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—— Abstract
We propose and study a new extension of the classical set packing problem, which we call the
online D-set packing with renewable capacities (D-SPaRC) problem. In the D-SPaRC setting, there
is a collection of resources with associated capacities. Requests arrive one by one, and for each

request, a decision has to be made to accept it or not before seeing future requests. Each request
is associated with a collection of subsets of resources, with each subset having cardinality at most
D. When accepting a request, exactly one of these subsets must be chosen, which consumes one
unit of capacity on each of the involved resources. Over time, the available resource capacities may
be renewed, allowing additional requests to be accepted. Many online problems, including packing,
routing, and scheduling, can be formulated as a D-SPaRC problem, thus underlining its usefulness.

We first present a simple greedy algorithm that is O(émin - (Dm0 — 1))-competitive for D > 2
and 3-competitive if D = 1, where émin is the minimum capacity of the resources. We then show
that, for émin = Q(log D), the greedy algorithm can be extended to an online algorithm with
predictions whose competitive ratio is never worse than that of the original greedy approach and
can, in fact, be reduced to a constant when the predictions are optimal. Finally, we generalize the
D-SPaRC problem in two meaningful ways, namely by addressing non-uniform request priorities
and by handling requests with non-uniform weights.
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1 Introduction

The online D-set packing with renewable capacities (D-SPaRC) problem consists of a set
V of resources (simply called nodes in the following) with associated capacities é: V — N.
Let émin = min, é(v). Initially, the available capacity c(v) at every node v is equal to é(v).
Requests 71,79, ... arrive one by one, where each r; is a non-empty collection of non-empty
subsets of V', with each subset having cardinality at most D (representing the maximum
allowed resource demand per request). For each r;, a decision must be made to accept or
reject it before seeing future requests. A request r; can only be accepted if there exists a set
S € r; with ¢(v) > 1 for all v € S. We call such sets feasible. If r; is accepted, exactly one
feasible set S must be picked, and ¢(v) is decreased by 1 for all nodes v € S. Independent of
the decisions and unknown to the online algorithm, the node capacities are renewed over
time, i.e., there is a sequence of capacity renewal vectors ¢y, co, ... over V| where ¢;(v) > 0
specifies the amount of the available capacity at node v that is renewed between requests r;
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and r;+1. More specifically, given a renewal of ¢;(v), the available capacity of v is updated to
min{é(v), ¢(v) + ¢;(v)} before request ;11 is proposed. The primary objective of this paper
is to accept as many requests as possible, and the quality of our solutions is measured using
the competitive ratio, which is the worst-case ratio of the performance of an optimal offline
algorithm to that of the proposed online algorithm over any sequence of requests. We will
also discuss some extensions at the end of this paper.

The D-SPaRC problem has interesting applications in the context of renewable energy.
Consider, for example, a future scenario in which windmills recharge batteries for package-
delivering drones. Given a request to send a package from a source A to a destination B,
where B is too far away from A to deliver the package on a single battery charge, several
optional flight paths — in which drone batteries can be replaced en route at windmills — can
then be used to ensure the package is delivered to B. Any collection of such windmills
may be represented as a set, and therefore, a request to deliver a package can be modeled
as a collection of subsets of the set of windmills. This can be formulated as a D-SPaRC
problem if the number of times a battery is allowed to be replaced for a single package is
upper-bounded by D. We illustrate this using an example in Figure 1. Instead of windmills
at fixed locations, one can also envision a scenario in which batteries are available on mobile
units, like trucks, so that certain drone routes are only temporarily available.

Figure 1 Illustration of the D-SPaRC problem applied to drone-based package delivery, where a
drone must transport a package from a warehouse (source, left) to a mailbox (destination, right).
Windmills serve as intermediate battery-replacement stations, represented as nodes, where each
windmill v has maximum capacity é(v), depicted as a vertical stack of batteries, where green and red
batteries indicate available and depleted capacity, respectively. An edge between two nodes indicates
the drone can travel between them on a single battery charge. For this instance, consider the request
ri = {{a,¢c,d},{a,b,e}} with D = 3. r; can be accepted using the feasible subset {a, ¢, d} (while the
other is infeasible since e has no remaining capacity).

In general, we may consider any situation in which there is a collection of suppliers of a
certain type of renewable resource, and a request is only allowed to use those combinations
of suppliers that do not exceed the allowed budget of any given request while satisfying
its needs. In that case, we may end up with weighted combinations of suppliers, which
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can be modeled as multisets and can be covered by one of our extensions. The D-SPaRC
formulation can also cover scenarios in which suppliers are temporarily out of service (i.e.,
unable to deliver their available resources), provided this occurs independently of the online
algorithm’s choices. In that case, a request contains only multisets of suppliers currently in
service.

1.1 OQur Contributions

We present a new variant of the set packing problem and show that a simple greedy algorithm
is O(émin - (Dl/émin —1))-competitive for D > 2 and 3-competitive if D = 1, where ¢,y is the
minimum capacity of the resources. Its proof is inspired by an analysis of a greedy algorithm
for the unsplittable flow problem [23], but the new aspect here is that we are dealing with
renewable resources, which significantly complicates the witness argument in the proof.

We then show that, for énin = Q(log D), the greedy algorithm can be extended to an
online algorithm with predictions whose competitive ratio is never worse than that of the
original greedy approach and can, in fact, be reduced to a constant when the predictions
are optimal. The key idea here is to compare the performance of an optimal algorithm with
the performance of the greedy algorithm and an optimal algorithm that only have half of
the capacity available in the resources, and whenever the capacity of a resource is renewed
by an additive ¢ in the former case, it is only renewed by ¢/2 in the latter case. It turns
out that the greedy algorithm still remains O (épiy - (DQ/ ¢min _ 1))-competitive in that case,
and the optimal algorithm for half of the capacities still remains constant competitive if
émin = Q(log D). Combining these two insights then allows us to design an online algorithm
with predictions that is O(log D)-competitive for any predictions and constant competitive if
the predictions are optimal, under the assumption that é,;, = Q(log D).

Finally, we generalize the D-SPaRC problem in two meaningful ways, namely by addressing
non-uniform request priorities and by handling requests with non-uniform weights. In fact,
given a maximum priority of ppax, a competitive ratio of O(émin - (Dlog(pmax+1)/ émin — 1)) can
be reached, and given a maximum weight of /i, a competitive ratio of O(épiy - (D (emin=R) 1))
can be reached.

1.2 Related Work

Set packing is a fundamental problem that belongs to Karp’s 21 AP-complete problems [22].

Suppose that we are given a finite set S and a collection C of subsets of S. Then, the

(decision variant of the) set packing problem asks if there are k pairwise disjoint subsets in C.

The set packing problem is not only N'P-complete, but its optimization version has been
shown to be as hard to approximate as the maximum clique problem by Hazan, Safra, and
Schwartz [19], and the best known algorithm approximates it within a factor of O(+/[S]) (see
the work of Halldérsson, Kratochvil, and Telle [18]). A more tractable problem is the D-set
packing problem in which each set contains at most D elements. When D = 1, the problem
is trivial, and when D = 2, the problem is equivalent to finding a maximum cardinality
matching, which can be solved in polynomial time. For any D > 3, the problem is N"P-hard,
as it is a generalization of the D-dimensional matching problem, and Karp [22] showed
that 3-dimensional matching is A/P-hard. However, there are constant-factor approximation
algorithms (e.g., Cygan [9], Fiirer and Yu [15]).

D-set packing is equivalent to D-hypergraph matching where the sets of size at most D
correspond to hyperedges of size at most D. Online D-hypergraph matching has been studied
by Trobst and Udwani [30], where they show that any (randomized) online algorithm has

13:3

SAND 2026



13:4

Online Algorithms for Set Packing with Renewable Capacities

competitive ratio at least (2+ o(1))/D. (Note that they define competitive ratio inversely to
the definition used in this paper, i.e., they consider the ratio of the algorithm performance
to the optimal performance.) They also study the version of the problem where edges
are allowed to be assigned fractionally. Notice that D-hypergraph matching differs from
D-SPaRC in two ways: the hyperedges (sets) are disjoint and the nodes are not renewable.

A closely related problem to our formulation of the online D-set packing problem (without
considering renewable capacities) is the online unsplittable flow problem (UFP), also referred
to as the online unsplittable routing problem. In online UFP, we are given an undirected
graph consisting of n nodes and positive real-valued edge capacities. Each request comes in
as a tuple of its associated source and destination nodes, along with a corresponding demand
d € [0,1]. The goal is to maximize the number of requests accepted. We can successfully
satisfy a request if there exists a path in the graph such that each involved edge has sufficient
capacity to satisfy the given demand d (and the flow is never split amongst multiple paths).
Once a request is accepted, the capacities along the chosen path will be updated accordingly.
One can observe that online UFP, where each demand is exactly 1, can be modeled using our
formulation of online D-set packing, where each element is an edge, and each collection of
elements represents a potential flow path to satisfy a given request. Furthermore, D would
be an upper bound on the length of any flow path in the graph. The online version of the
UFP was first studied by Awerbuch, Azar, and Plotkin [2], who considered the case where the
minimum edge capacity is (logn) and designed an O(log n)-competitive algorithm. Over the
years, various works have continued to study the problem, aiming to improve the competitive
ratio by leveraging different parameters (e.g., flow number by Kolman and Scheideler [23]) or
different techniques (e.g., primal-dual technique by Buchbinder and Naor [8]).

Motivated by packet forwarding, Emek, Halldérsson, Mansour, Patt-Shamir, Radhakrish-
nan, and Rawitz [12, 13] introduced a formulation of the online set packing problem where
initially we are aware of several subsets of S whose elements are unknown, and elements arrive
in an online manner, revealing which subset(s) they belong to. The goal is to irrevocably
assign incoming elements to one of their potential subsets such that the total number of
subsets with all elements assigned is maximized. For this formulation, they developed a
randomized distributed algorithm to solve the problem and showed a nearly matching lower
bound on the competitive ratio that holds even in the centralized setting. This version of the
online set packing problem, where subsets are inputs and elements are requests, is a variant
of D-SPaRC where the roles are reversed. Thus, solutions to D-SPaRC are not applicable to
this formulation.

There is also some overlap between D-SPaRC and the online knapsack problem. In the
online knapsack problem, a knapsack of some capacity receives elements one by one, each
with a specific weight and value. An irrevocable decision to accept or reject the element is
made, and the goal is to maximize the total value of the elements accepted to the knapsack
without exceeding its capacity. One may notice that for the version of online knapsack where
all elements have the same value but possibly different integer-value weights, this may be
modeled as the non-uniform weight version of the D-SPaRC problem (see Section 4). The
work of Marchetti-Spaccamela and Vercellis [29] was the first to study the online knapsack
problem and showed that in the general case, there is no online algorithm that can achieve a
non-trivial competitive ratio. The work of Zhou, Chakrabarty, and Lukose [32] subsequently
studied this problem by assuming that the weight of each item is much smaller than the
knapsack capacity and that the value-weight ratio of each item is lower and upper bounded
by two constants L and U, respectively. They were able to design an algorithm that solves
the online knapsack with competitive ratio In(U/L) + 1, which they showed to be optimal.
There has been much subsequent research on the problem, and the interested reader may
refer to the survey by Bockenhauer, Hromkovi¢, Komm, Rossmanith, and Stocker [5].
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Another line of work related to D-SPaRC is augmenting online algorithms with replen-
ishment, as done by Kang, Liu, and Udwani [21]. They introduce a black-box method
that extends many existing online resource allocation algorithms (for resources with fixed
capacities) to work with an arbitrary (adversarial or stochastic) replenishment process.

As mentioned earlier, drone routing can be modeled via the D-SPaRC problem. In
particular, consider a graph where the vertices are windmills at which drone batteries can
be stored/charged. Each node’s capacity represents the number of drone batteries that can
be stored/charged at that node. The input is a sequence of delivery requests, where each
request consists of a sequence of at most D nodes to be traversed by a drone (to deliver
a package from a starting point to an ending point). The goal is to satisfy the maximum
number of requests, where a request is satisfied if each node in the assignment has non-zero
capacity when the request is being serviced. Drone routing is a more recent variant of the
vehicle routing problem, introduced by Dantzig and Ramser [11], a source of active research
for the past 67 years. An excellent survey on various work that has been done in this area
is that of Laporte [25]. Macrina, Di Puglia Pugliese, Guerriero, and Laporte [28] provide a
wonderful survey of work focused on drone routing.

Many works have considered providing additional information to an online algorithm
in order to improve its performance. One important model is the advice model, where an
oracle has advance knowledge of the entire input, chooses to encode some information in
a string of bits, and makes this string available to the algorithm throughout the runtime
to aid in the computation. For more information on this advice model, please see the
relevant section in Komm [24] and the survey by Boyar, Favrholdt, Kudahl, Larsen, and
Mikkelsen [6]. Typically, the oracle is assumed to be correct. Learning-augmented algorithms,
also known as algorithms with predictions, attempt to capture more realistic situations where
the information, potentially generated by a machine learning algorithm, may not always
be correct. In this model, introduced by Lykouris and Vassilvitskii [27], the prediction
may or may not be correct. Algorithms are then designed to leverage correct predictions
to achieve better performance while withstanding incorrect predictions, i.e., performing
as well as if no prediction was available. To the best of our knowledge, there has been
no prior attempt to study the set packing problem, let alone the D-SPaRC problem, in
a learning-augmented model. However, in this setting, the knapsack problem has been
studied [1, 3, 7, 10, 16, 17, 20, 26, 31].

It should be noted that there are many packing problems that may seem related to set
packing, such as bin packing, but are, in fact, different and the solutions to these problems
do not immediately apply to set packing.

2 Bounded Greedy Algorithm

For any resource v € V and x € {0,...,¢é(v)} (specifying the unavailable capacity in v) let
fo(z) = D¥/4). Let the weight of a set S C V be defined as f(S) = 3, cg fo(é(v) — c(v)).
Our Bounded Greedy Algorithm (BGA) works as follows: Let W be a suitable parameter.
Given a request 7, accept it whenever there is a feasible set S € r with f(S) < W, and pick
any such set in this case. Otherwise, reject it. We show the following result.

» Theorem 1. The BGA with W = 2D is O(émin - (Dl/émin —1))-competitive for D > 2 and
3-competitive for D = 1.

Proof. First, consider the case D > 2. Let B be the set of requests accepted by the BGA
and O be the set of requests accepted by the optimal offline solution OPT'. Furthermore, let
O’ = O\ B. Our goal will be to show that |O’| can be upper-bounded in terms of |B|, which
will then allow us to determine the competitive ratio of the BGA.
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Consider any request r € O’. Since r was not accepted by the BGA, it must hold for the
set S(r) taken by OPT that
1. S(r) was infeasible or
2. f(S(r)>wW
at the point when the BGA considered r. We will capture these two cases via some
appropriate potential functlon. For any v € V let the potential of v be defined as ¢(v) =
(Emin/E(v)) 25077 £ (3), where c(v) is the available capacity at v when the BGA
considered r, and let ¢(S(r)) = >_,c5(,) ¢(v). It holds that
N é(v)—c(v)—1 . N
(z)(v) _ CAmin ( )z(:) Dz/c(v) _ Ernin ' D) cfv))/c(v) -1
é(v) é(v) Dt/ev) — 1

N 6(@)(D1r?g(lv) eV (fo(e(v) = c(v)) = 1)

Since é(v)( pl/ew) _ 1) is monotonically decreasing with increasing é(v) and therefore attains
its maximum at émin(Dl/émin —1),

1 N
¢(v) 2 przema 1 (Folé(v) —cv)) — 1)
In case 1, there must be a node v € S(r) with ¢(v) = 0 and, therefore,
D-1
P(S(r)) = ¢(v) > DU emm — 1

In case 2, we see that

= Y 602 g O (FEw) )~ 1)

veS(r) veS(r)
1 D—-1
2 Dl/éxnin 1 : (f(S(T)) - D) Z Dl/émin 1
because in case 2, f(S(r)) > W = 2D.
Thus, in both cases, ¢(S(r)) > D1/°771 Therefore,
o =
B ~ D-1 D/émin — 1
reo’ o
Dl/cm‘n J—
< DUl s

reQ’

Next, we will upper bound the right-hand side in terms of |B|. For that, we have
to determine how to formulate suitable weights for the requests in B so that they cover
5 cor H(S()).

Note that if ¢(v) = é(v), i.e., v has not been used by any request or its capacity has been
fully recharged in the meantime, ¢(v) = 0. Thus, whenever ¢(v) > 0, this is witnessed by
requests whose BGA-sets include v. Given a request r € O’ and a node v € S(r), let ¢(v) be
the available capacity at v when the BGA considers r. Consider the capacity é(v) of v to be
represented by a stack of ¢(v) many slots with heights 0 to é(v) — 1, where the é(v) — ¢(v)
lowest slots are occupied by the BGA-requests that were last accepted by the BGA and
whose sets include v, ordered from the oldest at slot 0 to the youngest at slot é(v) — ¢(v) — 1
(see Figure 2). If we now charge a weight of (émin/é(v)) fy(7) to each request of height ¢, we
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Figure 2 Illustration of the algorithm’s progression and the charging argument at a single node
v. Initially, c¢(v) = é(v). Requests 71,72, ... arrive one by one; each accepted request r; is assigned
the battery at height é(v) — ¢(v) (i.e., the lowest available slot), and ¢(v) is decremented by 1 (used
batteries are labeled by the request that consumed them). A request is rejected if no available
capacity remains at v (shown for r;, marked Rejected!). Between consecutive requests, capacity
renewals may replenish ¢(v) up to é(v); upon renewal, batteries associated with earlier requests are
replenished first, shifting the remaining used batteries down accordingly.

can cover ¢(v) in ¢(S(r)). To determine the maximum total weight a request 7 € B can
contribute to node v in ) __,, ¢(S(r)), we first observe that the initial height of 7" at v is
é(v) — ¢ (v), where ¢,/ (v) is the available capacity at v when considering r/; and afterwards
the height of 7/ in v monotonically decreases over time. More precisely, whenever the capacity
at v gets renewed by -y, the height of 7/ drops by +, and once the height of v’ drops below 0
this way, it will not be considered for future requests accepted by OPT. Certainly, ' cannot
be charged for an arbitrary number of requests in OPT because once v has been used by
¢(v) many requests accepted by OPT, OPT can only choose v for additional requests if its
capacity gets renewed. Hence, the total weight that needs to be charged to r’ w.r.t. node v
gets maximized if it stays at its initial height for é(v) many OPT requests and additionally
é(v) — ¢ (v) many OPT requests at height A for all h € {0,...,é(v) — ¢ (v) — 1}. Thus, the
maximum total weight that a request " € B contributes to node v in ) ., ¢(S(r)) is at
most

é(v)—c,s(v)—1

O STCORTROIER- - S SR A0
=0
< (Gin + o= ) £00) ~ (o)

From the equation e” = Y, z%/i! it easily follows that lim,_, z(DY* —1) =In D and we
already stated above that the function z(D'/* — 1) is monotonically decreasing for z > 1.
Thus, é(v)(Dl/é(”) —1)>1nD for all D > 2 and é(v) > 1. Moreover, if éy,in = €ln D then
min (DY min — 1) = eln D(e'/€ — 1) < e(e'/¢ — 1)é(v)(D'/¢®) —1). Thus, for éyin = eln D,

Coin + oy ) $o60) — (o)

1/e _ 1
< (émin + ;(f/émm_)l) f’U (é(’U) — Cyr (U))

- <amin - ffg) F(e() = e (V) = Cmin (1 + h11D> fo(é(v) = e (v))
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Therefore,

DY/ émin _ q _
N< - = E < - - oo .
|O | — .D _ 1 ¢(S(T)) — D _ 1 Cmin
reQ’ r'eB

. 1\ DYeémin — 1 ,
— o (14 15 ) D X A6

Dl/émin -1
<3Amin7'w' B
<3¢ 51 |B]

= Ol@min( DY/~ 1)|B)

for W =2D and D > 2. Since |O \ O'| < |B|, the theorem follows.

It remains to consider the case D = 1. For D =1, f,(x) is always 1. Therefore, the BGA
with W = 2D = 2 accepts any request r that has a set {v} € r with ¢(v) > 0, and picks any
such node for r in this case. Thus, for any request r € (', the node in S(r) taken by r was
infeasible for the BGA because ¢(v) = 0. This implies that

A é(v)—c(v)—1
$(S(r) = 2 N foi) = anin

(w =

and therefore,

3 4(50)

e or

|0'| <

To cover ) .o ¢(S(r)), it suffices for every request 7’ accepted by the BGA to assign a
weight of at most

6(1}) ) Cmin + Cmin . (é(’U) — (U)) S 26min

éw)  &v)

to (the node v picked by) r’. Hence,

1
0, < < 26Inin =2|B
LD el
r’'eB
which implies that the BGA is 3-competitive in this case. |

Due to a lower bound of Q(éyy - DY/ (émin=1) in [23] that holds for any 2 < épi, < log D
and any deterministic online algorithm for (a special case of) the D-SPaRC problem, the

upper bound is almost optimal. The theorem also implies that for D > 2 and ¢, > log D,
the BGA is O(log D)-competitive.

3 Bounded Greedy Algorithm with Predictions

Next, we will investigate how the BGA can be combined with predictions so that, for the
case that the predictions are good, a constant competitive ratio can be reached, while for the
case that the predictions are bad, the BGA with predictions will have a competitive ratio
that is not worse than the competitive ratio of the original BGA algorithm.

Consider any 3 € (0,1) with éni, > 1/8. First, we want to compare the performance of
BGA(S) with OPT, where the bounded greedy algorithm BGA(S) can only use a S-fraction
of the capacities of the nodes. More precisely, initially, for every node v € V| the available
capacity at v for BGA(f) is just 8- é(v), and it takes 1/ capacity renewals at v until the
capacity for BGA(3) renews by 1. In this case, it holds:
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» Theorem 2. For any 3 € (0,1) with 37 € N and 8 émin > 1, BGA(B) with W = 2D s
O (Emin - (DY (B-emin) — 1))_competitive for D > 2 and 1 + 2/B-competitive if D = 1.

Proof. For simplicity, redefine the node capacities so that BGA(S) is operating on the
original capacities ¢(v) while OPT is operating on the capacities 3~ '¢(v). Then the proof
follows along the same lines as the proof of Theorem 1. The only difference is that we have
to adapt the weight associated with a request 7' € B to cover » o, ¢(S(r)) (where ¢ is
defined as before because we consider here the situation of the BGA). More precisely, a
request ' € B might be used up to 371 - é(v) times as witness for some request accepted
by OPT before changing its height due to capacity renewals, and afterwards, in the worst
case up to S~ times as witness for each height h € {0,...,é(v) — ¢v(v) — 1}. This increases
the weight associated with ' by a factor of 37!, which increases the competitive ratio by a
factor of S, resulting in O(B~1 - éumin - (DY/®min —1)). Substituting é(v) by 8- ¢é(v) results in
the bound in Theorem 2 for D > 2. The special case D = 1 follows along the same lines. <«

Since the number of requests accepted by OPT is at least as large as the number of
requests accepted by the BGA, Theorem 2 immediately implies the following result, where,
analogously to BGA(1/2), OPT(1/2) is the optimal algorithm that has only half of the
capacity of OPT.

» Corollary 3. OPT(1/2) is O(émin - (D?/émin — 1))-competitive compared to OPT.
For émin = Q(log D), we can prove a stronger result.

» Theorem 4. If ¢, > vlog D for a sufficiently large constant -y, then OPT(1/2) is
constant competitive compared to OPT.

Proof. The proof uses the Lovdsz Local Lemma (LLL) [14]:

» Lemma 5 (Lovasz Local Lemma). Let Ay,..., A, be events in an arbitrary probability
space. Suppose that G = (V, E) is a dependency graph of these events and that there are real
numbers x; € (0,1) for all 1 < i < n with

PI‘[AZ] S ZT; H (1 — l‘j)

{i,j}€E

forall1 <i<mn. Then,

—-

Pr[ﬁ 4;] >

1=1

In particular, with positive probability no bad event A; holds.

Let r1,...,7, be the requests accepted by OPT for the original capacities, and let S(r;)
be the set selected for r;. We assume for the rest of the proof that D > 2 and n is above a
sufficiently large constant since otherwise the theorem is trivially true. Consider the random
experiment that for each of the accepted requests r;, OPT(1/2) decides independently of
the other requests with probability p = (1 — €)/2 for some constant 0 < € < 1 whether to
accept r; as well. Let event B be true iff OPT(1/2) accepts at most p - n/2 requests. Then it
follows from the Chernoff bounds that

Pr[B] < e~ (1/2*Pn/2 _ =(1-e)n/16
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Furthermore, for every node v and request r; with v € S(r;), let event A(v, ) be true iff
OPT(1/2) uses more than é(v)/2 of v’s capacity after considering r;, i.e., the available
capacity is less than é(v)/2. To bound the probability that A(v,i) is true, let X (v,i) be
the total amount of used capacity in v after OPT considered r; and the random variable
X'(v,1) be the total amount of used capacity in v after OPT(1/2) considered r;. Certainly,
E[X'(v,i)] =p- X (v,i) < p-é(v). Since the decision to accept a request accepted by OPT is
done independently of the other requests, it follows from the Chernoff bounds that

Pr[X'(v,) > &(v) /2] = Pr[X'(v,i) > (14 (1—2p)/(2p))p-2(v)] < e~ 7 PeV/3 — gmec()/6

To determine the dependencies between the events A(v,7), we use w.l.o.g. the rule that
whenever the used capacity of a node v is ¢, this is due to the last ¢ requests r accepted by
OPT with v € S(r). In this case, two events A(v,4) and A(w, j) are dependent if and only if
S(ri) N S(r;j) # 0 and there is a node v € S(r;) N S(r;) where r; and r; witnessed the used
capacity in v at the same time. Since 7; can only witness a used capacity in nodes v € S(r;)
and for each such v, r; can witness a used capacity jointly with at most 2¢(v) many other

requests, it follows that A(v,4) can depend on at most > ) 26(w) many other events

weS(ry
A(w, j). Furthermore, all events A(v,¢) depend on B. For all events A(v,i) let us choose
x(v,1) = x(v) = 2y and for event B choose z(B) = e~(1=97/32 Then it follows that

z(v,4) - (1 — z(B)) H (1— x(w))%(w) > ) D (1 —z(B)) H o~ oD 26(w)
weS(r;) ev weS(r)

€ . (1 _ Z‘(B)) . 6—45 > e—eé(v)/ﬁ

< 20D

if ¢min > vlog D for some sufficiently large constant 7 and n is above a sufficiently large
constant. Thus,

Pr[X'(v,4) > é(v)/2] < 2(v,4)- (1 —2(B)) J[ Q- a(w))*™
weS(r;)

Moreover,

x(B)-L[lUH (1—m(v,i))=x(3)'H (1_m)

€S (rqi) i=1lveS(r;)

Since e~26"/émin > = (1=€)n/32 if the constant v in éiy is large enough, it follows that
(Bl <2(B)- I ] (1-2(v.i))
i=lveS(r;y)

Thus, due to the LLL, with positive probability, no bad event B or A(v,) holds, which
means we have a valid solution for OPT(1/2) with constant competitiveness. |

The condition in Theorem 4 that ¢y, > vlog D is best possible up to constant factors,
as shown in the following lemma.
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» Lemma 6. For énin = o(log D), OPT(1/2) cannot be constant competitive compared to
OPT.

Proof. The independence number of a hypergraph H = (V, E), denoted by a(H), is the
maximum size of a subset U C V that does not contain an edge of the hypergraph. Consider
a random D-regular k-uniform hypergraph H = (V, E) with V = {1,...,n}. For any node
i let E(z) be the set of hyperedges containing i. To obtain an instance of the D-SPaRC
problem, consider the requests 71,72, ...,7, on the resource set F with r; = {E(i)} for all s.
If all resources have capacity k, then all requests can be accepted because each hyperedge
(representing a resource) is requested by exactly k requests. However, if all resources have a
capacity of k — 1, the maximum number of requests that can be accepted is equal to the
independence number a(H). Bennett and Frieze [4] have shown that for random D-regular
k-uniform hypergraphs H, o(H) converges to n(%)l/(k*) for any fixed k and D being
sufficiently large, which implies that a constant factor difference between k£ and k — 1 w.r.t.
the maximum number of accepted requests is only achieved if k = Q(log D), resulting in the
lemma. In fact, for the special case of k = 2, the difference is as high as ©((log D)/D), and
therefore, for émin = 2, there are instances of the D-SPaRC problem where OPT(1/2) is just
©(D/(log D))-competitive compared to OPT. <

Now, we are ready to explain how to extend the BGA with predictions. Suppose, for
simplicity, that all nodes have even capacities. In this case, we can evenly distribute the
capacity of v among two copies v and vy so that each copy has a capacity of é(v)/2. Whenever
there is a renewal of the capacity of v, the renewed capacity will alternately be given to v;
and ve. The available capacities in the copies v; are exclusively available for some oracle (2
that uses predictions, while the available capacities of the copies vy are exclusively available
for the BGA. Whenever the BGA accepts a request, €2 is not consulted, but whenever the
BGA does not accept a request r and there is at least one feasible set S(r) w.r.t. the copies
vy, we consult Q whether to accept the request, and if so, which feasible set S(r) to take.

Let us call this BGA with predictions BGA(£2). Combining Theorems 2 and 4, we get:

» Theorem 7. If Q is w-competitive w.r.t. OPT(1/2) and émin > vlog D for a sufficiently
large constant vy then BGA(Q) is O(min{w, log D})-competitive.

Hence, our BGA with predictions can make the best use of the predictions without
sacrificing the original competitive ratio of the original BGA.

4 Extensions

In this section, we study two extensions of the basic D-SPaRC problem.

4.1 Non-uniform priorities

Suppose that each request r; has a priority p(r;) € N and the goal is to maximize the sum of
the priorities of the accepted requests. Furthermore, suppose that the maximum priority
Pmax 1S known in advance to the online algorithm and that émin > [log(Pmax + 1)]. Then
we can use the following priority-based BGA algorithm: Use the standard trick of cutting
the requests into k& = [log(pmax + 1)] priority classes, where priority class ¢ > 0 contains
all priorities in the interval [2¢,2i71 — 1), and reserve a 1/k fraction of the capacity of each
node for each priority class. Moreover, capacity renewals are evenly distributed among the

reserved capacities. Then it follows from Theorem 2:
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» Theorem 8. If k = [log(pmax + 1) and émin > k is an integer multiple of k, the priority-
based BGA with W = 2D is O(min - (D*/®min —1))-competitive for D > 2 and O(k)-competitive
for D=1.

Hence, if D > 2 and éuin > k - log D then the priority-based BGA is O(k - log D)-
competitive.

4.2 Non-uniform weights

Suppose that we allow the sets a request can choose from to be arbitrary non-empty multisets
of V' of size at most D, where a node in V' can occur up to p times in a multiset S, for some
> 1. Note that in this case, D > pu > 1 as well, i.e., we do not have to consider the special
case D = 1. Then we can use the following weighted BGA algorithm: Given a request r,
accept it whenever there is a feasible multiset S € r with f(S) < W, and pick any such set in
this case. A multiset S is feasible if for every v € V, ¢(v) > u(v), where p(v) is the number
of times v appears in S, and the weight f(5) is defined as

p(v)—1

F8) =30 3 Jolew) = efv) +1)

where f,(z) = D*/¢") is defined as before. Then it follows:

» Theorem 9. If ¢y > o then the weighted BGA with W = D 4 DY t(#=1/émin s O(éniy, -
D=1/ émin . (D emin — 1))-competitive.

Proof. Let O, O, and B be defined as in the proof of Theorem 1. Consider any request
r € O'. Since r was not accepted by the weighted BGA, it must hold for the set S(r) taken by
OPT that (1) S(r) was infeasible or (2) f(S(r)) > W at the point where the BGA considered
r. We capture these two cases via a potential function ¢(S(r)) = 3, cs() Zﬁ‘:(%)_l é(v, 1)
with

o é(v)—c(v)—p(v)+i é(v)—c(v)+i—1

) = un j/é(v) _ Cmin ) 1 /6w
(b(vaz) o é(”[}) . Z ] D - é(v) D(#(’U)*l)/é(’u) Z _D
j=—p(v)+it+l =0
Crin Dl/é(v) Dé(v)—c(v) 1

= é(v) " D-D/e) T pi/ew) — 1

1 1 .
. . pi/e) A _ .

> D=0 /emin  (D/émn — 1) D (fo(é(v) —c(v)) — 1)

1 1

_ . . Alay) — N _ pi/e(v)
= DGV (DVemn 1) (fo(é(v) = c(v) +1i) — DY)

In case 1, there must be a node v € S(r) with ¢(v) < p(v) and therefore there is some ¢ in
Z?:(%)fl é(v, 1) where ¢(v) — c¢(v) +1i = é(v). Thus,

p(v)—1
1 1 .
) . c — (Nfl)/cmin
oSN 2 3 9) 2 iy gy o) D )
1 D — D(N_l)/émin

2 D(Nfl)/émin . (Dl/émin — 1)
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In case 2, we see that

p(v)—1
S =D > bv,i)
veS(r) =0
1 1 w(v)—1
. P _ ) 7;/émin
Z DD /e (DVemm — 1) > Z (fo(é(v) = c(v) +1i) — D )
veS(r) =0
1 1 14 (1=1) /Zrmin
2 D(M*l)/émin : (Dl/érnin _ 1) (f(S(T)) - D )
1 D _ D(M_l)/émin

Z D(Hil)/émin ' (Dl/émin — 1)

Thus, in both cases,

1 D — D#=1)/emin
> .
(b(S(T)) = Di/emin (Dl/émin — 1)
Note that if ¢(v) = é(v), i.e., v has not been used by any request or its capacity has been
fully recharged in the meantime, ¢(v,i) = 0 for all i. Thus, whenever ¢(v,7) > 0, this is
witnessed by requests whose BGA-sets include v. For the charging argument, for every slot
occupied by a request ' € B in v,

. L) e ()1 u
~ . Cmin ~ — Cmin . Cmin —i/e(v)

has to be used, where the last term is due to the fact that ¢(S(r)) may also contain DF/¢(*)’s
with negative k’s, which is covered by the request currently responsible for the lowest capacity
slot in v. Note that

P -~ A . Dl/e®) A P1/émin
C RN C C D C D
min Dfl/c(v) < min _ < min < min N e
&(v) Z; S {a=1pvE = wmb = mp e —e)
Continuing like in the proof of Theorem 1 will then result in the theorem. <

5 Conclusion

In this paper, we introduced the D-SPaRC problem and showed that simple greedy algorithms
have a low competitive ratio for it and its extensions. We also extend the greedy approach
to an online algorithm with predictions for the D-SPaRC problem with éyi, = Q(log D)
that is never worse than the greedy algorithm without predictions and can reach a constant
competitive ratio in case of optimal predictions. The problem is further generalized to address
both non-uniform request priorities and requests with non-uniform weights.

In the future, it will be interesting to investigate various extensions to our formulation.

For example, strengthening the analysis to accommodate temporary modifications to the
maximum capacity (é(v)) of any involved resource v, potentially resulting from maintenance
and future upgrades. It might also be worth exploring a modification where, after accepting
one request, it can adaptively be updated — midway to use a different set of resources while still
satisfying the D cap — to accommodate new incoming requests, thereby maximizing the total
number of requests satisfied. In applications such as drone delivery, further improvements of
the competitive ratio might be possible by allowing delayed decisions or load balancing via
service drones.
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