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Abstract
Connectivity of temporal graphs has been widely studied both as graph theory and as gossip theory.
In particular, it is well known that in order to connect every vertex to every other, a temporal graph
needs to have at least 2n − 4 edges where n is the number of vertices. This paper investigates the
optimal number of edges required to satisfy partial connectivity requirements. We introduce the
problem of Connectivity Request Satisfaction where we are given a directed graph that we call the
request graph, where an arc from u to v means that we need to be able to go from u to v. Our
goal is to build a temporal graph on the same vertex set with as few temporal edges as possible
that would satisfy all the requests. When the graph we build is directed, we prove that the number
of temporal arcs required is n − cc + dfvs where cc is the number of connected component of the
request graph and dfvs is the size of its smallest directed feedback vertex set. It follows that the
problem is NP-complete but inherits fixed parameter tractability properties of Directed Feedback
Vertex Set. When the graph we build is undirected, we establish a characterization of strongly
connected request graphs that admit a solution with n − 1 edges: it is possible if and only if any set
of pairwise non-vertex-disjoint closed walks all share a common vertex. We prove that this criteria
can be tested in polynomial time.
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1 Introduction

A temporal graph is a powerful tool to model and analyse complex real-world networks such
as public transit networks, phone call networks, social networks or biological networks. A
temporal graph allows for edges to change over time. More precisely, it is defined as a graph
with each edge being equipped with a set of appearance times. Connectivity in this context
is defined by journeys, that is a walk where edges are traversed one after the other in time.
(Shortest) paths, connectivity and exploration problems have been at the core of the study
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15:2 Designing Sparse Temporal Graphs Satisfying Connectivity Requirements
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Figure 1 A solution to the gossip problem with 2n − 4 edges. A label next to an edge corresponds
to the appearance time of the edge. Every vertex can reach every other vertex by a path that uses
edges with increasing appearance time.

of temporal graphs [3, 5, 7, 12, 24, 32, 33]. While some notions and algorithms quite easily
transfer from static to temporal graphs, some other notions (such as spanning trees) and
problems turn out to be much more complex in temporal graphs. Among those, a famous
result in temporal graphs concerns the number of edges in a connected temporal graphs. In
static graphs, minimal (in term of number of edges) graphs that connect a set of n vertices are
trees, which have n − 1 edges. In temporal graphs, the question is more complex: how many
(temporal) edges do we need to connect a set of n vertices? This problem has been introduced
in the literature as the gossip problem in the context of optimal scheduling of phone calls
(see e.g. [22] for a survey on gossiping), and it is known that for n ≥ 4 the minimum number
of edges is 2n − 4 (see Figure 1) [6, 20]. Most of the works in that field consider that at most
one phone call can be done between two persons. It was shown in [19] that deciding if a
given graph is label-connected, that is every edge can be given an appearance time such that
there is a journey between every pair of vertices, is NP-complete and a characterization of
label-connected graphs with 2n − 4 edges was proposed.

However, if we only need to connect some vertices of the graph to some others, we would
expect to be able to do it at a smaller cost. Still, while this can be relevant for many
practical applications of temporal graphs, very little is known about it. We thus introduce a
generalization of the gossip problem where we do not require full connectivity of the graph
but instead we are given as input a set of ordered pairs (u, v) that we have to connect. These
connectivity requests can be seen as a directed graphs where an arc (u, v) means that we
need to be able to go from u to v in the temporal graph G that we create. Hence, the gossip
problem is the case where the input is a complete graph.

Contributions. As explained above, given a directed graph R = (V, A) called the request
graph, we want to design a temporal graph G on the same set of vertices, such that for every
(u, v) in A there is a journey from u to v in G. We first consider the directed version of the
problem, where we want to design a directed temporal graph. We establish a strong link
between our problem and the well known feedback vertex set problem. More precisely, we
show that the minimal number of temporal edges we need to satisfy all the connectivity
requirements is n − cc + f , where n = |V |, cc is the number of connected components of R,
and f is the size of a minimum feedback vertex set in R. This characterization shows in
particular that the problem is NP-hard.

We then tackle the problem in undirected temporal graphs. This is the case of the gossip
problem mentioned above, which states that 2n−4 edges is the minimum number of temporal
edges when R is a complete graph. On the other hand, it is easy to see that n − cc edges are
always necessary (where cc is the number of connected components of R). We tackle the
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question to determine when this lower bound is reached, i.e., when the minimum number
of temporal edges needed to satisfy the connectivity requirements is equal to n − cc. We
provide a characterization when R is strongly connected: in this case, we show that there
exists a solution which is a tree if and only if R satisfies a property that we call walk-Helly,
which is a Helly-like property on walks in graphs. We also show a polynomial time algorithm
that builds such a tree when it exists. This easily extends to the case where every connected
components of R are strongly connected.

Organization: Section 2 formally introduces the problems we consider in this article. The
directed case is dealt with in Section 3, while the undirected case is studied in Section 4.
Some open questions are given in the conclusion in Section 5.

Related works. Graph realization problems have been studied on static graphs since the
1960s and consist of finding a graph that satisfy a given property P or answering no if
such a graph does not exist [14, 21]. It was recently introduced in the context of temporal
graphs in [26] and is an active topic of research [8, 9, 15, 16, 29, 30, 31]. In particular, the
authors in [15] studied the Reachability Graph Realizability problem that asks if the input
directed graph is the reachability graph of some temporal graph, the reachability graph
of a temporal graph G being the directed graph for which there is an arc from u to v if
and only if there is a journey from u to v in G. They studied the problem with various
restrictions on the labeling of the temporal graph and showed that the problem is NP-hard
for most of the variants, among other results. Note that our problem is different from the
Reachability Graph Realizability problem as in our problem we can have a journey from
u to v even if the arc (u, v) is not in the request graph. Forbidding journeys plays a key
role in the results on Reachability Graph Realizability, and the structures of solutions of
the two problems differ fundamentally. In realization problems, the problem of constructing
a temporal graph realizing the given property P is a particular instance of the temporal
network design problem in which one aims at building a temporal graph satisfying some
constraints while optimizing some measures. Many temporal network design problems have
been studied (see e.g. [1, 11, 13, 25, 28]).

Our work is also closely related to the study of temporal spanners, introduced in [24],
which are minimal connected subgraph of a given temporal graph. Spanners have also been
considered for weaker definitions of connectivity in [27].

Finally, our work can be seen as a specific case of the Temporal Pair Connectivity
Augmentation Problem introduced in [2]. One of the problems the authors considered is,
given a temporal graph and a set of unsatisfied connectivity requests, to satisfy the constraints
by adding as few edges as possible to the input graph. Our problem here can be seen as the
specific case where the input graph has no edge. The authors of [2] proved several hardness
results for their problem, but their proofs use sophisticated input graphs and do not prove
that the problem is difficult even when restricted to empty graphs.

2 Preliminaries

2.1 Basic definitions and notations
For natural numbers i ≤ j, we note [i, j] := {i, i + 1, . . . , j}. We will consider both undirected
graphs and directed graphs (digraphs). For an undirected graph G = (V, E) (resp. for a
digraph G = (V, A)) and S ⊆ V a vertex set, we define the subgraph of G induced by S as
G[S] = (S, {{u, v} ∈ E | u, v ∈ S}) (resp. G[S] = (S, {(u, v) ∈ A | u, v ∈ S})).

SAND 2026



15:4 Designing Sparse Temporal Graphs Satisfying Connectivity Requirements

A walk in an undirected graph (resp. digraph) G between u0 and uk (resp. from u0 to uk)
is a sequence W = (u0, u1, . . . , uk) of vertices such that {ui, ui+1} is an edge (resp. (ui, ui+1)
is an arc) for i ∈ [0, k − 1]. If uk = u0, we say that the walk W is closed. If the vertices
u0, . . . , uk are distinct, it is called a path. If the vertices are distinct except for u0 = uk it is
called a cycle (resp. a circuit).

We say that an undirected graph (resp. a digraph) is connected (resp. strongly connected)
if there is a path between s and t (resp. from s to t) for every vertex pair (resp. ordered pair)
s, t. A connected component (resp. strongly connected component) of an undirected graph
(resp. of a digraph) G is a connected (resp. strongly connected) subgraph of G induced by
a vertex set S such that there is no S′ with S ⊂ S′ and G[S′] connected (resp. strongly
connected).

For a digraph G = (V, A), we define the underlying undirected graph Gundir = (V, E)
with E = {{u, v} | (u, v) ∈ A}. We say that a digraph G is connected if Gundir is connected.
A connected component of a digraph G is a connected subgraph of G induced by a vertex set
S such that there is no S′ with S ⊂ S′ and G[S′] connected.

2.2 Temporal graphs

▶ Definition 1 (Temporal graph). A temporal graph is a pair G = (V, E) where V is a (finite)
set of vertices and E = {e1, . . . , em} is a set of (distinct) temporal edges. A temporal edge
ei is a pair ({u, v}, t) where u, v are distinct vertices of V and t ∈ N∗. u and v are called
endpoints of ei and t the appearance time of ei.

Note that there might be several temporal edges with the same endpoints (but with different
appearance times). A temporal graph is called simple if for any pair {u, v} there is at most
one temporal edge with endpoints u and v.

The snapshot of G = (V, E) at time t is the (static) graph Gt = (V, Et) where Et is the
set of edges whose appearance time is t. The footprint of G is the (static) graph G↓ = (V, E↓)
with E↓ = {{u, v} | ({u, v}, t) ∈ E}.

Temporal digraphs are defined similarly, on a vertex set V and on a set of temporal arcs
where a temporal arc is a pair e = ((u, v), t) (the arc is directed from u to v).

▶ Definition 2 (Journeys). A journey of a temporal graph (resp. a temporal digraph) G is a
sequence (u0, u1, t0), (u1, u2, t1), . . . , (uk−1, uk, tk−1) where:

({ui, ui+1}, ti) is a temporal edge (resp. ((ui, ui+1), ti) is a temporal arc) of G;
ti < ti+1.

Journeys can be also written as sequences of vertices (as in the case of static graphs) together
with the time of the temporal edge/arc linking two consecutive vertices.

Note that this definition corresponds to what is usually called a strict journey (as time is
required to be strictly increasing), as opposed to a non-strict journey (where time is only
required to be non-decreasing). As we will only focus on strict journeys (for reasons that we
explain at the end of the next subsection), we omit to precise strict in the article.

▶ Definition 3 (Reachability). In a temporal graph G = (V, E), a vertex v is reachable from
u if there exists a journey from u to v. The reachability graph of G is the graph Reach(G)
on vertex set V containing all arcs (u, v) such that v is reachable from u in G. If every
vertex v is reachable from every other vertex u in G, i.e., if Reach(G) is complete, then G is
temporally connected.
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2.3 Connectivity Request Satisfaction problems
Now we can formally define the main problems under consideration.

Connectivity Request Satisfaction (CRS)
Input: A static digraph R = (V, A), and integer k.
Question: Is there a temporal graph G = (V, E) with at most k temporal edges such
that for all (vi, vj) ∈ A there exists a journey from vi to vj in G?

Equivalently, we want that the reachability graph of G contains all arcs of R. Note that
the reachability graph of G can contain arcs that are not arcs of R.

We define similarly the Directed Connectivity Request Satisfaction (DCRS)
where the question is to determine whether there exists a temporal digraph fulfilling the
connectivity requirements.

Directed Connectivity Request Satisfaction (DCRS)
Input: A static digraph R = (V, A), and integer k.
Question: Is there a temporal digraph G = (V, E) with at most k temporal arcs such
that for all (vi, vj) ∈ A there exists a journey from vi to vj in G?

When considering an instance (R, k) of CRS (resp. DCRS), we call R the request
graph. In the following, we will also consider the minimization problem, which we call
Min Connectivity Request Satisfaction (MinCRS) (resp. Directed Connectivity
Request Satisfaction (MinDCRS)), in which only a request graph R is given as input
and one asks what is the minimum number of temporal edges (resp. temporal arcs) of a
temporal graph (resp. of a temporal digraph) whose reachability graph contains all arcs of R.

▶ Example 4. Let us consider the request graph R depicted in Figure 2 (left part). In the
center part of of Figure 2 is given a feasible (in fact, optimal) solution G for MinCRS. For
instance, in G there is a journey from c to a, thus fulfilling the request (c, a) in R. We note
that in this example the reachability graph of G strictly contains R, as for instance there is a
journey from b to d. More precisely, the reachability graph of G contains all arcs but (d, a),
(d, b) and (e, b).

On the right part is given a feasible (in fact, optimal) solution G′ of MinDCRS. It uses 6
arcs, while the optimal solution of MinCRS uses only 5 edges (using the fact that edges can
be taken in both directions in a journey).

a b

c

de

a b

c

de

2
1

5
4

3

a b

c

de

1
1

2

3

4
4

Figure 2 Request graph R (left), optimal solutions for MinCRS (center part) and for MinDCRS
(right part).

Note that if we were considering non strict paths/walks in temporal graphs, then in both
CRS and DCRS we would use only one time step (all the edges/arcs would have the same
appearance time), and then the problems would be equivalent to the problems in static
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15:6 Designing Sparse Temporal Graphs Satisfying Connectivity Requirements

graphs. In static graphs, the problems are trivial: in the non directed case, an optimal
solution is to build a tree on every connected component of the request graph. In the directed
case, an optimal solution is to build a circuit in all connected components of the request
graph that contains a circuit and a path on the others.

3 Directed case

In this section, we study DCRS. We show that the problem is equivalent to the minimum
directed feedback vertex set problem. To this end, we first present a construction that uses
n + f − cc temporal edges, where n = |V | is the number of vertices of R = (V, A), cc its
number of connected components and f the size of a directed feedback vertex set in R. Then
we will prove that this construction is minimal, i.e. there is no solution to DCRS if k is
smaller.

▶ Definition 5 (Directed Feedback Vertex Set (DFVS)). Let G = (V, A) be a digraph. S ⊆ V

is a DFVS if every circuit of G contains a vertex in S.

▶ Lemma 6. Let R be a request graph. There is a temporal graph satisfying R with n+f − cc

temporal edges.

Proof. We construct a solution with n + f − 1 arcs when the graph R is connected. Let
F = {v1, . . . , vf } be a DFVS of R, and (u1, . . . , un−f ) be a topological order induced by R

after the removal of F . At time 1, we have arcs from the DFVS to u1:

E1 = {((vi, u1), 1)|i ∈ {1, . . . , f}}

We then add the temporal arcs along the topological order:

E2 = {((u1, u2), 2), . . . , ((un−f−1, un−f ), n − f)}

Finally we add arcs from un−f to the DFVS:

E3 = {((un−f , vi), n − f + 1)|i ∈ {1, . . . , f}}

The construction is illustrated in Figure 3. In R, any arc a with an endpoint in the DFVS is
satisfied in G = (V, E1 ∪ E2 ∪ E3) because there is a journey from any vertex of the DFVS
to any other vertex in G and vice versa. Since every remaining arc is oriented in the same
direction as the topological order, the request is filled along the path E2. This connected
construction has |E1| + |E2| + |E3| = 2f + n − f − 1 = n + f − 1 temporal edges. This can be
extended to R with multiple connected components, taking a DFVS of each component and
having the same construction but on this DFVS and the vertices of that component. The
total number of edges would then be n + f − cc. ◀

In order to prove the minimality of this construction, we first prove the following lemmas:

▶ Lemma 7. Let G be a temporal digraph, Reach(G) and G↓ have the same strongly connected
components.

Proof.
Suppose S ⊆ V is an SCC of Reach(G). Then for u, v ∈ S in G there is a sequence of
directed journeys between u and v in both directions by definition of Reach(G), which
imply that there exists a path from u to v and a path from v to u in G↓. Thus S ⊆ S′

with S′ an SCC in G↓.
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3n − f − 1
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Figure 3 Construction for a connected component C, with n vertices and a DFVS of size f , of a
request graph R using n + f − 1 temporal arcs and satisfying the requests of R in C.

Suppose S ⊆ V is an SCC of G↓. Then for u, v ∈ S, we have the directed paths from u to
v and v to u in G↓, and each arc of those paths are also in Reach(G). Thus S ⊆ S′ with
S′ an SCC of Reach(G). ◀

We then highlight the relation between the size of a feedback vertex set and the number
of temporal edges.

▶ Lemma 8. Let G = (V, E) be a temporal digraph such that G↓ = (V, A) has cc connected
components. For p = |E| + cc − n there exists S ⊆ V a DFVS of Reach(G) with |S| ≤ p.

Proof. We proceed by induction on p. We note that by definition of the footprint G↓ we
have |A| ≤ |E|. In particular, p cannot be negative (since cc ≥ n − |A|, as in any graph).

For p = 0, |E| = n − cc. As |A| ≤ |E|, necessarily every connected component C of G↓ is
a tree. Thus C is a DAG. By Lemma 7, we also have that Reach(G) is a union of DAGs
thus there exists a DFVS of size p = 0.
Suppose the property holds for some p0 ≥ 0, let us prove it holds for p = p0 +1. Let G be a
temporal digraph such that G↓ = (V, A) has cc connected components and |E| = n−cc+p.
If G↓ has no circuit, then as in the case p = 0 there is a DFVS of size 0 ≤ p. Otherwise,
let C be a connected component of G↓ which contains an SCC S with at least 2 vertices.
Finally, let us consider ((u, v), t0) ∈ E to be the temporal edge with both endpoints in S

with the smallest appearance time.
We define G′ to be the temporal digraph obtained from G by removing ((u, v), t0). As
both u and v are in the SCC S, there is a path from v to u in G↓, so G↓ and G′

↓ have
the same connected components. In particular, G′

↓ has cc connected components. So we
can apply our induction hypothesis to G′ (which has one temporal arc less than G) with
p0 = |E| − 1 + n − cc: there exists a DFVS F ′ of Reach(G′) such that |F ′| ≤ p0.
Let us show that F ′ ∪ {u} is a DFVS of Reach(G). Suppose a contrario that there exists
a circuit W in Reach(G) that does not intersect F ′ ∪ {u}. According to Lemma 7, the
vertices of W must be included in an SCC of G↓. This SCC must be the one containing
u and v: indeed, in G↓ there is no directed path between two vertices of W using (u, v)
(otherwise u and v would be in that SCC), hence W would be a circuit in Reach(G′),
contradicting the definition of F ′.
So the vertices of W are in the SCC of u and v. As F ′ is a DFVS of G′, there must be
an arc (a, b) in the circuit W which is in Reach(G) but not in Reach(G′). Hence, we have
a journey from a to b in G that uses ((u, v), t0). But by minimality of t0 this path must
start from u, a contradiction as W does not contain u. F ′ ∪ {u} is therefore a DFVS of
Reach(G) of size |F ′| + 1 ≤ p0 + 1 = p. ◀

SAND 2026



15:8 Designing Sparse Temporal Graphs Satisfying Connectivity Requirements

We now prove the main theorem of this section:

▶ Theorem 9. Let (R, k) be an instance of DCRS with cc connected components, and f be the
size of a minimum DFVS of R. There exists G a solution to this instance iff k ≥ n + f − cc.

Proof. Suppose that there exists a G solution such that |E| = n + f − cc − d, with d > 0.
Then by Lemma 8 we have a DFVS of Reach(G) of size f ′ = |E| + cc − n = f − d. However,
since Reach(G) contains R, there is a DFVS of R of size f − d contradicting the minimality
of f . With Lemma 6, we can conclude that there is a solution iff k ≥ n + f − cc. ◀

Specifically, for MinDCRS, finding a solution is therefore equivalent to finding a minimum
DFVS which is known to be NP-complete [23] and FPT in the size of the set [10], giving us
the following corollary:

▶ Corollary 10. MinDCRS is NP-complete, and FPT with respect to the parameter k′ =
k + cc − n.

4 Undirected case: trees

In this section, we study (undirected) MinCRS. First, note that our result from Section 3
does not hold when the graph we build is undirected. Indeed, consider the case where the
request graph is a bidirected path. Here, a minimal directed feedback vertex set would have
size ⌊ n

2 ⌋, but the MinCRS problem has a solution with only n − 1 edges (any path works
regardless of the appearance times of the edges). This contradicts Lemma 8 and Theorem 9.

In graph theory, problems on undirected graphs are generally easier to figure out, but
here, temporality induces an orientation on the paths anyway, as any path of length more
than two can only be used in at most one direction because of the appearance times of the
edges, even if the edges are undirected. Still paths of length one, i.e., temporal edges, can
now be used both ways. As illustrated in the paragraph above, this possibility may allow for
a drastic reduction of the number of edges needed to satisfy the connectivity requirements.
How to optimally take advantage of this possibility turns out to be very challenging.

Let R be an instance of MinCRS and cc be the number of connected components of R.
It is easy to see that any solution needs at least n − cc temporal edges. This section aims at
characterizing the cases where there exists a solution with exactly n − cc temporal edges, that
is for each connected component C of R, G↓[C] is a tree. In the following, we will assume
that R is connected and we ask in which case we have a tree solution.

4.1 Tree representation
We first show the following lemma on the structure of such a tree solution.

▶ Lemma 11. Let R = (V, A) be a request graph such that R is connected and there
exists a tree solution T . Let W = (u0, u1, . . . , uk−1, uk = u0) be a closed walk of R. Let
S = {u0, . . . , uk−1}. Then, T↓[S] is connected.

Proof. Assume by contradiction that T↓[S] is not connected. Then, there exists a vertex w

such that deleting w from T↓ creates at least two connected components containing at least
one vertex of S each. Let C0, . . . , Cℓ be the connected components obtained by deleting w.
For j ∈ [0, ℓ], we denote ({w, sj}, tj) the temporal edge connecting w to Cj in T . Without
loss of generality, assume that t0 < · · · < tℓ. As W is a closed walk, we have that there exists
i ∈ [0, k − 1] such that ui ∈ Cp and ui+1 ∈ Cq with q < p. As (ui, ui+1) ∈ R and the only
path from ui to ui+1 in T↓ contains the edge {w, sp} followed by the edge {w, sq}, we must
have tp < tq. ◀
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Note that having the arcs (u, v) and (v, u) in the connected request graph implies that
the edge {u, v} must be in the footprint of any tree solution. In the following, we will call
such an edge {u, v} a forced edge. Another direct consequence of this lemma is the following:

▶ Corollary 12. Let R = (V, A) be a request graph such that R is connected and there exists
a tree solution T . Let W and W ′ be two closed walks of R intersecting on vertex set S. Then,
T↓[S] is connected.

Lemma 11 leads to a rather natural definition of what we call a tree representation.

▶ Definition 13. A tree representation of a request graph R = (V, A) is a tree T on same
vertex set V and such that T [S] is connected for each closed walk W of R with vertex set S.

Note that the footprint of a tree solution for a request graph R is always a tree representation
of R. One could hope that having a tree representation of a request graph R is equivalent
to having a tree solution for MinCRS. However, this is not the case. Indeed, consider the
request graph R = (V, A) depicted in Figure 4. Any tree on V with edges {a, b}, {b, c},
{c, d}, {d, e} and an edge between f and any other node is a tree representation of R. Now,
if a tree solution exists for MinCRS, it must contain the edges {a, b}, {b, c}, {c, d} and {d, e},
as they are forced edges. If the last edge is between f and a, b or c, the time appearance on
the edge {e, d} must be smaller than the one on {d, c} in order to satisfy the request from e

to f in R. However, the request from c to e in R enforces the time appearance on the edge
{e, d} to be greater than the one on {d, c}. By symmetry, we conclude that it is also not
possible to have the edge between f and d or e. Thus, there is no tree solution for MinCRS.

a b c d e

f

Figure 4 A request graph that admits a tree representation but does not admit a tree solution
for the MinCRS problem.

However, we will prove that, when the request graph is strongly connected, having a tree
representation is equivalent to having a tree solution for MinCRS.

4.2 Hypertree and Helly property
Before showing our result, we will define and introduce useful concepts and notations.

▶ Definition 14 (Hypergraph). A hypergraph is a pair H = (V, E) where V is a (finite)
set of vertices and E = {E1, . . . , Em} is a set of (distinct) hyperedges. A hyperedge Ei is a
nonempty subset of V .

Our definition of a tree representation of a request graph is a special case of the concept
of hypertree introduced in [17] (see [18] for a survey on the topic).

▶ Definition 15 (Hypertree). A hypergraph H = (V, E) is a hypertree if it admits a tree T

with same vertex set and such that for every hyperedge Ei of H, T [Ei] is connected. Such a
tree T is called a host tree.
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Indeed, for a request graph R = (V, A), we can define the hypergraph HR, called the
closed walk hypergraph of R, with same vertex set V and for each closed walk W of R on
vertex set S, S is a hyperedge of HR. Then, a host tree of HR is a tree representation of R

and vice-versa.
In [17], the author proposes a characterisation of hypertrees. Before stating this charac-

terisation, we introduce the definitions needed.

▶ Definition 16 (Helly Property). Let S = {S1, . . . , Sp} be a set of subsets of a given ground
set S. We say that S has the Helly property if for all subset S ′ ⊆ S:

(∀Si, Sj ∈ S ′ Si ∩ Sj ̸= ∅) =⇒ ∩Si∈S′Si ̸= ∅

So, for any subset of pairwise non disjoints sets, these sets have an element in common. It is
well known for instance that the set of subtrees of a given tree has the Helly property.

We say that a hypergraph H = (V, E) is Helly if its set of hyperedges E has the Helly
property. This leads us to the following definition.

▶ Definition 17 (walk-Helly). We say that a digraph R is walk-Helly if the set of vertices
of the closed walks of R has the Helly property, i.e., any set of pairwise non-vertex-disjoint
closed walks all share a common vertex.

Equivalently, R is walk-Helly if the closed walk hypergraph of R is Helly.

a b c d

e

Figure 5 A request graph that is not walk-Helly.

▶ Example 18. Let us consider the request graph R depicted in Figure 5. We have
that R is not walk-Helly as we have the closed walks W1 = (a, b, a), W2 = (b, c, d, c, b)
and W3 = (a, d, e, a) such that W1 ∩ W2 ≠ ∅, W1 ∩ W3 ̸= ∅ and W2 ∩ W3 ≠ ∅ but
W1 ∩ W2 ∩ W3 = ∅. ⌟

We conclude this section with a theorem by Flament that gives a necessary and sufficient
condition for a hypergraph to be a hypertree [17].

Given a hypergraph H = (V, E), its line graph L(H) is the undirected graph whose vertex
set is the set of hyperedges of H and there exists an edge {E, E′} in L(H) if and only if
the hyperedges E and E′ intersect. Recall that an undirected graph is chordal if all cycles
of four or more vertices has a chord, that is an edge that is not an edge of the cycle that
connects two vertices of the cycle.

▶ Theorem 19 (Flament, 1978). A hypergraph H is a hypertree if and only if H is Helly
and L(H) is chordal.



T. Bellitto, J. B. Popper, J. Cauvi, B. Escoffier, and R. Maistre-Matus 15:11

4.3 Strongly connected request graph
The main result of this section is the following.

▶ Theorem 20. Let R be a strongly connected request graph. Then the three following
statements are equivalent:
1. R is walk-Helly.
2. There exists a tree representation of R.
3. There exists a tree solution for MinCRS.
Moreover, if such a tree solution exists, we can compute one in polynomial time.

▶ Example 21 (Example 18 continued). Let us consider the request graph of Figure 5 that
is not walk-Helly. We can easily see that there exists no tree solution for MinCRS as, no
matter where we put the last edge (the edges (a, b), (b, c) and (c, d) are forced), we cannot
assign appearance times so that the requests (a, d), (d, e) and (e, a) are satisfied. ⌟

We will first show the equivalence between statements 1 and 2, that strongly relies on
Theorem 19. Note that for this equivalence, the connected request graph R does not need to
be strongly connected.

▶ Proposition 22. Let R be a connected digraph. R is walk-Helly if and only if there exists
a tree representation of R.

Proof. Let HR be the closed walk hypergraph of R.
⇒: We show that R being walk-Helly implies that L(HR) is chordal. Let C =

(E1, . . . , Ek, E1) be a cycle in L(HR) with k ≥ 4 and such that C does not have a chord.
Recall that Ei is a set of vertices that forms a closed walk in R (with a slight abuse of
notation, we use Ei to denote the vertex of L(HR) but also the associated hyperedge in
HR). Let S =

⋃
i∈[3,k] Ei. By concatenating the closed walks E3, . . . , Ek (possible as Ei

intersects Ei+1 for each i ∈ [3, k − 1]), we obtain a closed walk W = (u1, . . . , uℓ) in R with
{u1, . . . , uℓ} = S. First, we have E1 ∩ E2 ̸= ∅. As E1 ∩ Ek ̸= ∅, we have E1 ∩ S ̸= ∅ and as
E2 ∩ E3 ̸= ∅, we have E2 ∩ S ̸= ∅. As HR is Helly, E1 ∩ E2 ∩ S ̸= ∅. Let s ∈ E1 ∩ E2 ∩ S.
There exists i ∈ [3, k] such that s ∈ Ei. Let us take such a i that is minimal. If i ̸= 3, we
have that s ∈ E2 ∩ Ei, and thus there is an edge between Ei and E2 in L(HR), contradicting
the fact that C has no chord. If i = 3, we have that s ∈ E1 ∩ Ei, which again gives us a
chord between E1 and Ei in C. Thus, we have that HR is Helly and L(HR) is chordal. By
Theorem 19, HR is a hypertree, that is there exists a tree representation of R.

⇐: We have that HR is a hypertree. By Theorem 19, we thus have that HR is Helly,
that is R is walk-Helly. ◀

Let us now prove the equivalence between statements 1 and 3 of Theorem 20. First,
statement 3 trivially implies statement 1 (here again, the strong connexity of R is not
required).

▶ Proposition 23. Let R be a connected request graph. If there exists a tree solution for
MinCRS, then R is walk-Helly.

Proof. Let T be such a tree solution. In particular, thanks to Lemma 11, T↓ is a tree
representation of R, that is to say the closed walk hypergraph HR of R is a hypertree. Thus,
by Theorem 19, R is walk-Helly. ◀

Finally, let us prove that statement 1 implies statement 3, which is the core of the
demonstration. The proof will consist of three steps:
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We introduce the notion of authorized arc and show that adding an authorized arc to a
strongly connected request graph that is walk-Helly preserves the walk-Helly property
(Lemma 25).
We show that, as long as there are not n − 1 forced edges, we can find an authorized arc
that is not in the request graph R, if R is walk-Helly (Lemma 27).
We finally show that, when having n−1 forced edges in a request graph that is walk-Helly,
we can assign labels to the forced edges in order to obtain a tree solution for MinCRS
(Lemma 28).

Let R be a connected request graph. In the following, we will write P (a, b, c) to denote
the existence of a path from a to b that does not contain c in R, and W (a, b, c) to denote
the existence of a closed walk containing a and b but not c in R, for a, b, c vertices of R. We
say that an arc (u, v) is authorized if for every vertex x of R we do not have both W (u, x, v)
and W (v, x, u).1

▶ Example 24. Consider the request graph R = (V, A) depicted in Figure 6.

a b c

d e f

Figure 6 A strongly connected request graph R that is walk-Helly and whose set of authorized arcs
is {(a, b), (b, a), (a, d), (d, a), (a, e), (e, a), (c, b), (b, c), (c, e), (e, c), (c, f), (f, c)} plus the arcs associated
with forced edges.

The arc (a, c) is not authorized: indeed, there is a closed walk (a, d, e, b, a) (so we have
W (a, b, c)) and a closed walk (c, f, e, b, c) (so we have W (c, b, a)). As a matter of fact, one
can easily see that with the arc (a, c) there would not be any tree solution.

On the other hand, the arc (a, b) is authorized (as for instance every circuit containing a

contains b). More generally, the set of authorized arcs of R is

{(a, b), (b, a), (a, d), (d, a), (a, e), (e, a), (c, b), (b, c), (c, e), (e, c), (c, f), (f, c)}

plus the arcs associated with forced edges. ⌟

We first show that if R is strongly connected and walk-Helly, then adding an authorized arc
to R preserves the property of being walk-Helly. For instance, we have that the strongly
connected request graph R of Figure 6 is walk-Helly and adding the authorized arc (a, b)
preserves the walk-Helly property. Due to space constraints, the proof of this lemma is
omitted here; It can be found in [4].

▶ Lemma 25. Let R be a strongly connected request graph that is walk-Helly, and (u, v) be
an authorized arc. Then the graph R′ obtained by adding the arc (u, v) to R is walk-Helly.

1 Note that if an arc (u, v) is not authorized, then the edge {u, v} cannot be part of a tree solution. Indeed,
having the edge in a tree solution would contradict Lemma 11 as we have W (u, x, v) and W (v, x, u) for
some x.
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The general idea of the algorithm that builds a tree solution if it exists is to find an
authorized arc (u, v) that is not in R and add the arcs (u, v) and (v, u) to R until there are
n − 1 forced edges forming a tree. Note that we can add both the arcs (u, v) and (v, u) as if
(u, v) is authorized, then (v, u) is also authorized, and adding the arc (u, v) to R does not
change the fact that (v, u) is authorized by definition of an authorized arc. The following
lemma shows that, as long as we do not have n − 1 forced edges forming a tree, we can find
an authorized arc (u, v) when R is walk-Helly.

▶ Example 26 (Example 24 continued). Let us consider our running example of Figure 6. We
can add the authorized arc (a, b) to R to obtain the request graph R′ whose set of authorized
arcs becomes {(c, b), (b, c), (c, e), (e, c), (c, f), (f, c)} plus the arcs associated with forced edges.
We can see that the set of authorized arcs has decreased ((a, d), (d, a), (a, e) and (e, a) are no
longer authorized) but we can still find an authorized arc. ⌟

▶ Lemma 27. Let R be a strongly connected request graph that is walk-Helly and such that
there are not n − 1 forced edges forming a tree. Then, there exists an authorized arc (u, v)
that is not in R.

Proof. Let T be a tree representation of R (exists as R is walk-Helly and by Proposition 22)
and let {u, v} be an edge of T that is not a forced edge in R. We have that (u, v) or (v, u)
(or both) are not in R. Without loss of generality, let us assume that (u, v) is not in R and
let us show that the arc (u, v) is authorized. If (u, v) is not authorized, there exists a vertex
x such that W (u, x, v̄) and W (v, x, ū) in R. Consider the request graph R′ which is R to
which we add the arcs (s, t) and (t, s) for each edge {s, t} of T (if not already in R). We
have that T is a tree representation of R′, so R′ is walk-Helly by Proposition 22. However,
we have W (u, x, v̄) and W (v, x, ū) in R′ and also the closed walk consisting of the arc (u, v)
and the arc (v, u) in R′, contradicting the fact that R′ is walk-Helly. ◀

We finally show that, when we have n−1 forced edges forming a tree, we can assign labels
to the tree in order to obtain a solution for MinCRS if the request graph R is walk-Helly.
An illustration of the construction is given in an example after the proof. In Figure 7 the left
part represents the request graph, and the right part represents a tree solution with labels
(the middle part illustrates part of the proof).

▶ Lemma 28. Let R = (V, A) be an instance of MinCRS such that R is connected and
has n − 1 forced edges forming a tree representation T of R. Then, each edge of the tree
representation can be given an appearance time so that the obtained temporal graph is a
solution.

Proof. For a forced edge {u, v}, we denote t{u,v} the appearance time that we will give to
this edge. First, observe that each arc (u, v) ∈ R such that {u, v} is not a forced edge enforces
an order on the appearance times of the edges on the path from u to v in T . More precisely,
let P = (u0 = u, u1, . . . , uk = v) be the unique path from u to v in T and let ei = {ui, ui+1}
for i ∈ [0, k − 1]. Then, we must have te0 < te1 < · · · < tek−1 .

Let us construct the following digraph D. For each forced edge e of R, we have a vertex
ve in D. For each arc (u, v) ∈ R such that {u, v} is not a forced edge, let P = (u0 =
u, u1, . . . , uk = v) be the path from u to v in T and ei = {ui, ui+1}. Then, we put an arc
from vei

to vei+1 in D for i ∈ [0, k − 2]. Note that having an arc from ve to ve′ in D means
that e and e′ are sharing an endpoint in T and that we must have te < te′ . If there is no
closed walk in D, then assigning labels to the forced edges by following a topological order
of D ensures that the obtained temporal graph is a solution.
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Now, let us assume that there exists a closed walk in D. Let W = (ve0 , ve1 , . . . , vek
= ve0)

be such a closed walk with minimal length. Let us show that all forced edges ei for i ∈ [0, k−1]
share a common endpoint in T . First, we have that e0 and e1 shares an endpoint, that we
will denote s. Now, let us assume that all forced edges ei for i ∈ [0, j] have s as one endpoint,
for 1 ≤ j ≤ k − 3. We have that ej+1 and ej have a common endpoint. Assume that this is
not s. Then there exists a path in T consisting of the edges ej+1, ej and e0 in this order.
However, we have a path from vej+1 to ve0 in D and as there exists an arc from a vertex
associated with a forced edge to another in D only between forced edges sharing an endpoint,
we have that vej

should be in every path from vej+1 to ve0 in D, contradicting the minimality
of W . Finally, ek−1 shares an endpoint with e0 and also with ek−2 in T , which is thus s.

Let ei = {s, wi} for i ∈ [0, k − 1] and let Ti be the subtree containing wi obtained when
deleting vertex s of T . As (vei

, vei+1) is an arc of D for i ∈ [0, k − 1], there exists an arc in
the request graph R from a vertex si ∈ Ti to a vertex ti+1 ∈ Ti+1. Also, there exists a path
in R from ti to si for i ∈ [1, k − 1] (resp. from tk to s0) obtained by following the path from
ti to si in Ti (resp. from tk to s0 in T0). Concatenating those paths with the arcs from si to
ti+1 gives a closed walk in R that contains all si and ti (and potentially other vertices) but
that does not contain s. This contradicts the fact that T is a tree representation of R. ◀

From this proof, we can directly derive a polynomial time algorithm, called Labelisation,
such that, given a connected request graph R with n − 1 forced edges, it assigns appearance
times to the forced edges so that the resulting temporal graph is a solution for MinCRS, or
outputs NO if it is not possible.

▶ Example 29 (Example 24 continued). Let us go back to our running example (Figure 6).
Assume that after choosing to add the authorized arc (a, b), we chose to add the authorized arc
(c, b). We then obtain a request graph with n − 1 forced edges forming a tree representation
(see Figure 7, left). In the middle of Figure 7, the associated digraph D described in the
proof of Lemma 28 is depicted. For instance the arc (a, d) in the request graph gives the arcs
(v{a,b}, v{b,e}) and (v{b,e}, v{d,e}) in D. We then construct a tree solution for MinCRS by
giving appearance times to the forced edges according to the topological order of D (Figure 7,
right). ⌟

We can now conclude the proof of Theorem 20 by showing that statement 1 implies
statement 3.

a b c

d e f

v{a,b} v{b,c} v{b,e} v{d,e} v{e,f}

a b c

d e f

1 2

3

4 5

Figure 7 On the left, a request graph with n − 1 forced edges forming a tree representation. In
the middle, a topological order of the digraph described in the proof of Lemma 28. On the right, a
tree solution for MinCRS.

▶ Proposition 30. Let R be a strongly connected request graph. If R is walk-Helly, then
there exists a tree solution for MinCRS. Moreover, Algorithm 1 allows for the computation
of such a tree solution if it exists in polynomial time.



T. Bellitto, J. B. Popper, J. Cauvi, B. Escoffier, and R. Maistre-Matus 15:15

Algorithm 1 Algorithm for computing a tree solution when it exists.

Input: A strongly connected request graph R

Output: NO if there is no tree solution for MinCRS, a tree solution otherwise
1: while there exists an authorized arc (u, v) that is not in R do
2: Add (u, v) and (v, u) to R (if not already in it)
3: if there are n − 1 forced edges in R forming a tree T then
4: Labelisation(R)
5: else
6: Output NO

Proof. Let R be a strongly connected request graph that is walk-Helly. If there are n − 1
forced edges, then Lemma 28 shows that we can assign appearance times to the edges of the
tree formed by the forced edges so that it is a tree solution for MinCRS. If there are not yet
n − 1 forced edges, we can find an authorized arc (u, v) not in R by Lemma 27, and add the
arcs (u, v) and (v, u) in R while maintaining the walk-Helly property by Lemma 25. Note
that if R is not walk-Helly, then there exists no tree solution for MinCRS by Proposition 23
and the algorithm will return NO either because there are not n − 1 forced edges after adding
the authorized arcs to R, or because the labelisation will fail. Thus, Algorithm 1 computes a
tree solution if it exists in polynomial time. ◀

5 Conclusion

The problem of Connectivity Request Satisfaction that we introduced turned out to be very
intriguing and our work raise a lot of open questions. We would like to conclude this paper
by presenting some of them that we believe to be of strong interest:

Our results in the undirected case hold when the request graph is strongly connected.
Thus, the complexity of determining if there exists a tree solution for non-strongly
connected instances of MinCRS is still open. Note that all the connected components of
a reachability graph have to be strongly connected (since all the edges of the footprint of
a temporal graph involve a pair of opposite arc in its reachability graph). Thus, if there
exists a tree solution for MinCRS, its reachability graph has to be walk-Helly (and has
to contain all the arcs of the request graph). Thus, whether a non-strongly connected
instance admits a tree-solution is equivalent to whether we can make it strongly connected
by adding arcs to it while keeping it walk-Helly.
One of the main question is also the complexity of MinCRS in the general undirected
case. While we strongly believe the problem to be NP-complete, this is not a direct
consequence of any of the results we were able to achieve. It would also be interesting to
connect this problem to already known structural graph parameters like we were able to
do with the directed feedback vertex set in the directed case.
We know that any connected request graph requires at least n − 1 edges to be satisfied
and we tried to characterize the request graphs for which n−1 is enough. On the opposite
end, we know that 2n − 4 edges are enough to satisfy any request graph and it would be
interesting to characterize the graphs for which it is necessary. This would also probably
be an interesting result in gossip theory.
Finally, we conjecture that every instance of MinCRS admits a simple optimal solution
i.e. an optimal solution where an edge between the same two vertices cannot appear
at several different times. This is clear when we look for a solution of cost n − cc and
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is also proven true when the optimal solution has 2n − 4 edges but is not known for
intermediate values. Being able to restrict the search to simple solutions would probably
be very helpful for future work on this topic.
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