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Abstract
The Fixed Degree Sequence Model (FDSM) asks for a uniform sample from the set of all simple
graphs that match a prescribed degree sequence. It is typically implemented using Markov-Chain
Monte-Carlo (MCMC) processes, such as Edge Switching or Curveball (and their variants). Yet
despite decades of research, rigorous bounds on the mixing times of such processes remain impractical.

Consequently, several experimental techniques have been used to derive “empirical lower bounds”
on the mixing time. We address the following research questions: (1) Which commonly studied graph-
theoretic properties serve as reliable empirical predictors for mixing of FDSM MCMC processes? (2)
At what structural scales do these properties operate primarily (i. e., are they predominantly local
or global in nature)? (3) How can these properties be characterised and quantified most effectively?

To this end, we propose Claim, a novel systematic method to establish empirical lower bounds
using learnt classifiers, and compare it to existing methods. Apart from interesting insights into the
usage of machine learning for this problem, we also derive robust graph properties with respect to
different randomisation algorithms. Although experimental in nature, these results may influence
both theorist’s and algorithm engineer’s work on improved bounds and better algorithm respectively.
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2:2 Empirical Mixing Times of Edge Switching and Curveball

1 Introduction

Obtaining a uniform random sample from the set of all simple graphs adhering to a prescribed
degree sequence D is a long-standing partially open problem both in theory and practice.
The task is crucial in the construction of null models (e. g. [52, 34]) or as a routine in graph
generators, e. g. the popular LFR benchmark [46, 45]. Let us define the problem formally:

▶ Definition 1. Given a sequence D = (d1, . . . , dn), let G(D) be the set of all simple graphs
(no loops or multi-edges) where node vi has degree di. We call D graphical iff G(D) ̸= ∅.

▶ Definition 2. Let D be a graphical degree sequence. We denote the uniform distribution
of G(D) as G(D). The Fixed Degree-Sequence Model (FDSM) asks to sample from G(D).

It is also common to start with some explicit graph G0 ∈ G(D), thereby implicitly
fixing D. As discussed in Section 2, there exist simple linear-time algorithms to translate a
graphical degree sequence into a non-random graph and vice versa. We therefore treat both
problems synonymously and call them FDSM. The problem and its variants are also often
discussed in terms of binary matrices with prescribed column and row sums (e. g. [66, 10]).

Although there are exact G(D) sampling algorithms for certain classes of degree se-
quences D, the FDSM is often implemented using Markov-Chain Monte-Carlo (MCMC)
methods. These methods typically inflict a large number of local changes to the graph.
The Edge Switching Markov Chain, for instance, selects two edges uniformly at random
and exchanges one of their endpoints each (see Figure 1a). For an appropriate MCMC, we
converge towards the uniform distribution G(D). The number of steps τ required until we
can treat Gi with i ≥ τ as a sample from G(D), is called mixing time. Conceptually, τ is the
number of steps the MCMC takes to “forget” its starting point.

We say that a MCMC process is rapidly mixing if τ scales polynomially in the graph
size. Even if the considered processes are known to be rapidly mixing for large classes of
degree sequences (e. g. [23]), the existing rigorous bounds almost always involve impractically
high-degree polynomials in both the graph size and the maximum degree. In practice, users
often pick between 10m and 100m (e. g. [26, 25, 18]). In contrast, several empirical studies
(e. g. [55, 53, 59, 2, 18, 32]) aim to determine the number of steps required until no “additional”
randomisation is observed. These methods only yield a minimum number of required MCMC
steps. Hence, we refer to these types of results as empirical lower bounds. Accordingly, and
in line with the theoretical notion of mixing time, these empirical lower bounds denote the
minimum number of steps required such that, with respect to a chosen set of features, no
further randomization is detectable, aside from a negligibly small error.

Virtually all empirical approaches that are applicable to graphs of non-trivial size focus
on particular structural properties of the graph in order to obtain their estimates. This
naturally leads to the question of which properties are most appropriate for this purpose. A
closely related issue concerns the scale at which such properties should be evaluated.

Roughly speaking, local properties produce fine-grained insights, but are susceptible to
noise and may fail to capture global structure, whereas global properties tend to smooth
out or obscure local phenomena. For instance, the effective autocorrelation method (see
Section 3) analyses edges in isolation. This yields a valid empirical lower bound, since, in
this context, local randomness is clearly a necessary condition for global randomness. On the
other hand, it is well established that seemingly random local behaviour does not, in general,
guarantee global randomness. This intuition is formalised through a number of mathematical
concepts, such as low-order marginals, local patterns, and k-wise independence.
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(a) Edge Switching selects two edges at random
and switches their endpoints. A switch is rejected,
if it introduces a non-simple structure (option 2).
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uncorrelated
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(b) Hypothesis: (G0, Gℓ) and (G0, Gf ) are indis-
tinguishable. If a classifier distinguishes both (re-
jects the hypothesis), ℓ is too small to properly
mix.

Figure 1 Rewiring of the Edge Switching MCMC (left) and Claim’s hypothesis (right).

1.1 Our contributions
We investigate (i) which established graph properties are good proxies to quantify the mixing
of FDSM MCMC processes and (ii) whether they are local or global properties. To this end,
we use multiple techniques, operating on different scales, to establish empirical lower bounds.

Autocorrelation (Section 3) is an established and robust method that serves as a baseline.
We systematically investigate its parameters and a novel generalisation.
We propose the novel ML-based method Claim (Section 4) to systematically evaluate
the importance of different graph properties. As illustrated in Figure 1b, the core idea is
to test and reject the hypothesis that a given number of MCMC steps ℓ is sufficient to
uniformly randomise the graph: Given a start graph G0, we run ℓ steps of the process to
obtain the graph Gℓ. Analogously, we obtain Gf with f ≫ ℓ.
Our hypothesis is that (G0, Gℓ) remain correlated, while (G0, Gf ) are uncorrelated. We
produce a large number of appropriately labelled graph pairs to train a classifier. If the
classifiers distinguish both classes successfully, it indicates that (G0, Gℓ) share similarities
that the classifier can recognise. This provides strong evidence that ℓ steps are not enough
to obtain a sample from G(D) – this establishes an empirical lower bound on τ̂ .
Finally, we conduct statistical tests (Section 5) on the data.

We find that the methods yield consistent bounds despite their different foundations. This
adds credence to the reliability and robustness of the results. Furthermore, we demonstrate
practically significant performance differences between Edge Switching and Curveball, and
provide evidence suggesting that common practical recommendations should be rephrased.

2 Related work

The Fixed Degree-Sequence Model (FDSM, see Definition 1) implies three requirements.
The output has to be a (i) simple graph, (ii) match D, and (iii) be a uniform sample. It is
relatively straightforward to achieve any two of these properties. For completeness, we start
by surveying relaxations and alternative sampling approaches.

2.1 Alternative sampling techniques
The Configuration Model [9, 13] can be implemented in linear time, but may emit multi-edges
and self-loops. Another common choice is the Chung-Lu model [20, 21] which can produce
simple graphs, however, its output matches D only in expectation.

SEA 2026



2:4 Empirical Mixing Times of Edge Switching and Curveball

The sampling of graphs that are simple and exactly match D is notably more challenging.
An early approach repeatedly samples from the Configuration Model rejecting non-simple
graphs [68]. Although it has a runtime linear in the number of edges, on regular graphs
the runtime scales exponentially in the square of the maximum degree dmax; i. e., it is only
polynomial time for dmax = o(

√
log n).

The rejection rate can be significantly reduced by “repairing” non-simple graphs produced
by the Configuration Model. [50, 51] Here, one identifies a sufficiently large class of graphs
produced by the Configuration Model (e. g. few self-loops and multi-edges) and then attempts
to remove illegal structures by swapping the end points of selected edges. It is crucial to
perform these swaps in a manner that avoids introducing biases, often achieved through
carefully balanced rejection steps. Notable examples include sampling of graphs with degrees
up to the fourth root of the number of edges [51, 7], regular graphs with slightly higher
degrees [30, 7], and power-law graphs with a sufficiently small power-law exponent [31, 7].

There are severe practical limitations to such approaches. Most crucially, they are highly
non-trivial to design and implement – for instance, Allendorf et al. [3] discuss a practical
implementation for power-law degree sequences with exponent of γ ⪆ 2.88. The code consists
of more than 4000 lines of code and involves non-trivial arbitrary precision arithmetic. While
it performs exceptionally well on instances matching the narrow parameter range, even slight
deviations from the specification result in prohibitively high rejection rates.

2.2 Markov-Chain Monte-Carlo methods
The FDSM is tightly related with the degree-preserving randomisation of a graph, as
translating between an instance G ∈ G(D) and D is possible in linear time in both directions.
Given a graph, we can compute D by counting the degrees. Conversely, we can construct
some simple graph G ∈ D using the deterministic Havel-Hakimi algorithm [39, 37].

Once a graph is obtained or provided, it can be randomised using Markov-Chain Monte-
Carlo (MCMC) methods (e. g. [41, 22, 32, 35, 42, 48, 62, 63, 64, 65] where some chains
introduce additional constraints such as connectivity or joint-degree distributions). These
schemes carry out large number of steps, each inflicting only small local changes. In this
article, we consider the following three common processes.
1. Edge-Switching [58] selects two edges uniformly at random with replacement and exchanges

their endpoints as in Figure 1a. Switches creating loops or multi-edges are rejected without
replacement. A rejection as such represents a self-loop in the state-graph of the underlying
MCMC process.

2. Curveball [63] uniformly selects two nodes u and v and randomly exchanges some of their
disjoint neighbours; this is called a (Curveball) trade. More specifically, let N−v(u) =
N(u) \ N(v) and N−u(v) = N(v) \ N(u) be the disjoint neighbourhoods of both nodes.
Then, a trade randomly redistributes the neighbours X = N−v(u) ∪ N−u(v) without
changing the degrees of u and v. This is typically implemented by drawing |N−v(u)|
elements from X without replacement and assigning them u, leaving the remainder for v.

3. Global Curveball Markov-Chain [17, 18] extends Curveball by grouping multiple single
trades into a so-called global trade. A global trade is a sequence of up-to n/2 trades, s.t.
each node is traded at most once. This latter constraint allows efficient parallelisation [18].

It is straightforward to show that these processes eventually converge to G(D) by es-
tablishing that the underlying Markov chains are ergodic and symmetric (see [16] for a
detailed survey). Yet, rigorous and practical bounds on the mixing time (i. e., the number
of steps until the process is sufficiently close to a uniform distribution) are mostly elusive.
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While polynomial upper bounds [22, 24, 36, 23, 5, 29, 23] on the mixing time are known
for several classes of undirected graphs such as bounded-degree or power-law graphs, the
involved polynomials tend to be of impractically high degree. This is problematic, as the
empirical indicators used to detect insufficient mixing fade rapidly, giving rise to a large gap
between theory and practice; ultimately lead to the previously mentioned recommendation
of employing an asymptotically linear number of steps to ensure adequate mixing.

One may ask whether a simple argument already yields a superlinear lower bound for the
mixing time of the Curveball process. For instance, consider a graph with constant average
degree but a small number of high-degree vertices with degree of order Θ(

√
n), as in power-law

graphs with exponent γ = 3. Such a vertex is selected with probability Θ(1/n), and in each
step only a constant number of its neighbours are changed in expectation. This suggests
a mixing time of Ω(n3/2). However, this reasoning applies only to the directed version of
Curveball. In the undirected case, which we consider here, trades involving neighbouring
vertices can also affect the high-degree vertex itself, thus the probability that the neighbours
of a high-degree vertex changes is proportional to its degree, invalidating such arguments in
this setting.

2.3 Empirical methods quantifying mixing
Rechner et al. [60] empirically study the full state graph of several MCMC processes and find
that the spectral gap of the MCMC state graph tends to be a good proxy to the mixing
time. Unfortunately, due to the combinatorial explosion of the state graph, this approach is
applicable only for very small graphs. Various empirical approaches have been proposed to
quantify the mixing time of MCMC approaches by tracing the random walks carried out. To
our knowledge, data-driven methods based on autocorrelation time are the most sensitive;
we discuss and generalise this method in Section 3.

An important class of methods consider the (approximate) distribution of graph properties,
such as assortativity coefficients, clustering coefficients, distance measures, eigenvalues,
triangle count, other motifs, perturbation and number of successful swaps [59, 38, 66, 16, 15].
The distribution of these properties is then interpreted as a proxy for the distribution of
graphs. This “projection” is by construction lossy, and hence may overestimate the mixing
achieved [10] – thereby underestimating the mixing time.

3 Autocorrelation

Pinar et al. [59, IV.A.] propose a data-driven approach based on autocorrelation time [61]. It
is often more sensitive than the methods discussed in Section 2.3. Consider a long run of an
MCMC process with a large number of steps N . For each step 1 ≤ t ≤ N and pair of nodes
{u, v}, we define z

(t)
{u,v} = 1 if the nodes are adjacent at step t and 0 otherwise. This results

in
(

n
2
)

binary sequences Z{u,v} = (z(1)
{u,v}, . . . , z

(N)
{u,v}).

Since most MCMC processes inflict only small changes in each step t, the values z
(t)
{u,v}

are autocorrelated (i. e., correlated to their predecessors z
(t−1)
{u,v}). For instance, Edge Switching

affects at most four edges per step (two removals and two insertions). Hence, for any step t,
there are at most four distinct sets Si = {u, v} for some vertices u, v for which z

(t)
Si

≠ z
(t+1)
Si

holds, while the remaining, at least
(

n
2
)

− 4 pairs, match.
Pinar et al. consider a k-thinned subsequence Z

(k)
{u,v} = (z(k)

{u,v}, z
(2k)
{u,v}, . . .) that is obtained

from Z{u,v} by only considering every k-th entry. Intuitively, the autocorrelation of thinned
sequences Z(k) vanishes for sufficiently large spacings k, since “k times” more changes
are done. Different variants of this approach have been used [62, 59, 18, 2]. We adopt

SEA 2026



2:6 Empirical Mixing Times of Edge Switching and Curveball

the Bayesian Information Criterion (BIC) previously used by Pinar et al. [59] to classify
k-thinned sequences as either correlated (i. e., best explained by a first-order Markov model)
or uncorrelated (i. e., sequence entries seem independent). Thus, we classify each k-thinned
sequence by evaluating ∆BIC = BICI − BICM , where the superscript I and M indicates the
independent and first-order Markov model, respectively. The sign of ∆BIC then determines
the assigned class for each sequence.

3.1 Implementation details
We adopt the high-level structure of the original implementation1 of Pinar et al. [59]. It
consists of two phases. The first phase executes the MCMC process and records the binary
sequences in time and memory Θ(

(
n
2
)
N). In the second phase, the authors consider each

sequence individually. They apply the BIC to classify each of its K thinned subsequences as
correlated or uncorrelated. This takes time O(

(
n
2
)
NK) where K is the number of thinning

values considered (typically a small constant K ≪ N). We improve the pipeline’s complexity
to O(K

(
n
2
)

+ NKm) time and O(K
(

n
2
)
) memory by modifying the data model:

The second phase requires only four values per k-thinned sequence: x00, x01, x10, and
x11 where xij encodes the number of transitions from i to j in adjacent bits. Instead
of explicitly recording large sequences, we maintain 4K counters each. In practice, this
reduces the memory requirements by more than two orders of magnitude. Unfortunately,
if implemented naively, it also increases the work to Θ(

(
n
2
)
NK) as we consider all K

thinning counters for each of the N time steps and for each of the
(

n
2
)

node pairs.
Exploiting that our experiments consider very sparse graphs, we reduce the time com-
plexity to O(

(
n
2
)

+ NKm), by only updating counters of the edges existing at a certain
point in time. We implement this idea using three values per thinned sequence, namely
last_step_observed, num_times_observed, num_of_01_transitions with obvious se-
mantics. In the second phase, we recover the xij counters using basic arithmetic.

3.2 Generalisation to wedges
Pertaining to our research question on the appropriate scale of graph features, it is natural
to ask whether larger structures increase Autocorrelation’s (AC) precision. To this end, we
extend the method from pairs of nodes to triples, and define 3

(
n
3
)

sequences Zu,{v,w} and set
z

(t)
u,{v,w} = 1 iff the wedge (v, u, w) exists at time t.2 Then, we again consider their thinned

subsequences in the obvious fashion. Based on the previously discussed algorithmic ideas,
this leads to a memory usage of O(K

(
n
3
)
), and a time complexity of O(K

(
n
3
)

+ NK
∑

i

(
di

2
)
)

where
∑

i

(
di

2
)

bounds the number of wedges (di being the degree of node i).
It is worth noting that the memory footprint can be trivially reduced by recording only

a subset of the sequences. However, we consider this route to be outside the scope of the
present work, as it is likely to introduce inaccuracies that would complicate a systematic
comparison with the standard edge-based AC approach.

4 Mixing-Time as a classification task

The previously discussed Autocorrelation method has two limitations in regard to our research
questions. Firstly, AC is limited to small local structures, such as edges and wedges, as
scaling up to larger features is prohibitively expensive. Secondly, while the BIC approach

1 https://www.sandia.gov/app/uploads/sites/203/2022/06/rel01.zip
2 A wedge is a 2-path, i. e., we query whether node u is connected to both v and w.

https://www.sandia.gov/app/uploads/sites/203/2022/06/rel01.zip
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has rigorous justification, we cannot verify that a particular sequence is correctly classified.
To overcome these limitations, we introduce the novel ML-based approach Claim3. By
design, it provides inherent ground-truth values to verify classification. It also permits broad
exploration of a suite of arbitrary graph features, and subsequent systemic assessment of
their influence on classifier performance.

Our framework shares similarities with generative adversarial networks (GANs) [33],
where two models are trained conjointly: a generator Gen to mimic a training set T , and a
discriminator Dis to tell instances from T and Gen apart. The intuition is that of a zero-sum
game, i. e., a successful Dis suggests that the generator Gen emits recognisable artefacts.
Thus, Gen needs to “learn” to produce more realistic instances by hiding these artefacts.

Claim also takes inspiration from Bläsius et al. [11] who propose a framework to system-
atically evaluate established network models. In this context and keeping our notation, Gen
is a classic graph generator (using fitted parameters), while the discriminator Dis is trained
to differentiate between generated and observed graphs. Crucially, the authors study the
selection and importance of features that Dis uses. These give an interpretable feedback on
the weaknesses of a graph model (e. g. that G(n, p) fails to reproduce degree distributions),
which may inspire improved models – in some sense manually closing the GAN loop. Instead
of graph generators, Claim targets iterative graph randomisation schemes. The method can
be more explicitly defined as follows.

Given an input graph G0, we run the MCMC process to be studied for i steps to produce
Gi, where i ∈ {ℓ, f} for parameters 0 < ℓ ≪ f . Then, given the pair of graphs (G0, Gi), the
binary classification task is to decide whether i = ℓ or i = f . If the classifier Dis performs
(slightly) better than a random coin flip, then (G0, Gℓ) and (G0, Gf ) must come from different
distributions. Since we know that the MCMC converges to the uniform distribution after its
mixing time τ , this clearly attests that ℓ steps do not suffice to reach this state.

We thus witness an empirical lower bound ℓ of the mixing time τ . Observe that this
argument holds even if G0 and Gf are not uncorrelated (i. e., f < τ). Still, in order to ease the
interpretation of our empirical results, we choose f sufficiently large to allow the assumption
that G0 and Gf are practically uncorrelated. In our experiments, we carry out a p-test
against the hypothesis that the classifier’s accuracy is governed by a binomial distribution.
Correct classification, i. e., rejection of this hypothesis, attests insufficient mixing.

4.1 Interpretable features and classification

Claim is intended to give systematic feedback on the practical mixing of graphs, similar in
spirit with the result of Bläsius et al. [11]. For this reason, we utilise established, interpretable
graph features to describe the pair (G0, Gi). This is an experimental design choice, not a
technical limitation. We generated a suite of potentially discriminatory features:

One scalar per graph: Degree Assortativity [55], Number of Connected Components
Centralities: Betweenness [27], Closeness [28], Eigenvector [14], Katz [43], KPath [1],
Laplacian [57]
Other node scores: Core Decomposition [49], Local Clustering Coefficient [67], Local
Square Clustering Coefficient [47], ORCA G54 [40], Common neighbours in G0 and Gi.

3 Correct Classification Attests Insufficient Mixing
4 ORCA counts, for each node in the graph, its occurrences in each induced graphlet (all possible subgraphs

of 4 and 5 nodes), as well as its occurrences in specific positions (known as orbits) within those graphlets.
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2:8 Empirical Mixing Times of Edge Switching and Curveball

As providing raw per-node features requires excessive memory5, we compute summary
statistics: mean, median, min, max, standard deviation, and a range of quantiles. As an
additional benefit, the shape of the training set becomes invariant to the number of nodes n,
which potentially allows training across graph sizes.

Classifier. To narrow the scope of the already excessive parameter range of our experiments,
we focus on a single classification model; XGBoost [19]. Preliminary investigations indic-
ated that more complex architectures, such as deep neural networks, offer only negligible
performance gains at significantly increased computational cost. XGBoost is a supervised
decision tree ensemble that utilises tree pruning and regularisation to mitigate overfitting and
improve generalisation. We employ the xgboost package [19] with a binary cross-entropy
loss function and regularisation penalties detailed in [19]. Crucially, this method allows us to
quantify individual feature importances, a capability central to our research question.

5 Statistical tests

Claim is intentionally designed to provide ground truth labels to detect incorrect classifica-
tions, thereby addressing a key limitation of the Autocorrelation approach. However, while
this ground truth is essential for the validation of our technique, it shifts the methodological
uncertainty surrounding our research questions to a different locus: the efficacy of Claim
depends critically on the classifier’s ability to detect residual structure in a noisy data set.
To address this concern, we adopt a two-pronged strategy: To begin, we carried out a
number of precursory investigations to provide empirical evidence that XGBoost performs
on-par with alternative classification models (cf. Section 4.1). We consequently consider it a
good and representative choice among established classification methods. We complement
this approach (although guided by feature importance results from trained classifiers) by
statistically analysing the distribution of specific features as mixing progresses. We do this
by testing the null hypothesis that the distribution of a feature at time t is identical to that
of uncorrelated graph pairs; rejection indicates residual dependence on G0. We primarily
utilise the two-sample z-test to assess equality of population means. Given our large sample
size (105), the central limit theorem ensures that the sampling distribution is approximately
normal, providing a robust metric for detecting shifts in feature averages. We also performed
Welch’s t-test, Mann–Whitney U , Kolmogorov–Smirnov, and χ2 tests, confirming that our
conclusions are consistent across different distribution characteristics.

6 Empirical evaluation

The following section is divided into two parts. We first study the empirical methods
themselves. Then, we apply the techniques to the MCMC processes Edge Switching (ES),
Curveball (CB), and Global Curveball (GCB) to simple undirected graphs (see Section 2.2).

The total of measurements presented here required compute on the order of 105 core
hours. Hence, a central concern of the experimental setup is to find trade-offs between the
breadth, accuracy, and cost of the campaign.

5 In a feature matrix, where each feature is encoded by a column and each row encodes the features of a
specific instance, these features would in total yield ≈ 110n columns. Thus, at least 105 columns for
most experiments.
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Input instances. To ease comparison of our methods, we fix a set of degree sequences for all
experiments. Concretely, we consider two common types: First, regular graphs, denoted by
Reg(n, d), where all n nodes have degree d. Secondly, graphs following a power-law degree
distribution of exponent 2 ≤ γ ≤ 3 and denoted by Pwl(n, γ), where n again refers to the
number of nodes.6 Each run independently samples its start graph G0 from G(D).

Arguably, starting and ending the chain in the same distribution imposes an additional
burden on the measurements. For instance, in a precursor study, we used initial graphs
sampled from the Random Hyperbolic Graph (RHG) [44, 12] model. This graph class is
known to exhibit structurally distinctive characteristics, such as high clustering. Claim
classifiers thus trivially focus on their gradients. However, these features quickly vanish for
relatively short MCMC runs, and do not qualitatively affect the empirical lower bounds
obtained. Accordingly, we randomly sample the start graphs from G(D), as this choice reduces
initial transient behaviours in the measurements and, thereby, simplifies the interpretation
of the results. Further, uniform sampling guarantees well-defined and comparable initial
conditions across repetitions.

Unit step. The chains under consideration vastly differ in the degree of perturbation
they inflict per transition. For instance, in a single step, ES affects at most 4 edges,
whereas for certain graphs, GCB may alter a constant fraction of edges. Consequently, the
computational cost per transition varies significantly across the chains and implementations.
Since performance engineering considerations are beyond the scope of this work, we introduce
a unit step as a runtime-agnostic progress measure. A unit step is defined such that each
chain accesses every underlying element (nodes for CB and GCB, and edges for ES) in
expectation exactly once:7

1 unit step ≡ m

2 steps of ES,
n

2 steps in CB, 1 step in GCB

We emphasise that this definition is intended only to move plots of different chains into a
comparable order of magnitude. There is no expectation that a unit step incurs the same
work across chains, or that it induces the same degree of randomisation. After all, this
non-trivial comparison between chains is one of the questions motivating this work.

6.1 Performance of the methods

We first consider the methods in isolation mostly on Pwl(n=1000, γ=2.1) – which is a
difficult instance for (G)CB (cf., Section 6.2), and still satisfies γ > 2.0.8

6.1.1 Autocorrelation

We implement the autocorrelation (AC) method as discussed in Section 3.1 in the high-
performance language Rust. The granularity of the underlying binary sequences is one unit
step, or in other words, a thinning of k corresponds to one snapshot every k unit steps.

6 To reduce variance, we sample 100 degree sequences with the requested parameters per graph. We then
estimate their actual degree distribution parameters using [4], and select the closest match.

7 Similar concepts have been used before; e. g. [18] define a so-called super-step using m steps of ES.
8 Sequences with γ ≤ 2.0 are called “anomalous” as even the average degree diverges. [8, Sec. 4.7]
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Figure 2 Fraction of correlated (w)edges as function of thinning (left) or sequence length (right).

Estimating mixing time τ̂ . For an AC run r, let f (r)(k) be the fraction of edges deemed
correlated as a function of the thinning value k (see Section 3 for details). Up to random
noise f (r)(k) approaches a plateau monotonically for growing k (see e. g. Figure 2a)

To estimate a lower bound τ̂ of the mixing time, we adopt the framework used in [18] with
increased precision. In the following, we consider a fixed parameter set (e. g. chain, degree
sequence, run length). We carry out 50 independent runs {r1, . . . , r50} with sufficiently large
thinning values kmax ensuring that the plateau is stable for at least 10 thinnings. Let µp

and σp be the mean and, respectively, standard deviation of the plateau values of all runs.
For each run r, we then individually find the smallest thinning τr, such that f (r)(τr) and

its four next larger thinning steps have at most a distance of 2σp from µp. Finally, we report
τ̂ = µτ ± στ where µτ and στ are the mean and standard deviation of (τ1, . . . , τ50).

For ES, we consider the thinning values {1, . . . , kmax}, for kmax = 30. For CB and GCB,
we observe later convergence and, hence, set kmax = 60. To reduce computational cost, we
skip odd thinning values larger than 1. Hence, στ tends to be smaller for ES.

Length of binary sequence N . A key parameter of AC is the number N of snapshots
recorded per node pair (i. e., N = |Z{u,v}|). To minimise work (scaling linearly in N), the
parameter should be as small as possible. However, it may not be too small to offer sufficient
significance: AC considers all

(
n
2
)

node pairs and, for each time step, records the existence of
all m edges. Hence, to observe at least one edge for each node pair, we need N · m ≫

(
n
2
)
.

We select N = 105 (except in Figure 2b). This corresponds to an average of at least 50
observations per node pair and run for all considered instances with n ≤ 1000. It is also
significantly larger than previous works; e. g. [59, 18] seem to record less than 104 unit steps
and then apply thinning. Thus, larger thinning values k have the shorter sequences.

In contrast, we use the same length for all sequences irrespective of the concrete choice
of the thinning parameter (i. e., |Z(k)

{u,v}| = N for all k). This choice is motivated by the
non-trivial interactions between the plateau value f(kmax) and N as illustrated in Figure 2b.
The general trend, an inverse relationship between f(kmax) and N , can be attributed to the
definition of the BIC. Nonetheless, the complex interactions suggest that the plateau can
become ill-defined if the differently thinned subsequences had a different length.

Lastly, we observe that even larger values of N increase precision in some cases. As an
extreme example, we see an increase from τ̂ = 40.2 ± 2.2 for N = 105 to τ̂ = 47.8 ± 1.4 for
N = 106 for Pwl(n=1000, γ=2.1) and CB. However, we consider the 9.99× larger runtime
unnecessary, as no qualitative differences could be observed.
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Wedges. In Section 3.2 we ask whether AC can be improved by considering wedges (i. e., 2-
path) instead of edges. Figure 2a supports this hypothesis, indicating a small but statistically
significant improvement of τ̂ . Unfortunately, we observe a 24.3-fold increase in runtime for
Pwl(n=1000, γ=2.1) when considering wedges. Even worse, the Θ(n3) memory requirements
translates to 122 GB of RAM in practice. This severely limits the number of parallel jobs
that can be executed on a typical compute server. Combining both effects on our 32 core
machine with 512 GB RAM, we observe a total reduction of throughput by a factor of 194.9
Considering the small improvements observed, we deem this extension as not worth keeping.

6.1.2 CLAIM

We implement Claim in Python using, amongst others, the libraries networkit [6] for graph
randomisation and analysis, polars10 for data handling, as well as scikit-learn [56] and
xgboost [19] for classification. As discussed in Section 4, we consider the randomisation
steps ℓ (analogously to thinning in autocorrelation) and degree sequences in isolation.

Data generation and classification. For each degree sequence and randomisation step ℓ, we
generate a balanced dataset of “correlated” instances (G0, Gℓ) and “uncorrelated” instances
(G0, Gf ), where f = 1000 ≫ ℓ. To reduce computational cost, we reuse “uncorrelated”
instances for different values of ℓ. Thus, for two differing values of ℓ the set of instances that
represent Gf is the same. Since any classifier only has access to the instances associated with
a fixed ℓ, this does not result in any advantage for the classifier. Performance is evaluated
via 5-fold cross-validation. Since the classes are balanced, 50% accuracy represents random
guessing. We consider a classifier as failed if a binomial test fails to reject the null hypothesis
that it’s success rate arises from a binomial process (with a confidence value of 0.01).

To reduce the effect of random noise (e. g. introduced by the dataset selection or during
training), we repeat each training step 10 times with partially overlapping datasets. Combined
with the 5-fold cross-validation, each data point is associated with 50 classifiers. We report
τ̂ = (ℓ1 + ℓ2)/2 as the mean between the mixing step ℓ1 where at least 40 classifiers appear
non-random and the first time step ℓ2, where at least 40 classifiers appear random.

Dataset size. Unless otherwise specified, experiments utilise 105 pairs (5 × 104 pairs
(G0, Gl) and (G0, Gf ), each). To estimate the effect of this choice, we trained classifiers
for Pwl(n=1000, γ=2.1) on up to 106 pairs per class – increasing runtime and storage
requirements by at least a factor of 20. This leads to only marginal performance gains with
no new qualitative insights. Thus, in the interest of reproducibility, we use the smaller
datasets for the following evaluation, although we emphasise that small gains in performance
are possible by increasing the dataset size.

Feature relevance. Recall that our primary research questions pertain to the nature of
graph features, thereby highlighting bottlenecks in FDSM MCMC processes. Hence, instead
of more recent techniques, we rely on xgboost not only due to its performance, but also for
its ability to quantify the relevance of individual features in the decision making process.

9 It is straight-forward to parallelise the AC overhead in our implementation. However, given that the
computation is already memory-bound, we expect diminishing returns without algorithmic improvements.

10 https://pola.rs
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By far, the most discriminatory feature picked up by xgboost is “common neighbours”,
i. e., the number of common neighbours shared by each node v between (G0, Gℓ) and (G0, Gf )
respectively. All other features have at least one order of magnitude smaller importance
scores. Still, when considering the union of the three most relevant features of all successful
classifiers (1 ≤ ℓ ≤ 17) for ES on Pwl(n=1000, γ=2.1), we observe 28 columns (recall that
the distribution features are reduced to a number of descriptive statistics columns); of these,
22 represent the highly local features “common neighbours”, ORCA, and degree assortativity.
The remaining columns have such a low relevance score that we consider them insignificant.

The discriminatory power of “common neighbours” is interesting for two reasons: It is
clear that this feature is in some sense a weakened version of the method that autocorrelation
relies on. Secondly, it seems to indicate that local features take precedence over high-level
graph attributes, despite the fact that the classifier has access to both. One could argue
that the classifier performs well solely because it has access to both local and global features.
When excluding the “common neighbours” metric, the performance of the classifier breaks
down – almost halving the predicted value for τ̂ of CB and GCB for Pwl(n=1000, γ=2.1).
Still, this argument only shows that local features are necessary, and are possibly acting in
concert with global features. We uncover evidence to the contrary using statistical tests.

Statistical tests. We aim to provide evidence that global features do not provide information
beyond what is captured by the “common neighbours” metric. To this end, we show that
statistical tests can distinguish the distributions of (G0, Gℓ) and (G0, Gf ) solely based on the
realisation of the “common neighbours” feature up to values of ℓ where Claim breaks down.

The tests are two-sided and conducted at a 95% confidence level (α = 0.05). We carried
out all tests listed in Section 5, yielding similar findings across the board. As such, we focus
only on z-test results, as they generally exhibit the best discriminatory ability. Indeed, as
seen in Figure 3a, the classifier performance can be matched or even surpassed by statistical
tests on the “common neighbours” feature alone. We attribute the increased performance
partly to the difference in scale – the classifier decides on an individual pair of graphs without
global knowledge, while the statistical tests can leverage the global distribution.

However, it is clear that the classifier fails to gain a tangible advantage by having access to
various global and local graph features beyond what is provided by the highly local “common
neighbours” feature. This lends further credence to the evidence that local features outrank
the provided global features in discriminatory power for converging graph distributions.

6.2 Performance of MCMC processes

In the following, we shift the focus to the three MCMC methods Edge Switching (ES),
Curveball (CB), and Global Curveball (GCB). We use Autocorrelation (AC), Claim, and
statistical tests (ST) to quantify the chains’ performances. For each method, we use the
parameters established in the previous section. Recall that each parameter represents a
trade-off between precision, robustness, and computational effort – hence bounds can usually
be influenced, e. g. by changing the data set size. Thus, in the following, we will not compare
the absolute bounds each method provides, but rather whether they agree qualitatively.

Across parameter investigations, we see broad agreement between the ST and Claim
results. Absolute bounds are marginally different, but the qualitative agreement between
these approaches suggests substantive findings, particularly given the contrast between these
and the AC results in certain parameter regimes.
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Figure 3 Mixing time estimates τ̂ as function of nodes and power-law exponent. For AC we
report the 95% confidence interval. For Claim and ST the errorbars indicate the spread between
the last point where at least 80% of repeats indicated correlated data and the first point where at
most 20% do. Both plots share the same legend.

Regular graphs. Regular graphs are an easy input class for all MCMC processes studied:
ES exhibits no significant rejection rate (see Table 3), i. e., most switches modify two edges.
Similarly, CB exchanges yield, as expected, d/2 neighbours per trade (i. e., modifies d edges).
Thus, both chains modify almost m edges per unit step; however some are repeatedly sampled.
If we ignore dependencies within a step (as d ≪ m), the situation is analogous to the Coupon
collector problem [54], predicting that (1 − 1/e)m ≈ 0.63m edges are updated per unit step –
with no additional dependency on the degree d. Our measurements in Table 3 support this.

Consistently, none of our methods suggest a trend in the mixing time estimates when
scaling the degree of Reg(n=1000, d) in the range 2 ≤ d ≤ 6. AC finds a median (among
different values of d) estimate of 10 for ES and CB, and a slightly faster mixing von GCB
of 8. Claim and ST yield identical trends with one to two steps higher estimates. The
better performance of GCB can, at least in part, be explained by the same logic as used
previously: as CB draws with replacement, only ≈ 63% of nodes are considered per unit step.
In contrast, GCB samples without replacement, and thereby considers all nodes. Hence,
almost all edges are considered twice per unit step (once for each end point), and each is
modified with a 50% probability per trade. In other words, the probability that an edge
is updated after being considered (approximately) twice per unit step, tends to 3/4. This
is consistent with the measurements reported in Table 3, showing that GCB updates 1.18
times more edges in a unit step than ES and CB.

Effect of the power law exponent. To study the effect of inhomogeneous degree sequences,
we switch to power law distributions with parametrisable skewness 2 ≤ γ ≤ 3. The smaller γ,
the more high degree nodes we observe; more specifically, the expected maximum degree
scales as Θ

(
n1/(γ−1)) as n → ∞. [8, Sec 4.3]

Figure 3a summarises the mixing time estimations of the three methods for ES and CB.
Since Curveball and its global variant perform similarly (with a slight advantage for GCB,
consistent with our discussion on regular graphs), we omit GCB for clarity of the presentation.
With the exception of Pwl(n=1000, γ) with γ ≤ 2.1, Edge Switching is largely unaffected
by γ. The peak at low values of γ can be largely attributed to the fact that ES’s rejection
rate scales in the degrees of the edges’ endpoints, relative to the total number of edges. As
indicated in Table 2, the maximum degree of Pwl(n=1000, γ=2.0) is 236, leading to an
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acceptance rate of only 39%. Already for Pwl(n=1000, γ=2.3), the rejection rate decreases
to 7 %, and further to below 1% for Pwl(n=1000, γ=3.0). This coincides with the plateau
of the mixing time estimates τ̂ for γ ≥ 2.3.

Interestingly, we observe a qualitative difference between ES and CB: while ES is almost
unaffected by the value of γ, the estimates for CB’s mixing time halve as γ → 3. We are
unaware of an empirical demonstration of this effect in the literature.

Graph size. In practice, graph size is a crucial parameter for the mixing time. In Figure 3b,
we summarise the dependency between the number of nodes n and the mixing time estimates τ̂ .
We again omit GCB for clarity, as it is qualitatively similar to CB (barring an outlier for
n = 2000; c.f. Figure 4). Observe that a unit step already scales linearly in the graph
size, thus the figure is consistent with τ = Ω(n log n). This is plausible because CB needs –
analogously to the Coupon collector – expected Ω(n log n) trades until each edge could be
traded once. Similarly, ES requires expected Ω(m log m) switches. These findings contradict
practical folklore which suggests to select the number of steps as a constant factor of the
graph size.

Figure 3b also indicates a more pronounced response from CB. This is despite the fact
that the fraction of nodes with degree 1 is reduced from 0.9 to 0.68 for Pwl(n=125, γ=2.1)
and Pwl(n=1000, γ=2.1), respectively. At the same time, the average degree grows from
1.86 to 3.0; both effects increase the efficiency of CB. The widening performance gap between
ES and CB can be partly attributed to the scaling of the plot. Recall that a unit step is
defined as m/2. Hence, the increase in the average degree implicitly leads to a higher number
of edge switches per node, even if τ̂ , expressed in unit steps, remains constant.

7 Conclusion and outlook

We considered several methods to empirically quantify the mixing time of graph randomisation
processes. The methods agree qualitatively on virtually all instances despite their different
methodological foundations and disjoint code bases. This suggests that the results are robust.

The AC method remains highly relevant as a favourable compromise between performance
and accuracy. Our novel ML-based approach Claim gives insights into which features best
reveal residual structures in incompletely mixed instances. These are predominately local
in nature and include “common neighbours”, ORCA counts and degree assortativity. We
support this observation with statistical tests based solely on a local feature. Nonetheless,
our experiments including higher order local structures such as wedges and small subgraphs
captured by ORCA counts suggest that there is a delicate trade-off between the information
conveyed by larger substructures and the increasing difficulty to separate the aggregated
noise from a genuine signal.

We demonstrate improved “empirical lower bounds” for power law sequences with low
exponent. Together with the observed super-linear scaling in the graph size, this suggests
that – especially for larger networks – significantly more than 10m switches and more than
50n trades should be used. Our results suggest that the ES chain is less susceptible to skewed
degree distributions than Curveball. For near regular graphs, however, we find very similar
behaviours for all chains. In this regime GCB seems favourable, as it shows the lowest mixing
time bounds, and engineered implementations [18] significantly outperform ES.

As an orthogonal concern, it remains open whether more sophisticated classifiers (e. g.
graph neural networks) with less interpretable features may boost Claim sensitivity.
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2:18 Empirical Mixing Times of Edge Switching and Curveball

A Efficiency of MCMC processes

In this section, we report basic statistics on the efficiency of the MCMC processes, such as
the number of edges that are different after a unit step.

Table 1 Efficiency of MCMC processes for powerlaw sequence of varying size. “Upd”: Number
of edges present only after randomization. “Unit”: per unit step, “Trd”: per CB trade. “AccRate”:
Acceptance rate of ES (i. e., fraction of successful swaps).

Instance Edge Switch Curveball Global CB
Degree Acc- Upd Upd Upd Upd

Model n m Min Max Rate /Unit /Trd /Unit /Unit
Pwl(γ=2.1) 125 116 1 26 0.79 61.6 1.22 52.5 63.2
Pwl(γ=2.1) 250 260 1 40 0.81 138 1.25 113 136
Pwl(γ=2.1) 500 582 1 71 0.83 320 1.40 246 294
Pwl(γ=2.1) 1000 1501 1 241 0.65 673 1.36 495 598
Pwl(γ=2.1) 2000 3657 1 542 0.52 1332 1.38 1018 1224

Table 2 Efficiency of MCMC processes for powerlaw sequence of varying exponent. “Upd”:
Number of edges present only after randomization. “Unit”: per unit step, “Trd”: per CB trade.
“AccRate”: Acceptance rate of ES (i. e., fraction of successful swaps).

Instance Edge Switch Curveball Global CB
Degree Acc- Upd Upd Upd Upd

Model n m Min Max Rate /Unit /Trd /Unit /Unit
Pwl(γ=2.0) 1000 1715 1 236 0.61 722 1.47 543 649
Pwl(γ=2.1) 1000 1501 1 241 0.65 673 1.36 495 598
Pwl(γ=2.3) 1000 1000 1 61 0.93 595 1.35 461 552
Pwl(γ=2.6) 1000 784 1 44 0.96 483 1.17 409 488
Pwl(γ=2.9) 1000 651 1 13 1.00 410 1.13 377 449
Pwl(γ=3.0) 1000 640 1 20 0.99 402 1.13 371 441

Table 3 Efficiency of MCMC processes for regular sequence of varying degree. “Upd”: Number
of edges present only after randomization. “Unit”: per unit step, “Trd”: per CB trade. “AccRate”:
Acceptance rate of ES (i. e., fraction of successful swaps).

Instance Edge Switch Curveball Global CB
Degree Acc- Upd Upd Upd Upd

Model n m Min Max Rate /Unit /Trd /Unit /Unit
Reg(deg =2) 1000 1000 2 2 1.00 630 2.04 633 749
Reg(deg =3) 1000 1500 3 3 0.99 943 3.06 946 1120
Reg(deg =4) 1000 2000 4 4 0.99 1257 4.01 1259 1495
Reg(deg =5) 1000 2500 5 5 0.99 1567 4.88 1574 1864
Reg(deg =6) 1000 3000 6 6 0.99 1878 6.00 1886 2234
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B Summary plots

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70
Supersteps

Pwl(n = 100, = 2.1) - CB
Pwl(n = 100, = 2.1) - GCB

Pwl(n = 100, = 2.1) - ESMC
Pwl(n = 125, = 2.1) - CB

Pwl(n = 125, = 2.1) - GCB
Pwl(n = 125, = 2.1) - ESMC

Pwl(n = 250, = 2.1) - CB
Pwl(n = 250, = 2.1) - GCB

Pwl(n = 250, = 2.1) - ESMC
Pwl(n = 500, = 2.1) - CB

Pwl(n = 500, = 2.1) - GCB
Pwl(n = 500, = 2.1) - ESMC

Pwl(n = 1000, = 2.0) - CB
Pwl(n = 1000, = 2.0) - GCB

Pwl(n = 1000, = 2.0) - ESMC
Pwl(n = 1000, = 2.1) - CB

Pwl(n = 1000, = 2.1) - GCB
Pwl(n = 1000, = 2.1) - ESMC

Pwl(n = 1000, = 2.3) - CB
Pwl(n = 1000, = 2.3) - GCB

Pwl(n = 1000, = 2.3) - ESMC
Pwl(n = 1000, = 2.6) - CB

Pwl(n = 1000, = 2.6) - GCB
Pwl(n = 1000, = 2.6) - ESMC

Pwl(n = 1000, = 2.9) - CB
Pwl(n = 1000, = 2.9) - GCB

Pwl(n = 1000, = 2.9) - ESMC
Pwl(n = 1000, = 3.0) - CB

Pwl(n = 1000, = 3.0) - GCB
Pwl(n = 1000, = 3.0) - ESMC

Pwl(n = 2000, = 2.1) - CB
Pwl(n = 2000, = 2.1) - GCB

Pwl(n = 2000, = 2.1) - ESMC
Reg(n = 1000, deg = 2) - CB

Reg(n = 1000, deg = 2) - GCB
Reg(n = 1000, deg = 2) - ESMC

Reg(n = 1000, deg = 3) - CB
Reg(n = 1000, deg = 3) - GCB

Reg(n = 1000, deg = 3) - ESMC
Reg(n = 1000, deg = 4) - CB

Reg(n = 1000, deg = 4) - GCB
Reg(n = 1000, deg = 4) - ESMC

Reg(n = 1000, deg = 5) - CB
Reg(n = 1000, deg = 5) - GCB

Reg(n = 1000, deg = 5) - ESMC
Reg(n = 1000, deg = 6) - CB

Reg(n = 1000, deg = 6) - GCB
Reg(n = 1000, deg = 6) - ESMC

Figure 4 Summary of all Claim results. Recall that we trained 50 classifiers for each combination
of graph instance, MCMC process, and randomisation length. The former two are combined on the
Y-axis, the latter indicated on the X-axis. For each classifier, we carry out a binomial test to reject
the hypothesis makes random decisions. The darker the heatmap’s shade, the more classifiers are
considered non-random. To find the position of the phase transition, we consider the right-most
point where at least 40 classifiers appear non-random, and the left-most point where at least 40
classifiers appear random.
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