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Abstract
We introduce and analyze the problem of finding a ∆-labeling λ for an undirected tree G = (V, E),
such that the sum of overall waiting times of fastest paths between all vertex pairs is minimized in
the ∆-periodic temporal graph (G, λ). That is, we aim to minimize

∑
(u,v)∈V ×V

(dur(u, v)−dist(u, v)),
where dur(u, v) is the duration of a fastest temporal path from u to v and dist(u, v) is the length
of the shortest path between u and v in G. We show that this objective function essentially boils
down to a known problem about partitioning a set of natural numbers that has applications in
scheduling. From that problem we lift and adapt several upper and lower bounds for our problem.
For example, we show that the problem admits an EPTAS, that is, an algorithm that can compute
a (1 + ϵ)–approximation to our problem in time f( 1

ϵ
) · nO(1) for each ϵ > 0. To the best of our

knowledge, this is the first example of an efficient approximation algorithm for a temporal graph
realization problem.
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1 Introduction

Graph realization problems ask whether there is a graph that meets certain given conditions,
such as prescribed degrees or distances [7, 9, 13]. Recent research has extended these problems
to temporal graphs, also known as dynamic or time-varying graphs, where the edges are only
available at specific times. In such models, the task is to assign time labels to the edges of a
given static graph so that the resulting temporal graph satisfies constraints on properties
such as connectivity [1, 4, 6, 12, 17, 15], degree sequences [5], reachability [3, 10, 8] or the
duration of fastest paths [18, 16, 11, 19]. These graphs arise naturally in communication,
social, and transportation networks, where the connectivity changes over time.

In many of these naturally occurring networks, connectivity is repeated periodically. To
model this, periodic temporal graphs are particularly well-suited. Here, every edge becomes
active again after a time period has passed. In the context of public transport, the vertex
set V corresponds to stations, and the edge set E specifies which station pairs are directly
connected. The objective is then to determine a labeling that optimizes specific criteria
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19:2 Minimize the Sum of Waiting Times in Periodic Temporal Trees

related to travel times between pairs of vertices in the resulting periodic temporal graph. A
path may use an edge only at times when that edge is active, and traversing an edge takes
one unit of time. A fastest path between two vertices minimizes the travel time between
them while only traversing active edges. We concentrate on the strict setting where the
labels have to be strictly increasing whereas in the non-strict setting, multiple edges with
the same label can be traversed in one timestep. We write dur(u, v) for the duration of such
a fastest temporal path from u to v and dist(u, v) for the length of a shortest path, i.e., the
path between these vertices traversing the fewest edges. Erlebach et al. [11] and Klobas
et al. [16] investigated restrictions on the exact duration of the fastest temporal paths in
periodic temporal graphs, while Mertzios et al. [19, 18] and Meusel et al. [21] focused on
upper bounds for durations. Mertzios et al. also introduce the stretch, a multiplicative bound
on the duration of fastest paths and optimize for this measure [18].

In this paper, we study a new global measure: the sum of the waiting times on a
fastest path over all vertex pairs. This allows a few vertex pairs to have extremely long
travel time if this means keeping the overall travel times low. In contrast to the de-
viation measures (i) maxu,v(dur(u, v) − dist(u, v)) considered by Meusel et al. [21] and
(ii) maxu,v(dur(u, v)/dist(u, v)) considered by Mertzios et al. [18], we take a different ap-
proach. Specifically, we consider the deviation measure

∑
u,v(dur(u, v) − dist(u, v)), which

we call the total excess time. Note that a fastest temporal path does not necessarily coincide
with a shortest path. Long waiting times on an otherwise short route can mean that an
alternative route with more edges is actually faster overall. The excess time consists of two
components: the length of the detour compared to the shortest path, and the waiting time
on the fastest path itself. On trees, this measure can also be called the total waiting time
since there are no alternative paths that take a detour.

On general graphs, a reduction by Mertzios et al. [18] already implies that it is NP-hard
to decide for ∆ = 3 whether a total excess time of 0 can be achieved. Hence, we will just
focus on input graphs that are trees. This restricted graph class is still well motivated, as
discussed by Mertzios et al. [19] and Meusel et al. [21].

Related work. Meusel et al. studied the Upper-Bounded Directed Temporal Tree
Realization problem, where given a bidirected tree and a matrix D of upper bounds, the
goal is to assign each edge exactly one label such that dur(u, v) ≤ Du,v for any vertex pair
(u, v) in the resulting periodic temporal graph [21]. They fully characterized the complexity
of Upper-Bounded Directed Temporal Tree Realization with respect to ∆ and a
parameter k. Here, k is a lower bound on the upper bounds in D, i.e., for the permitted
waiting time on each path. In particular, they showed that there are parameter combinations
for which the undirected problem is NP-hard, but the directed version becomes trivial.

Mertzios et al. [18] introduced the Stretched Temporal Graph Realization (STGR)
problem, where the stretch α of an instance is the maximum of dur(u, v)/dist(u, v) over all
pairs of vertices in a periodic temporal graph. They prove that STRG is NP-hard even if
∆ = 3, α = 1 and the graph has diameter 2. They further develop a local search algorithm
and show that the optimization version of STGR, where the goal is to minimize the stretch,
is hard to approximate within a factor of ∆1−ϵ or 2nc for each fixed 0 < ϵ < 1 and c > 1
respectively. On the other hand, it is possible to compute a solution with stretch at most
∆ − ∆−1

min(rad+1,diam) in polynomial time, where rad and diam denote the radius and diameter
of the given input graph, respectively. Meusel et al. [20] extended this work by further
characterizing the complexity landscape and proving the existence of (i) instances with
stretch arbitrarily close to ∆ and, (ii) instances with stretch arbitrarily close to 1.
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Our contribution. In this work, we introduce the Temporal Waiting Time Minimization
problem on trees and show how it can be expressed by a set of partitioning problems that can
be solved individually. Exploiting the similarity to the known partitioning problem Sum of
Square Partition, we transfer positive and negative results to Temporal Tree Waiting
Time Minimization. We show that Temporal Tree Waiting Time Minimization is
NP-hard and W[1]-hard when parametrized by ∆. This holds even for spider graphs, that
is, trees with at most one vertex of degree at least 3. Temporal Tree Waiting Time
Minimization can be solved in nO(∆) time and in 3d · nO(1) time, where n is the number of
vertices and d is the maximum degree of the input graph, respectively.

Finally, we show that the problem admits an efficient polynomial time approximation
scheme (EPTAS) on trees, that is, an algorithm that can compute a (1 + ϵ)–approximation
to our problem in time f( 1

ϵ ) · nO(1) for each ϵ > 0. To the best of our knowledge, this is the
first example of an efficient approximation scheme for a temporal graph realization problem.

Overview. In Section 2, we start with a formal problem definition and notations. Then, in
Section 3, we first present our key technical lemma implying that Temporal Tree Waiting
Time Minimization can be solved locally as a series of individual partitioning problems at
vertices. In Section 3.1, we present our hardness result and parameterized algorithms and
in Section 3.2 we introduce our efficient approximation scheme. Finally, in Section 4, we
conclude with a summary of our results and suggestions for future research.

2 Formal Problem Definition

In this section, we provide the necessary definitions and notations to define the Temporal
Waiting Time Minimization problem formally.

For integers i ≤ j, we may write [i, j] for the set {ℓ | i ≤ ℓ ≤ j}. For a set X of integers,
we may write

∑
X as a shorthand for

∑
x∈X x. For a graph G and a vertex v ∈ V (G), we

denote by NG(v) the neighborhood of v in G, that is, the set of all adjacent vertices of v.

▶ Definition 2.1. A temporal graph is a pair (G, Λ), where G = (V, E) is the underlying
(static) graph and Λ : E → 2N0 is a function, that assigns a set of discrete timestamps to
each edge.

▶ Definition 2.2. A ∆-periodic temporal graph is a triple (G = (V, E), λ : E → [0, ∆ − 1], ∆)
which denotes the temporal graph (G, Λ) where ∀e ∈ E : Λ(e) = {λ(e) + i · ∆ | i ∈ N0}.

We call λ : E → [0, ∆ − 1] a ∆-labeling. Informally, a temporal path is a sequence that
denotes consecutive edges on a path in the underlying static graph and the times at which
they are traversed. No vertex can be visited more than once. Recent literature distinguishes
between the strict and non-strict version. Throughout the paper we only consider strict
paths: The timestamps have to be strictly increasing. Formally, we can define a temporal
path as follows:

▶ Definition 2.3. A temporal s-z-path of length ℓ in an undirected temporal graph (G, Λ) is
a sequence P = (vi−1, vi, ti)ℓ

i=1 for which the following holds:
v0 = s ∧ vℓ = z

∀i, j ∈ {0, . . . , ℓ}, i ̸= j : vi ̸= vj

∀i ∈ {1, . . . , ℓ} : {vi−1, vi} ∈ E

∀i ∈ {1, . . . , ℓ} : ti ∈ Λ((vi−1, vi))
∀i ∈ {2, . . . , ℓ} : ti−1 < ti

SAND 2026
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Let dist(u, v) be the static distance of u and v in the underlying static graph, that is, the
length of the shortest path between these vertices. The traversal of an edge requires one
time unit. The temporal s-z-path starts or begins at vertex s at time t1, and it reaches or
arrives at vertex z at time tℓ + 1.

▶ Definition 2.4. The duration dur(P ) of a temporal path P = (vi−1, vi, ti)ℓ
i=1 is defined as

dur(P ) = tℓ − t1 + 1.

A temporal u-v-path of smallest duration among all temporal u-v-paths is called a fastest
temporal u-v-path. The duration of a fastest temporal path from u to v depending on Λ
is denoted by durΛ(u, v). We simply write dur(u, v) whenever Λ is clear from the context.
For brevity, we write λ(u, v) instead of λ({u, v}). Note that the symmetry λ(u, v) = λ(v, u)
persists. The waiting time of a temporal path P = (vi−1, vi, ti)ℓ

i=1 at vertex vi with 0 < i < ℓ

is defined as waitvi(P ) = ti+1 − 1 − ti. Therefore, if ti+1 − ti ≤ ∆ in a periodic temporal
graph, that is, if the next edge is traversed as early as possible, the waiting time at vertex vi

is (λ(vi, vi+1) − 1 − λ(vi−1, vi)) mod ∆. Note that this holds in particular for every fastest
path. We call dur(u, v) − dist(u, v) the excess time.

Formally, we analyze the following problem.

Temporal Waiting Time Minimization
Input: A graph G = (V, E) and two integers ∆ and k.
Question: Is there a ∆-labeling λ : E → [0, ∆ − 1], such that the sum of all pair-
wise excess times, i.e. the total excess time, in the resulting ∆-periodic temporal
graph (G, λ) is at most k?

Restricted to trees, we call the problem Temporal Tree Waiting Time Minimization.
Here, there are no alternative paths between any two vertices. This means the total excess
time equals the total waiting time because no time is lost to detours.

Temporal Tree Waiting Time Minimization
Input: An undirected tree G = (V, E) and two integers ∆ and k.
Question: Is there a ∆-labeling λ : E → [0, ∆ − 1], such that the sum of all pairwise
waiting times, i.e. the total waiting time, in the resulting ∆-periodic temporal
graph (G, λ) is at most k?

Let G be a tree and let ∆ ≥ 2 be an integer. We then define for each edge {v, w} the
set V w

{w,v} to be all the vertices that can be reached from v via w. That is, V w
{w,v} is the

set of vertices that is in the same connected component as w after removing the (bridge)
edge {v, w} from the tree G. Note that for each path Ps,t in G that has v as an internal vertex,
the following applies: s ∈ V w

{w,v} and t ∈ V w′

{w′,v} for distinct neighbors w and w′ of v. For
a ∆-labeling λ of G, we define the set Bv

i := {w ∈ N(v) : λ(v, w) = i} for each i ∈ [0, ∆ − 1].
That is, the set of all neighbors w of v for which the edge {v, w} receives label i under λ.

3 Our Results

We first show that on trees, the objective function, that is, the total waiting time, can be
expressed as partitioning problems of numbers with the goal to minimize the sum of squares
of each part of the partition. As a first step, we present the following key technical lemma,
which rewrites the total waiting time objective.
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▶ Lemma 3.1. Let G be a tree and let λ be a ∆-labeling of G. Then, the total waiting time
under λ is

∑
v∈V

∆
2

∆−1∑
k=0

 ∑
w∈Bv

k

|V w
{w,v}|

2

+ ∆ − 2
2

 ∑
w∈N(v)

|V w
{w,v}|

2

− (∆ − 1)
∑

w∈N(v)

|V w
{w,v}|2

 .

Proof. Trees have the benefit that there is only a single path Ps,t from s to t for any vertex
pair (s, t), and that the only path Pt,s from (t, s) is the reverse path of Ps,t. This allows us
to rewrite the formula of the total waiting time as the sum of waiting times on all internal
vertices of a path, summed up over all paths of the graph. That is,

∑
u,v∈V

(dur(u, v) − dist(u, v)) =
∑

Pu,v=(u=p0,p1,...,pℓ−1,pℓ=v)

ℓ−1∑
i=1

waitpi
(Pu,v),

where waitpi
(Pu,v) denotes the waiting time of path Pu,v at vertex pi.

We can further rewrite the total waiting time as the sum over all waiting times on each
vertex. That is,

∑
Pu,v=

(u=p0,p1,...,pℓ−1,pℓ=v)

ℓ−1∑
i=1

waitpi(Pu,v) =
∑
v∈V

 ∑
Ps,t;s∈V i

{i,v};t∈V j

{j,v};i,j∈N(v);i̸=j

waitv(Ps,t)

 .

In the following, let v be a fixed vertex of V . We will first rewrite the inner term∑
Ps,t;s∈V i

{i,v};t∈V j

{j,v};i,j∈N(v);i ̸=j waitv(Ps,t). To this end, let xk := |V k
{k,v}| for each neigh-

bor k ∈ N(v).
The waiting time of a fastest path Pu,w = (u = p0, p1, . . . , pℓ−1, pℓ = w) at an intermediate

vertex v = pi only depends on the labels of the incident edges of v on the path. More
precisely, if λ(pi−1, pi) = λ(pi+1, pi), then waitpi(Pu,w) = waitpi(Pw,u) = ∆ − 1. Otherwise,
waitpi

(Pu,w) + waitpi
(Pw,u) = ∆ − 2. In particular, this means that the exact values of the

labels are irrelevant. A shorter waiting time is obtained whenever two consecutive labels do
not have the same value. With this, we can rewrite further:

∑
Ps,t;s∈V i

{i,v};t∈V j

{j,v};i,j∈N(v);i̸=j

waitv(Ps,t) =
∑

Ps,t;s∈V i
{i,v};t∈V j

{j,v};i,j∈N(v);i ̸=j

waitv(Pi,j)

=
∑

i∈N(v)

∑
j∈N(v)\{i}

(xi · xj · waitv(Pi,j)).

Moreover, as already discussed, waitv(Pi,j) + waitv(Pj,i) = 2∆ − 2 if λ(i, v) = λ(j, v), that
is, if there is some k ∈ [0, ∆ − 1], such that i ∈ Bv

k and j ∈ Bv
k . Otherwise, waitv(Pi,j) +

waitv(Pj,i) = ∆ − 2. Hence, we get that∑
i∈N(v)

∑
j∈N(v)\{i}

(xi · xj · waitv(Pi,j))

= ∆
2

∆−1∑
k=0

∑
i∈Bv

k

∑
j∈Bv

k
;i ̸=j

(xi · xj) + ∆ − 2
2

∑
i∈N(v)

∑
j∈N(v)\{i}

(xi · xj),

as the average waiting time of waitv(Pi,j) and waitv(Pj,i) is ∆−2
2 plus ∆

2 if there is some k ∈
[0, ∆ − 1], such that i ∈ Bv

k and j ∈ Bv
k .

SAND 2026
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Finally, we rewrite the last formula into the desired form:

∆
2

∆−1∑
k=0

∑
i∈Bv

k

∑
j∈Bv

k
;i ̸=j

(xi · xj) + ∆ − 2
2

∑
i∈N(v)

∑
j∈N(v)\{i}

(xi · xj)

= ∆
2

∆−1∑
k=0

 ∑
i∈Bv

k

∑
j∈Bv

k

(xi · xj) −
∑

i∈Bv
k

x2
i

 + ∆ − 2
2

∑
i∈N(v)

 ∑
j∈N(v)

(xi · xj) − x2
i


= ∆

2

∆−1∑
k=0

∑
i∈Bv

k

∑
j∈Bv

k

(xi · xj) + ∆ − 2
2

∑
i∈N(v)

∑
j∈N(v)

(xi · xj) − (∆
2 + ∆ − 2

2 )
∑

i∈N(v)

x2
i

= ∆
2

∆−1∑
k=0

 ∑
i∈Bv

k

(xi ·
∑

j∈Bv
k

xj)

 + ∆ − 2
2

∑
i∈N(v)

xi ·
∑

j∈N(v)

xj

 − (∆ − 1)
∑

i∈N(v)

x2
i

= ∆
2

∆−1∑
k=0

(
∑

i∈Bv
k

xi) · (
∑

j∈Bv
k

xj)

 + ∆ − 2
2

(
∑

i∈N(v)

xi) · (
∑

j∈N(v)

xj)

 − (∆ − 1)
∑

i∈N(v)

x2
i

= ∆
2

∆−1∑
k=0

 ∑
i∈Bv

k

xi

2

+ ∆ − 2
2

 ∑
i∈N(v)

xi

2

− (∆ − 1)
∑

i∈N(v)

x2
i

As we sum this up over all vertices v ∈ V , we finally get that∑
u,v

(dur(u, v) − dist(u, v))

=
∑
v∈V

∆
2

∆−1∑
k=0

 ∑
w∈Bv

k

|V w
{w,v}|

2

+ ∆ − 2
2

 ∑
w∈N(v)

|V w
{w,v}|

2

− (∆ − 1)
∑

w∈N(v)

|V w
{w,v}|2

 .

◀

Computing an optimal solution for this objective function thus boils down to solving for
each vertex v ∈ V an instance of the following problem:

Waiting Time Minimization at Vertex
Input: A multiset of positive integers A of total sum N and a positive integer ∆.
Task: Find a partition of A into ∆ disjoint subsets (B1, . . . , B∆), such that (∆−2)

2 N2−
(∆ − 1) ·

∑
a∈A(a)2 + ∆

2
∑∆

k=1(
∑

b∈Bi
b)2 is minimized.

▶ Corollary 3.2. An optimal solution for Temporal Tree Waiting Time Minimization
can be found by solving for each vertex v an instance of Waiting Time Minimization at
Vertex.

Here, the multiset A corresponds to the vertex counts of the subtrees around v, i.e.
A = {|V w

{w,v}| : w ∈ N(v)}).
The crucial insight is that the instances can be solved independently, as the objective

function for each individual vertex v only needs to consider the labels of the edges around v,
and we are dealing with a tree (see Figure 1). That is, we can compute the optimal sum
of waiting times in a tree by computing for each vertex v an optimal solution (given as a
labeling λv of the edges incident with v) for the Waiting Time Minimization at Vertex-
instance for v. Note that the labelings λv and λw for adjacent v and w do not necessarily
assign the same label to the common edge. However, since the only important factor for
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u v

(a)

2

3

7

3

4

u v

(b)

0

2
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1

7

2 8

1

3

2

4

013

u v

(c)

0

2

03

1

7

2 8
0

3

1

4

213 u v
2

(d)

0
2

03

1

7

0

3

1

4

Figure 1 An illustration on the process of solving an instance of Temporal Tree Waiting Time
Minimization for ∆ = 3 by solving for each vertex of the tree a respective instance of Waiting
Time Minimization at Vertex and combining the solutions. The numbers in triangles indicate
the vertex count of the respective subtree. Figure (d) shows an optimal solution for the depicted
part of the tree shown in Figure (a). To obtain this labeling, we computed optimal solutions for
both Waiting Time Minimization at Vertex instances shown in Figure (b) for vertices u and v.
To let the two solutions agree on the label of the common edge {u, v}, we shifted all labels of the
solution for v in Figure (c).

calculating the waiting time is whether consecutive labels are distinct, we can rearrange the
specific values. For example, we can shift each label assigned by λw cyclic with respect to
period ∆, until the resulting labeling λ′

w agrees with λv on the edge between w and v. As
in a tree, each edge is a bridge, this process terminates in linear time if applied in a depth
first search (DFS) fashion, hence yielding us an optimal labeling for our Temporal Tree
Waiting Time Minimization instance.

Further, note that the objective function of Temporal Tree Waiting Time Mini-
mization is minimized if and only if

∑
v∈V

∆−1∑
k=0

 ∑
w∈Bv

k

|V w
{w,v}|

2

is minimized, as all other parts of the objective function are identical for each partition of A.
Hence, since the objective of Temporal Tree Waiting Time Minimization and therefore
also Waiting Time Minimization at Vertex reduces to minimizing a sum of squared
subset sums, we consider the following partitioning problem [2].

Sum of Square Partition
Input: A multiset of positive integers A and two positive integer k and t.
Question: Is there a partition of A into k disjoint subsets (B1, . . . , Bk), such
that

∑
1≤i≤k(

∑
Bi)2 ≤ t?

▶ Corollary 3.3. An optimal solution for Waiting Time Minimization at Vertex is also
an optimal solution for Sum of Square Partition and vice versa.

SAND 2026
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1
2
3
3
4
7

A

(a)

k = 3

1
2
3B1

(
∑

B1)2 = 36

7B2

(
∑

B2)2 = 49
3
4B3

(
∑

B3)2 = 49

(b)

c

(c)

∆ = 3

0
1

03

1

7

2

3
2

4

0 2

Figure 2 An illustration of the reduction from Sum of Square Partition to Waiting Time
Minimization at Vertex and thus also to Temporal Tree Waiting Time Minimization
with k = ∆ = 3. The numbers in the triangles indicate the number of vertices of that subtree, which
is actually just a path with that many vertices.

3.1 Consequences for Upper and Lower Bounds
Based on this connection of the two problems, we will now transfer both positive and
negative results from Sum of Square Partition to Temporal Tree Waiting Time
Minimization. We start by showing that Temporal Tree Waiting Time Minimization
is NP-hard and presumably does not admit an FPT algorithm for parameter ∆.

▶ Corollary 3.4. Temporal Tree Waiting Time Minimization is NP-hard and W[1]-hard
when parameterized by ∆ even on spider graphs.

Proof. First, note that Sum of Square Partition is NP-hard and W[1]-hard when
parameterized by k even when all numbers are encoded in unary. This is due to the fact
that the following variant of Bin Packing is NP-hard and W[1]-hard when parameterized
by k even when all numbers are encoded in unary. This is implicitly shown in the proof of
Lemma 6 in [14].

Bin Packing
Input: A multiset of positive integers A of total sum N and an integer k.
Question: Is there a partition of A into k disjoint subsets (B1, . . . , Bk), such
that

∑
a∈Bi

= N
k ?

The hardness transfers to Sum of Square Partition due to the convexity of f(x) = x2,
which ensures that the optimal possible value for a k–partition of A can only be achieved if
each part sums up to N

k . The reduction to Waiting Time Minimization at Vertex then
follows immediately (see Figure 2), as the objective functions of both problems are optimized
by the same partitions (by setting ∆ = k). The reduction to Temporal Tree Waiting
Time Minimization then simply creates a path on a vertices for each a ∈ A and adds a
single vertex c which is adjacent to one endpoint of each such path. ◀

Even though an FPT algorithm for temporal waiting time minimization parametrized
by ∆ is unlikely, Temporal Tree Waiting Time Minimization can still be solved in
polynomial time for each constant ∆.

▶ Corollary 3.5. Temporal Tree Waiting Time Minimization can be solved in nO(∆) time
for n being the number of vertices of the input graph.
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Proof. As we can solve an instance of Temporal Tree Waiting Time Minimization by
solving an instance of Waiting Time Minimization at Vertex for each internal vertex of
the tree, it suffices to show that Waiting Time Minimization at Vertex can be solved
in |A|O(∆) time. Essentially, this result can be obtained via dynamic programming in the
same way as the folklore nk+O(1)-time algorithm for Bin Packing. Let I := (A, ∆) be an
instance of Waiting Time Minimization at Vertex, let q := |A|, and let N be the sum
of all elements of the multiset A. Note that N ∈ |I|O(1), as each number in N is unary
encoded. Moreover, assume without loss of generality that the elements of A are denoted
by A = {a1, . . . , aq}. We use a dynamic programming table D with ∆ + 1 dimensions, where
the first dimension ranges from 0 to q and each other dimension ranges from 0 to N .

For each i ∈ [0, q], we denote the set of the first i elements of A as A≤i := {aj | 1 ≤ j ≤ i}.
The table entry D[i, b1, . . . , b∆] stores a truth value which is 1 if and only if there is a ∆-
partition (B′

1, . . . , B′
∆) of A≤i with |B′

ℓ| = bℓ for each ℓ ∈ [1, ∆]. We call B1 the set of values
for (b1, . . . , b∆) such that D[q, b1, . . . , b∆] = 1. To compute (the objective value of) some
optimal ∆-partition of A, it suffices to evaluate min(b1,...,b∆)∈B1

∑∆
ℓ=1(bℓ)2.

To initialize, we set D[0, b1, . . . , b∆] =
{

1 ∀ℓ ∈ [1, ∆] : bℓ = 0
0 ∃ℓ ∈ [1, ∆] : bℓ > 0

.

Then, we can set D[i, b1, . . . , b∆] =
{

1 ∃1 ≤ j ≤ ∆ : D[i − 1, b1, . . . , bj − ai, . . . , b∆] = 1
0 else

.

Intuitively, this means that we determine which partially filled bags we can put ai in to
partition the remaining objects of A≤i−1 and achieve the prescribed sums.

Each entry can be computed in polynomial time and there are (q + 1) · (N + 1)k entries in
total. Hence, the whole algorithm runs in the desired running time. Note that a corresponding
optimal ∆-partition can be computed in the same asymptotic running time via trace-back. ◀

Next, we show that for the maximum degree of the input graph, an FPT algorithm is
possible.

▶ Corollary 3.6. Temporal Tree Waiting Time Minimization can be solved in 3d ·
nO(1) time, where d denotes the maximum degree of the input graph.

Proof. As the degree of a vertex is the size n of the corresponding set A of the respec-
tive Waiting Time Minimization at Vertex-instance at that vertex, it suffices to show
that Waiting Time Minimization at Vertex admits an 3n · |I|O(1) time algorithm.

We again use a dynamic program. This time, the table D is indexed by an integer i

ranging from 0 to ∆ and a subset S ⊆ A. Conceptually, this corresponds to a table of size
(∆ + 1) · 2|A|, where each subset S serves as an index of the second dimension. Every entry
stores the smallest value

∑i
ℓ=1(

∑
Bℓ)2 of any i-partition of (B1, . . . , Bi) of the multiset S.

For i = 0, we set D[i, S] = 0 if S = ∅, and D[i, S] = ∞ otherwise. For i > 0, we set

D[i, S] := min
Bi⊆S

D[i − 1, S \ Bi] +
(∑

Bi

)2
.

That is, we search for the best subset Bi of S to put as ith part and divide the remaining
objects in S \ Bi into i − 1 parts.

The optimal value for Waiting Time Minimization at Vertex can then be found by
computing (∆−2)

2 N2 − (∆ − 1) ·
∑

a∈A(a)2 + ∆
2 D∗, where D∗ := D[∆, A]. Note that each

entry D[i, S] can be computed in 2|S| · nO(1) time and that there are (∆ + 1) ·
(

n
s

)
entries for

subsets S of size exactly s. Hence, the total running time to compute all entries of D and also
to compute the value D∗ is 3n · nO(1) time. Note that a corresponding optimal ∆-partition
can be computed in the same asymptotic running time via trace-back. ◀
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3.2 An Approximation Algorithm

In the remainder, we lift an EPTAS for Sum of Square Partition to Temporal Tree
Waiting Time Minimization. This is not as straight-forward as the previous results, as
the objective function of Waiting Time Minimization at Vertex (and Temporal Tree
Waiting Time Minimization respectively) contains a possibly negative part as second
summand in contrast Sum of Square Partition which only sums up over positive values.

To deal with the case, we exploit the observation that each element of value larger than
the average bin load will be guaranteed to receive a bin of its own. (This observation is
well-known in the context of scheduling of parallel machines [2].)

▶ Observation 3.7 ([2]). Let A be a multiset where N is the sum of all numbers in A, and
let k be a positive integer. If max A > N

k , then in each k-partition (B1, . . . , Bk) of A that
minimizes

∑k
ℓ=1(

∑
Bℓ)2, there is some ℓ ∈ [1, k] with Bi := {max A}.

We now present our approximation algorithm.

▶ Theorem 3.8. Temporal Tree Waiting Time Minimization admits an EPTAS.

Proof. Let I := (A, ∆) be an instance of Waiting Time Minimization at Vertex,
let ϵ > 0 be a constant, and let N denote the sum of all numbers in A. We describe how to
obtain an algorithm that outputs a (1 + ϵ)-approximation for I in f( 1

ϵ ) · N + NO(1) time. To
this end, assume that the elements of A are ordered non-increasingly.

We first use Observation 3.7 to exclude the largest elements that we know for sure will
go into their own bins. The index of the first remaining element will be called p. We let p

never exceed max(1, ∆ − 2) and require that for each 1 ≤ i < p the element ai has value at
least 1

4 ·
∑n

ℓ=i ai, which is larger than 1
∆−i+1 ·

∑n
ℓ=i ai as required by Observation 3.7, since

1 ≤ i < p and p ≤ max(1, ∆ − 2) imply that i ≤ ∆ − 3. This allows us to work with the fixed
coefficient of 1

4 in the remaining calculations. Formally, we define

p := max

{1} ∪ {j | 1 ≤ j ≤ ∆ − 2, ∀1 ≤ i < j : ai ≥ 1
4 ·

|A|∑
ℓ=i

aℓ}

 .

Moreover, let ∆′ := ∆ − p + 1 and let B<p := {{ai} | 1 ≤ i < p}. Due to Observation 3.7, for
each optimal solution B∗ for I, B<p ⊆ B∗. We consider two cases.

If ∆′ ≤ 3, we compute an optimal solution B′ for the instance ({ai | p ≤ i ≤ |A|}, ∆′) in
O(N∆′) ⊆ NO(1) time due to the algorithm behind Corollary 3.5. Then, B := B′ ∪ B<p is an
optimal solution for I, since the optimal solution for I are exactly the optimal solutions for
the instance (A, ∆) of Sum of Square Partition. This clearly is a 1-approximation for I

that runs in O(N3) time.
Otherwise, if ∆′ ≥ 4, then compute a (1 + ϵ)-approximation B for the instance I ′ := ({ai |

p ≤ i ≤ |A|}, ∆′) of Sum of Square Partition. This can be done in f( 1
ϵ ) · N time [2].

Let B∗ be an optimal solution for I ′. Recall that B<p ∪ B∗ is an optimal solution for I. We
show that B<p ∪ B is a (1 + ϵ)-approximation for I. That is, we show that

(∆−2)
2 N2 − (∆ − 1) ·

∑|A|
i=1(ai)2 + ∆

2
∑p−1

i=1 (ai)2 + ∆
2

∑
B∈B(

∑
B)2

(∆−2)
2 N2 − (∆ − 1) ·

∑|A|
i=1(ai)2 + ∆

2
∑p−1

i=1 (ai)2 + ∆
2

∑
B∈B∗(

∑
B)2

≤ 1 + ϵ.

Since B is a (1 + ϵ)-approximation for the instance I ′ of Sum of Square Partition,∑
B∈B(

∑
B)2 ≤ (1 + ϵ) ·

∑
B∈B∗(

∑
B)2. This implies that
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(∆−2)
2 N2 − (∆ − 1) ·

∑|A|
i=1(ai)2 + ∆

2
∑p−1

i=1 (ai)2 + ∆
2

∑
B∈B(

∑
B)2

(∆−2)
2 N2 − (∆ − 1) ·

∑|A|
i=1(ai)2 + ∆

2
∑p−1

i=1 (ai)2 + ∆
2

∑
B∈B∗(

∑
B)2

(1)

≤
(∆−2)

2 N2 − (∆ − 1) ·
∑|A|

i=1(ai)2 + ∆
2

∑p−1
i=1 (ai)2 + (1 + ϵ) · ∆

2
∑

B∈B∗(
∑

B)2

(∆−2)
2 N2 − (∆ − 1) ·

∑|A|
i=1(ai)2 + ∆

2
∑p−1

i=1 (ai)2 + ∆
2

∑
B∈B∗(

∑
B)2

(2)

≤ 1 + ϵ ·
∆
2

∑
B∈B∗(

∑
B)2

(∆−2)
2 N2 − (∆ − 1) ·

∑|A|
i=1(ai)2 + ∆

2
∑p−1

i=1 (ai)2 + ∆
2

∑
B∈B∗(

∑
B)2

. (3)

To show that the latter part is upper-bounded by ϵ, it suffices to show that (∆−2)
2 N2 − (∆ −

1) ·
∑|A|

i=1(ai)2 + ∆
2

∑p−1
i=1 (ai)2 ≥ 0. To this end, let N<p :=

∑p−1
i=1 ai and let N ′ := N − N<p.

With this, we get

∆ − 2
2 N2 − (∆ − 1) ·

|A|∑
i=1

(ai)2 + ∆
2

p−1∑
i=1

(ai)2 (4)

= ∆ − 2
2 N2 − (∆ − 1) ·

|A|∑
i=p

(ai)2 − (∆ − 1) ·
p−1∑
i=1

(ai)2 + ∆
2

p−1∑
i=1

(ai)2 (5)

= ∆ − 2
2 N2 − (∆ − 1) ·

|A|∑
i=p

(ai)2 − ∆ − 2
2

p−1∑
i=1

(ai)2 (6)

= ∆ − 2
2 (N<p + N ′)2 − (∆ − 1) ·

|A|∑
i=p

(ai)2 − ∆ − 2
2

p−1∑
i=1

(ai)2 (7)

≥ ∆ − 2
2 ((N<p)2 + (N ′)2) − (∆ − 1) ·

|A|∑
i=p

(ai)2 − ∆ − 2
2

p−1∑
i=1

(ai)2 (8)

= ∆ − 2
2 (N ′)2 − (∆ − 1) ·

|A|∑
i=p

(ai)2 + ∆ − 2
2 (N<p)2 − ∆ − 2

2

p−1∑
i=1

(ai)2 (9)

= ∆ − 2
2 (N ′)2 − (∆ − 1) ·

|A|∑
i=p

(ai)2 + ∆ − 2
2 ((

p−1∑
i=1

ai)2 −
p−1∑
i=1

(ai)2) (10)

≥ ∆ − 2
2 (N ′)2 − (∆ − 1) ·

|A|∑
i=p

(ai)2. (11)

Since N ′ :=
∑|A|

i=p ai and the fact that ∆′ ≥ 4, ap < 1
4

∑|A|
i=p ai = 1

4 N ′. This implies
that (N ′)2 ≥ 4 ·

∑|A|
i=p(ai)2. To see this, consider a square S with volume (N ′)2 where the

subsquares with volume (ap)2, (ap+1)2, . . . , (a|A|)2 are aligned next to each other on the
bottom line of S. Each such square has height at most ap ≤ 1

4 N ′ which implies that the sum
of volume of all these subsquares does not exceed 1

4 (N ′)2.
Thus, ∆−2

2 (N ′)2 ≥ 4 · ∆−2
2 ·

∑|A|
i=p(ai)2 = 2(∆ − 2) ·

∑|A|
i=p(ai)2 ≥ (∆ − 1) ·

∑|A|
i=p(ai)2

since ∆ ≥ ∆′ ≥ 4. Consequently, ∆−2
2 (N ′)2 − (∆ − 1) ·

∑|A|
i=p(ai)2 ≥ 0, which implies

that Equation (11) can be lower-bounded by 0 and further that Equation (3) can be upper-
bounded by 1 + ϵ. That is, B≤p ∪ B is a (1 + ϵ)-approximation for I that can be computed in
f( 1

e ) · N time.
Combining both cases, we can obtain a (1 + ϵ)-approximation for Waiting Time Mini-

mization at Vertex in f( 1
ϵ ) · N + NO(1) time.
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Similarly, we obtain the (1 + ϵ)-approximation for Temporal Tree Waiting Time
Minimization by computing a (1 + ϵ)-approximation for Waiting Time Minimization
at Vertex for each internal vertex of the tree and combining the respective solutions to a
global labeling of the tree. ◀

4 Conclusion

In this work, we introduced the Temporal Waiting Time Minimization problem and
transferred results from Sum of Square Partition. This leads to results on the NP-
hardness and W[1]-hardness of Temporal Tree Waiting Time Minimization and upper
bounds on the running time. Furthermore, we derived that there is an EPTAS for Temporal
Tree Waiting Time Minimization. To the best of our knowledge, this is the first example
of an efficient approximation algorithm for a temporal graph realization problem.

As a next step, it would be interesting to analyze the complexity and structural properties
of Temporal Waiting Time Minimization on directed graphs. A direct transfer of our
results to bidirected trees and a connection to Sum of Square Partition, however, seems
unlikely. This is due to the fact that in an undirected tree, we could decompose the waiting
times (in both directions) between u and v as the sum of waiting times at each internal
vertex, which averaged over both directions, only cared on whether both incident edges of
that internal vertex on the path are labeled equally. This, however, does not work in a
bidirected tree, as the unique u-v-path and the unique v-u-path are in fact arc-disjoint.

Generally, it would also be interesting to analyze the parameterized complexity of
Temporal Waiting Time Minimization on general graphs. As discussed before, deciding
whether the total waiting time of 0 is realizable for ∆ = 3 is NP-hard as implicitly shown by
Mertzios at al. [18]. This surely rules out approximation algorithms for the case of ∆ = 3
but the parameterized complexity is open and possible approximation algorithms for ∆ ̸= 3
are not ruled out.
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