1)) bits of space and supports rank and select queries in O(log o) time [32].

Using multi-ary wavelet trees, the query time can be improved to O(1+ 1o§ign) [26]. Owing to

L For full-text indices with pattern-matching support, there is a large body of work on parallel construction.
Since this topic is beyond the scope of this paper, we refer to a recent survey [9].
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abrainadrain

adrain

abrain

Figure 1 Example of a block tree for 7' = abrainadrain with s = 2 and 7 = 3. On the third
level, only two children are created, as the block size is not divisible by three. This case is included
for the sake of a small example. Pointers to marked blocks are shown as dashed gray arrows.

their importance, wavelet tree construction has been extensively studied both in theory [5, 52]
and in practice [66, 21, 23, 46, 28, 27, 20]. There is also a work focused on improving their
query performance in practice [16, 11, 34].

Beyond wavelet trees, there exist statistically compressed data structures that require
nHy(T)+o(nlog o) bits of space and support rank queries in O(loglog,, o) time, select queries
in w(1) time, and access queries in O(1) time [8]. To overcome the limitations of statistical
compression on highly repetitive inputs, grammar compression has also been explored. Using
O(go) words of space, grammar-based indices can support rank and select queries in O(logn)
time [7, 58]. The parallel construction of grammars, albeit without query support, has also
been investigated [49, 50].

4 Block Trees

A major drawback of statistically compressed data structures is that they require at least
one bit per character of the input. For highly repetitive inputs, this results in a significant
waste of space. To address this limitation, we consider block trees. Block trees support access,
rank, and select queries, making them an ideal drop-in replacement for wavelet trees.

A block tree [6] is a tree in which the root has out-degree s and all other internal nodes
have out-degree 7. For simplicity, we assume that the text for which we build the block tree
is T € [1,0]" with n = s - 7" for some integer h. Here, h also corresponds to the height of
the block tree.

Each node 7 in the block tree represents a substring of T, called the block B;. The root
represents the entire text. Each child of the root represents a consecutive block of length
n/s. At any level of the block tree, we call two blocks consecutive if their substrings are
adjacent in 7. Let o« = B; - B;;+1 denote the concatenation of two consecutive blocks. We
mark the blocks B; and B,y if this is the leftmost occurrence of « on that level. All marked
blocks are internal nodes with 7 children, which represent consecutive blocks on the next
level. An unmarked block B, on the other hand, is a leaf that stores a pointer to the pair of
consecutive (marked) blocks B; - B;y1 containing the leftmost occurrence of B, together
with its offset within these two blocks. See Figure 1 for an example.

Interestingly, the number of blocks per level is bounded, which will later help us with
analyzing the running time of our algorithms.

» Lemma 5 ([6]). Any level of a block tree (except the first) contains at most 3zt blocks.

13:5
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We do not have to continue the marking of blocks until block have size one. Instead, we
stop as soon as explicitly storing the subtrees requires less space than storing the pointers
and offsets for unmarked blocks B, i.e., when |B| € O(log, n). Overall, the block tree

requires O(s + 27 log, 2282

Slogn) words of space. When choosing s = z, the block tree requires

nlogo
zlogn

) words of space. Note that there are different space-time trade-offs depending

nlogo
slogn*

O(z7 log

on the choice of s and 7 [6]. When choosing s = log, n, we also get h = log,

4.1 Sequential Block Tree Construction

We first describe the original block tree construction algorithm [6]. Note that there also exists
a highly engineered construction algorithm based on fundamental toolbox data structures for
compression [40]. However, the underlying algorithmic idea is the same and, at a high level,
it simulates the procedure described below.

The block tree is constructed in two phases, followed by an optional pruning phase. In
the first phase, we mark all leftmost occurrences of consecutive blocks B; - B;+1. In the
second phase, we compute the pointers (and offsets) from unmarked blocks to their leftmost
occurrences on the same level. During the pruning phase, we might reduce the number of
nodes in the tree by adding additional pointers (and offsets). This phase, however, does not
improve the asymptotic size of the block tree.

First Phase: In the first phase, we use a hash table to identify the leftmost occurrence of
each pair of consecutive blocks. If a pair is already present in the hash table, it cannot
correspond to the leftmost occurrence. Since we are not only interested in matches at
block boundaries, we additionally scan the text to identify positions where such a pair
may occur across block boundaries. To efficiently compare blocks, we use Karp-Rabin
fingerprints [36]. Although matching fingerprints must still be verified to ensure that the
corresponding substrings are equal, each substring needs to be verified only once. This
results in a running time linear in the size of the level.

Second Phase: In the second phase, we again use hash tables and Karp-Rabin fingerprints,
this time focusing on unmarked blocks. For each such block, we compute the pointer (and
offset) to its leftmost occurrence, which is contained within a pair of consecutive marked
blocks. To this end, we store the fingerprints of all unmarked blocks in a hash table. We
then scan the current level to locate the leftmost occurrences of these blocks using their
fingerprints. As before, this can be done in time linear in the size of the level, since each
block is considered only once.

Optional Pruning Phase: Finally, there is an optional pruning step that can further reduce
the size of the block tree in practice. However, this step does not yield any asymptotic
improvement. Recall that, in the first phase, we mark all leftmost occurrences of consecutive
pairs of blocks. This ensures that the leftmost occurrence of any unmarked block exists
on the same level, possibly spanning one or two marked blocks. However, not all marked
blocks are the target of a pointer. During the pruning step, these marked but untargeted
blocks are removed. We do not consider this step in our parallel algorithm described
below, as it does not improve the asymptotic space bounds. Nevertheless, it is included
in our implementation; see Section 5.4.

4.2 Running Time

The running time depends on the sizes of the levels of the block tree. Let b denote the block
size on the k-th level and let ¢; denote the number of blocks on that level. Thus, by - cx
characters must be processed on level k. According to Lemma 5, there are at most 3z7 blocks
per level.
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3{, we can bound the total number of characters
h n

processed across all levels from ¢ to the last level h as Z:z:e bn * Cm < D ey T =

For levels starting from ¢ > 1 + log,

n Z,};:g —— < %1 = O(n). All preceding levels also contain at most O(n) characters each.
Since each character can be processed in constant expected time with high probability, we

obtain the following running time bound.

» Lemma 6 ([6]). The block tree of a text T' € [1,0]" can be constructed in O(n(1 +log, Z))
expected time with high probability and O(s + =7 log 8% working space.

slogn

5 Parallel Block Tree Construction

We now present the main result of this paper: the first dedicated parallel algorithms for block
tree construction. In Section 5.1, we describe a simple parallelization based on sorting that
requires O(n) words of working memory. In Section 5.2, we then introduce a more space-
efficient construction algorithm that provides a trade-off between scalability and working
memory requirements. Next, in Section 5.3, we show how to compute Karp-Rabin fingerprints
using SIMD. Finally, in Section 5.4, we give some implementation details.

5.1 Parallel Sorting using O(n) Words of Memory

Our first parallel block tree construction algorithm replaces hash tables with sorting. Whenever
fingerprints are required, we compute them in parallel.

» Lemma 7 ([22]). For any substring T[i..i + £ — 1] of length ¢, the Karp-Rabin fingerprint
(1,4 + € —1) can be computed in the EREW model with O(log{) time, O(£) work, and O(¥)
words of space.

Since we require the fingerprints of all pairs of blocks in the first phase and of all substrings
of length b, in the second phase on each level ¢, we apply Lemma 7.

» Lemma 8. Computing the Karp-Rabin fingerprint of every substring of length £ in a text
of length n can be done in the EREW model with O(logn) time, O(n) work, and O(n) words
of space.

The space required to store these fingerprints constitutes the main memory bottleneck of
the construction algorithm, as this storage is needed on every level (not at the same time).

We can now efficiently compute the fingerprints, but we still need to validate all compar-
isons. This verification can be performed in O(logn) time in the EREW and CREW models
and in O(1) time in the CRCW models. In both cases, the verification requires O(n) work
and no additional space.

Next, we sort tuples consisting of a fingerprint and the corresponding block position. In
the sorted order, equal fingerprints appear consecutively. Using Lemmas 3 and 4, this sorting

step can be performed in O(logn) time in the EREW model and O(%) time in the

CRCW model. Once the fingerprints are sorted (first by fingerprint and then by position),
the leftmost occurrences can be identified in O(1) time.

The second phase is slightly more involved. Here, we again use sorting to identify, for
each unmarked block, the block and position to which it must point. To this end, we combine
the fingerprints obtained during the scan with the fingerprints of the unmarked blocks. We
sort these fingerprints as tuples consisting of the fingerprint value and the corresponding
text position. For unmarked blocks, the text position additionally encodes that the entry
corresponds to an unmarked block. After sorting, equal fingerprints are grouped together
and ordered by text position, with the unmarked blocks placed at the end of each group.

13:7
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We then construct an array occ that helps us compute the pointers and offsets. It has an
entry for every fingerprint we just sorted. Then, for each fingerprint, we write a 0 to occ if
it is equal to the fingerprint immediately to its left, and otherwise write its text position.
For the rightmost occurrence of a fingerprint, we instead write the negated text position
of the first occurrence to occ.? After computing the prefix sum over occ, the array contains
the correct text positions for all but the rightmost occurrence of each fingerprint group (for
which the correct value is found to its left). The prefix sum can be computed in O(logn)

time in the EREW model and in O( log n ) time in the Common-CRCW model.

loglogn

This procedure allows us to compute every level of the block tree using only sorting
and prefix sums. In the description above, we implicitly assume that we operate on O(n)
objects throughout. However, on each level of the block tree, some blocks may be replaced
by references.

» Theorem 9. The block tree of a text T € [1,0]™ can be constructed in O(lognlog, leggs)
expected time with high probability and O(nlogn(1l + log._ leggg)) work using O(n) words of

space in the EREW PRAM model.

Proof. By Lemma 5, there are at most 3z7 blocks on every level of the block tree except
the first. Hence, there exists a level £ > 1+ log,. 32 such that the total block length over all
levels from £ to the last level h is linear in the text length. For all preceding levels, that is,
levels < ¢, we conservatively assume that each level contains O(n) characters.

Each level must be processed individually, as the computation depends on the marking
information from the previous level. The total length of the remaining levels is bounded by
D Y

On each level, all required operations can be performed in logarithmic time and linear work
in the size of that level. Thus, the total time over these levels is bounded by an:e(logn -
log 7™ %) < me:e log n.

Since the height of the block tree is h = log,, legg”, the total running time for these levels
gn

nlogao
slogn

is O(logn - log,, ). Including the initial levels yields the claimed bound. <

When considering the Common-CRCW model, we can further improve the time bound
by using faster sorting and prefix-sum algorithms.

» Lemma 10. In the Common-CRCW model, the block tree of a text T € [1,0]™ can be

constructed in O(lolglgogn log, lef)’g::) expected time with high probability and O(nlogn(1 +

log, leggfl)) work using O(n) words of space.

5.2 Domain Decomposition using O(s + K (z7)) Words of Memory

A major drawback of the algorithm described above is its high working-memory requirement.
We address this issue by employing domain decomposition to introduce a trade-off between
scalability and memory usage. The idea of domain decomposition is to partition the input
and process each partition as independently as possible.

For block trees, however, each level depends heavily on the previous one. Therefore, we
have to partition the input on each level, after combining the results of the previous level.
The algorithm from Lemma 7 remains largely unchanged, with the key difference that we
now apply a local pre-filtering step.

2 Negated, i.e., —pos for a position pos and not bit-wise negated, where we flip each bit individually.
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a) input string a b c d e f g

b) sliding windows a b c d|b ¢c d e|lc d e f|d e f g

c) pair hashes ¢(a,b) | p(c,d) [¢(b,c) [¢(d, e) | (c,d) | d(e, £) | p(d, e) | 4(£,8)
d) 4-tuple hashes #(a,b,c,d) | #(b,c,d,e) | (c,d, e, £) | ¢(d,e, £,g)

Figure 2 Computing the hashes of 4-tuples using 1 permutation and 2 pairwise multiply-adds.

Our algorithm uses K partitions. For each partition, we maintain a hash table that acts
as a local filter. Only the locally leftmost occurrences of block pairs (and, in the second phase,
substrings encountered during the scan) are forwarded to the sorting step. This significantly
reduces the memory overhead, as we now operate on only a K-approximation of the blocks
required for the construction.

» Theorem 11. For any integer K > 0, the block tree of a text T € [1,0]™ can be constructed
in O( lognlog, nlogo) erpected time with high probability and O(nlogn(1 + log, ™o%2))

slogn slogn

work using O(s + K(z7)) words of space in the EREW PRAM model.

Proof. The running-time argument is similar to that of the previous approach. The main
difference is that, on each level, we now perform an additional local filtering step, which
introduces a new computational bottleneck.

This filtering, however, gives us control over the amount of working memory required
during construction. Since we can now control how often a fingerprint is forwarded beyond
its local partition while still identifying leftmost occurrences, the required space per partition
matches that of the sequential construction, namely O(s + z7) [6]. In the worst case, a
fingerprint may appear in every partition once, leading to the stated bound. <

» Lemma 12. For any integer K > 0, in the Common-CRCW model, the block tree of a text
T € [1,0]" can be constructed in O logn nlogoy orpected time with high probability

"Toglogn 08+ slogn
and O(nlogn(1 + log, 211355

)) work using O(s + K (27)) words of space.

5.3 Data-Parallel Karp—Rabin Fingerprints

We accelerate the computation of Karp-Rabin fingerprints using SIMD techniques. Our
implementation was initially developed for the Intel AVX2 instruction set extension and later
ported to AArch64 ASIMD. We use the parameters ¢ = 232, r» = 33, and o = 256, similar to
the well-known djb2 hash function.

Since AVX2 vectors are 32 bytes wide, they can store eight 32-bit hash values. In each
iteration of our function, 16 new hashes ¢(s..e),d(s+ 1,e +1),...,0(s + 15,e + 15), stored
in two vectors, are computed from the previous 16 hashes according to the scheme

B(s..e)=¢(s —16..e —16) - 10 — p(s —16..5 — 1) - T L (e — 15..¢). (1)
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Figure 3 Computing 16 hashes of 16-tuples in vectors of 8 hashes each.

The 16-tuple hashes ¢(e — 15..¢€) to ¢(e..e + 15) are computed in two phases. First,
hashes of 4-tuples are computed as shown in Figure 2. A chunk of input (a) is loaded into
a SIMD register and permuted to form sliding windows (b) of four characters each. Using
a data-parallel pairwise multiply—add instruction, pairs of characters (T'[i], T[i + 1]) are
multiplied with (r, 1) to produce pair hashes (¢) according to ¢(i,i + 1) = T[i] - r + T[i + 1].
This phase is then repeated by multiply—adding pairs of pair hashes with (r2, 1), yielding
the 4-tuple hashes (d). Since r < 256, the pair hashes fit into 16 bits, preserving the vector
width throughout steps (a) to (d).

These 4-tuple hashes are then combined into 8-tuple hashes and finally into 16-tuple
hashes as depicted in Figure 3, using element-wise operations. Some intermediate values are
carried over from the previous iteration to reduce the number of required operations. Vectors
of 4-tuple hashes offset by 4, which are needed to compute the 8-tuple hashes, are formed by
combining the rear half of the previous vector with the front half of the next vector.

The 16-character hashes are cached in a ring buffer so that they can be subtracted once
the start of the sliding window reaches the current end. For windows of 17-32 characters, a
variant of the above algorithm is used in which the ring buffer remains in vector registers
to avoid costly store-reload latency. For hashes of up to 16 characters, specialized routines
directly compute each hash from the corresponding characters.

The total computational effort per iteration consists of 4 pairwise multiply-add operations,
8 multiplications, 8 additions, and 6 permutations. However, due to the high degree of data
parallelism and the latency of 32-bit SIMD multiplications on current Intel microarchitectures,
throughput is nevertheless latency-bound at approximately 11 cycles per 16 characters (10
cycles to compute the product ¢(s — 16..e — 16) - 716 and 1 cycle to add the remaining
terms) [1]. This compares favorably with the ~ 2.5 cycles per character required to compute
Karp-Rabin fingerprints using the conventional recurrence [36]

p(s.e)=d(s—1.e—1)-r —T[s—1]- 75T L TY[e],
and yields an overall performance improvement of approximately 5% across all tested
configurations of our algorithm.

5.4 Further Implementation Details

We implemented our block tree in C++, following the same interface as previous block tree
implementations [6, 40]. A practical block tree implementation requires only one bit vector
per level (to mark inner nodes), along with pointers and offsets to earlier occurrences for
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inner nodes. We implemented the memory-efficient algorithm based on domain decomposition
presented in Section 5.2, since the number of available PEs is determined by the hardware
and is typically much smaller than the input size. Preliminary experiments showed that using
a number of partitions different from the number of PEs negatively impacts performance.

In our implementation, we do not perform sorting. Although sorting simplifies the theoret-
ical analysis, it is unnecessary in practice. Instead, each PE is responsible for a local partition
of the current level. Blocks are initially marked only with respect to occurrences within the
local partition; for this purpose, we use a hash table (ankerl: :unordered_dense: :map) as
a filter to identify locally leftmost occurrences.

These marked blocks are then communicated to the responsible PE. To this end, we
use a wait-free multiple-producer single-consumer (MPSC) queue [2]. Since fingerprints are
uniformly distributed, they are used to assign blocks to PEs via a modulo operation. In
practice, this results in a well-balanced workload without noticeable skew. Once all blocks
have been marked globally, we proceed with the second phase in the same manner.

Another observation is that, beyond a certain threshold, the size of the MPSC queue
does not influence performance. In our experimental evaluation (Section 6), we use a queue
capacity of 512 fingerprints. Smaller queues led to load imbalances between PEs, while larger
queues did not yield any measurable performance improvement.

6 Experimental Evaluation

We conducted our experiments on a server equipped with an AMD EPYC 7713 CPU (64
physical cores with hyperthreading support, running at a base frequency of 2.0 GHz with a
turbo boost up to 3.66 GHz, 64 KB L1 and 512 KB L2 cache per core, and 256 MB of shared
L3 cache) and 1024 GB of DDR4 RAM. The server runs Ubuntu 20.04 (kernel version 5.15.0).
All code was compiled using the GNU Compiler Collection (GCC) version 11.4.0 with the
provided build scripts.

We compare our new algorithm (Par-BT, see Section 5) with the current state-of-the-art
block tree construction algorithm (LPF-BT) [40].3 It uses standard LZ-compression tools
(LPF-array) to compute the block tree. Since there are no other direct competitors, we
additionally include a state-of-the-art parallel LZ77 compression algorithm (Par-LZ) [64],*
the parallel LZMA compressor pxz [62], and the parallel gzip implementation pigz [3]. We
will make our implementation publicly available once the paper has been accepted. As the
implementation is part of a larger code base, releasing it would de-anonymize the authors.

Note that the latter three tools perform only compression of the input, without supporting
random access or rank/select queries. Nevertheless, they provide insight into a closely related
problem, as block trees can be seen as an LZ77-style approximation with additional query
support. Thus, on the one hand, block trees relax the compression problem, while on the
other hand, we have to compute additional information to enable queries.

We do not include the original block tree construction implementation [6], as it is purely
sequential and up to an order of magnitude slower than LPF-BT [40]. We used the fastest
configuration of LPF-BT and selected the same parameters (arity) for Par-BT, ensuring that
both algorithms construct identical block trees. While block trees can be used as drop-in
replacement for wavelet trees, we do not include them in the evaluation. Wavelet trees can
be constructed up to an order of magnitude faster than block trees and their construction
also scales well [19].

3 https://github.com/pasta-toolbox/block_tree; archived at Zenodo [44], last accessed 2026-01-01.
4 https://github.com/zfy0701/Parallel-LZ77, last accessed 2026-01-01.
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Table 1 Name, size n, alphabet size o, number of LZ77 factors z, and average LZ77 factor length
[n/z] of the inputs used in the experimental evaluation.

Name n o z  [n/Z]
cere 461286644 5 1700630 272
coreutils 205281778 236 1446468 142
einstein.de 92758441 117 34572 2684
einstein.en 467626544 139 89467 5227
escherichia 112689515 15 2078512 55
influenza 154808555 15 769286 202
kernel 257961616 160 793915 325
para 429265758 5 2332657 185

world_leaders 46968181 89 175740 268

As input data, we use the real-world repetitive texts from the Pizza&Chili corpus®, which
is commonly used in text indexing research. The same or very similar (but smaller) inputs
have been used in prior evaluations of the compared algorithms [40, 64]. Details on the input
data are given in Table 1.

6.1 Scalability

We first evaluate the scalability of all implementations. To this end, we conducted a strong-
scaling experiment in which each PE is mapped to a single physical CPU core. The throughput,
measured as processed input in MiB per second, is shown in Figure 4.

Overall, all tested algorithms exhibit similar behavior across inputs, largely independent
of input size, alphabet size, and average Lempel-Ziv factor length. We include Par-LZ to
illustrate the inherent difficulty of efficiently computing the LZ77 factorization in parallel.
Consequently, Par-LZ is the slowest of all evaluated algorithms. Interestingly, it scales similarly
to Par-BT, despite Par-BT computing an LZ77-style approximation together with additional
information required for query support rather than the LZ77 factorization itself.

Among the general-purpose compression tools, pigz is the fastest and best-scaling al-
gorithm overall. However, this performance comes at the cost of a weaker compression ratio
compared to pxz, the parallel LZMA compressor included in our benchmark. Overall, pxz
achieves performance comparable to Par-BT(on some inputs it is faster, on others similar,
and on some slower). Notably, it does not scale as well as pigz. We emphasize again that
these compressors cannot be used for block tree construction, nor does the data they produce
support access, rank, or select queries.

Currently, LPF-BT is the state-of-the-art block tree construction algorithm in terms of
construction speed. Its authors also provide a naive parallelization, which, to the best of our
knowledge, is the only other parallel block tree construction approach. This parallelization
relies on parallel algorithms for toolbox compression data structures. Since only the construc-
tion of these toolbox data structures is parallelized, rather than the entire algorithm, LPF-BT
exhibits limited scalability, with little to no speedup beyond 8 PEs.

In contrast, our algorithm Par-BT achieves speedups of up to 15.5 (on einstein.de) and
an average speedup of 11.1 when using 64 PEs. While this is far from linear speedup, it is
consistent with expectations given the difficulty of the underlying problem, the LZ77-like
processing with its data dependencies and the scalability behavior observed for Par-LZ.

® https://pizzachili.dcc.uchile.cl/repcorpus.html, last accessed 2026-01-01.
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Figure 4 Throughput (MiB/s) of the parallel block tree construction algorithms and the parallel
general purpose compression algorithms (dashed lines) in a strong scaling experiment.
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Figure 5 Space-overhead (%) of the parallel block tree construction algorithms and the parallel
general purpose compression algorithms (dashed lines) in a strong scaling experiment. Missing data
points refer to no heap allocation.
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Finally, even when using a single PE, the achievable memory throughput is significantly
higher than the block tree construction throughput. Specifically, memory throughput exceeds
1GiB/s on a single thread, which is several orders of magnitude higher than the construction
throughput. This indicates that additional memory bandwidth from multiple threads provides
little benefit and that the algorithms are CPU-bound.

COST. The configuration that outperforms a single thread (COST) [51] denotes the number
of PEs required for a parallel algorithm to outperform the fastest sequential algorithm. Without
considering the COST metric, one could present impressive speedups simply by parallelizing
a very slow algorithm. In our case, the COST of Par-BT is 2, that is, two PEs suffice for the
parallel algorithm to be faster than the fastest sequential block tree construction algorithm
(LPF-BT using one PE). This is essentially optimal, since our algorithm is not the fastest
sequential approach.

6.2 Memory Requirements

In addition to construction speed, we are interested in the amount of memory required during
construction. Excessive working-memory demands can severely limit the applicability of these
algorithms in memory-constrained environments, such as HPC clusters or shared hardware.
We report the memory allocated on the heap as a percentage of the input size in Figure 5.
To the best of our knowledge, none of the evaluated implementations allocate significant
memory on the stack, so considering heap usage alone is sufficient.

Although very fast, LPF-BT requires a significant amount memory, as it relies on several
auxiliary data structures that need O(nlogn) bits for an input of length n. A similar
observation holds for Par-LZ. Interestingly, the working-memory requirement of LPF-BT
is independent of the number of PEs used. As expected, Par-BT requires significantly less
space than LPF-BT; its space overhead is roughly an order of magnitude smaller. Among all
evaluated tools, Par-LZ exhibits the highest memory consumption during construction.

Both pigz and pxz are comparatively memory-efficient, but their memory usage increases
proportionally with the number of PEs. Notably, for small PE counts, pigz does not require
any heap allocations. However, as discussed earlier, this also results in weaker compression
ratios compared to pxz. We observe slight variations in the space overhead of Par-BT
depending on the number of PEs. This behavior can be explained by the local hash tables,
whose sizes depend on the distribution of fingerprints. Since the used hash function is only
pseudo-random, perfect load balancing across partitions cannot be guaranteed. Still, the
observed distribution is sufficiently balanced to keep hash table sizes comparable across PEs.

7 Conclusion and Future Work

In this paper, we presented the first dedicated parallel algorithms for block tree construction.
Our algorithms provide an effective trade-off between scalability and working-memory re-
quirements during construction. Our C++ implementation exhibits the best scalability among
existing block tree construction algorithms. Moreover, when using only two threads, our
implementation already outperforms the current state-of-the-art sequential algorithm, while
requiring roughly an order of magnitude less working memory during construction.

Despite these improvements, block trees are not yet a universal drop-in replacement for
wavelet trees. Although they compress very well on highly repetitive inputs, their size is at
best comparable to that of wavelet trees on non-repetitive inputs. We aim to address this
limitation by integrating more effective compression techniques and more space-efficient rank
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and select data structures for bit vectors, e.g., [45]. Furthermore, there remains a considerable
space-overhead due to auxiliary data structures required to support rank and select queries,
which we have not considered in this paper. In future work, we plan to address these challenges
and move closer to making block trees strictly superior to wavelet trees in practice.
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