On Sufficient Conditions for Short Journeys in
Temporal Graphs

David Ilcinkas &
Univ. Bordeaux, CNRS, Bordeaux INP, LaBRI, UMR 5800, F-33400 Talence, France

Nils Morawietz &
Univ. Bordeaux, CNRS, Bordeaux INP, LaBRI, UMR 5800, F-33400 Talence, France
Institute of Computer Science, Friedrich Schiller University Jena, Germany

Antoine Toullalan =
Université Le Havre Normandie, Univ Rouen Normandie, INSA Rouen Normandie,
Normandie Univ, LITIS UR 4108, F-76600 Le Havre, France

——— Abstract

A temporal graph is defined as a sequence (G1,Ga,...,GL) of static graphs on a common set of n
vertices. A strict journey in a temporal graph is the temporal analogue of a path in a static graph,
in which at most one edge may be traversed at each time step.

There exists a notable connection between the existence of paths in static graphs and the
existence of strict journeys in specific temporal graphs. A well-known folklore result, commonly
referred to as the Reachability Lemma, states that for two vertices u and v, if there are at least n — 1
time steps during which a path connects u and v, then a strict journey from u to v exists.

Our main theorem extends this lemma. Under the same assumptions as those of the Reachability
Lemma, we prove that a strict journey from u to v exists and the number of edges traversed by such
a journey admits a non-trivial upper bound. Furthermore, this bound converges toward the average
length of the paths connecting u and v as the number of such paths increases. A corresponding
lower bound is also established.

In the second part of this work, we investigate the setting in which every path connecting vertices
u and v has length at most a given integer k. For an integer b > k, we characterize the sufficient
number of time steps containing such a path that guarantees the existence of a journey from u to v

traversing at most b edges. We derive an upper bound of H::_T_ll -(b— l)J + k, and a lower bound
of L’g:f:;” -(b—1) + r + k—1, where r = (n—k—1 mod (b— k+1)). Finally, we present several

applications of the first theorem, with particular emphasis on always connected temporal graphs,

that is, temporal graphs where at each time step the graph is connected.
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1 Introduction

An important tool for modeling networks is graph theory. However, many real-world networks
evolve over time, as connections may appear or disappear — for instance, in railway systems
or social networks — and therefore cannot be adequately represented by classical static graphs.
To capture such dynamics, temporal graphs have been introduced. In these models, each edge
is associated with the time steps at which it is present. In recent years, temporal graphs
have attracted significant attention in the study of complexity-theoretic problems [3, 8, 18],
combinatorial problems [24], and reachability problems [2, 4, 19]. We refer the reader to the
surveys [10, 25] for an overview of the area.
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More formally, a temporal graph G with lifetime L is typically defined as a sequence of
undirected graphs (G1,Gs,...,Gp), called snapshots, that share a common vertex set of
size n. A temporal edge is an edge that appears at a given time step. Since the edge set may
vary over time, the classical notion of a path must be adapted to prevent the traversal of
edges at time steps when they are absent.

In a temporal graph, the analogue of a path connecting two vertices v and v is a journey
(also referred to as a temporal walk), defined as a sequence of temporal edges from u to v
whose time labels are non-decreasing. A journey is said to be strict if it traverses at most
one edge per time step; otherwise, it is non-strict.

While a journey generalizes the concept of a path in static graphs, there is no unique
analogue to the notion of a shortest path in temporal graphs, as several optimization criteria
may be considered. In particular, one may minimize the number of edges traversed (shortest
journeys), the arrival time (foremost journeys), or the duration between departure and
arrival (fastest journeys). These criteria are examined in greater detail in the work of
Bui Xuan et al. [30]. Numerous reachability problems have been investigated in temporal
graphs [15, 22, 29, 27] where the objective is to compute a journey satisfying specified
properties. Also, Casteigts et al. [9] proposed a hierarchy of temporal graphs based on their
expressivity, they prove that these families are associated to different reachability properties.

One of the most widely studied problems in this area is the Temporal Exploration Problem
(TEXP) [1, 6, 13, 15, 16, 17, 21, 20, 26, 5], which was formally introduced and named by
Michail et al. [26]. The objective of TEXP is to determine a journey that visits all vertices
of a temporal graph. Deciding whether such a temporal exploration exists is NP-hard in the
general case [26].

This hardness result has motivated the study of TEXP on always connected temporal
graphs, namely temporal graphs that are connected at every time step [1, 6, 15, 16, 17, 20, 21].
These graphs have received particular attention because any always connected temporal
graph can be explored within (n — 1)? time steps [26]. This bound is a corollary of the
folklore result known as the Reachability Lemma, first introduced by Kuhn et al. [23] in the
context of dynamic networks and later formalized by Erlebach et al. [15]. The lemma states
that if two vertices u and v are connected by a path during at least n — 1 distinct time steps,
then there exists a strict journey from w to v over these time steps.

For always connected temporal graphs, a substantial body of work has focused on variants
of TEXP that minimize the arrival time, referred to as foremost temporal exploration [15,
20, 1, 21, 17, 16, 7]. More recently, attention has also been given to variants of TEXP that
minimize the number of edges traversed, known as shortest temporal exploration [6].

Another extensively studied class of reachability problems in temporal graphs concerns
the computation of journeys that optimize at least one of the three criteria introduced above.
Wu et al. [28] proposed pseudo-polynomial algorithms for computing shortest, foremost,
and fastest strict journeys in general temporal graphs. The case where the temporal graph
is directed at every time step was investigated by Cheng [11], who presented a pseudo-
polynomial algorithm for computing shortest journeys. Enright et al. [14] present complexity
results on the problem of counting the number of foremost and fastest journeys between two
vertices. Danda et al. [12] studied a bicriteria optimization problem that consists of finding,
among all fastest journeys, one that is shortest. We note that the notion of a shortest journey
adopted by Danda et al. [12] differs from the definition used in this article: in their model,
each temporal edge is associated with a traversal time that may exceed one time step, so a
shortest journey is defined as one that minimizes the total sum of traversal times.
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While significant research efforts have focused on the complexity analysis of these problems
and on the development of efficient algorithms, comparatively little work has addressed
the combinatorial bounds associated with shortest, foremost, and fastest journeys. Notable
contributions adopting such a combinatorial viewpoint include the work of Erlebach et
al. [15], which formalized the Reachability Lemma, and the work of Balev et al. [6], which
establishes that if there exist kn time steps during which two vertices v and v are connected
by a path of length at most &, then there exists a strict journey from u to v whose length is
at most k. Bastide et al. [7] refine the Reachability Lemma by studying the connectivity
within sets of vertices in always-connected temporal graphs. In this paper, we extend these
results by characterizing the length (that is, the number of edges traversed) of the shortest
strict journey between two vertices that are connected by paths during 7 time steps, where
7 >n — 1. In this regime, the existence of a strict journey is guaranteed by the Reachability
Lemma.

Our results. In Section 3, we present our main result, namely Theorem 3.4, which extends
the well-known “Reachability Lemma”. This theorem states that, in a temporal graph, if
there exists a set T of time steps with |T| > n — 1 such that, for every t € T, the vertices
u and v are connected by a path, and if the average length of these paths is k, then there
exists a strict journey from u to v that traverses at most L‘T‘L#H(k —2)] 4+ 2 edges. In
particular, this bound converges rapidly to the average path length k£ as the number of time
steps in T increases.

We then consider a restricted case in which every path connecting u and v has length at
most a fixed integer k. We prove that, given the integers k& and b such that 1 < k < b < n,

the number of time steps containing a path of length & between u and v that is sufficient to

guarantee the existence of a strict journey of length at most b is at most m:,ﬁ;ll (b= l)J +k.

In Section 4, we establish lower bounds to the sufficient conditions derived in Section 3. For
the restricted case, for given integers n, k, and b, we construct a family of temporal graphs on
n vertices such that the shortest journey from u to v has length strictly larger than b although
u and v are connected by a path of length exactly k£ in many time steps. The obtained lower

bound on the sufficient number of paths of length at most k& to guarantee a journey of length
at most b is {”_k_lJ -(b—=1) + r + k—1, wherer = (n —k —1mod (b — k +1)). In this

b—k+1
restricted case, the upper and lower bounds are tight whenever n — k — 1 is a multiple of

b—k+1.

We derive a non-trivial lower bound corresponding to the main theorem. More precisely,
for parameters n > 0 and k < \/m, we construct a temporal graph on n vertices and a
set T of time steps with |T'| > 4(n — 2) such that, for every t € T, the vertices u and v are
connected by a path and the average length of these paths is k. In this construction, the
shortest journey from u to v has length [ITIL#H(]“ — 2)J + 1.

Finally, in Section 5, we present several applications of the main theorem. We focus on
always connected temporal graphs and establish an upper bound on the temporal diameter,
defined as the maximum length of a shortest journey, in the case where each snapshot has
diameter at most k. We then derive analogous results for the case where each snapshot has
bounded average shortest-path length, as well as for the case where there exists a vertex u
whose closeness centrality is bounded in every snapshot.

2 Preliminaries

Firstly, we give a formal definition of temporal graphs.
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» Definition 2.1 (Temporal graph). A temporal graph G with a vertez set V and a lifetime L
is a sequence of static graphs (G1,Ga,...,Gr) where G; = (V, E;) is called the snapshot at
the time step i € [1, L]. The underlying graph of G is G = (V, E) with V the vertex set of G
and E the union of the edge sets of all the snapshots of G.

Note that the initial time step is time step 1.
We now introduce the classical notion of a path in a snapshot.

» Definition 2.2 (Path). Let G be a temporal graph. A path between the vertices u € V
and v € V at the time step t is a sequence of vertices (wg, w1, ..., w;) such that Vi €
[0,! — 1], wyw; 41 € Ey, wo = u and w; = v. The length of the path is the number l of edges.

Next, we present the definition of a strict journey in a temporal graph, which is the
temporal equivalent of a path.

» Definition 2.3 (Strict Journey). Let G be a temporal graph. A strict journey from a vertex
u €V to avertex v €V is a sequence ((vov1,t1), (v1ve,ta), ..., (v_1v;,t;)) such that:

t) <to < --- <ty (strictly increasing time steps),

VU411 € By, for every i € [0,1 — 1],

v = u and v; = v.
In other words, an agent can move from u to v by traversing the edges in the given order at
the specified time steps. The length of the journey is I, i.e., the number of edges traversed.

In this paper, we focus on strict journeys of minimum length, that is, journeys minimizing
the number of traversed edges. Since only strict journeys are considered, the term journey
will henceforth refer to a strict journey.

We now recall the “Reachability Lemma”.

» Lemma 2.4 (Reachability Lemma [15]). Let G be a temporal graph with vertex set V, and
let u,v € V be two distinct vertices. If there exist n — 1 time steps at which u and v are
connected by a path, then there exists a strict journey from u to v.

The intuition behind the proof is the following. Consider a time step ¢ at which v and v
are connected by a path in G;. If v is not reachable from u at time ¢, then there must exist
a vertex w on this path that is not yet reachable from u at time ¢, but that is adjacent to a
vertex w’ which is reachable from w at time ¢ (that is, there exists a journey from u to w’
with arrival time at most t). Consequently, vertex w becomes reachable from u at time ¢ + 1.
So after n — 1 such time steps, there is a strict journey from u to v. A more formal proof is
the proof of Lemma 2.1 in this article by Erlebach et al. [15].

In the final section, applications of Theorem 3.4 are presented, establishing bounds
on various topological and centrality measures in always connected temporal graphs. In
particular, closeness centrality in this class of temporal graphs is studied. For this purpose,
we recall the following definition of closeness centrality in static graphs.

» Definition 2.5 (Closeness centrality (in static graphs)). Let G = (V, E) be a connected static

graph with n vertices. The closeness centrality of the vertex u is C(u) = % with
veV ’

d(u,v) the length of a shortest path connecting u and v.

Throughout this paper, we adopt the following notations. Let u and v be two vertices
and let ¢ be a time step. A path in a snapshot between u and v is denoted by u <> v. If this
path appears in the snapshot at time step ¢ and has a length at most k, we write u <> 1) v,
or simply u <>, v when no ambiguity arises. Similarly, a journey J from u to v consisting of
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at most b edges is denoted by u ~», v, and its length (i.e., its number of edges traversed)
is denoted by |J|. If, in addition, the arrival time of such a journey is at most ¢, we write
U ~p,p) v. Furthermore, given a temporal graph with vertex set V', a parameter b, and a
pair of vertices (u,v), we use the following notation. Let n = |V|. For every vertex w € V
and every time step t, we define the local potential £;(w).

() {b +1 if there is no journey u ~ ;) w
t =

MiN g 4y w |J| otherwise

Moreover, we associate with each time step ¢ the potential function ®; = > i, £;(w)
and the set A, = {w € V'\ {v} | fy(w) = b+ 1}. That is, A; contains those vertices w
(excluding v) for which there is no journey u ~+@ 4y w. By definition, for any w and ¢ < L,
we have ;11 (w) < le(w), P < Dy, and Apyy C Ay,

3 The sufficient conditions for short journeys

In this section, we establish sufficient conditions on the number and lengths of paths
connecting two distinct vertices u and v to guarantee the existence of a journey from u to v
that traverses at most b edges. We first present general technical tools. They are used to
obtain upper bounds on the length of the obtained journeys, and then on the number of

paths of a given length that is sufficient to obtain a journey of a prescribed maximum length.

3.1 Technical Tools

We prove in this subsection that the potential must decrease between the steps t and ¢t + 1
when there exists a path u <) v and there is no journey u ~ ) v. Without loss of
generality, all the paths considered in this paper are elementary.

We start by describing the situation in the first time steps, in which the loss of potential
is necessarily large. For example, at the very beginning, ¢;(w) = b+ 1 for any vertex w # u
(recall that the initial time step is time step 1). After one time step with a path from u to v,
any neighbor w of u in that time step has local potential 1, and thus the potential loss is at
least b. The following lemma extends this observation to the first few such time steps.

» Lemma 3.1. Let G be a temporal graph on n vertices, let i and b be integers that satisfy
1<i<b+1<n, and let (u,v) be a pair of distinct vertices such that there is a path u <> v
at each time step. If {;_1(v) = b+ 1, then ®; < (n — )b+ (5) + [A;| + 1.

Proof. We prove that the following proposition P(i’) is true for ¢’ € [1,4] (it is the conjunction
of two propositions).

P(I) VU)GV,&/(U))<’L/ Or€1’(w):b+1
1)
Vo<j<i {wl|ly(w) <j} =j+1

Proposition P(i') describes the possible values of the local potentials at time step i': any
local potential smaller than b+ 1 must in fact be smaller than 7', and there are at least j + 1
vertices with local potentials at most j, for any j < 7’

We assume that ¢;_;(v) = b+ 1 and we prove by induction that for any 1 <14’ <4, P(i')
holds. First P(1) holds because at t = 1, ¢1(u) = 0 and Yw € V' \ {u},41(w) = b+ 1, so
{w | f2(w) <0} > 1.

16:5
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Let us assume now that P(¢') holds, for some 1 <7’ <i—1, and show that P(i’ + 1) holds.
Let a and ¢ be vertices in the path u > v at time step ¢’ such that ¢ ¢ {w | £y (w) <" — 1},
c is adjacent to a at time step i/, and a € {w | ¢y (w) < ¢’ — 1}. The vertices a and c
exist on this path because ¢ (u) = 0so u € {w | £y(w) < i —1} and ¢y (v) = b+ 1 so
v & {w | ly(w) <i —1}. So at the time step ¢’ + 1, we have £;11(c) <y (a) +1 < i/, and
Hw | byrp1(w) <} > H{w | by (w) <i' =1} +1 >4 + 1 because ¢ ¢ {w | £;(w) <i' —1}
and ¢ € {w | £y+1(w) < #'}, and by the induction hypothesis [{w | £ (w) <" — 1} > 4.

Furthermore, by the induction hypothesis, any vertex w satisfies ;s (w) € [1,7 —1]JU{b+1}.
Therefore, any vertex w satisfies £;11(w) € [1,¢] U{b+ 1}. Since

Vo< j<i',[{w | lia(w) <5} = {w [ o(w) < j} 25 +1

by the induction hypothesis, we finally have that P (i’ + 1) holds. So we have proven that
P(i') holds for 1 < 4" <.
By proposition P(7), at the time step ¢ there is a set S of ¢ vertices such that

S li(w) SO+1+24 - +i-1= (z)

2
wes

and
Yw eV \ (SUA U{v}),li(w) <i—1

so ®; < (J4;| +1)(b+1) + (3) + (n— (J4;| + 1) —i)(i — 1). Since i — 1 < b, we obtain the
desired inequality. <

The next lemma shows that the potential function ® decreases at each time step t during
which there exists a path connecting u and v of length d; by at least some amount depending
on dy, provided that no journey of length at most b from u to v exists so far.

» Lemma 3.2. Let G be a temporal graph, and let b be an integer such that 0 < b < n.
Suppose there exists a pair of distinct vertices (u,v) and a time step t > 0 such that there is a
path u <> v of length dy at time t. If £4(v) = b+1, then Oy — Py > b—dp+1 + |As|—| A1l

Proof. By assumption, there is a path (wg,w1,...,wq,) in Gy with wg = u and wq, = v.
Let f be minimum such that ¢,(wy) = b+ 1 (it exists because {;(wq,) = b+ 1), and let
IT={ie[l,f]|le(wi—1) < £e(w;)}.

Given that £;(u) = 0 and £;(wy) = b+ 1, we have that >, (€;(w;) — €(w;i—1)) > b+ 1
(see Figure 1). By definition of the local potential, we have ¢;11(w;) < €¢(w;—1) + 1 for each
1 € I. So we obtain

Do b(wi) = (e (wi) = 1) > b+ 1,
el i€l

and we deduce that
D l(wi) = b (wi) =b+1— 1]
el i€l

Note that |I| < f <d,—|A:N{wy,...,wa,—1}| (see Figure 1). Also, for any w € A;\ (Ai41U
{wy,...,wq,—1}), we have €, (w) — £y41(w) > 1. Overall, since Ay1 C A, and v ¢ A, we
have (A N{wy,...,wg,—1}) U (A \ (Agp1 U{wy, ..., w4,—1})) 2 A\ Aiy1. Note that the
latter is a disjoint union. Based on this, we conclude
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£y(w)

b—|—1"‘ ‘@

ly(wa) — £y (wr)

Figure 1 An example of a path u (dg,t) v With dt > 5. All the directed edges w;—1w; with ¢ €
and the vertices in the set A; N {wy, ..., wa,—1} are represented in red.

Oy — Dppy = > L(wi) = > Lepa(wi)+ Y ((w) — Ly (w))

iel iel we {ws|i€l}
>b+1— I+ |A\ (Arpr U{wy, ..., wg,—1})]

>b+1—di+ |[An{wys, ..., w1} + A\ (A1 U{wy, ..., wa,—1})]
>b—di+ 1+ A — |Apsa]-

This completes the proof. <

Finally, we study what happens in the last time steps before there exists a journey u ~ v.

Intuitively, either the potential is still a bit large at the end, or more than the usual amount
of potential was lost in the last steps. In order to express that more formally, we show that

the potential cannot be too small a few time steps before a time step ¢ such that ¢,(v) = b+ 1.

For example, at time ¢ — 1, there must exist a vertex w # v which has local potential at least
b and which prevented v to lose potential between time ¢ — 1 and .

» Lemma 3.3. Let G be a temporal graph on n vertices, let i and b be integers that satisfy
1 <i<b+1<n, and let (u,v) be a pair of distinct vertices such that there is a path
u <> v at each time step. Given a time step t, if t > i and £y(v) = b+ 1, then ®p_;11 >
(b—a)i+ ("3 + [Apmiga] +n— 1.

Proof. Let t > i with £;(v) = b+ 1.

In the first part, we prove by induction on ¢’ that the following proposition Q(i’) is true
for each i’ € [1,7]. This proposition states that, for any 0 < j < ¢/, at least j + 1 vertices
have local potential at least b+ 1 — j at time ¢ + 1 — 4’

Q@) :Vo<j<i,{w]|lpr1—i(w)>b+1—35}>j+1

Firstly, Q(1) holds because at time ¢, ¢;(v) =b+1, so [{w | {s(w) > b+ 1} > 1.

16:7
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Secondly, we assume that Q(i') holds for 1 <4’ < i —1 and we show that Q(i’ + 1) holds.
By definition of t, we have t +1— (¢’ + 1) =t —4¢ > 1 and ¢;_;(v) = b+ 1. Let a and ¢ be
vertices on the path u <> v at time step ¢t — ¢’ such that a € {w | {14 (w) > b -3 +2}, a
is adjacent to ¢ at that time, and ¢ ¢ {w | fy11-y(w) > b—1i +2}.

The vertices a and ¢ exist on this path because £;1—;(u) = 080 u & {w | liy1-i(w) >
b—i +2}and 11y (v) =b+1sov € {w | lg1-¢(w) > b—14 +2}. This implies that
liy1—i(a) < li—y(c)+1 and we know that €41 (a) > b—i'+2. Hence, €;_y(c) > b—1i +1.

So

Hw | b () > b— 4" + 1} > [{w ] bpr—ir(w) > b— i + 2} +1 > +1

since ¢ ¢ {w | byy1—i(w) > b—1'+2} and ¢ € {w | {—y(w) > b—i'+1} and by the induction
hypothesis, |[{w | ;41— (w) > b—14' 4+ 2}| > ¢’. Moreover, by the induction hypothesis,

Vi<j<i,[{w|l_pw(w)>b—7+1}>{w]|lp_i(w)>b—j+1}>j+1

so Q(i' + 1) holds.

We have proven that Q(i) holds, which means there is a set S = {v,wy,...,w;—1} of ¢
vertices such that ¢;_;11(v) =b+1 and, for any 1 < j <4, we have £;_;11(w;) > b+1—j.
Also, for any vertex w ¢ SU{u}, we have ¢;_;1(w) > 1. Finally, note that £;_;11(w) =b+1
for any vertex w € A;_;4+1, and b+ 1 is larger than 1 and b+ 1 — j for any 1 < j < i. Overall
we obtain:

D41 2> Z bi—ip1(w) + Z b1 (w) + Z li_ir(w)

wESU{u} UJEA371,+1\SU{U} wEV\A377;+1USU{u}
>( Y (b+1—5)+ A1 NS
0<5<1

+2(JAi—i1] = [Amia NS + (n—i = 1= [Ai—iqa| + [A—iy1 N S))
N c+ 1 . .
Z ((b—Z)Z+ (Z 9 ) _|_7,)—|—|At_i+1|+’n,—7,—1
N t+1
Z (b—l)l+ ( 9 ) +’I’L—1+|At,i+1|
This completes the proof. <

3.2 The General Case
Next, we provide the following theorem that extends the “Reachability Lemma”.

» Theorem 3.4. Let G be a temporal graph of lifetime L, and (u,v) be a pair of distinct
vertices. If there is a set T C [1, L — 1] of time steps with |T| > n — 1, such that for every
time step t € T, u and v are connected by a path, and the average length of these paths is k,

then there is a journey u ~»p v in G with b = {‘T‘L#“(k - Z)J + 2.

Proof. In this proof, we denote d; the length of the path connecting v and v at the time step
t € T. For the purpose of contradiction, assume that there is no journey u ~», v in G. In
particular, this implies that ¢7,(v) = b+1. So @y, > n—1+(|AL|+1)band &1 = (b+1)(n—1),
which means that ®; — &7, < (n —2 — |AL|)b.

By Lemma 3.1,

VteT, o, —(I)t+1 >b—di+1+ |At| — ‘At+1|.
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Also,
Vitg TU{L}, @ — Pypq > |Ae] — |Apta]-
We deduce from these inequalities that

Z(b —di + 1+ A = [Ag1) < Z(‘I’t = ®441)
teT teT

=1 — B — Y (- Pepn) < (n—2—[ALb— Y ([A = Al
t¢TU{L} t¢TU{L}

We deduce that
TIb=1) = (i =2+ > (Al = [Aa]) < (n—2— |AL|)b.

teT te[t,L—1]

Since

Yo (A= Au]) = Al = ALl = n — 2 — A

te[1,L—1]
, we have [T|(b—1) <>, cp(de —2) + (n =2 —[AL[)(b—1).

di—
Using |Ar| > 0, we obtain (|T'|—n+2)(b—1) < >, .p(d;—2) and thus b < {Z:lYTEIT(rH;)J +1=

{ml—#n(k - Q)J + 1, a contradiction. <

3.3 The case of paths of bounded length

In this section, we derive an upper bound on the number of paths u <> v required to
guarantee the existence of a journey u ~~, v in a temporal graph, where b > k.

The following theorem gives back exactly the Reachability Lemma by setting b = k = n—1.
Moreover, it improves the bound presented by Balev et al. [6] in Lemma 7 because it states
that (k — 1)(n — k) + 1 time steps with a path u <> v ensures the existence of a journey
U~ U.

» Theorem 3.5. Let G be a temporal graph on n vertices, let k and b be integers that

satisfy 1 < k < b < n, and let (u,v) be a pair of distinct vertices. If there are at least

L<n—k—1xb—n

T J + k snapshots with a path u <> v, then there is a journey u ~>p v.

Proof. It is sufficient to show the existence of the journey in the temporal graph obtained
by removing the time steps with no paths u <+, v. So, for clarity and without loss of
generality, we assume that there exists a path u <>, v at each time step. Also, for the
purpose of contradiction, assume that there is an integer ¢ such that ¢;(v) = b+ 1 and
t > % + k. Note that k£ > 2 implies that ¢ > n — 1. When b = n — 1, this is
in contradiction with the Reachability Lemma which ensures the existence of a journey
u " (n—1,n) v.

Therefore, we assume from now on that b < n — 2. It follows that

(n—k-1)(b-1) S m—k-1)(b-1)

b—k+1 - n—2-k+1

which implies ¢ > 2k — 2. In particular, it means that t > k and k <t —k+2. By Lemma 3.2,
for every time step k <t <t—k+ 1, we have &y — Py > b—k+ 1+ |Ay| — |Ap 1]
Therefore,

=b-1>k—1,

Pp—@ppy2 = (Pp—Prr1)+ A+ (Prpt1—Propr2) > (E—-2k+2)(b—k+1)+[Ag|—|As—kt2].

16:9
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Moreover, due to Lemma 3.1 for i = k, we get @, < (n —k)b+ (g) + |Ag| + 1 since t > k
and thus lx(v) = b+ 1. Furthermore, by Lemma 3.3 for i = k — 1, we have

Qi py2>(b—k+1)(k—-1)+ (k

2) + A gy +n—1

because ¢ > k and ¢;(v) = b+ 1. We deduce that
Dp — Dy g2
k k
<(n—k)b+ <2) +]Agl +1—-((b—k+1)(k—-1)+ (2> +|Ai—pq2|+n—1)
= (n— k= 1)(b— 1)+ [Ax| — [Ap_psal — (b= k+1)(k—2)
Therefore, we have

(’ﬂ* k — 1)(1)* 1) + ‘Ak| — |At—k+2‘ — (b* k+ 1)(k — 2) Z q)k — (Dt_k_;,_g
> (1= 2%+ 2)(b— k+ 1)+ A — [Arpsal,

n—k—1)(b—1)

and we deduce that t < ( ) + k, a contradiction. <

» Remark 3.6. Note that both the upper bounds in the general case and in the restricted
case are valid if the constraint that every edge is directed is added. Indeed, all the proofs in
Section 3 are still valid if the paths connecting u and v have their edges directed from u to v.

4  Lower bounds for the sufficient conditions

In this section, we establish that the previously derived sufficient conditions for the existence
of bounded-length journeys are essentially tight in the restricted case where all temporal
paths have bounded length.

Let k£ and b be integers with b > k. We construct a family of temporal graphs such that,
at every time step, the vertices u and v are connected by a path of length exactly k. We
then characterize the maximum number of such time-distinct paths, denoted by ¢¢, such that
there is no journey u ~»p v.

We prove that, in this family of temporal graphs, the value of ¢; is asymptotically equal
to the sufficient number of paths of length k given in Theorem 3.5. Moreover, our bounds
are tight whenever n — k — 1 is a multiple of b — k + 1.

From this result, we derive a lower bound for the more general setting.

» Theorem 4.1. Let k,b,n be integers satisfying 1 < k < b < n. There exists a temporal graph

G on n vertices such that there is no journey u ~, v but there are {Z:I{Z%J (b—1) + 7+ k-1

time steps with a path u <>, v, where r = (n — k — 1 mod (b — k + 1)).

Proof. Let ¢ = H:’;J%J and t; = (b—1)g+r + k — 1. We construct the temporal graph G
such that, at every time step in [1,¢y], the snapshot is a path of length n — 1 as presented on
Figure 2, and after this time step, the snapshots have no edges. For each time step t < t¢,
we denote by s;(w) the position of a vertex w along this path, where position 0 corresponds
to the extremity of the path that is closer to u than to v, and n — 1 corresponds to the other

extremity.



D. licinkas, N. Morawietz, and A. Toullalan

For every vertex w and every time step ¢ such that s;(w) < n — 1, we denote by w; the
vertex satisfying s;(w;) = s¢(w) + 1 (i.e. w; is the neighbor of w toward v on the path at
time step t).

Finally, for any time step ¢t > 1, we say that a shift occurs at time ¢ if the following
conditions hold:

si(u) = se—1(ue—1),

st(ue—1) = se-1(u)
s5¢(v) = se—1(ve—1),
(

)
St \Vt— 1) = St—l( ),

)

and for all w € V' \ {w,v,u—1,v-1}, se(w) = sp—1(w). A shift is illustrated in Figure 2 at
time steps k£ and 2k — 1.

We now fully describe the temporal graph G. Initially, Gy is the path (w, w1, ug, ..., ug_1,v,
V1,V2,...,Un_k—1). Until time ¢;, a snapshot is identical to the previous one, except at times
t+2 wheret mod (b—1) € {k—2,k—1,...,b—2}. At these times, a shift occurs. From
time ¢ 4 1 on, the snapshots contain no edges. Note that u and v are at distance exactly &k
at time ¢ for each 1 <t < ty.

The special case b = k is depicted in Figure 2.

........ ..... .

Figure 2 A representation of the first 3(k — 1) time steps in the constructed temporal graph for
the case b=k (b— k + 1 = 1 so there is one shift every k — 1 time steps). Note that there is no
journey of length b from u to v during these time steps.

In the remainder of the proof, we show that no journey u ~-; v exists by showing that
Li(v)=b+1forallt>1.

It is tedious but straightforward to check that the local potentials evolve as follows.

Let 1 <i,t <k —1. We have ¢;(u;) = i if i < t, and £¢(u;) = b+ 1 otherwise. Also,
l(v) =b+1and {(vj) =b+1foreach 1 <j<n—Fk—1

Let us now consider ¢t > k — 1, and let ¢’ and ' be the non-negative integers such that

t=k+ (b—-1)¢ +7r" and ' <b— 1. First, {;(w) = 1 for any w such that s;(w) < s¢(u).

Similarly, ¢;(w) = b+ 1 for any w such that s;(w) > s¢(v). Now, let wy,..., wx—1 be the
vertices inside the path from w to v at time t. The sequence ¢ (w1), ..., ¢ (wk—1) is as follows:
r+2,...r"+k-1b+1 when ' <b—k
{17...,r’—b+k7r’—|—2,...,b whenb—k<r' <b-1

16:11
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We now provide an informal description of how these values are obtained.

First, consider the case where t = k + (b — 1)¢’ + ' with v/ < b — k. The values of the
labels in this case can be shown to be as stated via induction on the time step. At time step
t, a shift occurs: the vertex wg, which was connected to u in the path at time ¢ — 1, satisfies
li_1(wp) = 7" + 1 and is no longer part of the path at time t. Consequently, the only vertex
in the path whose label changes at time ¢ is wy_2. Indeed, we have ¢;_1(wi_2) = b+ 1, while

b(wk—2) =l_1(wp—3)+1=70"+k— 1

Next, consider the case where t = k+ (b—1)¢' + 7' with v’ € [b— k + 1,b — 2]. In this
case, the path remains unchanged and the label values are updated in a way that propagates
from the vertex u, affecting one vertex per time step.

Therefore, at any time larger than ¢y, the local potential of v is equal to b + 1, and thus
there is no journey u ~»; v in G. <

In the following corollary of Theorem 4.1, we show that for any number n of vertices,
any integer k € [1,+/n/2], and any set of time steps 7 with |T| > 4(n — 2), there exists
a temporal graph with the following properties. There exists a pair of vertices u and v
connected by a path at every time step in T'; each such path has length exactly k, and hence
the average path length over T is k. Still, every shortest journey from wu to v traverses at

T
least LT‘l_iyle(k - Q)J + 1 edges.
This construction yields a lower bound for Theorem 3.4 in the case where the average

path length satisfies & < \/n/2 and the number of paths is greater than 4(n — 2).

» Corollary 4.2. Let T be a set of time steps with |T| > 4(n — 2) and n > 2, and let k be an
integer such that k < \/n/2. Then there exists a temporal graph G on n vertices with the
following properties. For every time step t € T, vertices u and v are connected by a path of
length k. Moreover, the shortest journey from u to v traverses at least {‘T‘L%(k — Q)J +1
edges.

Note that this statement also implies that the average path length is k, too. Thus, this
complements Theorem 3.4 for small values of k.

Proof. We construct a temporal graph G such that for every time step ¢ € [1,|7T'|] the snapshot
G contains a path u <> v of length exactly k£, and hence the average path length is k. Let

b= Uﬂgﬁ:ﬂ — 1. The proof has two steps. First, we show that |T| < H::HJ (b—1)+k.

Second, we deduce that there exists a temporal graph in which u and v are connected by

a path of length k at every time step of T, while every journey from u to v has length
strictly greater than b. Consequently, the shortest journey from u to v traverses at least

b+12> {‘Tl‘_%(k—%J + 1 edges.

We first prove that % < 1. Using the definition of b,
b(k—1)+2n—2 [T (k—1)2 2n —2
IT| —n+2 T|—n+2 [T|-n+2 |T|—-n+2

Since k — 1 < y/(n—2)/2 and |T| > 4(n — 2), we have |T| —n +2 > 3(n — 2) and thus

(k=1)? 1
[T|—n+2 <%
b(k—1)4+2n—2 |T| 2n—2
Hence, TTent2 < 6(T=nF2) T Tl=ntz < 1.
We next show that (b—k +1)? < n. From |T| > 4(n —2) we obtain b < \T\‘*%(k -1 <

3(k — 1), and therefore (b—k + 1) < (%)2 < fe <n,since k— 1< /n/2.
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. _ | IT|(k=1) |T|(k—1)  b(k—1)+2n—2
Finally, we compute b = [ITl—n+2J —-1< TT—nt2 |T|_n+n2

(IT| = b)(k—1) —2n +2

b< T —n+2

= (17| = n+2)b < (IT| = b)(k —1) — 20 +2

= (IT] = b)b+ (b—n+2)b < (|T] = b)(k — 1) — 2n + 2

= (T =b)(b—k+1) < (n—b—3)(b—1)—

(T -k)b—k+1)—(b—k+1)2<(n—0-3)b-1)—
= (T —k)b-k+1)<(n—b—3)(b—1)

siri< | S0 v

=T < ("_k_bQ_)];(rbl_k“)(b—l)JJrk

= |T| < Z—:;”(b—l)—&—k

By Theorem 4.1, for any integers k, b, and set of time steps T satisfying |T'| < {Z:’kt” (b-
1)+ k—1, there exists a temporal graph on n vertices such that vertices u and v are connected
by a path of length exactly k at every time step of T, while the shortest journey from u to v
has length strictly greater than b. Indeed, by construction there is no journey of length at
most b from u to v, yet by the Reachability Lemma a journey must exist since v and v are
connected by a path at least n — 1 times.

Consequently, for [T'| > 4(n—2) and k < m, there exists a temporal graph on n vertices
in which u and v are connected by a path of length k at every time step of T', while the shortest

journey from u to v traverses at least b+ 1 = {ﬂ"l‘—#—ﬂ(k — I)J > {ﬂ“ll—#—ﬂ(k - Q)J +1

edges. |

5 Applications

We focus on always connected temporal graphs, that is, temporal graphs where each snapshot
is connected. This assumption allows us to transfer bounds on classical graph measures for
every snapshot to corresponding temporal bounds in the temporal graph.

We consider temporal analogues of three standard static measures: the diameter, the
average shortest-path length, and the closeness centrality. Each temporal measure is obtained
by replacing, in the classical definition, the length of a shortest path with the length of a
shortest journey in the temporal graph. We show that if a given measure is bounded by £ in
every snapshot, then its temporal analogue approaches k as the lifetime increases.

Throughout the section, we denote by d;(u,v) the length of a shortest journey from u to v
in the temporal graph, and by d,(u,v,t) the length of a shortest path u <> v in the snapshot
at time ¢. Since each snapshot is connected, we have for all ¢t > 0 and all (u,v) € V x V|
dp(u,v,t) <n—1.

5.1 The temporal diameter
The definition of the temporal equivalent of the diameter in this section is

d;(u,
{(u,geaéixv} (1, 0)

16:13
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Note that there exist multiple possible temporal equivalent to the definition of the diameter.
For example, one of the definitions used in the literature defines the “temporal diameter” in a
temporal graph as the maximum number of time steps for a journey between two vertices [26].

» Lemma 5.1. Let G be an always connected temporal graph of lifetime L. If every snapshot
has diameter at most k and L = (1 + ¢)(n — 1) with ¢ > 0, then the temporal diameter of G
is at most (1+ 1) k.

Proof. By assumption, for every pair of vertices (u,v) and every time step ¢, the distance in
snapshot G, satisfies dp(u,v,t) < k.

Since the graph is always connected, for every (u,v) and every ¢, there exists a path
between u and v. We apply Theorem 3.4 with T = [1, L — 1], which yields d;(u,v) <

L 1 L-1
LI—ntl T Z2at=1 dp(u,v,1)..
L L=k

Using d,(u,v,t) < k for all t, we obtain d;(u,v) < ) = < =g k-
Since L = (1+¢)(n—1), we have L—n+1 = ¢(n—1), and therefore =t = (11'(672("1)1)
1tc Hence, d;(u,v) < € k. As this bound holds for every pair of vertices, the temporal

diameter of G is at most % k. <

L
n

» Remark. As a direct consequence of Lemma 5.1, if a temporal graph is always connected,
each snapshot has diameter at most k, and the lifetime satisfies L = (1+¢)(n—1)? with ¢ > 0,
then the temporal graph admits an exploration, that is, a journey visiting all vertices, that
traverses at most (14 1)k (n — 1) edges.

5.2 The average shortest journey length
The definition of the temporal equivalent of the average shortest path length used in this
section is

Z(u v)EV X V,u#v d; (u ’U)
n(n —1)

We name it the average shortest journey length.

» Lemma 5.2. Let G be an always connected temporal graph of lifetime L. If every snapshot

has average shortest path length at most k and L = (1+c¢)(n—1) with ¢ > 0, then the average

shortest journey length of G is at most (1 + 1) k.

Proof. For any pair of distinct vertices (u,v), applying Theorem 3.4 with T' = [1,L — 1]
yields

— dp(u,v,t)
<
(w0) < ; (n0.f)
Let a denote the average shortest journey length: a = 71(%71) > uwvev d;(u,v). Using the
uFv

above bound, we obtain

(u,v,t)
- n—l ZZL—n+1 ZL—n—l—l n(n —1) Zd (u,v,2).

quV t=1 uUEV
uFv UFv

By assumption for every time step t, ﬁ Zu,vev,u;év dp(u,v,t) <k.
Hence, a < s k. Since L = (1+¢)(n—1), wehave L—n+1=c(n—1)a < ¢k <

» Remark. Observe that Lemma 5.2 generalizes Lemma 5.1 since, in any static graph, if the
diameter is bounded by k, then the average shortest-path length is also bounded by k.
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5.3 The temporal closeness centrality

In a static graph, the closeness centrality of a vertex quantifies how close, in terms of graph
distance, the vertex is to all other vertices. It is defined as the inverse of the average

shortest-path length from the vertex to all others (a formal definition is given in Section 2).
We define the temporal analogue of closeness centrality in a temporal graph G as follows.

For a vertex u € V, its temporal closeness centrality is
n—1
Z’UGV max{dj (u’ ’U)7 dj (U, u)} '

where the maximum accounts for the fact that journeys in temporal graphs are directed.

Cg(u) =

Finally, we denote by Cy(u) the closeness centrality of vertex u in the snapshot at time
step t.

» Lemma 5.3. Let G be an always connected temporal graph of lifetime L, and let u be
a vertex. If at every time step t the closeness centrality of u satisfies Cy(u) > k and
L=(1+4c¢)(n—1) with ¢ > 0, then the temporal closeness centrality of u satisfies Cg(u) >

(1-2) k.

Proof. By Theorem 3.4, applied with 7' = [1, L — 1], for every vertex v we have, d;(u,v) <
L Zt JL— dp (u,0,1) dp(u,v,t)

T—ntl St 21 = Ete[LLq] I—nt1 50

max{d;(u,v), (0.} < Y el

te[1,L—1] L-n+1
We deduce that
n—1 (n—1)(L—n+1)
Cg(u) Z dp(u,v =
ZveV(ZtE[I,L_” Z(_7;+’?) Zte[l,Lﬂ](Zuev dy(u,v,t))

And by assumption, for every time step ¢, >, oy dp(u,v,t) < ”7_17 hence

—1)(L— 1 —1)(L — 1 L— 1
Colu) > (n = 1)( nt ) _ (n=1)( nt ) L-nt+l, ¢ .
Zte[l,L—l] ko (L - 1)T L l+e

6 Conclusion

The main theorem of this paper extends the well-known Reachability Lemma by establishing
an upper bound on the number of edges traversed by a journey whose existence is guaranteed
by that lemma. More precisely, it shows that, given two vertices connected by paths at
distinct time steps, there exists a journey connecting these vertices whose length converges
to the average length of the corresponding paths as the number of such paths increases.

This result admits of several applications. In particular, it applies to temporal graphs that
are always connected, for which temporal analogues of classical topological and reachability
measures are introduced.

A more restricted setting is also investigated, namely temporal graphs in which a pair
of vertices is connected by paths at different time steps, each of length bounded by a fixed
integer k > 0. Given an integer b > k, nearly tight lower and upper bounds are established
on the minimum number of such paths required to guarantee the existence of a journey of
length b connecting the two vertices. From the lower bound obtained in this restricted case,
a corresponding lower bound for the main theorem is derived.
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